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1. Mr. Leudesdorf (Proceedings, Vol. xvi, pp. 216—219) has
noticed that a pure ternary reciprocant must have two quadro-linear
differential annihilators, and has calculated ‘a few terms of ome of
them. In the present paper a systematic search is made for a com-
plete system of annihilators; and the resnlts may, it will be found,
be summarised as follows. Every pure ternary reciprocant, regarded
as a function of the derivatives of a dependent variable z with regard
to two independent variables z and y, must satisfy six linear partial
differential equations, forming three pairs; and conversely, a homo-
geneous function of the second and higher derivatives, which does
satisfy the six equations, must necessarily be a reciprocant. Two of
the six equations are of forms akin to Euler's equation of homo-
geneous functions, involve a single constant which is different for
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different reciprocants, and express facts with regard to degree and
weight, homogeneity and isobarism. Two more are lineo-linear,
and express that any pure ternary reciprocant is a full in.
variant of the system of emanants, as was proved in my former
paper on ternary reciprocants (Vol. xvir, p. 181). The remaining
pair are quadro-linear, that is to say, linear in the differential co-
efficients, but with coefficients quadratic in the elements, and are
directly analogous to the well-known equation VR = 0 of ordinary
or binary reciprocants, which equation either of them includes.

Other results which it is hoped may prove to have interest will be
arrived at incidentally.

2. In this article the method to be followed will be exemplified by
its application to the known theory of ordinary or binary recipro-
cants. This course seems justifiable, as the process has some novelty
of form, and as the annihilator ¥ will be arrived at in a compact
symbolical shape, not, I believe, hitherto noticed.

Let, for every positive integral value of », y, denote -IT Zr?f, 80

r! dw
that vy, Y5 Y Yo ... are the ¢, @, b, ¢, ... of Professor Sylvester, and
the y,, -'12%, -:"/T’!’ % ) ... of Mr. Leudesdorf. Then, if &, 5 be corres-
ponding finite increments of z and y, Taylor’s theorem tells us that

184y 84y l+... =n—yi=—y (E—z9)

== @i tnrt e ) (),

where 2, denotes 1dw .
r! dy"

Now, suppose the form of the connecting relation between z and y
8o to change that z, alters infinitesimally, but ay, z,, x,. ... remain
constant. Also let the increment 5 remain unaltered. The corres-
ponding ¢ for which (1) remains true will, in general, receive a
change. By differentiation of (1), therefore,

dys dYs ;0 We s s s dé
dﬂ?l ?"I’ dzl£ + dzlé +-~~+(2y15+3y35 +4!/‘£ +“‘);r}71

= %;(z,n’+-'vw’+wm‘+.--)
1

== L @ +uE+ud 4.0, by ().
1
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Moreover, since E= 2tz n*+2nt+ ...,

gE‘ == y.E+y,E’+yaE°+.-.-
¥y

Hence we obtain, upon substitution,

Tapt oy fus.
dz, dz,

= — (&Y 8+ 8+ ..) Qyad 4+ 338 + 4y, 8+ ..)
=% Y8 +9E+yd ) v

w(2);

so that dy, dys dy, ... are the coefficients of %, &, &, ... in the ex-

dz,’ dz,’ da,’
panded right-hand side of this identity. In other words,
dy, _
dw, - 3.'/ 1Yss

d
di = —4 (1,9 +31")

‘,%’: = =5 (%Yt % ¥s)s

d
L = — 6 g+ vaya+ 1),
Ly

so that, since also %‘ = —y}, if ¢ is any function whatever,
' 1

d
- (‘l;l¢ ('yn Yo Yo Yoo +o0)

d
yfjjt +3J1Jsd +4(z/1ya+}/’) l

d
+5 (194t 1as) % +6 (nys+ vyt i) 53%
[

d
+7 (1Yt va¥s+ysYe) dT¢ +

=y, (_/l dg + 3y, -+ d +4 y,—? +.. )+V¢ N

dy, . dy,

3
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where V denotes, as usual,

9 v
4“%" ;l%; +5ynys£/“ +6 ('.‘/23/4'*'%?/:) ('lgi—% +....
This is, if we remember the difference of notation, Mr. Leudesdorf’s
formula [ Proceedings, Vol. xvir, p. 199, (1)]; so that the rest of the
argument may proceed as in his paper.
Now, the terms free from v, in (2) are those which give the co-
efficients that occur in V. But these terms are

— @8 +ys8+y 8+ ) (208 4+ 3y 8 + 4y, B + L),

which may be written
=5 3 (WP rul b+,

We have, then, that the coefficients of —‘—z—, —d—, 4
dy,” dy, dys
exactly the coefficients with sign changed of £, &4, &, ... in this ex-
pansion. The expression with sign changed may consequently be
itself taken as a symbolical representation of ¥, becoming V as it
does when, after the expansion and differentiation are performed, for

, e in ¥V are

every power & in it the corresponding Zid; issubstituted. Or we may

say, still more briefly, that, symbolically,

oF = ‘% TR 1 TSRO ¢ )

the meaning being that, in this right-hand side, 5, regarded as an
increment of y, is to be expanded by Taylor's theorem in terms of
powers of £, that the squaring and partial differentiation with regard
to £ are to be performed, and that then, for all values of the number
r, ¥ is to be replaced by the symbol of partial differentiation di .

Y
Other results can readily be obtained by differentiution of (1)
partially with regard to each of the derivatives #,. The method is
exactly that of the case already discussed of differentiation with
regard to #,. The process is, however, even more simple for values
of » exceeding unity, and need not be here given, as the analogous
‘reasoning when there are three variables z, y, z will be goue through
at length in § 6 below. The result is that, » being any number but
unity, and the expression operated on upon the right being any func-
tion whatever of y,, ¥,, ¥ ..., whose unknown equivalent in terms of
VoL, XVIiL,—No0. 289, L
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2,, Ty, Ty, «», 18 Teferred to on the left,

(r+1) (% = _Edf {nE+y8+y,8+..)"}
— i rel

the symbolization on the right being exactly as before.

It may be noticed, in passing, that the terms in the dexter of (5)
which do not involve y,, v.e., the terms symbolically represented by

diE {("_ylz)”l}!

constitute Captain MacMahon's operator

@2r42,1; r41,2r~1) ..ioiinviinennen (8a).

Hence it follows, without dificulty, that this operator is an annihilator
of pure functions where transforms do not involve z,. ¥

3. Passing now to our main subject, the corresponding theory
when there are three variables =, y, z connected by a single relation,
let &, 5, { be corresponding finite increments of those variables. Two
of these may be chosen at will, and the third is then determinate in
virtue of the relation connecting «, ¥, 2. The notation used in my
former paper must be discarded as unsuitable for general investiga-
tions, and as unfortunate in its peculiar choice of suffixes. The most
suitable for adoption would seem to be the following. Let, for all

re)

possible combinations of two numbers 7, s, 14 — be represented
rls! da'dy’

* Noto that the most gencral MacMahon operator of four elements (u, v; m, n)
may be written symbolically,

v (;ie {e1~m (-, O™},

in which, ¢ and » being regarded in the first place as corresponding increments of
z and y, the substitution for » in terms of ¢ by Taylor's thcorem, the expansion by
the multinomial theorem, and the partial differentiation with regard to §, are to be
performed, and then, for each valuo of s occurring, §**#* is to be replaced by the

operative symbol o i , which in the Sylvester-MacMahon notation is culled
Uneosd
4 This remark may probably lead to the interpretation of other large classcs

dan 4441
of these operators, as well as of those of (5a) above.

The close conneetion may bie noticed between this symbolization and that of Mr.
Hammond on p. 63 of the present volume. The two wero simultancously and in-
dependently arrived at, and were communicated to the Society on the same cvening.
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1 drwm d”'y
r!s! dy'ds r!s! dz’da’
between , 5, { may then be written, by Taylor's theorem, in three
forms :

by 2., by 2,,, and by ¥.. The connection

{—zod—oun = (258 +2,8n+ 2an') + (szs +2; & +2y,8n* +z.,,11’) +..
E—zn—and = (20’ + 2, +20") + (@5’ + 23y + 210l P+ 00l ) +- ...

=410 = Yok = Y208 +Yulé +Yat) + Yal® +va P+ 1128 +yul®) + ...
CEE NI I".'I(e)i

of which the second [Proceedings, Vol. xvi1., p. 182 (32)] is only the
first divided by either of the equal quantities

iy =, (fn)]
? b
Tor Ty T

and the third is the first divided by cither

1 20 \ 3
—Zyy — —, Or (Z_w - ) .
Yo Yol

We have, for instance, from the first two, the equivalence

(208 + 2080+ 290") + (7508420 8+ 2080 +297") + .0

=T 5— {(xeo"l,'*'a'“')(-l-(vo, {4+ (@0 + e’ + 20l + 2 L) +..-}
o1
()Y

This will now help us to express the partial differential cocflicients
of functions of the derivatives z,, of » with regard to the derivatives
2. of @, of which they can of course be regarded as functions.

Primarily we scck the cffcct of the operations b4 d » where 2,

dz,’ dzg,
z, arc the first derivatives dz , dz
ol dy’ dz

of @, upon z-functions.

4. First let the connecting relation between =, y, z be so varied
infinitesimally, that &, receives an infinitesimal inerement, while
T0) Tany T11y Togy Tagy --- Temain umaltercd. Keep also the 4 and ¢ in (6)
and (7) unchanged. The corresponding & for which they remain
true will vary infinitesimally in conscquence of the chango in .

L 2
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Thus, from (7),

d_?g__n % dzgy o dzsozs dzg
(& 2o +dm0,E t )+ (G S )

di d

+ E‘" dE { (28 + 2180 +2097") + (2008 + 2 80+ 21k + 507°) + e}

= - {(“’xo” + 2y 0d +258") + (2 1° +“’n'l":+wuﬂp+%s{8)+ }

01

= - :—; { (208 + 2080+ 200") + (20 8+ 20 ¥+ 21580 +200”) +... },
01

by (7). But, by the second of equations (6),

& _
dzy
= (ol +201) + (2508 +2nEn + 297") + (208 + 2 En + o5k +297°) + 1.0

Consequently, upon inserting this value above,

(frrs Pront Sng) ¢ (Tnos )+ (For+.) 4.

= {(zw£+zmr))+(z,of'+zn£rp+z°,q’) +}
X é‘lz'{(2399'}‘2“5'!+Zos'f)+(zm?+-...)+...}
— 2 {(zsoe'*'zuf')'l‘zoaﬂ’) +(ZmP+ o)+ ...}

= =0 (£ G +1) {(ant b subn+ an) + Gl )+
d
—2017}‘—1‘5 { ves “ee e ves ‘e }

& [{Gobtrutnt ) + Gl + o) o] e (B).

dze dzyy dzy doz
Thus =2, 0t —J8 T
e day,’ d’lm dxy,’ day,’
in the expansion after differentiation for £ of this right-hand side.
Also, since [ Proceedings, Vol. xvir., p. 174, (4)],

. are the coefficients of &, &n, %, &, ...

1 .
fy=—, and z,=-— "2
0 ’ 01 ’
T T
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we have, further,

dz‘“_———l—=—z;'o, and %=

Zno
d@(ﬂ Z:l w m:

N (-3 B

The means have been obtained, therefore, of writing down the
partial differential coefficient with rega.rd to x; of the function of the
suffixed 2's which is equal to any given function of the suffixed ¢'s.
Thus, if

§ (21 2010 %00 21ty 2o 2300 o) = T (10 Try Bogy Ty oy Ty ...)...(9),

aFr ¥ dz aF dz, ¥ dz. a¥ dz
th =, 0 = T 0
o day  dzng dzy  dzy day + dzgy drxy, ~ dzy day M

d di
== {zlo dff +2q d:] }

+ the result of writing in the right-hand member of
(8), after differentiation and expansion, (%& instead
of &y’ for each pair of values of » and s.

1f, then, we adopt &', in an expanded form, as a symbolical repre-

sentation of d ,

zfl

L3 =2 {z|o£+ 2y + (3258 + 220,80 +2n”)

dry,
+ (42,8 + 320,880 + 2208 + 2n) + ... }
—Zn { (22580 +a2,7°) + Byt + 22080’ +2,0°) + ... }
3 [ { (2508’ + 2080 +29n%)
+ Goof* + 2+ zgfn’ +2a0’) + .} ] (10).

Zd

Now, suppose the function § (z,,, ...), in the identity (9), to be such
that its transform I does not involve ay,. The right-hand side of
(10) will then be an annihilator of & (zy,, ...), and, conversely, for this
to be an annihilator will be a sufficient condition for the absence of
7y, no less than a necessary consequence of such absence.

To particularise, take for § (z,), ...) an expression of the form z7* P,
where P is a pure function of the suffixed 2's, ¢.e., one which does not
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involve the first derivatives #,, 2. It results that
d (Py_1 d d d
day ('z;o) Tt {F (3"6’“%77.:o + 22“dzn o dzgg )

d
(42,Dd—+323,d +2z"dz +z“d7oa) } P

o { (2, L 44, L
Zy ( Z”dz"-{-z" dzou) + (3 ﬂod n +2zﬂl i, +¢nd )+ } P
1 ; :E[ {(z’°£,+zllz’7+zos'1')+ (258 + 25+ 2gnt +27%) + ... }']P,

vevereneenr (11),

in which the last line is symbolical ; and consequently that, if the
transform of z*P is independent of ay, P must satisfy the linear
partial differential equation obtiined by equating the right-hand
member of this identity to zero; and conversely.

But we can say more than this. The right-hand member of (11)

consists of three distinct parts, having factors —1— ’-ﬂ- :]"; , respee-

T %o o
tively, and not containing either z,, or 2z, in their other factors. Now
no term whose z,, factor is z;**' can disappear when added to another
term whosc , factor is zz*. Nor can a term having z, as a factor be
cancelled by addition to o term not involving z;. If, then, the right-
hand sidc of (11) vanish, its three parts must vanish separately. We
conclude that, for the transform of ~|0“P not to involve ay, the neces-
sary and sufficicnt conditions are three in number ; viz., that P satisfy
the three lincar partial differential equations I, P=0,Q,P=0, V,P=0,
where the meanings of the threc annihilators are

By=p— (3m> o2 d L. dz,)
03
(4-30, +3,,,1 +-~md”+ ‘“dz ) o s (A),
o d 1 d 1
o= (3520‘;—+-|1 d( )+('37Jn -—+2z n 7 ,+2"d( )+ v n(B),
“u Y02 lzy &

"

li

2 d‘ [ {( Tyt +z1|'~'l+zog’l )+(zso 3+5n~ 'I+zu£'l +~oa'75)+--'}2:'

;s {(z Y SO PTPOPPOPROORONN («) X
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the last of which is symbolically written, and is to be taken in the
sense that {, an increment of 2, is first to be expanded in terms of &, y,
corresponding increments of z and y, by Taylor’s theorem, that the
expansion and the partial differentiation with regard to £ are to be per-

formed, and that then in the result, £ 5’ is to be replaced by d—- for

every pair of values of r and s.

The first two of the three conditions are readily interpreted. Thus,
E,P =0 tells us that, if P be homogeneous, as we shall see later must
be the case when it is a reciprocant, it is necessarily isobaric in first
suffixes, ¢.e., snch that in every term of which it consists the sum of
the first suffixes of the factors is constant ; and also that, if w, be this
constant sum, the first partial weight say, and ¢ the degree of P,

then itw, = p.

Again, QP = 0 expresses that P is a {-seminvariant, or at any rate
a sum of such seminvariants, of the system of emanants

(200 21 % 5 1) (Zans 2010 210 200 Y &5 M)°, &oC2

in connection with which see my former paper on “ Ternary Recipro-
cants "’ (Vol. zvir., pp. 181, 182).

The third condition V;P = 0, a quadro-linear equation, is the first
analogue of the equation VIL = 0 [see (3) or (4) above] of ordinary
pure reciprocants.

5. 'The determination of an expression for _l:_ in terms of the operators
42y

J‘i— is & much shorter matter than that of ——(j— Returning to (7), let
rs (U}

@, vary, while n, { and all the doubly suffixed 2’s except #,, remain
constant. We thus obtain

dzy, dz,, dzy o dzg, dzg dzys 3
(d%mdzmz + G )+ ((mlom G +d bt G )+ ...
dE C(Ize {(%o?'i'zug’]"l‘zogn,)"' (7;o£a+zm?'l +zlg£’l +zos’la)+ }

and in this, since by the second of equations (6) -d——E- = 1, the right-
10

hand member may be written

- {(22205'7'*‘ Zn ’7’) + (37’309’7"'22“5’7""*7"’75) +... } H
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whence, equating coefficients,

o _o, 9o _o, Y _ _
dzy, 0, de, %, dz, s
A _o m__g, I _g, %m__
day, o dzy, 3wy dzyy. 2o dayg W
&e., &e.,
which, with the facts obtained as in (8a),
dzyy = dzg __ 1 _ _
dzy, 0 and dwm = oy o2
give the equivalence LI —2z 4 -, ORI ¢ 1) §
dz,, Wizy

where Q, denotes the lineo-linear operator of result (B).

In particular, P denoting a pure function of the doubly suffixed ¢'s,
as in the last article,

di% (_1:) =_}_Q P. crerarnnennen(13),

which gives us no new information as to such pure functions P
as produce in this manner pure functions of the suffixed 2’s, since the
condition Q,P=0 is one of those previously obtained, but tells us that
2, cannot posmbly occur in the transform of z;*P, where P is pure,
without =z, occurring also.

6. A very simple symbolical expression for E:— when r+5 > 1, d.e,

for any case except thoseof r =0, s=1and r=1, s =0 already
considered, may be obtained as follows. By (7), a8 in previous
cases,

(g_zm?+ dzy, tn+ dzyg x) (d_im{-‘+) +...

Zyy dm" dzu dm"
dE d 14 2 3 2 3
= dr d"E‘ {(sz’+z,,\.n+z0,r) )+ (208’ + 20 8+ 2i5k0* + 240°) + }
- 'l’)'{',
Tn

which right-hand member may, by the second and first of equations

(6), to wriften —-n'y { d& (C—me zol')) +— }



1886.] Differential Equations of Pure Terndry Iteciprocants. 153

in which inside the bracket ¢ stands, for brevity, as mea.ning. its

expansion in terms of £ and 7. Now this is merely, since z,, = :-:L,
01
;14
¢ Ty

1
s+ sl dE

which is to be taken merely as a short representation of

—8—'_:.?17" ‘% [.{(sz'*'zal'?) +(220£1 +51|E'7 +zoi’l’) +(zao£a+ --.) +.. }“l]

2 @ .. verernersenenensieans (14),

.6,

the differentiation being strictly partial.

The coefficient of each product £"n", in the final form of this after
expansion and differentiation, is then equal to the corresponding

dz ’"7.
d:v,,

It is to be noticed that, as should obviously be the case, for values of
n less than r, and also for values of m<+n less than r+s, this
coefficient vanishes.

i men = % d ]

Hence, since
' d:c,, meinel da;,, dz,,.,, ’

. d .
the expression for ., in terms of the operators o

putting, for all pairs of values of the numbers m, n, < instead of

&"y" in the final expansion in terms of & and 5 of (14) ; a fact which
is expressed symbolically as before, by saying that

d 1 (231
=== L creveneeeen(15),

is obtained by

7. Havmg drawn conclusions with regard to and by means of the
expressions for functions of the doubly suffixed s, in terms of the
doubly suffized s, let us now consider their expressions in tcrms of the
doubly suffixed y’s. The method is the same as before.

That the third of the equalities (6) is —y,, times the first, tells us

'OOBQ

that {z"E'rl}—-—._

r‘n -3

b {y,.z'E'} veerreenn (16).

'u -2

Now, in this let y,, alone, of all the doubly suffixed y's, receive an



154 Mr. E. B. Elliott on - [Dec. 9,

infinitesimal change ; and of £, n, { let, for our present purpose, £ and {
be kept constant, the consequent infinitesimal change of one of the
three heing therefore given to n. We obtain, exactly as in the be-
ginning of §4, that, since

{= 3 {znf'n'},

‘Ty—l;)- resml

V5 G} =t (5t
—an[1 2 +1] {75 Gutm) }

B M) [E——.LY

o result corresponding to (8). The equation of coefficients of the
various terms £’ on the two sides of this identity gives expressions

for the derivatives %’% for all combinations of zero or positive in-
10
tegral values of r and s whose sum exceeds unity ; and to these may

be added

dzyy _ L dz, 1
= = 2%, and —L=—_-=—2
dylo yw 104019 dylo y:o o1
obtained from 2y =— %n g = —1-
o Yo

Hence, just as (10) was obtained, we deduce that, if &»* is adopted

as a symbolical way of writing %’

d
dyxo

—Zn {”'on + 200+ (2208 + 221,80 + B25n%)
+ (208 + 229,80 + 825k +-2®) + .. )
14
2d

_” [ {(zaop'*'zuifl‘l“zmﬂ’) +(za.,£°+z,.5’n +ZuE’l’+zoa'la)+ }’]
v (18),

-2 {(zl,P+2ZO,Er)) + (2 8+ 2”199'7 +3zs87") + .. }

in the last expression the expansion and partial differentiation Baving

to be effected before the substitution Hd?’ &c., for &y, &c., is made.
In the right-hand side of (18) the operation is on any function what-

ever of all or any of the doubly suffized 2s, and on the left it is supposed
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to be on the probably unknown equivalent function of the doubly
suffized y’s. The operator ontheright must thenannihilate any function
of the z; where transform does not involve y,, and conversely.

Now choose, for the function of the suffixed z's operated on, an
expression of the form #*P, where P is a pure function, as in (11);
and express, by means of (18), the conditions that its transform is in-
dependent of y,, a8 will in particular be the case for a proper value
of p (see later) if P is a pure reciprocant. The conclusion is that

— a a a }
= { [”" Ty, T % dz,,] + [”‘d o T2 g - d + 32 dz,, to g P

1 v d d d
+ ! { L dzy +2a dz,, +32 dz, ]

d
"[‘“z +2"d +3Z"d “dz]_ }
l’ 03

[{(zm?+zleﬂ+zogﬂ')
+ (2ol + 2 B+ zgbn’ 4 2en®) + ...} P = 0......(19),

the last line being symbolical, as before explained.

1
2

et |
Si=

Moreover, just as was the case with (11), thisis really not one con-
dition only, but three, the terms multiplied by

z 1 1
_I:l = t) and -
Zy %y %q

having necessarily to vanish separately. It is thus proved that, for
the transform of z3*P to be independent of y,, it is necessary, and also
sufficient, that P satisfy three linear equations,

EP=0, QP:=0;, V,P=0,

where the annihilators denoted are
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[{(ZWP'*‘ZHE"'*'%Q"’)+(zso£a+zg1p')+zuzfl +zo;'la) +n-} ]

{(l—sz—zom) o e (F) 5

of which the last is symbolically written, and is to be interpreted
just as was the expression for ¥, in result (C) of § 4.

The interpretation of the first two conditions, E,P =0, Q,P = 0,
is exactly similar to that given to the corresponding E\P =0,
0,P=0, of results (A) and (B), at the end of §4. The first,
B, P =0, expresses that P, if homogeneons and of degree 1, must be
isobaric in second suffizes, and that, if w, be its weight as measured by
the sum of those second suffixes in each of its terms, then ¢+ w, = p;
and, again, Q;P =0 asserts that P is an n-seminvariant, or at any
rate a sam of such seminvariants, of the system of emanants

(2300 201y Z0a) (E’ ﬂ)‘» (zw: %1y %199 '*'935 (E» ”)s,

The remaining annihilator, V;, is quadro-linear, is a companion to the
V, of § 4, and a second analogue to Professor Sylvester’s annihilator
¥ of pure binary reciprocants.

8. Before considering. the application of the above results and those
of § 4 to the theory of ternary reclproca.nts, it will be well to :state
briefly other results as to the expression of functions of the suffixed 2’s
in terms of the suffixed y's, exactly analogous to those of §§ 5 and 6.

Exactly as in the first of these articles, we obtain the equivalence

d d
i T ¢ NSRRI ¢ ()
Yo o dzy ! ( )

where 0, has its meaning in result (E) ; so that, in particular,

d (P 1
o (231) =-z QP oo e (21),
from which, by the results of the last article, we infer that, if the
transform of z;* P do not involve y,, it must be also independent
of Y.

Once more, just as (14) was proved, it may be established that,
when r+s5>1,

'—i -— __1_. ' rel .
d.'/r' ‘)'+1E dn {‘ } '-------(23),
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where the gymbolism on the right means that { represents its ex-
pausion by Taylor’s theorem in terms of £ and 7, that the expansion
and partial differentiation for n are to be performed, and that in

the result, for all values of m and =, {"s" is to be replaced

d
bydz .

9. We proceed now to the theory of pure ternary reciprocants. If
R () denote such a reciprocant function of the derivatives of z with
respect to z and y, and R (z), R (y) respectively denote the cyclically
derived functions of the partial -derivatives of z and of y, the ex-
pression of the property of reciprocance, viz.,

B _p B@)__ o BG)_ L (29),
(22a)¥ (@a)? © oyl (23)

may be written (Vol, xvi,, p. 184, Note), more suitably for our
present purpose,

%—Z))F‘“'R(w). {—g%ﬁ BRG) eerernnrere(24).

A pure ternary reciprocant is then a function which unites in itself
the properties of the pure functions P considered in §§ 4and 7. It
will be seen later that, conversely, all pure functions P which possess
these united properties are reciprocants, or at least sums of recipro-
cants, of like index p, in case there be more than one such. The facts
now obtained with regard to pure ternary reciprocants may be stated
as follows :—

(i.) A pure ternary reciprocant is necessarily a full invariant of the
system of emanants '

(zzo: 21y z) (E, ’7)’, &e.

This was proved in my former paper (Vol. xvir., p. 181) ; and it is to
be noticed that the proof there given requires that it be a single in-
variant, being thus more stringent than that here given of its anni-
hilation by the ©; and Q, of results (B) and (E), which would permit
of its being & sum of different invariants of the emanants.

One result of the fact that the reciprocant is a single invariant is
that it must be necessarily homogeneous. Thus,

(ii.) It s komogeneous and doubly isobaric, having each of its terms of
the same constant weight in both first and second suffizes.

The double isobarism, as well as the homogeneity, really follows from
the fact of the reciprocart being a single invariant. Granted, however,
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the homogeneity, the constancy throughout of the two partial weights
follows from the fact of annihilation by the E, and F, of (A)and (D),
while the equality of each to the half of the full weight or sum of
suffixes arises from the fact that the u is the same both in F, and E,,
by (24). Hence, also,

(iii.) If ¢ be the degree and w the full weight of a pure ternary recipro-
cant, the indes p of that reciprocant is given by

p = i+3w.

It is, of course, to be remarked that the full weight (sum of suffixes)

w is always even.
To these facts we shall be enabled, by the next article, to add—

(iv.) The mark of character k of a pure ternary reciprocant is always

zero.
But the property of pure ternary reciprocants, to which all these

other facts are merely subsidiary, is that,

(v.) They have two quadro-linear annikilators V, and V.

For these symbolical expressions have been found in results (C)
and (F). The following will be found to be their expanded forms,
written in ordinary notation :—

= 23’ d +3Zmzu d -—+2 (zmzo,-l-%z’) +‘0"u’~’os d
+ 523»‘30 + 4 (2929 + 2, zso) + 3 (2213 + 220 +%0%) "'—”f
+2 (zsozoa'*'zu’n'*'zoszn) +(zn zm'*""’m‘u) Tray
+6 (2020 +37) —+ S (Zmzn‘i'”uzw'*'zaozn) i
1
+4 (zu2n+ 2020 + 2020+ %Z:l + 213%) dT
33
d
+3 (20715 + 2020+ 20020+ 21 213 + 250 %) o
2
+2 (znzut+ 2z + 22t 22,, +2y zoa)

l(

+ (21 20+ 20 %18 F 213 %5) E;—
05
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+7 (2e020+ zmzw) + 6 (29020 + 211 250+ 20020 + 21 %40) Iiiiz—
51

+5 (2302 + 21120 + 20+ 25025+ 2 2+ zlszao) dz.
%

+4 (20025 + 211 255+ 203 20 T+ Zs0 %1a + 201 253 + 213201 + 205 %0) “i%‘
83

d
+3 (29214 F 211253 F %09 %03 + Zs0 %04 21 215 F 21209 + %03 51) 2z,
234

+2 (239270 + 211514+ 2 Zas + 201 Z04 + 21921 + Z0s 733) %’

d
+ (2 N T N Z3%) .
0

+oeen
+.enn ITTTRY PRI TRITRTY) .IO(C’) H
Vi it k2 (b} ) g+t +2mdd
%03

+ (211250 + 20 2) —"“+2 (G0 + 21251 + 200%15) E
+3 (2n2a + oz + zzozos) + 4 (2923 + 2 zoa) + S22 id
Zo4
+ (2u2i0+ %302 + 201 2) d_—
250

+2 (292 + 2u2m + 2075 + %‘ +2 zao) 2z
Za

d
+3 (2025 + 220+ 2507 + 21970 + 203 280) 5— an
233
+4 (202 + 2023+ 23020+ ';"":,'i‘ ERE) d?
2
+5 (203210 + 211 204 + 203 %19) %
"

d
+6 (catoct 1) 1
d
+ (21250 + 2070 + 23020 + %31 200) 37.;0

+ 2 (202200 F 2020 + 2020+ 21 20+ 20 20 T+ Z00%) T i
5
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+3 (2n2a+ 2025+ 2%y + 208 %0 T 21970 + 20 2 70%1s) d‘i—~
4

d
+4 (203253 + 211235 + 230204 F Z0s 201 F 2197 F 251215 + 20 54) P
33

+ 5 (20253 + 201214 F 230205 + 203 25 + 213 21 + 251 204) ?d%:
3
. d
+6 (2021 + 20025 + 20 215 F 213 700) are
215

+7 (20208 +203204) Edz—
06

10. Let us now proceed to the proof that the conditions (i.), (ii.),
(iii.), (v.) of § 9, which have been found as such that a pure ternary
reciprocant must satisfy, are conversely such that functions of the
second and higher derivatives which satisfy them are necessarily
reciprocants.

The formules for transforming a partial differential expression in
z, ¥, 2, from & form in which z and y are independent variables to one
in which y and z are independent, are

d_1d d_d a4

dz  wy dz’ dy 4wy dz’
Thus, if » and s be numbers (inclusive of zero) whose sum exceeds
unity,
artz _ drn—l (z)
de'dy’ ~ daldy"

-GE) G2 @)

L (1)
—w;l" dz"'dy* \zy,

_ 1 dr#lm
Ty dyar

the terms not written down all involving powers of :T surpassing
1
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the (r+1)®. We have, then, after multiplication by ST ap,
i’:% = —2a,,+ terms with L 4 a factor vrreeeennn (28),
%10 o

in which it is to be noticed that the index of the power of 2, in the
denominator on the left exceeds 7, the first suffix-weight of its
numerator, by 1, the degree of that numerator.

Now, take H (2) a homogeneons function of degree ¢ of the deriva-
tives z,,, such as to satisfy condition (ii.) of § 9, <.6., to be isobaric and
of the same partial weight 4w in first and second suffixes separately,
and consequently to be of full weight w. Let H (z) be the result of
replacing every z,, in it by the corresponding ,, and let H’' (z) be
the result of replacing in H (z) every derivative z,, by its conjugate
with suffizes interchanged «,,. From (25), we obtain

H() _
&

(=1)' H’ (z) + terms involving a,.

Let, further, H (z) have been so chosen as to be annihilated by O,
and V,. By § 4, the expression for the left-hand side of the foregoing
equality in terms of suffixes 2’s must, this being so, be independent of
@, ; and we must have, consequently,

5@ = (~1y 5 @).
zlo

But, again, let H (z) be-subject to annihilation by o, as well as
by Q,. It will then, being homogeneons and doubly isobaric, be a
single full invariant of the system of emanants, and must conse-
quently be unaltered (or altered only in sign, if a skew-invariant)
when each coefficient z, in every emanant is replaced by its conjugate
coefficient 2,,, %e., when first and second suffixes are interchanged
throughout. Thus, writing = instead of z,

H' (2) = (-1) H(2),
an invariant being skew or not according as its weight (3w in this

case) is or is not odd. Hence, finally,

H(2) _ (L1399 H (@) verreereerersnenernnn(26) 5

$+jw
%

8o that, in virtue of (24), H (z) has the property of a reciprocant, so
YOL. XviIL.—No. 290, M
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far ag the first transformation from » dependent variable to @ depen-
dent is concerned.

In exactly the same way it follows that, if H (z) is annihilated by
V, as well as by @, and Q,,

(D) _ (1) H () cvrrrrennernnen @) 5

z"i"’

ol
which, by (24), is the only further necessity for H (z) to be a pure
ternary reciprocant. The comparison of (26) and (27) with (24)
makes evident the accuracy of the statement (iv.) of §9, that the
mark of character & of a pure ternary reciprocant is of necessity zero,

The safficiency, as well as the necessity, of the conditions expressed

in § 9, for a pure function B to be a ternary reciprocant, has then
been fully established.

11. Th&t zaozm—*z:l R R RN IR A R L -un.(28),

the discriminant of the second emanant, is a reciprocant, I have
already proved from first principles [Vol. xvir, p. 180, (80)]. That
it satisfies the determining conditions arrived at in this paper, is so
immediately obvious as only to require statement.

A second pure ternary reciprocant is

2y Zq1y %19 P nn-nuoo'oann-n-(29),
Zm %y A Y
%0 %y %p3
(200 210 %9
Z  Hiy Py

the discriminant of the quadratic and cubic emanants. That it must
be one is necessary, if the fact be granted that, to use a con-
venient nomenclature of Professor Sylvester's, it is the criterion
of ruled surfaces, which can, of course, have no special respect
to any axes of reference. (A remark akin to this has been made by
M. Halphen, at the end of his Thése sur les Invariants Différentiels.)
The same may also, without difficulty, be shown from elementary con-
siderations ; and it may be here remarked that like reasoning will
apply to the eliminant of three emanants in the matter of quaternary
reciprocants, that of four of quinary, and generally that of the second
to the »'™ emanants in the matter of n.ary reciprocants.

That the eliminant (29) is annihilated by V, and V,, and so obeys
the laws arrived at in this paper, is readily seen. The operation of
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V; upon it gives

b 223,  Szyey, 225929+ 2), 2120
‘ﬁos 21 P19 Zos
Zony %11 %3
2509 2y Zog
%300 Z1ny %03
+ | 2 2 B3 o8

} 2
23’:0: 8221, 2zzozos+z": Z11 %0

%0 F1ny %02
Zan 11 %03
%30 L) %3

Now, in the first of these determinants, the first row is the sum of
2z, times the third and #, times the fourth; and in the second, the
second row is the sum of 2z, times the fourth and #,, times the fifth;
8o that both vanish. In like manner, V; is an annihilator of (29).
That the other laws of § 9 are obeyed, is clear in virtune of the pro-
perties of eliminants as invariants.

12. A third pure ternary reciprocant will now be determined. We
know (see, for instance, Salmon's Higher Plane Curves, 2nd ed.,
§ 193) that the quadratic and quartic emanants have an invariant of
degree 3, and partial weights 4, 4,

I(a’c) = 6 (25, 20+ 25 2s) — 321 (2a2s1 + 2a0%1s) + 255 (2], + 220 24p),
and that the cubic and quadratic emanants have one of like type,
I (ad") = 22y (Bzgymg =22, ) — 211 (9230208 —213701) + 2200 (B29 201 — 723,).
For any constant value of %, then,
I (a’c) + &I (ab®)

is an invariant of the quadratic cubic and quartic emanants satis-
fying the laws (i.), (ii.), (iii.) of § 9. Now it is at once found that

V. I(d'c) = 362], 75925 — 92037, 250 — 122092, 2592y + 1229 25, 2,4

3 a
+ 32}, 290 =32}, 239 %13,

M 2
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and that
V. I (ab') = 125}, 250050 — 32y}, 23y 4200 211 210 231 + 4203 2 iy

2
+ z’l‘lzn =%y

the term #,,5} z,, not occurring in either.

Now, the first of these right-hand members is three times the
second, It follows that

I(@%6) =3 I(@B®) wovevvureverrrnnnesirinnn (30)

is annihilated by V,. In like manner, ¥, anhihilates it. Consequently
it is a reciprocant.

In (28), (29), and (80), we have then three pure ternary recipro-
cants. From these we know two that are independent and absolute,
obtained by dividing either two of the three by proper powers of the
third. Hence, by my former paper [Vol. xvir, p. 183, (34)], we
have the means of educing an infinite series of pure ternary recipro-
cants by simple processes of differentiation.

Note on Two Annihilators in the Theory of Elliptic Functions.
By Joan GrirriTHS, M.A.

[Read Dec. 9th, 1886.)

Norarion.

P (2, k) aud Q(=, k) are taken to be algebraic functions of 2 in-
volving k-functions—not necessarily rational and integral functions
ofz. [For example, we may have

P=(14+K)av1-a, Q@=v1-Fz]
R = Qa_)\aps’ S = Q"—P’A

-9 =9
0= dk’ 0. = dz’

Q = nkk?0,+ (1—2") (1—12*) ¢ (2, k) 0.,

0 = akk*0+ (1 =~2")1—=¥'2") f (, k) O.,





