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XXV.  On the Rides for AZge~ra{eal M u Z t ~ O n .  
By Mr. J. DILLOn. 

To Mr. Tilloch. 

S,a,--HAv,.Q seen in your Magazine for January sorrm re~ 
marks by Sir H.  Englefield, tending to explain the algeb{'a~cal 
t~eorem, at once so necessary for the young mathematician to 
master ,  and yet so diillcult for him fully ' to understand, thal; a 
~egative quantity, multiplied into a negative quantity, gi~'e.~ 
positive result, I beg leave to add a few observations which ha~e 
occurred to me upon the subject, and which may perhaps in some 
degree tend fo place the matter  in a clearer point of view. 

The  signs + and - -  appear too generally (at least in ele- 
mentary works) construed to mean plus and minus; a sense 
which, though perhaps always included in, does not appear to 
constitute the whole of their (lefinition. The sign + signit}Sng, 
in fact, that  the term to which it is prefixed is positive, and tke 
~ign - -  tt:at such term is negative, that  the one should be pl'as, 
(or the object of addition,) and the other minus, (or the object 
of subtraction,) when addition or subtraction with other quan- 
tities is in question ; these are rather comequences flowing from, 
than essential parts of the nature of, such signs of + and - - .  

The fallacy of considering + and - -  as merely meaning plus 
~md minus, will plainly appear where multiplication or division is 

- -  ( /  

intended, as - -  a x b, or -T~.' where it is evident neither plu~ 
'nor minus can be mean tby  the signs + and - - ;  and it is in thi~ 
talktcy, as it appears to me, thag all the di~culties of the prcscn; 
question have ti~eir origin ; ibr, by always affixing t}m sellse ~)f 
p:~sitive mid negative to thc~e :,;gns, nearly all the obstacles ~l,  id~ 
irm)ede the ~)roe'ress of the leart~er on this subiect will vanish 

I scarcely need previously to observe, that  the a.gel)~aist is as 
conversant with the idea of a negative as of a positive quantit,y. 
Considerable confusion appem's, however, to have arisen irom at-  
tempts  to render this idea familiar to minds not accustomed to 
~bsUact reasoning. Thus,  therefore, '  it is frequently represented 
that  - - a  is not so much the negative quantity a,  as it is the 
positive quantity a with a mark aNxed to it, signii)-ing that  it 
is to be subtracted from some other quantity either actually 
known, or to be discovered ; whereas, in fact, it should be eo:~- 
sidered as strictly a negative quantity, capable of destroying or 
counteracting a positive quantity of equal value, when it comes 
in contact with such, and existing in the mind in a way perhaps 
somewhat similar t(~ tLe idea~ cf  ,':M.mcss, ~ileace, or vacuum, 
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188 On the Rules for dlgebraical Multiplication. 

which may be considered as abstract negative ideas, expressive 
of the absence of light, sound, or matter .  

T o  apply these premises to the subject under consideration, 
namely, the multiplication of algebraieal quantities, under all 
the varieties of the signs + and - - :  of this multiplication there 
are three eases. 

1st. When the terms are both positive, + × + .  
2d. When only one of the terms is positive, - -  × + .  
3d. When both the terms are negative, - -  × - - .  
For thedTrst then, to take an instance, + a x + b ; we have 

only to remember the well known principle that  the multiplier is 
merely an abstract quantity, expressive of the number of times 
the multiplicand is to be added within itself, and we shall im-  
mediately perceive that the result must be + ,  as it is merely pro- 
posed that  + a should be taken b number of times, without any 
alteration of the signs, which are indeed expressly affrmed by the 
sign + affixed to b. 

For the second case, - -  a × + b; it is equally evident that  
a taken b number  of times must on the other hand always 

remain - - ,  whatever may be the value of b. 
For the third ease, - -  a × - -  b, where the difficulty is sup- 

posed to rest, it may be previously remarked that  if - -  a when 
multiplied (as in the second case) by b or + b gives a negative 
result, then may it beforehand be expected that  this same --  a 
when multiplied b~, - -  b will give a contrary, that  is a positive 
result. 

I t  is a well known position in logic that  two negatives make 
an affirmative ; to say that  a thing is not not so, is in fact but a 
more eircuitons manner of saying that  it is so, and exactly this 
process appears to take place in the case before us. The result 
o f - - a  × - - h i s  + ab for this reason;  a ×  b--- -ab,  and the 
negative sign of the a is (if I may so express it) itself negated by 
the negative sign of the b. The quantity a had~ we nmst sup- 
pose~ become negative by some previous process ; the reversal 
therefore of this sentence of negation must  be as necessarily 
the consequence of its being multiplied into a negative quantity, 
as the continuing subject to that  sentence would have resulted 
from its being multiplied into an affirmative or positive quanti ty:  
in other words, the sign - -  ~)refixed to the b is, in fact, the nega- 
tion of the sign belonging to a,  (the quantity to be nmltiplied,) 
whether the sign of such quantity be positive or negative 

The  origin of the error~ and the consequent existence of the 
difficulty in question, appear to be this : that  the affirmation of 
a positive quantity, (as a x + b,) ~nd the negation of a negative 
quantity (as - -  a x - -  b,) are supposed to be the contrast, or 
antithesis of  each other ; whereas~ in fact, so far from being op-  

posed, 
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Notices respecting New Books. 139 

posed, they are but  the same thing stated in other words ; or 
rather" they tend, by different methods, to a similar result : the 
real contrast will be found to exist in the affirmation of a posi-  
tive quantity, (as a × + b,) and in tlm affirmation also (not the 
negation) of a negative quantity, (as -- a × + b;) and this con- 
trast is exemplified in the contral T results of the first and second 
eases stated above. 

Two observations only, in the way of elucidations, further 
occur to me:  it should be remembered that  in the multiplica- 
tion, as in other proeesses of algebra, the signs only affect the 
signs, and the quantities the quantities: in the nmltiplieation 

- -  a × - -  b to perceive the separate effect of the one sign upon 
the other, let us suppose b equal to unity, and we shall find, ac-  
cording to the foregoing principles, - -  a × - -  b = + a ; then 
taking any other value of b, as 10~ the result will he - - a  × - - b  
--- + 1 0 a =  + a b .  To  show that  the result o f + a  × q- b 
must be similar to that  of - -  a × - -  b, it may be observed that  
as a new l'esult of the multiplication + a × + b is produced by 
the  alteration of one of the signs, as -- a × + b, so the original 
i'esult will again be equally and indifferently brought about either 
by the restoration of the original sign belonging to a, when it 
will stand, as before, q- a × + b; or by the further additional 
reversal of the sign of tim remaining term ( +  b,) when the same 
product will be represented by - -  a × - -  b: hence + a x + b 
= - -  a × - -  b ; and hence a ~tegative quantity multiplied into 
a negati~,e quantity gives a positive result. 

Trust ing you will excuse a degree of prolixity, and even of 
tautology, which appeared necessary to elucidate a subject ex-  
tremely exposed to difficulty and miseonstruetion~ 

I remain, Sir, 
Your very obedient servant~ 

Paddington Green, Feb. 20, 1815. JOHN DILLON. 

XXVI.  Notices respecting New Books. 

Treatise on the Construction of lClap~ ; in which the Projec- 
tions of the Sphere are demonstrated, and their various prac- 
tical Rdations to mathematical Geography deduced and ex- 
plained, systematically arranged, and scientifically illustrated 
from Twenty-eight Plates of Diagrams ; with an Appendix 
and copious Notes. By Alex. Jamieson. 8vo. pp.  202. 

T.. claims of" tile author are modest : ~ In a science' that  has 
~utlived the vicissitudes of two thousand years, and become 
splendid amidst even the riot of barbarism~ originality is. hardly 
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