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TIiE 

LONDON, E D I N B U R G H ,  AND D U B L I N  

P H I L O S O P H I C A L  
AND 

J O U R N A L  OF 

M A G A Z I N E  

SCIENCE. 

[SIXTH S E R I E S . ]  

A P R I L  1907. 

XXXI .  The Attraction of Ellipsoidal Shells and of Solid 
Ellipsoids at .External and Internal Point 6 with some 
Historical _Notes. By Am)REw GmxY, LL.D.,  .F.R.S., 
Pro/essor of Natural P~ilosopt~j in the U~i~ersity of 
Glasgow % 

l .  " [  WROTE out the greater par~ of the following paper 
I while on a holiday this smnmer, and was not aware 

until my return home that the method given below 
(w167 24, 28 to 30) for the determination o~ the potential 
of a homothetic ellipsoidal shell had been anticipated by 
a passage in Thomson and Tait's :Natural Philosophy' 
(Part ii., w 525). That also, I have since found, had been 
anticipated in w 24 of the beautiful memoir by Chasles, 
" Sur l'attraction d'une couche ellipso~dale," in the Journal 
de l'Ecole Polytec/tnique (t. xv., 1835). The investigation 
contained in w167 14: to 18 below is, however, quite distinct, 
and I think new. It gives a complete solution of the 
problem of the shell and Lhe ellipsoid, and leads naturally to 
the other discussion already referred to, which differs in some 
respects from the solution of Chasles. I have, moreover, 
worked out in de~ail some particular problems. With all 
due acknowledgment, therefore, I venture to allow my notes 
to stand. I am aware of course of the recent discussions of 
the problem, for various laws of density, by Ferrers, Dyson 

* From the ~ Proceedings of the Royal Philosophical Society of Glasgov.5 ~ 
1906. Communicated by the Author. 

.Phil. May. S. 6. Vol. 13. No. 76. April 1907. 2 E 
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386 Prof. A. Gray on tl, e Attraction o f  

and others ; but perhaps this solution of the older and simpler 
problem may not be without interest. 

2. No problem in the Theory of Attractions has received 
more attention than that of the attraction of' a solid ellipsoid 
on an external particle. The subject enRaged the attention 
of Newton and Maelaurin*, who dealt with it by a combination 
of the geometrical methods of which these mathematicians 
had such a perfect mastery, and the results of' Newton's own 
calculus of flnxions and fluents (differential and integral 
calculus) ; and all the celebrated analysts of the end of the 
eighteenth century and the beginning of the nineteenth, 
Laplace, Lagrange; Ivory, Gauss, P,~isson , Chasles, wrote 
memoirs on the subject which have become classical. To 
find the attraction of the ellipsoid at an internal point had 
been soon fbund to be a comparatively easy nmttcr. The 
process adopted was to take tile altraeted point as origin of 
polar coordinates by which the positions of the particles of the 
ellipsoid (supposed of uniform density) were specified, to 
express the volume of an element of the attraeting body by 
these coordinates, and then the components of attraction 
on the particle as triple in{egrals with respect to the radius- 
vector and the two angular coordinates. As Poisson puts it 
in the introduction to the very remarkable memoir t read to 
the Aead6mie des Sciences on October 3, 1833 : - - " T h e  
integration with reference to the radius-vector can be carried 
out without any difficulty, and in the ease of an internal 
point a second integration is easily effeeted, so that the three 
components of attraction are expressed by single inteR rals, 
reducible to elliptic integrals of the first and second kinds. 
These integrals are obtainable in a finite form when the 
ellipsoid is one of revolution. When, however, the attr~,cted 
particle lies outside the eliipsoid, the double integrals contain 
a radical, and have limits which render them much more 
complicated, so that, instead of carrying out the second 
integration directly, we have to turn the difficulty by reducing 
the problem for the external point to that for an internal 
point, which leaves the p,'oblem of the direct integration 
unsolved. For this reduction the theorem of Ivory leaves 
nothing to be desired." 

3. Ivory's theorem depends on his notion of corresponding 
points on two ellipsoidaI sur~hces, the axes of which are 
coincident. Let a, b, c be the lengths of the semi-:,xes ot~ 
one, say the smaller, ellipsoid, x , y ,  z the coordinates of a 

e See Newton's _Princfpia, Lib. I., ss. xii. and xiii, and Maelaurin's 
Treatise on Fluxions,' vol. it. 
t M~moires tte l'Acaddmie -Royale des Sciences de l'Instftut, t. xiii, 1835. 
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~lIi))sohlal Shells and of Solid Ellipsolds. 387 

point P on the surface, and similarly a', t/, e t, x', .y', z' the 
lengths of the semi-axes of the larger ellipsoid, and tile co- 
ordinates of a point Q upon it. I f  tile coordinates fulfil 
the relations w/a=x'/a', j /b=y/ t / ,  z/c=z'/c', the p(~ints P, 
Q are corresponding points. I t  is easy to show that if 
P, P '  be two points on the first ellipsoid, Q, Q' the corre- 
sponding points on tile other, and the ellipsoids he eonfocal, 
the distances PQ', P'Q are equal. 

Now eonsiderin~ attractions in the direction of the principal 
axes, and takin~ first the axes a, a/, it can he proved that the 
:attraction X of the first ellipsoid, A say, on a particle of unit 
mass at Q on the surtlme ot the other ellipsoid, B, is to the 
attraction X / of' file ellipsoid B on a uni~ particle at the 
corresponding point P on the surface of A, in the ratio be/b~c '. 
Similarly Y/Y'=ca/c~a ', Z/Z'=ab/a'b'. The ellipsoids are 
here supposed to be solid and of uniform density, p say, and 
confoeal. If  we call the masses of the ellipsoids M, M', then 
since 3J/Mf=abc/a'b/c ', we may express the theorem in the 
form (no~ given by Ivory) 

X a ~ N Y t/1~.[ Z e' 3I 
X ' - ~ l "  Y ' = / , i ~ "  Z'-c)I'" (]) 

When expressed in this form the theorem is evidently 
true whether the two ellipsoids have the same density or not, 
provided that each is homogeneous. For  the components of 
force on a unit particle evidently vary with the masses of 
the ellipsoids, when their dimension,~ remain unchanged, 
and therefore a change in the ratio M/M ~, caused by varying 
the densi V of either ellipsoid, is represented by a correspond- 
ing change in each of the ratios X/X',  Y/Y' ,  Z/Z'. 

in the particular case of M = M  ~, the theorem takes the 
form 

X ~' Y I/ Z e ~ 
. . . .  (2) 

X / -  a ~ ~-~'~ b~ Z ~-~ c 

I t  was first t~ointed out by Poisson that Ivory's theorem is 
true for every law of attraction, provided the law is a function 
of the distance only. 

4. Let us now suppose that the problem of finding the 
attr:~etion of a homogeneous ellipsoid at an internal point lias 
been solved, and that it is required to find the vttraetion at 
an external point, Q say. I t  is only necessary to find for 
the corresponding point P on the surface of the given ellip- 
soid the "lttraetion exerted on a unit particle by the confoeal 
.ellipsoid, the surface of which contains the point Q. The 

2 E 2  
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388 Prof. A. Gray on the Attractlo~, o f  

components are given by (1), and thus the so-called external 
problem is reduced to the internal problem of which the 
solution is known. 

5. The external problem was, however, solved directly by 
Yoisson in the memoir above referred to, by the device, which 
he appears to have been the first to adopt, of imagining the 
ellipsoid divided into infinitely thin similar and similarly 
situated ellipsoidal shells, or "elliptic homceoids" as they 
have been called by Thomson and Tait ~', then findir)g by 
direct integration the attraction exerted by such a shell on 
a unit particle at the given external point, and finally passing, 
by another integration from shell to shell, to the attraction 
exerted by the solid ellipsoid. 

[The term homothetic ellipsoidal shell is used by many 
writers for the " touche elliptique " on which Poisson based 
his solution~ and is perhaps less open than the term elliptic 
homceoid to objection on the ground of derivation ; but we 
shall adopt the name elliptic homceoid, or simply homceoid, 
where there is no risk of ambiguity. Thomson and Tait' also 
give the name " focaloid '" to a shell bounded by two confoeal 
ellipsoidal surfaces.J 

6. On Ivory's notion of corresponding points Chasles based 
a ~:ery important and elegant theorem of the attraction of 
confocal hominoids. Imagine two elliptic homceoids, A, B, 
of infinitesimal thickness, and each of uniform (not necessarily 
the same) density~ the two outer surfaces and the two inner 
surfhces of which are confocal. Let a, b, c be the lengths of 
the semi-axes of A, and a ~, b~, c ~ the saulc quantities for B. 
Also  let P and Q be corresponding points on the two shells. 
The theorem of Chasles affirms that d~e potenti~d a~ the point 
Q due to the homceoid A is to the potential at P due to the 
homoeoid B, as the mass of A is to the mass of B. 

For let ds be an element of A aud ds t the corresponding 
element of B, and p, _p~ the length of the perpendiculars from 
the centre on the tangent plane ot the elements. It is easy 
to prove that 

p'ds  I . -  ~lb'c/ 

pJs ,/,~ (:~) 

The masses of corresponding elements of tile shell are igpds. 
f l ' i / d s ' ,  where/~, ~ are constants depending on the densi V ,nd 
scale of thickness in the two cases. The total masses are 4~r,~abc, 
4~rB~c~'b'c ' respectively. Hence it follows that the masses of 
corresponding elements are in the ratio of the total masses in 
the two eases. [-See w 13 below for the value of fl,/~'.] 

* Nat. Phil. Part II. w 494 g, 
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Ellipsoldal Shells and ~f Solid Ellipsoids. 389 

Now~ if ~' be the distance of Q from any element of the 
shell A, it is also the distance of P from the corresponding 
element of B. :[f /~,/3' be constant multipliers, as already 
explained~ the potential at Q due to the matter at ds is 
~pds/r, and the potential at P due to the matter at ds I is 
~lptdsr/r *. ]?he former bears to the latter the ratio ,Sabc/~rdbld. 
Since this is true of every  element the total potentials have 
the ratio just stated, that is the ratio of the masses of the 
shells. 

I t  follows from this theorem that if the potential at an 
internal point is known for a thin elliptic homceoid,~r the 
potential at an external point can be found, and vice vers(t~ by 
considering a eonfoeal shell. 

7. These results are true whatever the law of attraction 
may b% if only it is a function of the distance, as may be seen 
by substituting.f (r) for 1/r in the expression for the potential 
of an element. In the case of ordinary matter the law of 
attraction is that of the inverse square of the distance, and 
the potential determined is commonly called the Newtonian 
potential. 

I t  is well known (and it will be referred to again presently) 
that the/qewtonian potential of a hom~oid is the same at 
every internal poin~ and therefore also at every point of the 
shell, since the potential is not discontinuous at points within 
attracting matter of finite volume density~ or even at passage 
across a surface of finite density. Thus in order to find the 
potential at an external point P, due to a given elliptic 
hom(eoid, it is only necessary to imagine a confbcal homceoid 
of equal mass constructed so as to have P on its surface, and 
find the uniform potential which it produces at every internal 
point. This is the potential required. 

8. I t  follows irom this result that the external confocal 
ellipsoidal surfaces are the equipotential surfaces of a uniform 
homoeoid, and that such a shell is itself at uniform potential. 

We t~,ke here as the specification of the potential 
dm u  

I" 

where r is the distance of the point for which the potential is defined 
from an element dm of the attracting matter, and ~ denotes summation 
for all elements. Here the unit of mass is that which concentrated at 
unit distance from an equal mass, also eoneeatrated at a point, is attracted 
with unit force. When the ordinary unit of mass, the gramme, sav, is 
nsed, the right-hand side of the equation for Vmust  be multiplied by the 
value of the force of attraction which exists between two such units 
l~laeed at unit distance, a centimetre, say, apart. This multiplier is 
called the "gravitat ion constant." I t  is generally omitted (that is taken 
as unity) in wha t  follows : where it is inserted it is denoted by K. 
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390 Prof. A. Gray o)~ the Attraction of 

The resultant attraction due to such a shell exerted on a 
particle at an external point is along the normal through the 
point to the conibeal surface on ~hieh the point lies. 

I t  can be seen at once ~itheut analysis that an elliptic 
homoeoid exerts no foree at any point, in the internal hollow, 
th'tt is~ that the potential has there a uniform value. For 
tl'.e sl~ell may be in/agined constructed by homogeneously 
straining a uniform thin spherical shell, within which, of 
com'se, the potential is uniform. Such strain is that which 
elongates all parallel dimensions of the shell in the same ratio, 
and therefore leaves it of uniform density, though of varying 
thickness, proportional to the length of the perpendicular 
from the centre on the tangent ph,ne at eaeh point. It' then 
a cone of small solid angla be drawn with its vertex at any 
point in the hollow of the spherical shell, so as to interect;t 
two elements of the surf',co, these two elements exert equal 
and opposite forces on a particle at the vertex. By the strain 
th.e masses of these two elements arc not altered, nor the ratio 
of their distances from the vertex of the new cone into 
which the former one is changed. The elements~ therefore, 
still exert equal and opposite forces on a particle at the vertex. 
Hence, as cones can be thus drawn so as to exhaust the shell 
by pairs of elements, the shell as a whole exeris no force at 
the common vertex. 

9. The same idea of division of a solid ellipsoid into 
homoeoids bad, however, oeeurred to O. Rodrignes, and been 
used by him in a "M6moire sur ]'attraction des Sph6ro'ides,'" 
l~ublished in the Co~wespondance sue l'Ecole JPolyteclt~ique 
(t. iii., 1816). The method adopted for the solution of the 
problem of the attraction of a solid ellipsoid seems to have 
l~een suggested by a previous paper by. Gauss, and consists 
in finding the variation, 3W, say, m the ratio of the 
potential of the ellipsoid at the given point, h, k, l, say, to 
die mass of the solid, when the squares of the semi-axes 
a 2, t~ ~, e ~ are altered by tbe same small amount, 8~, sqy, that is 
by thepassage fi-om the given ellipsoid to an adjacent eontbeal 
ellipsoid. I t  is shown that for an external point 3 W = 0 ,  
and tbr an internal point 

O) 

Fronl these results Rodrigues deduced the attraction of 
the ellipsoid at the given point. I t  is easy to find from them 
an expression for the potential. (See w 1'8 below.) 

The determination of 3W depends on the evaluation of a 
certain integral taken throughout the volume of the ellipsoid 
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Ellipsoidal Shells and of Solid Ellipsoids. 391 

in which the element of volume is expressed in ordinary polar 
coordinates. The integral is transformed by considering a 
homothetic shell within the ellipsoid, and taking as the element 
of volume that intercepted between the two surfaces at an 
element ds of one of them. Then the integration is effeeted 
for the whole shell to which ds belongs, and then carried fi'om 
shell to shell for the whole ellipsoid. 

I t  is to be noticed that Rodrigues did not determine the 
attraction or the potential due to a single homothetic shell, 
but merely imagined the solid ellipsoid divided into such shells 
in his process ot integration. 

10. In the vohune of the Me+moires de l'I,+stit,t (t. xv,  
1835) already referred to and innnedlately preceding the 
memoir cited, is "t " M6moire sur l'attractiou des Ellipsoides," 
also by Chasles, in which the mode of division into homothetic 
shells is used, and is attributed to Poisson. There can be no 
doubt that Poisson was the first to calculate explicitly the 
attraction of. such a shell at an external point, and to apply 
it to the problem of the solid ellipsoid ; but it is equally clear 
that the idea of this mode of division is of earlier date. Over 
this point arose in 1837 a curious reclamation. Another 
memoir by Chasles, in which the same method was used, was 
referred by the Acad6mie des Sciences to Libri and Poinsot. 
The latter reported without mentioning Poisson's memoir of 
1835, and thereupon Poisson in the Comptes Rendus (t. vi., 
pp. 83--840) called attention to this mode of decomposition 
of a solid ellipsoid, and affirmed that it offered the only means 
of reducing the double integrals of the problem to single 
integrals. Poinsot rejoined re-affirming the priority o f  
Rodrigues in this nmtter, and the discussion was closed by 
some further remarks by Poisson, and a second rejoinder from 
Poinsot. These are to be found at the beginning of the next 
volume of the Comptes Rend'us : a fairly full account o[ the 
controversy is given also by Todhunter in his ' History.' 

11. In Poisson's memoir of 1835 it is proved tllat ttm 
resultant attraction of an elliptic homceoid at an external 
point f ,  y, h, is directed along the internal axis of the cone 
drawn from the external point as vertex to touch the hom0eoid. 
This is a very remarkable theorem, and attracted very con- 
siderable attention. For that axis of the cone is the normal 
to the eonfocal ellipsoidal surface through (, y, h ; and the 
theorem at once gives the family of external confoeal ellip- 
soidal surfaces as the equipotential surfaces of the homoeoid. 
The importance of these surfaces was not perceived until later, 
when the researches of Green, Gauss, Chasles, and others 
had become known, and had led to new methods of treating 
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392 Prof. A. Gray on the Attraction of 

problems of attraction--methods which had become essential 
tbr the progress of the theory of electricity. 

Poisson resolved the torce due to each element of tile 
homceoid along the axis of the cone, and by expressing the 
component in terms of polar coordinates referred toj~ g, h 
as origin, was able to obtain the resultant force in an integrable 
form. His process is one of direct integration of the 
expressions obtained, and involves some troublesome con- 
siderations as to the limits of the integration with respect to 
8, the angle between the axis of the cone and the line drawn 
to the element considered, mid therefore runs to considerable 
length. 

12. A very different process of calculating this integral is 
followed by Chasles in his memoir already cited, "Sur  l'attrac- 
tion d'une eouche ellipseS'dale." There the theorem of Lain6 
(given for the steady motion of heat in a unitbrm solid), 
that Laplace's differential equation of the potential is 
integrable when the equipotential surfaces are known, is 
employed for the family of equipotential surfaces revealed 
by Poisson's theorem, and the attraction is reduced to the 
evaluation of a constant left undetermined by the integration 
of the specialized form of the differential equation for this 
ease. This is effeeted by considering the particular ease ~[ 
the attracted point on the surface, evaluating the integral for 
this ease, and comparing with the expression obtained from 
the integration of the differential equation. 

13. I shall now show bow the integral for the resultant force 
at.f, .q, h, expressed in terms of the element ds~ its coordinates 
.v,y, z, the perpendicular 2 from the centre on the tangent 
plane at ds, the distance r fi'om the point f ,  j ,  h to ds, and 
the angle 0 between this line and the axis of the cone, can, 
by means of a simple geometrical theorem of confoeal surfaces, 
which I have not before seen remarked, be transfbrmed to an 
immediately integrable form, so that the whole calculation 
can be set forth very briefly. 

In order that the result may be at once applicable to the 
calculation of the potential of a solid ellipsoid, I take as the 
equation of the outer surface 

j + p  +~-=x. 

or in the usual abridged notation 

/I; 2 X~=z, . . . . . . .  (5) 
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~lliTsoidal Shells and of Solid Ellipsoids. 393 

where k is less than 1. The equation of the inner surface is 
o 

Z ~ = k - - , l k ,  . . . . . .  (6) 

as k must diminish from the value unity, for the surface 
which has the equation 

,Z '2  :~=1, 
to zero when the axes are of infinitesimal length. Further, 
I shall take as the equation of the confoeal snrface 

d~ ,2 

- k  . . . . . . . .  (7)  
a" A- a 

The thickness of the homceoid at the point A~ of co- 
ordinates .~', y, z, on its outer surface is �89 and the 
mass of' an element of area ds at the same point of the shell is 
�89 where p is the length of the perpendicular from the 
centre on the tangent plane at x, ~j, z, and p is the volume 
density of the matter of the shell. For  the thickness of the 
shell is clearly Z(xdx/a~)/v/Z(x2/a4) ', that is pZ(xdx/a~)/k, 
and b y  differentiation of (5) this is at once seen to be 
�89 Thus �89 is the constant /3 of w 6 above, and 
similarly/91 is found. 

14. I shall now establish the geometrical lemma referred to 
in w 13 above, on which will be based a proof of 1)oisson's 
theorem that the resultant force exerted by the homoeoid on a 
unit particle at the external point t ) of coordinates .f, g, h 
acts along the normal to the confocal through 1): then I 
shall give a very simple and direct calculation of the amount 
of this resultant force, and finally obtain the potential of the 
homceoid, and of a solid ellipsoid, at any external point. 

Let the enveloping cone be drawn from 1) as vertex to the 
external surface (5) of the hom0eoid. The points of contact 
lie in the polar plane of l ) ;  and the internal axis of the 
cone, the normal at 1 ) to the confocal~ meets this plane in a 
point Q. :Now let a line drawn from P at any angle 00 to 
I)Q meet the homceoid in the two points A, B (see fig. 1). 
Consider for the present only one of these, A, and let x, y, z 
be its coordinates, and r denote its distance from P. :P is on 
the confocal represented by (7) : let 1)1 (coordinates f l ,  gl, tq) 
be the corresponding point on the surface (5) of the homoeoid, 
and A / (coordinates x', y+, z +) be the point on the confocal 
corresponding to A. The distance of A' from P1 is also r by 
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394 Prof.  A. Gray  on the Attraction of  

the property of pairs of corresponding points. Also f l ,  gl, ht 
=,fa/(~', f , / r  /.,/c' a . d  ' , , ,i . , , .  x ,  ~ , z = x a  /a: yu /o, zoO~c, where 
' 1 , ' .  c' ~ ~ b ~ + . ,  ' ( g . ' . .  

Fig. 1. 

Now let po,_p ~, be the lengths of the perpendieu|ar fi'om the 
centre on the tangent plane at P, and the tangent plane at A ~ 
respectively, and 0' denote the angle between the latter per- 
pendienlar drawn outwards and the line P1A/. The lemma 
to be established ig expressed by the equation 

p '  cos 00=2)0 cos 0'. 

In order to express cos 0o we have the direction cosines of 
QP and AP.  These are { j / ( a ~ + u ) , g / ( b ~ + u ) ,  h/(c~+u)}po/k 
and ( f - - x ,  g-- / / ,  h - - z ) / r .  Hence 

eOSr - - P o N '  

or as we may write it 

- - P ~  ) . . . .  (8') cos 0o-- ;:k - a ~ + u " 

Similarly we obtain 

! f13, p o' ~' { k - ~ ]  (9) cos = , ~  a- + ~, / . . . .  

so that 
1;  cos  00 = p o  cos  0', . . . . .  ( 1 0 )  

~vhieh was to be proved. A similar relation of course holds 
also for the points Pa, A on the homoaoid. 
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Ellipsoidal Shells and of Solid Ellipsoids. 395 

This theorem, it is to be remarked, is not confined to con, 
focal e!lipsoidal surfaces. 

15. Now, imagine drawn from P as vertex a cone of small 
solid angle dw, intercepting two elements of the homoeoid at 
A and B : let (ts be the area of that at A. The length of the 
perpendicular from the centre on the tangent plane at A 
being.p, the mass of the element is �89 ; and if ds' be 
the element at A ~ of the surface of the confocal corresponding 
to ds, that is, containing the points corresponding to those 
contained in ds, we know that 

aSc p'ds'. (11) 
= + , 0 ( b  + + ,, ) 

The attraction at right angles to the axis PQ exerted by 
the element on a unit particle at P is when ~=1  (see foot- 
note w 6) 

i dk?)ds . Oo 
~O T ~ s m  

which by (11) and (10) may be written 

dk a b c cos 0 / ds' 
tan Oo.  PVo v/l  ,+,,) 

In this the only factor which varies tu element to element is 
r ? 

cos 0 ds 
- -  ~an O o. 

r 2 

Now cos O' ds'/r 2 is the solid angle doJ subtended at P1 by the, 
element ds' at AL We can exhaust the whole of the homceoid 
by means of elements intercepted by small cones drawn from 
P as vertex ; and to this corresponds precisely an exhaustion 
of the eonfoeal by small cones radiating from the internal 
point P1 as vertex. And clearly tbr every elementary cone 
of solid angle dee, there exists another in the same ~ plane 
through PQ, for which the factor just referred to has the 
same value with opposite sign. Hence in no plane through PQ 
is there any force perpendicular to PQ on a malt particle at 
P ;  that is the resultant is along PQ. ~his is Poisson's 
theorem. 

16. The total force F along PQ (in the direction from P to 
Q) is given by 

dk [" cosOods 
F= pTjv , . . . . 

in which the expression to be integrated over the homoeoid is 
the component of attraction along PQ due to the single 
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396 Prof. A. Gray on tlw A t t rac t ion  o) r 

element ds. I f  now we use the transformation ah'eady 
employed above, that is, express the coordinates of A and P 
in terms of the coordinates of their corresponding points A'  
and PI, A' on the confocal, 1~1 on the given shell, and sub- 
stitute for ds its proper value in terins of the area ds '  of the 
corresponding element on the confocal as given by (11), and 
use the theorem (10), the transformed equation is 

F ~ dX' a b e  ('cos 0' 
=~P /; ~ / ( . - ' + ~ , ) ~ 4 . ) < + , , ) ~ ) ~  u (J3) 

in which the integral is now taken over the confocal. The 
only ~-ariable factor is now ds' cos 0'/r -~ and it is well known 
that for the colnplete confocal shell 

f ds' cos 0' 

since the point P1 is within it. Hence, if V be the potential 
at P, (13) becomes 

F =  ~tV 9 <tk ,d,c 
-- ~ = 2 w P k  X / ( a ~ +  "z_ " ~,) , ,0- ,  , , ) i t - + , , )  r~  " (~)  

where dn is an infinitesimal step outward along the normal at 
P to the confocal. But by ~he equation of the eonfocal [see 
also w 29] 

Yo 
and (1,1) becomes 

- -  d V  = ~pabc 
dlcdu 

~/ (." + t,0 (t, ~ + ~0 (~ + i1)" 

The potential V of the homceoid at P, anti at any other 
point of the confocal surface, is thus given by 

V = 7rpabcdk (l~ 
v~, ,/(~-' + i,)q ,~ + 10(~,~ + ,,)'  (1~) 

where u is now supposed to vary ill value as we go from con- 
tbeal to confoeal outward from P in the integration: the 
eonfoeal from which the integration starts is that on which P 
lies, and X' is the positive root of (7) regarded as a cubic 
in u. The value of the expression on the right is - -Y~ + u  
and as V~ = 0 ,  we have (16). 

17. We may proceed in precisely the same way when P 
is within the homceoid. A eonfoeal ellipsoidal surface of 
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~ll@soklal Shells al~d of Solid Ell@soids. 397 

equation 
f~ 
.;~ =/~ . . . . . .  (17) 

is described through P and the correspouding point P1 ou tile 
shell is taken as before. P is joined to the point A on the 
shell and P~ to the corresponding point A r on the confoeal. 
The angle 00 is as before between AP and ~he normal at P, 
and 0 r between P1A. r and the normal at At; also A P = A r P I = r .  
If  p0, p' be the lengths of the perpendiculars from the centre 
on the tangent planes at P and A ~, we have as before 

p' cos ~o=po cos O r. 
Precisely as in the former case we get for the attraction on a 
unit particle at P 

abe ('cos 0' ~, 
` , )  

where the integral is to be taken over the confbcal. The 
integral is the total solid angle at P1 subtended by the con- 
focal, and as P1 is outside that surface, the solid angle is 
zero. Hence the force is zero at every point within the 
shell, and the potential is there uniform. Thus the problem 
of the attraction of a homceoid is completely solved. 

We have, in the result stated in (13), the curious theorem 
that the value of F at P is, to a constant factor, equal to the 
potential produced, at any poln~ internal to itself, by a 
mfiform magnetic shell coinciding with the eonfocal surface. 
The strength of this shell is proport, i0nal to the length of the 
perpendicular from the centre on the tangent plane to the 
eonibeal at the point P, and therefore varies with the position 
of P on the surface, as does the length of that perpendicular. 

A similar theorem holds for a distribution upon any surface 
whatever, which maintains that surface at uniform potential. 
The potential which that distribution produces at aa external 
point P is equal to the potential which a magnetic shell, 
coinciding with the equipotential surface through P for the 
same distribution, produces at any point internal to itself. 
The strength of the shell varies with the position of P, and 
is inversely proportional to the distance, tin, of P measured 
along the normal to a chosen neighbouring equipotential 
surface. This expresses, in fact, the relation (32) below, 
namely, 

dV 
- -  - - -  ~ ~ 7 " E U ' .  

dJt 
This shows that o- is inversely proportional to dn for a constant 
dV. [See w "27.J 
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398 Prof. A. Gray on the Attractioa oJ 

18. For a solid homogeneous ellipsoid, which has 

for the equation of its snrface, (15) becomes 

i ' ~ )  d,,dk 
V ='zpcd, e (19) 

~a . (.) v/(a"'+,O(b 2 + u)(c' + ,,', ' 

where ?~ [the positive root of the equation in u 

X~=I] 
is the lower limit of the inte]ration wi~h respect to u, and 
f(u) is the wdue of k that fulfils equation (7) for any one 
particular value that u may have in the range of integration. 
This wflue of k is given by 

.f~ 

Thus 

( ,f.~ 1 -  X , ;  + ,  d, 
.~  ~ / ( . ~ + . ) q ,  + , 0 ( . - + , , )  (20) 

There is no difficulty in the application of this method of 
integration by shells to the formal determination of the 
potential of solid ellipsoids or of thick shells of varying density, 
if each homceoidal film is of uniform density throughout. If  
the density P vary from shell to shell then for the ellipsoid 
by (16) 

V = ~,~bc ] pdk] "_A , 

where X' is again the positive root of (7) for any given value 
of k. But 

"~" X 'f~ "~ du dk 

.and when k=O, u = ~ ;  likewise when k = l  u=X, where X 
is ehe positive root of 

X ~ =  1 

regarded as a cubic in u. Therefore 

(~0') 
. J , \  ~. 
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Elllpsoldal Shells and of Solid J~lhpsouls. 399 

19. The result stated in (20) seems to have been first 

Plana in a " 5lore sur l'intdgrale ~ = V "  which given by 

appeared in C relle's Journal, vol. xx. (1810). It was given 
also by Lejeune Diriehlet ill the same journal in 18~6. His 
process of demonstration is, however, indirect. The result 
in (20) is first, assmned, and then v, rified by showing that 
this value of V satisfies Laplace's differential equation of the 
potential 

b2Xr b~V 5~\: ~ + ~ + 5 ~  ~ = o . . . . .  (2a) 

at every point external to the ellipsoid, and that V vanislies 
at infinity. This latter fact. is im~)ortant. It  is fhirly obvious 
for both ~thc hominoid and the solid ellipsoid. The integral 
(16) for the homceoid, for example, may be compared with 

�9 a ~ b " ,  t.he greater integral obtained by putting for each of 2 ., c.O 
the value of the smallest. This integral is theu evaluated, 
and it is seen that it vanishes at infinity ; afortiori  so does 
the integral for the homceoid. 

20. If the point f, g, h be on the surface of the ellipsoid 
the value of ~ is zero in (16) and (20). In the former case 
the modified equation gives the potential at every internal 
point for the homceoid ; in the latter case 

, f 2  

j o  ~ +  ~i)(/,~ + . )  (,,~ + ~) (22) 

for a surface point on the solid ellipsoid. The ease of an 
internal point requires examination in the latter case. 

It is easy to show that equation (22) is applicable without 
change of form to the case in which the point f, g, h lies 
within the surihce of the solid ellipsoid. For let the point be 
on the homoeoidaI surface given by 

C X, = ~  . . . . . . .  (23) a - 

then the potential is made up of ~wo parts, V~ due to the 
ellipsoid internal to the surface (23), and V~ due to the 
tlomceoid of finite thickness external to the point. By (22) 

�9 . . to 
( 1 - -  Z du f ,  

~. ~ \ a"ff  + a t  , 
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400 Prof. A. Gray on the Attraction of 

which, if we write u '  for u/t* and substitute, becomes (accents 
omitted) 

~ .~ /~ - -Z  d .  
V 1 =r c (24) 

j o ~ (.~ + .)(t,~ + ,.0(,, ~ + ~,~) 

Again, as m-/y easily be verified, 

f i  t'~ d .  V~= 7rp.bc d/c 

=,~o~,~c(1-~) ,, . / ( , + . ) ( ~ + , ~ ) < + . )  

Hence 

(25) 

,f2 

" 30 v / ( ~ ,  ~,)(b~+u)((,~+~) �9 (2s) 

The value of V given by (20) and (26) was verified by 
Dirichlet by showing that it satisfies Poisson's differential 
equation 

~'2V b2V ~ V  
~,~ + ~  + b7  ~, = - 4 ~ p  . . . .  (27) 

within the attracting matter, and Laplace's equatioa elsewhere, 
gives continuous values of the force-compon, nts --dV/dx, 
--dV/dy, --dV/dz at the surface, and vani,:ims for u = ~ .  
Thus (20) and (26) give the solution of the differential 
equation of the potential for the given distribution of matter, 
and the known ihmily of equipotential surfaces possessed by 
each hom0eoidal part. As has already been remarked, it was 
shown by Lamd that the differential equation could be inte- 
grated in these circumstances. It would, however, be outside 
the scope of  the present paper to enter into a discussion of 
the process. Suffice it to say that any solution which fulfils 
the conditions indicated above can be proved to be the only 
one. 

21. The lemma stated in w 14 above enables the whole 
probleln of the ellipsoid to be disposed of very simply ; but, 
so ihr as merely proving Poisson's theorem of the direction 
of the attraction of a tifin homoeoid is concerned, nothing more 
elegant has ever been invented than the demonstration 
published in Crelle's Journal (Bd. 12, 1834) by Steiner, 
immediately after the theorem was announced by Poisson in 
the memoir of 1833, to which reference has already been made. 
Steiner's construction is shown in the adjoining diagram. 
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Ellipsoldal Shells and of" Solid Ellil)solds. 401 

P is the external point and PQ is the normal to the confocal 
through P to the homoeoid of which a section through PQ is 
given in fig. 2. A, B are two of the points in which the 
enveloping',cone touches the homceoid, and therefore the line 

I* / I  

G 

F 

Fig. 2. 
P 

AB is the polar of P with respect to the elliptic section made by 
the plane BPA. The line PQ meets the curve in G and pro- 
duced -tgain meets it in F. G, F are points in which the line 
PQ, starting from P and ending in F, is divided harmonically. 
Similarly, if PE be drawn at right angles to PG and meet 
AQB produced in R, the line RQ is also harmonically divided 
ill B and A. It follows that if EQ meet the curve in C 
and D, EQ is divided harmonically in (J and D. Thus PO 
not only bisects the angle APB, but also the angle CPD. 
Hence DQ/QC= PD/PC. 

Now let a cone of small vertical angle be drawn from Q as 
Vertex with its axis along CD. It  wil! intercept two elements 
of the homceoid at C and D, the masses of which are directly 
as the squares of their distances from Q, while their 
attractions, per unit of their mass in each case, are inversely 
as the squares of these distances. Hence the total attractions 
on a unit particle at Q are equal and opposite. But it has 
been seen that PD/PC=DQ/QC ; hence the attractions of 
the same pair of elements on a particle at P must be of equal 
:,mount, and being along PD and PC are equally inclined to 
PQ, and have therefore a resultalit alon,o" that line. The 
same thing is true for any other pair of elements intercepted 
by a cone with vertex at Q, and the whole homoeoid may be 
exhausted by pairs of elements in this way. Any plane through 
PQ thus divides the hero,old into two portions which exert 
attractions at P equal in amount and equally inclined to PQ. 

_Phil. May. S. 6. Vol. 13. No. 76. April 1907. 2 F 
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402 Prof. A. Gray on the Attraction of 

22. Returning now to the results expressed by equations 
(16), (20), with lower lilnit X or 0, as the ease may be, it is 
obvious that we can change the lower limit of the integral. 
Thus, taking (16) we write 

u -t- X~l= uI-l- X ' 

where X'l is positive as well as X. Then when ,~ is equal to ~.'~ 
u' is equal to X'1, and the equation becomes 

V =~rpabcdk 
d~t I 

.:~,, ~ (~  + u')(b "~ + ,')(c~ + u ' ) '  " (2~) 

which is of the same form as (16) and the accents on the u's 
may be omitted. This proves that two confocal homceoids of 
equal mass produce the same potential at any point P external 
to both, that is, that their external fields are identical. I f  
the masses are different, the potentials (and therefore also the 
field-intensities) at the different points are proportional to 
the inasses. 

This of course is a particular case of the very general 
theorem of the potentials of distributions which was given by 
George Green, of Nottingham, in his celebrated "Es say  on 
the Application of Mathematical Analysis to the Theories of 
Electricity and Magnetism," published by subscription at 
Nottingham in 1828. 

The substitution used above is also applicable to (20), and 
proves that any two eonfoeal solid ellipsoids of equal mass pro- 
duee the same potential at every point external to both. I f  the 
masses are different in the two ellipsoids, the potentials at the 
same external point are proportional to the masses. This is 
what is usually called Maelaurin's* theorem; but it was 
only given in its fuil generality by Laplace many years after  
Maelaurin's dearth. I t is stated in Maelaurin's 'Treatise of 
Yluxions'  (Edinburgh, 1742), w 653. that the attractions of 
two eonfoeal ellipsoids are the same at all external points 
which are on the prolongation of the axes. 's was a very 
remarkable result t'or the time, and though the theorem was 
only fully generalised by Laplace in his book entitled ' Th~orie 
du Mouvement et de la Figure Elliptique des PlanStes'  

Colin Maclaurin, 1698-1746, t)rofessor of Mathematics in the Uni- 
~-ersity of Edinburgh, appointed as assistant and (apparently) successor 
to James Gregory in 1725. There being' a difiiculty, through want of' 
funds, in making this arrangement, Newton offered to pay s a year if 
Naclaurin were avpointed. Thus Msclattrin was appointed, A~ewto~w 
suadente, as stated'in the inscription on his rnonument. 
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Etlipsohlal Shells a~d of Solid Ellipsoids. 403 

(Paris, 1784)*, there is some justification for continuing, as 
has been ~,ery generally done, to associate it, even in its 
extended form, with the name of Maclaurin. 

23. From (14) in w 16 above we obtain the components of 
attraction at the point P. The cosine" of the angle which the 
normal at P to the confoeal makes with the semi-axis, of 
which the length is a, is pof/(a2+u)/~. [See (7) w 13.] 
Hence for the component X of force in the direction of x 
increasing on a unit particle at P (11) gives 

dl~ al)qf p2 o (29) x =  - 2 ~ p  k~ "/(.~+u?(b~+ ,,) (~'~+u) 

Y and Z are obtained by substituting g/(b~+ u), h/(c:+ u) for 
f/(a2+u) in this equation. The same results are deducible 
from (16) by differentiating with respect to u, and multiplying 
the result by the value of du/df drawn from the equation 

f~ 
�9 ~ - - ] C  Xa~ +u 

of the confocal. 
In  the same way (20) gives 

e f ~  du . (30) x =  -2~p.b  ~/(~ + ~0~(b ~ + ~) (~ + u) 

and similar expressions for Y, Z, which may be written down 
by symmetry. In the case of X=0 ,  the factors which 
multiply f ,  g, h in these expressions for X, Y, Z are inde- 
pendent of the values of these coordinates. Hence for an 
internal point f ,  g, h of a solid ellipsoid 

X=Af ,  Y = B j ,  Z = C h  . . . .  (31) 

where A~ B, C are constants, the values of which are given 
by (30) and the other two similar equations 

21. I shall now indicate the method which the theory of 
equivalent distributions affords /'or the solution of the 
problem of the ellipsoid. I t  was shown by Coulomb, for the 
case of an electrical distribution, that the normal force just 
outside a closed conductor is proportional to the surface 

* This book is referred to by Todhunter in his ~ History of Attractions,' 
and he quote3 Profe~s~r de Morgan us to its rarity. I have not seen it, 
and give the reference above only at second hand. The University 
Library has no copy, and though the magnificent edition of Laplace's 
,~ork~ "which is now being ~ubl'~ished in Paris, has reached vol. xiii., this 
book has not been included, though much of later date and oa smnlar 
subjects has already appeared. 

2 F 2  
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404 Bcof. A. Gray on t]te Attraction of 
density (amount of attraetin K or repelling matter per unit 
area) ~n the neighbonrhood. In the language of the potential 
this is expressed by the equation 

dV 
--~d; = 4 ~  . . . . . .  (32) 

where o- is the surface-density, and du denotes the rate 
of variation of' potential per unit of distance outwards along 
the normal. This equation is at once transferable to gravi- 
tational attraction, and o- becomes the density of' a thin 
stratum of ordinary matter. Here o" of course denotes the 
surthce-density of ordinary matter ; e. (j. the mass �89 of 
a homoeoid taken per unit area at an element just outside 
which the normal force --dV/dn is taken. 

25. I shall not discuss the properties of level surfaces 
here; but merely apply some of the properties I have 
mentioned to the problem of the ellipsoid. But a theorem 
of Bertrand may be referred to of' which our process will 
afford an illustration. Let there be a family of surfaces 
represented by the equation 

f(x, 5, : ) =  a . . . . . .  (33) 

where ~ is a variable parameter ; and let them be such that 
if a distribution of matter be placed on the surface, S say, 
characterized by any chosen value of ~, and be made of 
surface-density inversely proportional to the distance from 
that surface to an adjacent one of the ihmily, the whole space 
within the surface is at uniform potential. ]'hen the surfaces 
external to S are level surfaces for the distribution specified. 

The truth of this theorem may be seen as follows. Let 
the distribution specified be made on an inner surface, S1 
say, of "the family:  the space within is at uniform potential, 
and tberefore so also are all points of the surface. But if o- 
be the density at any poiut of the surface, then just outside 

dV 
- a~i- =4,to- . . . . . .  (34) 

:Now the step from the surface S1 to an adjacent one S 2 
may be taken as dn, and being inversely proportional to o- 
gives a constant dit~rence of potential between Si and S.2. 
Hence S~ is a level surthce fbr the distribution on St. Let  
now the distribution be transferred to S:, and be made 
according to the law set forth in (32) for the values of dV/dn 
which exist at S: with the distribution on S,. Since 82 is a 
level snrface for the distribution on $1, the transference thus 
effeeted will bring the whole space within S: to uniform 
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potential equal to that which existed at S~ before the 
transference. But the surface S: is by hypothesis one over 
which a distribution can be made of density inversely pro- 
portional at the different polnts to the normal step to an 
adjacent-surface S~, and producing uniform potential in the 
interior. I~ the mass in this latter distribution be made the 
same as that which has been transferred from Si, the potentials 
at S: and within it produced in the two cases will be the 
same. For it can be proved* that there cannot be two 
distributions of a given charge of matter over a surface so 
as to produce uniform potential at all parts on or within the 
surface. 

The distribution therefore transferred fronl S1 must have 
the same density as in the other case supposed, that is o- 
must be inversely proportional to the step from S 2 to $3. 
$3 is a level surface and the charge can now be transferred 
to S~, when $4 will be found to be a level surface and so on. 
Hence Bertrand's theorem is proved. I t  is easy to construct 
(see Picard, Traitd d'Analyse, tome i.) an analytical proof of 
the theorem, founding on Lam(i's theorem of the integration 
of Laplace's equation for a given system o[' level surfaces. 

26. In  the transference o[ matter imagined in the last 
article the particles may be regarded as carried out along 
trajectories, cutting the successive surfaces at right angles. 
Thus, if we draw these trajectories from points in the peri- 
phery of dsl, they will nmrk Out elements ds~, ds~ e~e., on 
the sqccessiye ~urfaces. The matter first on dsl will be 
carried to ds2, then to ds3, and so on ; and this law will hold 
however small ds~, ds:, etc. may be made. 

Let now this process be applied to the elliptic homoeoid 
discussed above. It  is plain that we may take as ~ the 
value �89 which gives us the result 

d V  . dk ( 3 5 )  
- ~  =zTrpp~ . . . . . .  

But if m denote the total mass of the homceoid 

dk f "  
= �89 -k I pds = 27rpabeUdk, (3 6) ~Ft 

~t 

since./'pds is three times the ;olume of the homoeoid, that is, 
4wabek ~. Thus we obtain dk/k=ra/27rpabek ~ and 

d V  m p . . . . .  ( 37 )  
dn ]~'~ abc" 

* This is one of a set of theorems as to the uniqueness of solutions of 
potenti'd l~roblems. The proof will be foun4 in treatises on Electricity 
or on Gravitational Attraction. 
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406 Prof. A. Gray on t]~e Attraction o) z 

From (37) it follows that the work done against attraction 
in carrying a unit particle outwards through a small distance 
dn along the normal is 

- - d V = - - ~ b c  . . (38) 

27. I f  then dn be taken for different points of the surface 
so that pdn is constant, there will be the same step of 
potential at every point, and the surface on which lle the 
extremities of these elements, dn, of the normals will be, 
like the surface of the homceoid, an equipo~ential or level 
surface. The distance between this surface and that of the 
homceoid is inversely proportional to 2a. ]t can in fact be 
shown very easily that the shell of space between the surfaces 
is a focato~d, to use the name given by Thomson and Tait to 
a space bounded by confocal ellipsoiclal surfaces. For the 
equation of an ellipsoidal surface external to and near to the 
external surfhce of the hero,old F~(x2/a 2) =k, is 

03 2 =k, 

where du is small, and x, y, z are the coordinates of a point 
on the new surface. If" ibr x, *j, z in the last equation we 
write x+dx ,  y+dy ,  z+dz ,  and subtract from the result 
~(x~/ae)-=k, we obtain ibr the thickness dn at x, y~ z of the 
shell of space 

2 ~ { x d ~  k-d,, . . . .  (39) 

Thus the equipotential sur~hee given by dn thus chosen is 
confccal with the surface of the homoeoid. 

28. Let us now imagine the mass of the homoeoidal shell 
carried out along the normal at each point~ and distributed 
on the near confocal surface, so that the mass on any element 
ds of the shell is placed on the element ds' which is marked 
off by normals drawn from the periphery of ds. The shell 
thus formed will, by Green's principle of equivalent distri- 
butions, be a new homceoid which will give the same field 
external to itself as was produced by the original shell. 
For, take the tubular space marked out by normals drawn 
from the periphery of ds, and terminated by two caps, one 
iust inside ds, but otherwise coinciding with it, the other 
outside ds', and fitting closely to that element. The surface 
of this portion of space is the lateral surface, the inner cap, 
and the outer. :Now take the integral of normal force.FNds 
over the whole surface of this space. The inner cap contri- 
butes nothlng to it since there is no force within the homoeoid, 
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EIlipsoidal Shells amt ( f  Solid Ellii~soids. 407 

the lateral surface also contributes nothing, the outer cap 
gives Frds ~ if F ~ be the field-intensity there. The matter 
within the space is ads, and therefore by Green's (or Gauss's) 
theorem of the surface integral of norlnal force over a closed 
surface Ffdsr------4~rads. But if matter were distributed 
over ds ~, and shnihlrly over the rest of the surface of the 
confocal, so that thc field remained mmltered, the surface 
integral over the short tube just described would still be 
F'ds r, and the matter on ds" would now be o-ds. This 
distribution is unique for the given level surface, and the 
given field external to it. Since the surface S r is ellipsoidal, 
and the potential is constant within it, the distribution upon 
it effeeted as described, by carrying the matter out from the 
initial homceoid, is also homceoidal ; otherwise the distribution 
over the surface producing uniformity of potential would not 
b% as it can be proved to be, unique. 

i t  is easy to verify this latter point as to the nature of the 
distribution. The matter on ds ~ is now o-ds, and for ~ we 
may write fl/) where /? is a constant. Itenee the new 
surface-density ~r'=Npds/ds ~. But if p' be the length of the 
pc/erpendicular fi'om the centre for ds', and a', b', c' = v / a  ~" 

b~4--di~ v / ~  we have ])'ds' =2pds. a'b'e'/aSc, so that 
r t, thus ~-' varies as p', that is, the distribution 
is homoeoidal. 

We can now imagine a fm'ther step of potential taken 
from the surface S r to a succeeding confoeal and so on, until 
we have carried the whole distribution of matter to a surNee, 
every point of which is at an infinite distance from the 
originM surface. There the surface-density will be zero, 
and the potential at infinity, which has not been altered by 
the transference, will be zero. I t  is thus seen that the equi- 
potential surfaces of the external field of the orio'inal 
homceoid are ellipsoids eonfoeal with the original hom~eoid, 
a well-known result which has been otherwise established 
above. 

The matter in the transference passes from confocal to 
eon[ocal, so that the matter on an element of one is carried 
to the corresponding element on the next~ and so on. Thus 
at any stage of the transference when the distribution is on 
a given confocal the matter which was originally on the 
element ds of the original homceoid is situated on the element 
of the confocal which corresponds to ds. The transi~rence 
is along the hyperbolas which are the orthogonal trajectories 
of the confocals, or, as they are often cal']ed, the lines of 
force of the field. 

29. Another way of dealing with this problem of equivalen~ 
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408 Prof. A. Gray on the Attraction of 

distributions is to apply the theorem of Bertrand discussed 
in w 27. The initial distribution is an elliptic homceoid, and 
we know that tile family of confocal suriaces surrounding it 
fulfil the condition stated in Bertrand's theorem. Fer  upo~ 
any one of them a homceoidal distribution can be placed so 
as to produce a constant potential throughout its interior. 
Hence the contbcals are tile level surfaces of the field of" tLe 
original homceoid. Kence also we can suppose the whole 
distribution carried out from confocal to confoca], so that at 
each instant the distribution is homceoidal on one of the 
level surfaces, and the path of each particle is along the 
line of force at the inner extremity of which it was originally 
situated. 

30. We have found [-w 28, equation (38)] the step of 
potential from the initial surface to an adjacent one of whicl~ 
the equation is 

Off X = k  
a "e + du 

and iris proved in w 29 that dn={kdu,/l). Thus (38) becomes 

In the same way the step of potential from the level 
surface 

:t: 2 

to the adjoining surface for which u has been increased 
by du is 

1 mdu 
- - d V = 2 ~ / ~  ~%2 + ~0(b~ + u) ( .~+u) .  (40), 

Integrating from u = 0  to u = ~ ,  and observing that the 
integral must vanish at infinity, we have 

If  in this we insert the value of m stated in (36) it beeolnes 

So ~ du V = 7rpabcdk ~/(a ~ + u)(b "z + u)(c ~ + u)" (42) 

I f  in (42) we change u to u- -u '  we obtain 

f- V = 7rpabcdk du 
�9 ~ ,  4 ( a ~ + u _  , ) (b~+~_ , ) ( c , + u _ ~ O  (43) 
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Ellipsoidai S/,eils a) d of Solid E/lit, soids. 40:1 

which is to be interpreted as the total step of potential 
involved in carrying tile matter, supposed initially in a thin 
homoeoid (mass m) of which the equation is " ~ " ' 
from the level surface Zx2/a~=k to iinfinity in the manner 
descrilJed. Thus 1hatter m distributed in a homceold on the 
latter surface has the same potential at the surface and at all 
external points as the same matter had when in the original 
homceoid. This is for confoeal homceoids what Maelaurin's 
theorem is for solid ellipsoids, and indeed Maelaurin's theorem 
flows from it a~ once since a solid ellipsoid may be supposed 
built up of a succession of homceoids. I t  is to be observed, 
however, that this theorem of equivalence of homceoids on 
eonfoeal surfaces is only a particular ease of Green s very 
general theorem of equivalence. Maclaurin's theorem and 
the analogous theorems for shells have been explained in 
w 22, and it is not necessary to pursue the subject here. In 

18 the extension for a shell to a solid ellipsoid has also been 
fully discussed. 

31. The potential of a thin homoeoid at a point on its 
surthee or anywhere in the interior is given in (42). From 
this we can obtain the potential of a thick homceoid at a point 
within the interior hollow. We shall suppose that the 
equations of the outer and inner surfaces are respectively 

3?2 ') 
E ~ = I , .  and Z-~.,=La. 

We have therefore only to integrate (42) with regard to k 
from k=h to k--.1. T'hus for the thick homceoid 

~o ~ d,~ (r V=~pabc(1--h) ~(a'2+u)(b~+u)(c'~+u) 

The potential produced by this homceoid at an external 
point nmy be found as follows : The squares of the semi-axes 
of the interior ellipsoidal hollow are a~h, b~h, c~h, where h < 1. 
The pdtefftial V / at the external point .t; fl, 1, (here h is a co- 
ordinate), due to an ellipsoid of density p filling the hollow is 

2 

dx, ~/(a~h-l-ui)(b~/t-t-u,)(c~h-t-u~) (45) 

where Xt is the positive root of the equation 

Y i ~  -1 .  
'~l 1 
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410 Prof. A. Gray on the Attvactio~z of 

I f  in (45") we write uh for ul, we get 

where X'=Xl/h. The potential at the external point f ,  g, h 
due to the complete ellipsoid is given by (20) [w 18]. Sub- 
tracting (46) from (20) we obtain for the thick homceoid 

V=Trpab,:E~?' ( 1 - - X  a ~ ) d u  

+ ( i - - h )  , x/(a'2+u)(b:+u,5(c" "+u . (47) 

When the internal hollow is contracted to zero, that is when 
h = 0 ,  X ~ becomes ~ ,  and the second integral on the right 
vanishes. The equation then coincides with (20) as it ought 
to do. 

32. We can now find the potential produced by a thick 
ibealoid at an external or internal point. _First for an external 
point: let two conlbeal ellipsoids have the same density, and 
let the shell between their surfaces be the foealoid to be con- 
sidered. The potentials which they produce at a point external 
to both are in the ratio of tile masses of the ellipsoids. For 
the potential of that which has E(xe/u~)= l for the equation 
of its surface the equation is (20) [w 18 above], and for the 
potential of the other which has, let us say, E{x2/(a 2 -  s) } = 1 
lbr the equation of surface, the equation is the same with as 
multiplier of the integral 7rpv/(a2--s)(b2--s)(c2--s) instead 
of rrpabc. Thus for the potential of the foealoid a~ an external 
point f ,  65 h we obtain 

where m' is put for the mass of the focaloid, that is 

~ P t  " ~ - ~ / ( a ~ - ' ~ )  (b~- s ) ( c~ - s )  }" 

This equation is precisely the same as (20) which gives the 
potential at an external point for a solid ellipsoid : and just  
as in the case of ellipsoids it follows that : - -any  two uniform 
tbealoids which are eonfbcal with the same ellipsoid produce, 
at any point external to both, potentials which are in the 
ratio of the masses of the foealoids. 
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Ellipsoida[ Shells and of Solid Ellipsoids. 411 

This theorem was practically given for points in the axes 
of an ellipsoid o f  revolution by Maelaurin. For he states 
[Flux, ions, Art. 650], with the same limitations, the remark- 
able result that an ellipsoid made up of confocal shells each 
of uniform density, differing from shell to shell, and an 
ellipsoid of the same size and of uniform density, exert 
attractions on an external particle which are in the same 
direction, and have values in the same ratio as the masses of 
the ellipsoids. 

The theorem: . becomes g'eneralized~ by the extension~. , . of 
Maclaurm's theorem by Laplace to any form of elhpsmd and 
any external point. Obviously in the theorem just  stated 
for a heterogeneous ellipsoid, the ellipsoids compared need not 
be of the same size but only confocal. 

33. I f  the point f ,  y, h considered be in the hollow within 
the focaloid, the potential can be found by subtracting fi'om 
the expression for the potential at the point due to the 
complete ellipsoid, the potential at the same point due to the 
solid ellipsoid of the sam~ density bounded by the surface 
E{x~/(aS--s)}=l ,  the internal surface of the foealoid. 
3I~ddng this calculatlon by (22), and putting in the result 

(see w 32) for the mass of the focaloid, we get 

f 
~ l--Z du 

~0 v~(-'~+~Oib~+~OCc~+~) 

-~(-~- , , , ' )  1,0 (1- :~  ; / ~ } l ~  . (49) 
_, ~/(~ + u) (b ~ + ~)(c '~ + u)' 

where m is the mass of the complete ellipsoid. 
In the remaining case, that in which the point f ,  g, h is 

Within the mass of the focaloid, the procedure is exactly the 
same as that just  described. The form of the result is slightly 
different : it is 

J (  a ~ + u) (b ~ + ~) (e~ + ~) 

f~ 
0 ( 1 - ~  ~,~+~)~ (50) f 

.~,_,- ,/(.~+u)(b~+~ 0 (~ +~,)' 

where ~' is the positive root of E{f'~/(a ~ -  s + u) } = 1, regarded 
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412 Attraction o f  Elliiasoidal Sltells and Solid Ell@sohts. 

as an equation in u. When X~=0, the point J, 9, I~ lies on 
the internal surface os the foealoid. Then (50) agrees 
with (49). 

34. I t  is interesting to compare equations (45) amt (49). 
The firsL gives the potential produced at any internal point 
by a thin elliptic hom~eoid of mass m, and (49) gives 
that of a foealoid of mass m at an internal point f; 
g, h. I f  we put / = c j = h = 0 ,  we get the potentials at tile 
centre in the two eases. Let  it be supposed that both shells 
are thin, and that. both have the same external surface. The 
thickness of the homeeoid being directly, and that of the 
foealoid inversely, as the length of the perpendicular let fall 
from the centre on the tangent plane at the point considered, 
the potential ~t the centre must be greater for the focaloid 
than tbr the homceoid. The first term on the right of (4!t/ 
involves for the centre the same integral as does (41) for the 
homceoid, but this integral is multiplied by 3 , ~m in (49) as 
against �89 in (41). The excess is diminished by the second 
term in (49) which varies with the deviation of the surface 
from sphericity ; and also with the thickness of the tbealoid 
on the whole. 

In the particular ease in which the surfaee is spherieal the 
second term just makes ~t~e potential at the centre the same 
for a thin tbealoid as for a thin homceoid, as the reader may 
verify by evaluation. I f  we take the ease e t a  solid ellipsoid 
the second term in (49) vanishes, and the-potential at the 
centre is { of that which would be produced in the interior 
of a thin hominoid of the same mass and coincident with the 
surface of the ellipsoid. 

35. From the expression given in (44) for the potential in 
the interior of a homoeoid of any thickness, we can readily 
calculate the work done by gravitational attraction in bringing 
together from infinite dispersion in space the matter ecru- 
posing an ellipsoid, or a homoeoid of finite thickness, whether 
uniform or made up of homoeoidal shells of different densities. 
For the ease of uniform density, let mass of amount 
2~rpabch}dh, be brought from infinity to the homceoid to which 
(44) refers, and be placed as an additional thin homoeoid 
on the interior surfaee. The work done By gravitational 
attraction in bringing this matter into positiTm is Vm. Hence 

Y m  = 2~r -- 1,)dh.~o ,v" (a~ + u) (b '~ + u) (c ~ + u) (51) 

If  then W denote the whole work done in building up the 
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A .New Principle of Relativity in Electromagnetism. 413 

hominoid by adding to the interior until h is changed from 1 
to H, 

9 ~ V  = - 2rr'2p~a~b2c" h'}(1 -- h) dh dn 
J t t  .~o '~ (,~ + u)  (b '~ + ~) < + , , )  

=2~P'~162 ~I) , /(~+~)(~+.)(~+~i) 

If  H = 0 ,  this becomes the result for a solid ellipsoid. 
For this ease 

W = ?yp~a~b~c'~ I "~ ~ du (5 3) 
o ' / ( ~  + ~)(b~ + u)(~ + ~) 

In the particular ease of a uniform sphere this becomes 

W = ~- --l~ ~ 

i f  the unit of mass is grvavitational (s~e w 6, footnote), or 
r 3 M2 

( t  

ifLhe ordinary unit of mass is used and x is the proper value 
of the gravitational constant. This is the result given by 
llehnholtz, from which the rate of shrinking of the sun 
necessary to supply the energy radiated may be calculated. 

I f  the density vary from shell to shell (53) becomes 

.as the reader may verify by finding the work done in building 
up a thick hotn(eoid by adding shells of varying density p, 
and then varying the constant h of this hominoid from 
0 t o  1. 

(.~.2) 

X X X I I .  On a .New Principle of l~e{ativlty in Electro- 
magnetism. By A. H. BUttERIng, JD.Sc., Privatdocent 
in the Bonn University*. 

w 1. "][T is needless to dwell on the serious difficulties which 
JL the Maxwellian theory has encountered by the 

well established experimental fact that terrestrial optics is 
not influenced by the earth's motion. The endeavours of 
some distinguished physicists, notably of H. A. Lorentz, to 

* Communicated by the Author. A short note on the same subject 
was published in the Physik. Zeitschr. vii. p. 556 (1906). 
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