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1. The excess of the number of divisors of a number » which have the
form 4m—+1 over the number of divisors which have the form 4m+8is a
quantity of arithmetical importance which was studied by Jacobi in the
Fundamenta Nova, and later by Glaisher,* who denoted it by E(n). The
present paper is a study of other numerical quantities of a similar nature.

If o.(n) denote the sum of the s-th powers of the divisors of », we have
the well known identities

“wn 7)"\q ur 'l.‘ o m o
p) = Ng,n)g" X s = 2 oy(n)g?,
el L O AR s e Rl 1(n)g

s M _ 5 _ 4 S
T’ l_qm » (l_qm)‘d la-l( l)q ’

which means when interpreted that the number of the divisors of » is
equal to the number of the conjugates of divisors of =.

In general a double identity can always be obtained, a fact which will
be in constant evidence in what follows.

If d be a divisor of » and @ an arbitrary quantity, it is easy to estab-
lish the relations

(1) 5 i(l_b =3 —CEZQT—H = Z (Za%q",
y 1—agq” 1 1—g" 1

by the method of expansion in row and summation by column introduced
by Lambert.

* Proc. London Math. Soc., Ser. 1, Vol. 15,
t See also Combinatory Analysis.
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306
We immediately deduce the relations
N
®  (og) (@) =) (@) 2
= §1‘a: En"da’q",

which will be dealt with later in the paper.
At present I proceed in another manner from the relation (1)

Putting a = é¥,
where ' L =4/(—1),
we find that
e“g"‘ _ q™ cos z—q™ i g™ sin &
1—e®g™ — 1—2q™cos z+¢™ 1—2¢™ cos z+¢*"’
and since

ew " — ~1M N — w 2m
j e dz = tan - qmcosx-l-%zlog(l 2q™ cos z+q*™),

the relations
_ sqreosme _ g (S cos dz) ",
1

v » —qm cos m_q‘.tm _
@) ? 1—2¢™ cos z+¢*" Y l—g™

. g™ sin z — S¢ismme _ S Ca

16)) z 1_2q1n €oS m+q2m N 1 _qm EI: (Z sin dz) q,

lead by integration to the relations

> tan-1 902 _ 3 1g"smme sinmz _ g (2 }1? sin dx) q*
1 1

®) ? 1—qg™cosx m  1l—q™
1 _ggiq”‘coﬂ_gg(zi d
=2E e =22 7 ¢08 :c) q

M ? IOg 1_2qm cos 2:_',_q‘&m

The left-hand side of relation (7) may be written

1
log =
II (1 —2¢™ cos z+¢™)
1
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and transformingzby a well known formula in the Fundamenta Nova, we
obtain

sin dx IT (1 —¢™)
1

log 2% 1 g™ cosmz
98 §in Jz—q sin Br4g¢dsin 2x— 1—g™
3T—q 810 52+q°singr—... 1 m q

=2z (Ei cos dw) q",
1 d
where the exponents of ¢ in the denominator series are the triangular
numbers.
Differentiating with regard to z and changing sign throughout, we
ohtain the formula

cos 3x—8q cos $x+4-5¢° cos 3z —T7q% cos Zu+-...

W8 = i T -
sin 3z —q sin 3x+4¢°sin 3z —¢®sin Lz — ...

m

= cot $x+44 ]2 g SIMME _ oot 3z +4Z(Zsinda)q”,

which is fundamental for this research.

If in sin mz we give x the special value =/p where p is an integer, and
m the successive values 1, 2,3, ..., the values of sin mz recur with a period
2p. Thus, to take the simplest case possible, p = 2, sin mz has the values
1,0, —1,0, ... in a period of 4.

In other words, if m have the forms 4m+1, 4m+8, the values are
1, —1 respectively, while the value for the forms 4m, 4m--2 is zero.

Hence we see that 2 sin dz,

where d denotes- a divisor of n, represents the excess of the number of
divisors which have the form 4m-+41 over the number of divisors which
have the form 4m-+3. In fact

Z(Zsindz)q" = ZEn)q"

in Glaisher’s notation, when z has the value 3.

Before proceeding to the consideration of the identity (8) which as
has been seen is derived directly from the Fundamenta Nova, an important
simplification can be made, because by simple trigonometry it can be
thrown into the form

2¢ sin z—(g+3¢®) sin 2z+4(2¢®+4¢%sin 8z —(8¢%+ 5¢') sin 4z +...
1—(14q)cos z+(g+g®)cos 2z — (¢®+ ¢°) cos 8z +(¢®+¢*°) cos 4z — ...

)]

=2

~ M8

(Z sin dz) g™
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In the fraction the general terms of numerator and denominator are re-
spectively
(_)m+1 {(m-—l) qgm(m—l)_*_(,m_'_ l)qim(m+l)} sin me,

(___‘)m {qlm (m—l)+q.§m(m+l)} cOos M.
Writing these for brevity

N, sinmz, D, cosmz,
we have
N, sin 2+ N, sin 22+ N, sin 82+ ...
14D, cos w+D2'cos 22+ Dy cos 8z4...

=9 § (Z sin dx) g™
1

™ .
The case r = 5 gives

q_q3_2q6+2q10.+3ql5_3q21_4q28+4q36+_“
T—g— "+ ¢+ = — B+ ¢+ —...

(10) = SE® o) g",
1

equivalent to Glaisher’s formula (loc. cit., p. 4).
I have in the above denoted by E® (n) the quantity for which Glaisher’s
symbol is E(n), because it is convenient to denote by E®@() the arith-

metical quantity obtained by putting z = % in the formula.

Before proceeding to the general case I work out a few of the ele-
mentary cases.

The case = = —g—

sin mx has the series of values of period 6,

LI N S S

’ ‘2—,
and cos mz the series of values
7}’ —'1_"! —1, —%s 7}! 1:

and we observe that if E® (n) represents the excess of the number of
divisors of n which have the forms 6m<1, 6m=42 over the number of
divisors which have the forms Gm+4, 6m+5,

s (E sin %7—7) = 4’—? S E®(x)q
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Inserting the values of the sines and cosines and throwing out the factors

2 and % ‘we reach the relation

(11) L_gq&_{_3q6+qlﬂ_6q15+6q21+q28_9q36+9q45_“'

= §, (3) %
1—20F P+ =20+ g+ " — 2™+ ¢%F ... 1 E®(n)q

In both numerator and denominator of this fraction the signs recwr in the
order +, —, +.

In the numerator
when the g exponent is of form 3 (3m+1)(3m+2) the coefficient is unity,
”» ” 3 (8m+2)(8m~+-8) » —8(m—+1),

” ” 3(8m+-8)(8m--4) ” +8(m+1).

In the denominator the coefficients recur in the order 1, —2, 1.
Thence the recurring formula

(12) E®n)—2E®n—1)+E®n—8)+E®®m—6)—... = 0 (or the number

above specified according as » is not or is a triangular number).

o
The case n = ik

We have here a period of eight in the values of the sines and cosines.

. mmr 1 1 1 1

sin — = has the values vz 1, 72 0, -7 -1, — 72 0,
mr 1 1 1 1

[0} '_4_ Y] ;\_/_E’ 09 - \/2, _1) - 72, 0, _\'/_2, 1.

Whence we gather that if E® (1) represents the excess of the number of
divisors of n which have the forms 8m+41, 8m-+3 over the number of
divisors which have the forms 8m-45, 8m47; and if E“Y(n) represents
the excess of the number of divisors of n which have the form 8m—+3
over the number of divisors which have the form 8m -6,

dr 1
el n— —_ %) n ]S (49 n
2(._ 4)q —~/2E ) "+ E® (n) g™
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We find

\/2(N‘Z_N6+N10—NM+~~')+N1+NB—AT5—N'I+---
+/2(01= D+ D;—D,y+D;y—...)+ D,— D;— D+ D+ ...

= /2 ZE®@w) "+ Z E¥@m) q",

2a
simplifying to ://2 31—3 = /2 A4+B,
where a=—q—8¢°+ 5q“‘+ Tq*

] A =ZE®@)q",
b= 2q+2q3+4q6_4qlo_6qloJ

c = l—qﬁ—qm—qm—q%-l-...
d=— 1-q+q3+q“+q“’+q‘5—-...
Thence the relations d4 +¢B =q,
2cA+dB =,

}B:ZM%Mm

and we are able to express 4, B separately in terms of a. ), ¢, d; but if
we did so the laws of the ¢ series involved would not be so clear, so in-
stead of writing
_ad—0bc _ bd—2ac
4= &2—2c¥ B= d?—2c*°

I prefer to retain the above simultaneous relations which are at length
(18) (—1—q+¢*+¢*+¢"+¢"°—..) TEW(m)q"
+(1—¢*—¢"—¢*—¢®+..) EEYW @) ¢
=—q—8¢°+5¢°+T¢*"—...,
(14) 2(1—¢°—¢"—q®—¢%+...) T EW@)q"
- H(=1—g+’+¢*+¢"+¢°—..) SEWM) ¢,
= 2(g+¢°+2¢°—2¢°—8¢"—...),
leading to the simultaneous formule
(15) —E(“(n)-—E(“(n——1)+E“>(n—3)A+E(*)('n—6)+E(4)(»n—10)
+E®D(n—15)—...4 E¥(n)— E®) (n—6)— E“)(n—10)
—E@(n—21)— E4n—28)+...
= coefficient of ¢" in —q—8¢°+5¢"°+7¢*—...,
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(16) 2EW(n)—2ED(n—6)—2E®(n—10)—2E®(n—21)—2E® (n—28)+...
—E4(n)—E4%n—1)+E®n—8)+ E(n—6)4+ E“Y(n—10)+...
= coefficient of ¢" in 2(q+¢*+2¢°—2¢'°—8¢"+...).

The actual values of the trigonometrical functions are not necessary for
the investigation. This will now appear.

The case = =

c:'| E |

The values of the sines and cosines in a period of ten are

sin sm sin 2Z . sin Z 0 sin — sin 27 sin 27
5 ’ 5 ’ ;-) y F 5 ] ] 5 5 ] 5 b
. ™
—sm —, O
5
cos cos — cos 2 cos L 1, —cos — cos 2m
5 ! 5° T 5° ! 5 i 5°
cos 27 cos T
5" S5 T

Whence, if E® () vepresents the excess of the number of divisors of =
which have the forms 10m—+1, 10m—+4 over the number of divisors which
have the forms 10m+6, 10m+9; and if E®(n) represents the excess of
the number of divisors of n» which have the forms 10m+2, 10m+8 over
the number of divisors which have the forms 10m-7, 10m--8,

z (2 d%) g* = sin % S E®(n)g"+sin %EE‘“’(n) q”.
The left-hand side of the identity becomes as regards the numerator

sin T~ (Ny+ Ny— Ny —Ny+...) +sin 2T Wyt Ny— Ny =Ny,

where the N subscripts are of forms 5m + 1, 5m £ 2, respectively.
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This is
sin -’5’— (29 —84°— 59"+ 591 479" —8¢¥—10¢*+...)

.2 .
+sin ?7 (—q—¢"+49°—6¢™ —8¢%+9¢%*+...)

27

. K .
= ;81N =+ Qy 81N —
1 5 + 2 5

suppose,

and as regards the denominator

1+ cos % (Dy—Dy;— D¢+ Dy+...)+cos %” (Dy— Dy~ Do+ Dg+...)

—D5+DJO_D]5+... .
This is

1+q10+ql5+q45+q55+9105+q120+_“

+cos% (—1—g—qﬁ_qw_qls_qm_q%__q45____)
+005277rf9+2q“+q“+q2‘+2q%+q“+...)

= Do+, cos % ~+ b, cos 2—;- suppose.

So that writing the right-band side of the identity
.o . 27
24, sin 5 +24, sin 5

where 4, =ZEOWgq", 4d;=ZE®Mmq",

. w . T
a, sSin — 1@, S1N
1 8in 5 +ay s

= 24, 5in T +2A,,sin%’-',

7 271'
b+ b, cos :5L + b, cos 5
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whence

[ @by—b) Ay-+(by+b) 4y} sin T+ {(by+by) Ay + @by +b) 4y sin ?51'

. ™ . ™
= a;sin +a, sin 5
a relation which is of the form

.o . 27
ap S ? +a.3 sin — = 0,
5

and which can only be satisfied when

a = a; = 0.
1 2

Hence

(17) {(21)0—1)2)A1--l-(bl--}-bg)A2 = a,
(009 4,4+ @by+b) Ay = ay,

where ;

20y—by = 2— ¢ —2¢9°—q"+ 29"+ 29" — ¢* — 2¢B — %+ 2¢*°+29%+ ...,
by+by = — 142¢°— ¢ —¢"*+2¢®— ¢+ ...,
2o+ b = 1—qg—¢54+¢""+¢°— ¢ — ¥+ ¢"+....
In the first of these series when the ¢ exponent is

I5m(5m+1) the coefficient is +2,

3GmADm+2) . -1,
3 (5m+-2)(5m+-3) » -2,
3 (5m~-8)(5m~+-4) » -1,
3(5m~+4)(5m—+5) ” +2,

while in a, and a, the law is evident.
We are led to the simultaneous formule

(18) 2E®(n)—E®n—1)—2E®(n—8)— E®(n—6)+2E® (n—10)+...
— E®) (n)+2E% (n—3)— E® (n —10)— E®) (n—15)+...

= coefficient of ¢" in 29—8¢°—5¢"0+5¢°+T7¢*—...,
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19) —E®mn)4+2E®(n—_8)—E®n —10)— E(n—15)+...
+ E®(n) —~ E®(n—1)— E®) (n—6)+ E®(n—10)4+ E®(n —15)—...

= coefficient of ¢" in —qg—q°+4¢°—6¢* —8¢®+9¢%+....

From these formule we calculate in succession

E®1) =1, E®Q =1, E®@8) =1, E®4) =2 EG5) =1,

E®6) =0, &e.;
E®N1) =0, E®Q =1, E®Q =1 E®4) =1 E®SG) =0,

E®6) =2, &c.,
as a verifieation.

For the moment I omit the case z = —WG_ because generally for the

case r = é there is an exception to the general rule, due to the fact

mar
6p
tive rational and not zero, viz. when m = p and when m = 8p.

that in the period of 12p values of sin there are two which are posi-

The case z = % is very important, because it points clearly to a

general law.

The sines and cosines in a period of fourteen are

.o . 2 . 3 . 87T . 27 im0 . T . 97
sm7, 81117, sm—7—, smTz-, 81)1'7—, sm—7—, , —B8In 70 —sm—7—,
. 387 . 87 . 27 .o
—s1n-7—, —sin 5 —SmT’ —sm7, 0;
T 27 8 3 27 T o
cos7, cosT, cos—7, —cos—;7—, —cosT, —cos7, —1, —cos—7-,

A d 3 3 2 T
—CO0S ——, —cos—7—, cos— , eo8—, cos—, 1.

7 7 7 7
Whence, if EM(n) represents the excess of the number of divisors of n of
the forms 14m-+1, 14m+6 over the number of divisors of the form

14m+8, 14m+13; and E™(n) represents the excess of the number of
divisors of n of the forms 14m—42, 14m+5 over the number of divisors



1920.] Tar Di1visoRs OF NUMBERS. 315

of the forms 14m+9, 14m+12; and E™(n) represents the excess of
the number of divisors of the forms 14m+-8, 14m+4 over the number
of divisors of the forms 14m-+10, 14m+11,

hd . dw\
3 (2sin F) g
= sin % = ED(n) ¢"+sin 277 ZE™(n)g*+sin -BL,;—F S EM™ @) q»
.o . 27 . 8«7
= 4,s8in T + A4, sin = + A;sin - suppose.

7

The numerator of the left-hand side of the identity is
sin ; (N,—Ng+Ng—Nyg+...)
. 27
+sin 7(—N2+N5—N9+Nm—-...)
. 37
+Sln "'7‘(N3_N4+N10—'N1]+...),

and the denominator

14 Dy+ Dy + D+ Dog+ ...
+cos % (—Dy—Dg—Dg—Dyy—...)
+cos %Z(D2+D5+D9+Dm+ )
o8 3—77’(—D3—D4—D10—Dn—...),

where in the coefficients of

sin 71, cos -775- the subscripts are of the form 7m + 1,

. 27 2w

SIDT, COST ’s s Tm 1+ 2,
. 37 37

sin =, cos =~ " " Tm + 8.
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Writing the identity in the abbreviated form

@, 8in — -I-a, sin — 21 +a3 sin 377- 3
3= 24, sin— +2A2 sm +2A g 8in— 7
by+ b, cos — -I- by cos 27 + by cos ==

7

we find without difficulty the relation

{@by—b) A+ (b,—bpdg+ (by+b)As—a,} sin -’7L

1 Gy= b Ai+ @Dy b Ayt (y+b)Ay—a) sin o

+ { (b2+b3)Al+ (b1+b‘l)A2+(2b0+bl)J’.3—a3I’ Sin 377’- = 0.

This can be converted into a quartic equation in sin Z; but it is known
that sin % satisfies a sextic equation, and it follows that the relation

-cannot exist unless the trigonometrical functions have zero coefficients.
Hence

(2b0_bl)Al+ \bl_‘b:—])A-z'*- (bz+ba)A3 =@,
(20) (by—bg) A+ (204+by) A+ (0, +D) 45 = as,
(st b Ay (b4 b Ayt @by b g = ag,

three simultaneous linear equations in
4, = S EOW)g"
4, = SEDa)g",
4y = X E)q"

leading to three simultaneous recurrent formule in the arithmetical

tities
quantities EOm), E™M@m), ET ).
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We can proceed to the case

and are led to a relation

. T . 27 . 87 . pw
a, sin 2———+1 ~+a, sin 2—-—-+1 + a4 sin 2———+1 +...4a, 8in -—-2 i
bo+ 0, sm2 +1+b,sm2 +1+b35m2 +1+ .+ b, smz—p—i—i
= 24, sin 57 +1+2A,sm +1+ 424, sm—}%_—l.

and thence to the relation, for p of unlimited magnitude,
(21)
{@by—b) A+ (by—bodgt (a—b)Agt (by—b) A+ (by—bg)Ag+...—a,} sin.gp—:_—l
+{ (bl_bn)A1+(21)0_b4)A2+ (bl—bﬁ)A3+ (bg_bG)A4+ (bs_b-, )A5+ a2| sln%+1

+{ Be=b)A,+ (by—b)As+(2by—bo As+ (b, —b)A,+ (bg—ba)Asf...—as}sinéz%

F{ by—bdi+ (by—bYdgt (By—b)Ag+@by— b A+ (By—by)As+...—a,} singre

~2p+1
+1{ (by—bo 41+ (by—b) A+ (by—0g 45+ (bl_bs)A4+(2bo_blo)As+---—“5}Sinﬁ
+
=0.

The symmetry of the 4 matrix and the law of the elements will be
observed.

To write down the matrix for a given value of p we notice first that

ptE+DT _ _(p—h)w
cos Pl cos TESR
and thence that bpirs1 = — by

Making this substitution, when % is zero or any positive number not ex-
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ceeding p —1, we obtain the 4 matrix appertaining to

™

Thus the 4 matrix for £ = llri is (retaining only the b terms)

122) @by—by  (bi—by  (ba—by  (by—b)  (by+by
(by—b) @g—b)  (y=Db)  (botb  (bg+D)
C(by—by)  (by—=b) (@by+b)  (byFb)  (batby
(b5—b)  (bytb) (D) @bytby  (by+by)
(byFb)  (Bytd)  Qatby  Gy+b)  @by+by)

The exact form of the relation for any value of p, which may be written

2

2p+1

4.4, sin=- =0

‘.n T + -
¢, Sl PESRL sin 1

is therefore manifest.

This relation when expressed in powers of sin 2?3_—1 is of degree
2p—2, and it is known that sin 2p:-1 satisfies an equation of degree 2p.

Hence the relation is impossible unless

y=a=..=a,=0.

Hence we have the p relations obtained by giving m the values
1,2, 3, ..., p in the relation

(bm—l - bm+])A 1 + (bm-2— bm.+2)A-3+ cee + (bl ha b?m—l)A n—1
+ (Qbo_b:?m) Am
+ (bl - b2m+l) A'm,+1 + (bz - b.2m.+2)Am +'.'+ (X +(b;>—m - bp+m)Ap = QA

in which the first row of terms is to contain m—1 terms, and we are to
write —b,_; for bp,i.1 throughout.
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The arithmetical ¢ series
.'1], .{2, ey ."1,,,

which appertain to this case, may be defined. If we write down the

mm

4p+2 recurring values of sin 1 obtained by giving m the values

1, 2, 3, ..., the particular value sin QE)’ij}t_l’ where £ < p, occurs in the k-th

and (2p—k+1)-th places and —sin 0‘]‘_7; 1 in the (2p+£+41)-th and
(4p—k—+2)-th places. >

S
Hence A = ZECPY (g

is interpreted by the statement that E®**""(n) represents the excess of
the number of divisors of # which have the forms

p+2)m+k, (Ap+2)m+2p—Ek41

over the number of divisors which have the forms
4p+2)m=4+2p+k+1, (“Ap+2mt-4p—Li+2.

The matrix has row and column symmetry. Looking to the case

of z = ﬁ it will be observed that, if every element of the matrix which

involves a b with a subscript > 8 be deleted, the remaining elements
consolidated in a rectilinear manner constitute the matrix for the case

= _ZIL The deleted elements occur in four sinister diagonal lines. By
deletion of the elements which involve a b with a subseript > 4 we

would similarly obtain the matrix for the case x = —;L Generally we

can in this way proceed from the matrix for the case = = 2}7:—1 to the
matrices corresponding to the division of 7 into an uneven number of
parts and conversely proceed to higher matrices by a law that is readily
ascertained.

Before taking the general case z = %, » not a multiple of 8, we will

. ™
consider the case z = B
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We are led to the relation

sin — (V,-I-N-, —N;:+.. )-{-sm (NH'NG Nyp—Ny+..)

+Sln (N3+N5 NH—N13+...)+N4_N12+N20—N98+..4

1 +COS '%'-' (Dl_Di’—D9+.D15+ . .) +COS glr (D.z"“Dﬁ—'D10+.D14+ ...)

+cos ﬁ —D,—Dy+Dy+...)

= 24, sin — +2A2 sm +2 A4 sm—— + Ay,
and thence writing the left-hand side

a, sin-—’é-}-agsmz +a33m +a4

1+b1cos +b,coq -+-b3(:os8

to 1 @—by) A+, —y) A+ bydg+2bg A, } sin -g-

+ {(b,— by 4,4+ 2454 (b, +bg) A3+ 2034} sin 281
‘ .3
+1 bed b, + D) A4 24b) 4,420, 4,! sin -81
+ bsd,+ by 4.+ b4+ 24,
= @, sin — +a, sm +a3 sin 7l'+a,,,
which is of the form
o= 3
a, sin —- +az2 sin — +c¢9 sin — +a4 =0.
This may be arranged as a sextic equation in sin — 8 , and it is seen to be
incompatible with the equation that sin % is known to satisfy, viz.

165—24y'+102—1 = 0,

unless Gy =a =a3=a;,=0.
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Hence we obtain the relations
C@2=0) 4,4+ (0 — by Ao+ byAg+2b34, = @y,
| (by—bx) A, + 24,4 (014 bg) A3 +20: 4, = a,,
[ by A1+ 1+ Ayt 240 Ay 20y 4, = a,
by 4,4+ 0o dy+ bhds+ 24,=a,.
If now p be unrestricted in magnitude I find the relation

: (2—b2)A1+(b1—bs)A2+(b.z—b4)A3+(_b3—b,,)A4+(b,—bﬂ)A5+...}sin—p
+{(by—bg A+ (2—D)) Ag+ (b, —b) Ag+(by—bg) Ay +(by— ) A+ ... } sin 5~
+ {(by—by) A, 4 (b —bg) Ag+ (2 —bg) A3+ (b, —b) A+ (by— b A5+ .. 'rsin—z—)
+ { (bg—bg) A+ (Dy—bg) Ag+(b;—bp) Ay+ @—b) A+ (b, —bg) A5+ ... ! sin-

4 {(By— b Ayt (By— b Ay (by— b Ayt (0 — bp) Ay + @ —by) A+ .. [sing?
F..

. ™ . Dk 4
= @, 8In -27) +a, sm +a3 sm +a4 sln +a sin @; +...,

in which the law of formation of the matrix is manifest.
For a definite value of p we have herein to put
] bp = 0’ b.\' - bz,.-.n
but in the last row b, = 0 if s > p.
We thus verify the cases p = 2, p = 4, while for p = 10 we find

: (2—bz)Al'{"(bl—bs)AQ'}'(bg—b_])A3+ ’)rffl +21)4A5, Sln 10

= b Ayt @=b)Ast by Ayt Gatb) 4,420, 4, sin 21—’(;
‘ 8
10

{ byt ok b) Ast bytby) Ayt @+b) A, +2b, 4, sin 3
[ bAt bk bdyt bAt 24,

{(Ga—b)As+ by Agt @+D) Ag+ (by+bg) A, + 20,4, sin ==

. T . 27 . 87 . 47
= @, sln m+ag sin To+a3 sin i,-(-)+a,4 sin 75 +a;.

sER. 2. vor.19. wo. 1371. ’ Y
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We gather that generally we have a relation

(p—

+‘p_

. aT .
a,smé;-{-a,sm T4, +ap1sm

and it is not difficult to prove that this necessitates the relations
G =a=ag=..= a1 = ap =0,

giving the solutions of the problem of expressing the arithmetical func-
tions A4;, Ay, ..., An in terms of the ¢ series

(l»l, ag, ag, “ooy ap, b], bg, b3, eoey bp--l,
2 F
4;, = ZE® (n)q™,

where E® () represents the excess of the number of divisors of » which
have the forms 4mp-+k, 4mp+2p—Fk over the number of divisors which
have the forms 4mp+2p+k, 4mp+4p—Fk.

For the remaining cases in which z = -%:—, where 1 is a multiple of 6,

it will suffice to show the nature of the results by considering in detail the
.
case r = 5

From the sine and cosine values

1 v3 V3 1 _1 _vs w8 1
'gy 2 11 —2—7 9 ’ Oy 9 B 9 ]5 9 9 y 0
v8 1 _1 vy w8 1 1 3
T! E: 0’ 9" 9 1: 9 ! 5! 0, 3 9 I,
we derive a relation of the form
a+04/8
c¥ays = ATBVS,
Whel‘e a = N1+N5_.Nq‘—N]1+..-+2(N8—Ng+...),

b= N,+N,—Ng—Nyp+-..,
¢ = Dy—D,—Dyg+Dyy+...+ 20— D+ D, —
d = D,—D;—Dy+Dy+...,

4= ~(dl2m+l+'(n)+ dl?mtz(n)) 7'

B=2Z (dlzmjgifu('n) ) 7%
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where dy,..(2) denotes the excess of the sum of the divisors of » :which
-y

are of form 12m+-a over the sum of those of form 12m++y, and dis,4,4s(n)

—-y=8
denotes the excess of the sum of the divisors of » which are offorms
12m~-a, 12m+ 8 over the sum of those which have the forms 12m+vy,
12m—4..

\We thence derive

__ac—38bd __bce—ad
‘:l - 62—3d2 ’ B et cz_3d-u
also de+3Bd =a, Bet+dd=1»

relations which, upon development, yield two simultaneous. recurring
formulze.

2. [ consider a theory similar to that of § 1, which is concerned only

with those divisors of » which possess uneven conjugates. We will use
the symbol § to denote such a divisor.

We have
\rg aq‘lm—l _ fg‘ a™ 2 n _ § S 8 n
- Im—~1 T~ 2m T (=a’) q
1 1—aq 1 1—¢ 1
and

o (4 =1 201 qin - ' .
j ]_.i_.i__l de = ta,n"l sSmmx +%b IOg (1 _2q?m—l cosx+q4),;_g),

,,-'.rq'_’m~ 1 _q2m—1 cosa
hut 67-“(1'.’"1—1 _ q’lm.-l cos m_qhn.-'l +,& q2m-l Sill xz
1_'_6:1,-q2m-1 - 1_2q2m—1 cos m_i_q«hu—:: 1__2q'_’m-l cosw+q4m—2’
2 -1 : dm=2 ’ 2m-1 3
q- COS T—¢q -1 4 S £
» ; 7 Ar = tan T R
so that J 1 _2q2m—l cos x+q4m—z dz vta’ 1 _qbn 1 cos ;l?,
. (]'.’m—-l sin & dz = ll 1 .o (1—2 2i-1 600 x4 4'm.—2)
1 _q,'z:n—-l €08 x+q4m-—2 T = z1log{l—2aq co q. L
N ©w 1 . .
and Silog(1—2¢*"teosz+¢*™ =2 (Z— 3 cos &c) "
1 . 1
. w 1
or log ! =23 (E 5 cos Jw) q*.

II (1_2q2m~1 cos x+q4nl—2) S |
1
Yy 2
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Transforming by & well known formula of the Fundamenta Nova,

1L (1—gm) "1
! =23 (E — oos S:r) q".
1

1
% 1—2q cos x+2¢* cos 2z —2¢” cos 8.r+...

Differentiation with regard to r gives

q sin 7—2¢* sin 20+48¢° cos 8c—4q' cos 4+ ...

@) 7= 2 cos z+2q* cos 2¢—2¢”cos 8w 429" cos dr—...

= §(2 sin dx)g".
i

the fundamental formula which preseuts itself for examination.

T
The caze * = a7

The formula becomes

q—38¢°+5¢¥—T9"+... _
1—2¢"+2¢%—2¢"+... —

2R () gm,

where g¥(n) represents the excess of the number of divisors of n which
have the form 4m<+1 over the number of divisors which have the form
4m—+3.

Thence the formula

EPn) — 26 (n—4)+ 2P —16) —23n —86)+... = 0

or (—)" (2m+1) according as n is not or is of the forqm (2m +1)%

If we compare the two formule
(25)

2¢ sin z—(q+38¢" sin 2.c4(2¢°+ 4¢%) sin 8x— ...
(1—(1+q) cos c+(q+q* cos 26 —(¢"+¢") cos 8+ ...
l ¢ sinr —2¢* sin 224 3¢” sin 8r— ...

1—2¢ cos w4+ 2¢* cos 2c —2¢” cos 8w+ ...

2 §(z sin d:c) ¢".
1

T (Zsin60)q”,
!

it will appear that the theories of the divisors d and & from the point of
view of this paper are absolutely parallel.

The trigonometrical funetions are similarly placed and (hringing the
factor 2 on the right-hand side of the first formula over to the left) they
only difier in the coefficients of the sines and cosines. We have merely
in the formule of the previous section to take for

Ny, Ny Ny ...
Dh Dg, 1){ cees
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the values 2q, —4¢*, 6¢°, ...,
—2q, +2(I49 —2(101 ceey

and all the formulxz will be suitably transformed to the divisor.s. We
can therefore at once proceed to some further developments affecting the
divisor 4.

The J fundamental formula is, in the notation of the Fundamenta Nova,

Z Kz = Z(Zsin ox) ¢*,
27r T
and =juaring each «ide we tind, by p. 186 of that work,
K ) { (Kx) ) 2
(26) (27r { Z w /i
- . 2 i ,mgm oS ML +.¥V (lm.(l+q:!.u) cos ”m':
- 3~ 1 _q:m)z 2= 1— qhn & 1— ’/::.-1)2
= 'Z(Z sin dz) ¢"} %,
a remarkable theorem concerning the divisor 8.
I notice the relations
q'?.m _ ”“]‘_'ul
2 (1 __q‘m)z - 2 1_q'_’nz ’
5 Mg" cos mx _ @'+ 9™ % cos g —2¢*"*
l_qzm - (1 2q.!m— cosz_{_q-hu—')z

Differentiating the fundamental relation we get

—1 Qo— 2@, cos £+ 2@, cos 2x— 203 cos 3c+..
(1—2q cos ..+ 2q* cos 22— 2¢° cos 3z +..

)2 = Z(Zdceosdr)g®,

where Qo = 2"V H4P T 62
Q, = 1%+ 8%+ 52T+ ¥ p 7T +e g
Qs = 2%F+ 47V 62T 82T L

QS 32 3’+52 l’+4’+72q2’+5?+92q8’~{6’+‘.“’

It will be noticed that in the series @), the ¢ exponents involve every par-
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tition of all numbers into one or two squares,

Qn= s (2s+m)? @7 qf m > 0.

=0
Moreaver
(1—2q cos £+ 2q* cos 2w —2q° cos 8z +...)*
= Ry—2R, cos x+2R, cos 2r —2R; cos 8+ 2R, cos 4.0 —...,

where Ry=142 X ¢+
1
1.)1 - 9> q.>?+(.\‘+l)'-"
0

Ry= @42 S g e,
1

By = 9 3 gt
-1 q

‘[{2‘” _ q'.u’+m*+2 > qo‘2+(s+7u)‘3,

—(m—1)
I'If-‘)m 11— 2 E q$&+(8+2m+l)?.
-1
We have therefore
_1 Qo—26), cos x+26), cos 2xr—... _ i (26 cos b2)¢"
® Ry—2R, cos z+ 2R, cos 22 —... . ’

R, enumerates the compositions of numbers into two squares, the num-
bers squared differing in magnitude by 2m and being drawn from the

series —(m—1), —(m—2), ..., +«.

where it must be noted that
A+, b4t
are different compositions, except when @ = + 0.

Similarly E,..1 enumerates the compositions of numbers into two
squares, the numbers squared differing in magnitude by 2m+1 and heing
drawn from the series

—m, —(@m—1), ..., +x.
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Putting & = 3=,

Q0—295+2Qs—2Qs+ > 25w
%R —OR, 2R, — 2Rc+ ?(Eécos‘%&r)q ,

and the right-hand side denotes the excess of the sum]of the divisors J of
n which have the form 4m<+4 over the sum of the divisors which have the
form 4m+2. Calling this F,(n), we find that
(27) Fy(n)—4F,(n—4)+4F,(n—8)+4F, (n—16) —8F,(n—20)
+4F,(n—82)—4F,(n—86)+8F,(n—40)+...
= coefficients of ¢" in —3(Q,—2Qy+2Q,—2Qs+

The ¢ function Ry—2R,+2R,—2R:+ ...

[y ¥ 8

1s equal to when ¢* is written for g. Its elliptic function expression

is therefore
1 v2 ' N R
— YV Wk A+#] K,
while Jacobi gives for it the expression

—4 }:\r/,(n) q(4111—1)24n+4 2‘/’(”1)q2’” (@ —1y 41"

in which # is an uneven number whose prime factors are all of the form
= 1 mod 4 : Y (n) is the number of divisors of n, and [, m assume all
integer values from 0 to 4 o .*

It is also expressed in the forms

12

1+q12

q‘20
1— q4+4 —4grm et

e

gl2
1— 1+ 8+41+q16 1+q21+""

i (1——(14)(1—qs)(1—q12) S
(AFOAFPAFgD ...

* Fundamenta Nova, p. 105,



828 P. A. MacManON

3. We now take up the relation

i)sii aq” S s geodon — G
(a(la Tl—aq"‘—T(zda)q -7

The left-hand side is
v E C_e, . (aqm)t
S ,
| (1 _aq1n)s+l
where Z c, ;(ag™), for the successive values of s, is
b .

m

aq™,
ag"+a’g™,
aq"+4a’¢* +a’p*",
aq"+11a%* +11a¢** + a*q*™,

where the numerical coeflicients, in tabular form, are

1
11
1 4 1
1 11 11 1
1 26 66 26 1
1 57 802 302 57 1

the number in the s-th row and ¢-th column being c;,,.

We have Cs,t = tes—1, 0 (s—t+1)c.y, -

and Cs,t = Cs,cmt41y
B
e, =s'.
l H

The coefficients enjoy the further property

S S

[Jan. 15,

= eos () ens () s () b (757,
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and we readily obtain the evaluations
(3,1 = ]S:
_ s+1
rm s (P e ()
N — S 5+1 1\ (Q+l) — DV —\+1 (S+1) s
L.:,I,— ( 1 )(t 1)+ 2 (t -') ...( ) t—l 1'
Putting @ = 1, gives
. : c.st‘_[”” N " -
N =N gt =X myg
(28) T (1___’[11L)s-rl 0'5(“) [ 1 1—
and @ = —1 yields the analogous result connected with the excess of the

sum of the s-th powers of the even divisors over the sum of the s-th

powers of the uneven divisors.

Putting @ = /(—1) =i,

SCEdh gt = ISEn)g"+ X F.(n)g",

where E.(n) is the excess of the sum of the s-th powers of the 4m+1 divi-
gors over the sum of the s-th powers of the 4m 48 divisors, and F.(»n) is the
excess of the sum of the s-th powers of the 4m—<4 divisors over the sum

of the s-th. powers of the 4m -2 divisors.
If we take s.= 2,

@ 3 '.5
SEwqg = -3 ‘l‘f'+52 4=
[} —_—

1—g 1 1—¢°

and for s =3,

) Fy)g" = —23
}

1—yg q 11—y

and we derive

142 )2 Fy) ¢ -

= 2h = 1449447+ 1¢'+8¢°+...,

1—4 IE E,(n)q" T

a well known series.

2 4
ot -6+
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Assuming conventionally
E0)=—% F0) =1

E‘. Fy(n)q™
0

= 14494 +4g'+8¢+ ..,
—2Z Ey(n)q"
0

leading to the formula

(29) 2E,(n)+8E;n—1)48E,(n—2)+8E,(n—4)+16Ey(n—5)+...
= — Fy(n),

verified for n = 4, because

E)=1, E3)=1"-8=-8, E@ =1 E0)=-1.
TFg(4) = 43— 23 = 56,
2.148(—8)+8.14+8(—1) = — 56.

As another illustration we derive from well known series for

2LK 4R
— and T

oo g

(80) Fs(n)4+2F3(n—2)+ Fy(n—4)+2F3(n—6)+2F; (n—8)+...
= —2E,(M)—8E,(n—1)—12E,(n—2)—16E,(n—8)—26 E3(n —4)
—24E,(n—5)—28E,(n—6)—....

The general formuls which avise from the substitufion of ¢ for a are

{ S+1 .
w E (_)t+1bs+1’tq(-f—l)m

@ £ 1V p2m-=1
s 1 = S En)q" = 3 (—)m+! 2m—1)
1 1

1 (L4g*y T I—gm=t 7
(81)
- (_)l+1 Cs (q‘.’lm & oM
. N . _ 7 — 8% (_ym+l maq
23 e = TR = 2=

where ¢, has the values given above.
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Asregards b the table of numbers is

1
11

1 6 1

1 28 23 1

1 76 280 76 1
1

287 1682 1682 .237 1

the number in the s-th row and ¢-th column being b;, ,.
We have bin = Qt—1) 0,11+ 2s—28+41) by, 1

and bt = b, cotsny

S, =2 (s—1)!.

The coefficients enjoy the further property

@ut1-' = b, , ( ).H,*'_ (’tl:i_—l)_i_b:.,. <n+2)+ A0, (n;l—i;l)r

and we readily obtain the evaluations
b»,l = 13_1,

].),' .= 3.0—1_ <'i) 13—1’

- S\ 05— S —
by = 51— () # (G) 1

b, = (Qt—1p""— < )(gt_ .._1_'_( >(2t_5)~ Sl (— ) (til) 1

4. The relation
w’ (c”‘( "
1 = T (Zd*aY q"

enables us to study the divisors which are restricted in magnitude by
upper and lower limits.
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For put a = ¢*, so that

s (e +1)
n ’ -\ (S‘ l) n+ul
1 ([m = ~\=)q .

The general term, on the left, under the sign of summation is

w qm(u +1 +lc),

where m is a divisor of m (<41 4) which is less than

. w+14+k

"

for all integer values of » and A.

som(ut 1)
< m q

Y N s "
Hence S el (=d;) q",

where d., is a divisor of » which is less than #n/u.

R ] v_m'_\-qm(!h}v‘-ll = S(S& \g*
Sinece also a—l—_T,,’"_— = X (X e I
where du., 18 a divisor of » which is less than n/(x+v), we obtain by
subtraction
£ qm(it-i»l)ll_(lm-')

! &
(82) Z m T—g

— AN 2 .
= 2 (Edy, win 4"

where dy, .4y 18 & divisor of » such that

" n
— > duyuir 2 -
Y U, W= = Il+U

In this formula, «, v may be any real positive numerical quantities what-
ever.

The case s = 0 is of particular interest because then the relation
becomes

nt(u+1) (1—g™) .
2 q—_T—_,I”"L— E‘"u, u4t +(12) qn,

(88)

where v, 4+, denotes the number of the divisors dy, «+. of 2 such that

n

w+v’

n
I_l;. > du, 4o >

T proceed to its examination.
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Put » = 1, and we find that

qu+l
T Tadl — >-"v, wir () g,

1—¢q

showing, what is otherwise obvious, that v, 4.1 is zero or unity according
a8 2 18 not or is a multiple of n+1.
Put v = 2 leading to

1—92 %41 Nt
1—¢ 7 —%

(1 _qﬂ+])('1 __qu+'.')

= 21’1:, u+‘.'(")qn.-

and for » = 8,

1—¢* l—g“ —_— e
1__;_99 qu+l_2 i - q2u+d+3q..u—u
(1__q1l+l)(1__qu+2)(1_(1-u+3)

= Zl’u, u+3(n) @7,

and, finally, the general formula

(84)

1_____(]" w4 __ (1—52")(1—2"_') MR _Y (l-ql’)(l—ﬁ_l)a"qr_‘z) S
= "2 a—ga=g ¢ T3 Tu—gpa—piu=gn ¢

() og (F)
(l _qu+l)(1_qu+‘2)(1_qw+3) . (1 _qu+1~)

which is a valuable result.

(i) Put % = 0, obtaining

1—¢° _oU=g)d—g""h o (1=¢)1=g"H0=¢"7)
1—flq 2 1—-ga—g* ¢ +3 1=)1—¢)1—¢% +...
c+1
-H—)"*"vq( )
A= 1—¢)1--¢"...(1—¢"

= Zw,, () q",
where the divisor d,, , is such that

n
@x > (]0,'1' > 71

z.e. the divisors enumerated are not less than n/v, a single condition.
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(i) In the last formula put v = ®, obtaining

q ¢ ¢

1—gq _2(1-q)(1—q’) +38 (1—q)1—¢)(1—¢%
; "
(85) - (1—q)(1—q2)(1—q3)(1—g‘)+'"

I—0— 0 —P—g) .. |

v(n) 9™,

HMS

where v (1) is the number of divisors of # without any restrictions because
@« > dll, o’ > 0
It will be recalled that vyt

has two other well known expressions, viz. :

3
Lambert’s + 1 e + + ey

and Clausen’s q1+q+q 1+9)+/ 1+f] AT 1+q .

That obtained above, which connects the arithmetical entity »(n) with the
theory of partitions, is possibly known, though I do not remember meeting
with it in other writings.

In the numerator of the left-hand side the general teim is

{ b+
kgl ])

(=)t :
d1—(1—¢H...(0—g"

where (’H2_1> =142+84...44.

If we denote this number by a lattice of nodes containing in the
successive rows k, k—1, ..., 2, 1 nodes successively
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and consider the partitions enumerated by

1
1= 1—g%.. 1—9H°

we find that each of the latter involves A or fewer parts, of unrestricted
magnitude, which may be graphically represented by & or fewer rows of
nodes, the numbers of nodes in the rows being in descending order of mag-

E+1

nitude. Adding to each of these the above graph of ( 9 ), row to row,
we obtain the graph of a partition in which there are no repetitions of
parts.

Hence we gather that the numerator enumerates, with respect to the
number n, the excess of 2j-+1 times the number of partitions into exactly
2/+1 parts (j =0, 1, 2, ...) without repetitions over 2k+2 times the
number of partitions into exactly 2442 parts (¢ =0, 1, 2, ...) without
repetitions.

The numerator, to a few terms, is

f[+‘]2—’]3_(]4—3q5-2(]7+(ls+2(IU+(]10+2(]“+4(]12+-«-:
so that if p. denote the number of partitions of n we are led to the
relations
"u(-n) = PocrFPu-2—Pus=Po1—3Pui=20p_ 1+ Pucs+ 2P0
) +_Pn—w+2pn.—ll+4p>z—l'.‘+--n
iv(n)—u(n—1)—v(~n—2)+u(n——5)+u(n—7)—u(n—lQ,)—...

= coeflicient of ¢* in the numerator,

(36)

verified for # = 10 by

v(10) = py+ps—pr— 05— 3p;—2py+pat 2 +1,
4 =804+22—-15—11—-21—6+4+242+1 = 57—58,
v(10)—w(9) —v(B)+v(5) +v(3) = 1,
4+ —8— 44 2+-2 =1
In considering the general case

s m(1+1) 1 —g™t
S oms ( )

- T—g" = 22(2:'('“ L),
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the left-hand side, as it stands, is a sum of an infinite namber of terms
and is readily converted into a sum of v terms. Thus, for ¢ =1, 2,38, ...,
we readily verify the expressions

w+m

]E (l_qu..(.m)‘z = ESdu,uﬂ'("J)(]uv

(u+m(1+ 1u+m) o 2 .
1 (l_qu-{-?n)!i = l"du,rwu(n)q {

-14-

‘i“ qu+m (1+4qu+m+q2u+;’m) e 13
R =
1

(l_qu+m)4 d R EX

(ng",

(‘ (Iu+m(]- + llq“+”1+11([""¢+‘-'m+q3u+ﬂm)
]

—_ Ve "
(1 __qu-i-m.)."» — 4~ Zd“' ,H_z.(’n)q ’

where the numerical coefficients in the series of numerators are for identi-
fication with the scheme of numbers met with in § 3.
In general we have

s
. % cs, {ql(u-'rm)

(87)

N 5 :
- Edu, U+ ,«(")q .

When v = «, so that % > dy, .,

the only condition,

8
2 Ce lqt(u+m)
1 "

(j___éu_-mﬂ?_:l —_— ESd‘:,’ ,,)()l)(,]".

Ll k]

L
2 c. lq’ (n+1)
P

When v =1, (—IW

= E:dilt, wet O "
The coelticient of ¢*®*? in the left-hand side iz

s+u—1 (s+u—2 o '
ot < n—1 )+cs,2 "—2 )+...+c,., v = Sl ga(nutn).

Ez.gr., s=2, u=38, n=9.
The divisors of 36 which are such that

’ 36> d> 8
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are simply the one divisor 9 and

(
€21 (lSO) + o, (7)) = 45486 = 9%

5. A similar theory exists for other classes of divisors.
Thus, for those whose conjugates are uneven, we start with

< amzm — TS
~ l_q:’m = aza

and, differentiating s times with « fi% , we derive

i

N
< matq

Sy = Taen
. ms i (2 +1)
and putting a = ¢%, = —-i-q_—q-,— = ZE§qrtiy,
and changing % so that
v,)nsqm(u+l) _ ?va” "
“~ l_qzm = a0,
n
we find that o > 6u

Substituting w4 2v for % aud subtracting

s am(u+1) (1 . H2me
s m'q (1—q*™)

(38) 1 __q‘.'m = E 28:;, %20 (") (_I".
n n
where _l-l,— > au, w42 > ,w+ o

Put s = 0, obtaining

m(u+1) 1 __ H2mv
2 gl#q‘zm—) = 225?1, w4+ (n) q"’

where now Zé) ., ,,(n) is the number of divisors with uneven conjugates
such that the above limits are satisfied.

sER. 2. VvoL. 19. wNo. 1372. 4
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FOI‘ v=1 q'"+1 _— 9\‘80 ( ) n
—_— 4, ]__quu_""" w, w+2 ’I’Q’
a trivial result.
1—(I4 qu+1 2q21z+4
1—
For v = 2, q = XX, Oy u+4("’)q"’

(1 — n+1)(1 __qu+3)
and, in general,

1—¢* . (l-q'")(l—q” %) e A=A =g A —q" " ...
e T Ty p T g
—_ ”_*_(_)Hl ,I‘q(u+.')r
(1_q1¢+1)(1_(1u+3) (1_qu-r~,zr_|)

= 226‘« u+2e ("’)

put © =0, then

1—g~ a— )(1—q ) g —¢)A=¢* N1 —q*Y
1—g 972 (]—q 1—q°) 435 (1—q2)(1—,, ) 1—gY)
+(_ l+| l’([
(39) A=) 1—=¢H1—¢" ...(1—q*™H
= ZZ4) ,,n)g"
"
where x> 0,2 = 2y

i.e. the divisors enumerated are not less than »/2v and have uneven con-
jugates.
If we now put » = o,

4
q (] 17 .
1—¢" 2T—gii—g )+3 A=A —gH1—¢"
(116 _
4o d—= q)(l—q“)(l——q")

= 226, - (W)q",

where @ >0, . >0,
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and we have a new function which generates numbers which enumerate
the whole of the divisors which are before us.

The numerator is interpretable.
Since g, ¢4, ¢% ¢, ... are graphically representable as

and (1—¢% 1—q* ..., 1—9*")~! enumerates the partitions of numbers
into 2 or fewer even parts, we can add on to the m-th of these graphs the
araphs of such partitions, thus obtaining graphs of partitions into exactly
m uneven parts, which involve neither sequences nor repetitions of
parts.

Hence we gather that the numerator enumerates, with respect to the
number n, the excess of 2,41 times the number of partitions into exactly
2741 uneven parts which involve neither sequences nor repetitions over
2k 42 times the number of partitions into exactly 2k+42 uneven parts
which involve neither sequences nor repetitions of parts, where

J=0,1,2, ..., ~=01,2,....
The numerator, to a few terms, is
Q+(]2+2<]3+'js—‘]6_4i]8_4']]0-6’112+(113+---,
and the coefficient in this of ¢” is
dn)—dmn—1)—o(n—3)+d(n—4)—dn—3YF+on—6)—38(n—"17)
+28(n—8)—25(n—9)4+28(n—10)—26(n—11)+36(n—12)—....
For n = 12, we verity that
2m2—=34+1—24+2—2
+2—442-—-2 =—0.

Returning to the general case the left-hand side 18 e:ipressible as the sum
z 2
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of v terms so that,

r w+2m—1
fors=1, by a q,u_”m_l)g = Eza‘ll, e () q
1 Mo .

_ 2 {L qu+;’m—1(1 +qu+2m—1) ey 32 ( ) n
n $= 2 T (1_qu+2m—1)8 = 20y wen\WT

HESUEN 1 4 u+2m-1 211+4m—2) .
q ( ?l-—q(j'wwb—:;q = 226‘3, wenn(G"

R

—_t A
s § =3, S
1

&C.,

the numerator numbers being those that have already appeared in § 3.

In general
t(+2m—1)

v 2 Cs,t q
1 — T 0o
(41) E 1— W+ 2m—1ys+1 T z"(S'l(, u+2”(n)qn.
1 (1—¢q )



