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SUMMATION OF THE COEFFICIENTS OF SOME TERMINATING
HYPERGEOMETRIC SERIES

By W. F . SHEPPARD.
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1. We adopt the notation*

oW = a(a+l). . . (a+r-1), a<r) = a(a- l ) ... (a-r+1),

so that

a
(r> = (a—

(-a)W = (_ya0> = ( - ) r ( a -

(—a)<r> = ( - ) r aM = (_)

[s]> a ( r + S ) _ a ( r ) (

, a(r)/a(s> = ( a -

Also we write
If 4 A ft , _ a./3 a(a+l)./3(/3+l) ,

factorials)'

(1)

and we denote the sum of the first r + 1 terms of the series F{...} by

The general term of the generalised series, taking x = 1, is

MfiM yW .,. (m factorials)

The properties of any particular series depend to a considerable extent
on the value of

D=

• Cf. Mathematical Gazette, Vol. iv, p. 828-330.
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The value of D can usually be more conveniently obtained from the
general term, written in the form

where [... (a-\-r—1)] denotes an ascending factorial ending with a-\-r—1;
for the addition of factors at the beginning of one of the factorials in each
term does not alter the mutual ratios of the terms, but only multiplies or
divides the series as a whole by these factors. We have then

D=

We are only concerned with the cases in which a = — n, where n is a
positive integer, so that the series terminates with the (w + lHh term; it
being assumed that the denominator is not zero in any of the first n-\-\
terms.

If, in addition, p = 1, so that p[r ] = r\, then F \a,/3; p, 0; x\ becomes

,P; 1,0; x\ = l-n0) ^ x+^2)^-^ x2-...,

and the sum of the coefficients in the complete series of n-\-l terms is

Fn \ -n, 13 ; 1, 6; 1} = 2* ( - ) ' rc(r)/3M/0W ;
r=0

and similarly

Fn{-n,{3,y, l,6,<f>', 1} = T (-)>r){/3Wy
r=0

r=n
^ { — n, P,y,S; 1, 0, 0, ^ ; If = 2 (-) r i

r=0

For this class of cases we have

Four-Factorial Series,

2. For the ordinary series we know that

Fn {-n, /8 ; 1, 0 ; 1} =

We can prove this in either of two ways.

(i) The simplest method, for this particular class of cases, is by induc-
tion for ro = 1, 2, 8, ... . Suppose that (2) is true for a particular value
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of n. Then

F . + 1 { - n - l , 0 ; 1,6; If
r=n+l

= 2 ( -
r=0

r=l

r=n r=n

r=0 r=0

But F i i - l . i S ; 1,^5 M = 1-0 /0 = ( 0 -

hence the induction holds.

(ii) An alternative method has been given by M. J. M. Hill.* He
shows by induction for s = 1, 2, 3, ..., that

F.{a, /8; 1,0; 1} - flg1

and therefore, putting a = — w, s = n,

F . i - n , / 8 ; 1,0; 1} = 0 ~ / 3 | n ~ 1 Pn-i { - (n -1 ) , /3 + 1; 1 ,0+1; 1 | . (4)

Replacing n by w—1, n—2, ..., 1, and aggregating the results, we
obtain (2).

For the case of D = 2, so that 0—a— £—1 = 0, (3) gives

Fs\a,(3; 1,0; If = j(o

3. It follows from (2) that Fn { —n, (3; 1 ,0 ; 1 j- is zero if any one of
the factors of (0—/3)M is zero. Suppose, therefore, that

0 - / 3 + r = 0,

giving D—2 = (w—1)—r,

* Proc. London Math. Soc, Ser. 2, Vol. 5, p. 335.
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where r has any of the values 0, 1, 2, ..., n—1. Then

0 = Fn j - n , 0+r ; 1, d ; 1} = '5* (-)>,> (0+r)W/0w

s=0

s=0

by (1); and therefore

(5)
s=0

But, iifr(6) is any polynomial of degree r in 6, we can express fr(B) in the
form

and therefore, replacing r in (5) by r—1, r—% ..., 0, it follows that

'1? (-)'n(,)/r(0+s) = 0 (r = 0, 1, 2, ..., n - l ) . (6)

This is only another way of stating the more familiar theorem that

(-)sW(,)Sr = 0 (r = 0, 1, 2, ..., n-l). (7)
4 = 0

4. Now let us see whether we can sum. the more general four-
factorial series

F\a,P; P,6; 1} =1+^ + ... + ^ + . . . .

for the case of a = — n. Adapting Hill's method, quoted above, let us
write

where p, p ' , and 5 are constants whose values are to be chosen. Then

= pO+aP-(p+pa+p'(3+q)(e+pl3+p'a+q).

Replacing p by D+a- f i8—0, we find that, in order that/(I) may contain
a-f-1 and /3+1 as factors, we must have

p' = p, q = - l , D = 2,

and either 2> = 0 or p = — 1 ;
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but the two cases are really identical, since D = 2 gives

p-a—/8-1 = - ( 0 - 1 ) , 0 - a - / 3 - l = -ip-l).

Taking p = 0, we can show by induction that, for this value of D,

pi'Tom

This is true whatever the value of a may be. Writing a = —n, s = n,
and replacing /3by />+0—a—2, we obtain

*•»{-», P + 0 + n - 2 ; p, 0; 1}

— F^-TI— W + 1 , p + 0+n— 1 ; p + 1, 0+1 ; l}.(9)

Replacing n by n—1, n—2, ..., 1, and aggregating the results, we have,
finally,

Fn\— n, p+0+n—2; p, 0; 1} = Maw"
p L J (7

Six-Factorial Series.

5. Next consider the six-factorial series

of which the series considered in § 4 is a particular case. It will be
found, as in § 4, that Hill's method can be applied if D = 2, i.e., if

y = e+<p—a—0—1.
We have
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and thence, by induction for s = 1, 2, 8, ..., we can show that

s! 0M0M
U 1 '

This is true whatever the value of a may be. Putting a = — n, s = n,
we obtain

- . / S + n - l ; 1,0,0; 1}

_ _ 0 - / 3 + n - l 0- /8+W-1

, 0 + 0 - 0 + n - l ; 1,0+1,0+1; l(. (12)

Replacing n by w—1, n—2, ..., 1, and aggregating the results, we have

F B { - n , 0 , 0 + 0 - j 8 + n - l ; 1,0,0; If

-/3+?t-l)<* (0-^W (0-fl)M

We ought also to have, by symmetry,

2?ll{_n,A0+0-/8+n-l; 1,0,0; 1} = ̂ " ^ f f i ^ ™ , (13a)

where y = 0+0—/8+w—1. This is easily verified; for

0-y = - (0 - j8+n- l ) , 0 - y = -(0-/3+rc-l),

(0-y)W = (_)»(^-/8+w_l)W = (—)«(0-J9)W,

(0-y)W = (-)• (e-fl+n-uw = (-)• (0-/3)W.

6. By putting /3 = 1 in (18), we obtain (10). The following are two
other special cases.

(i) Let 0 = 0. Then

Fn{-n,£, 2 0 - 0 + n - l ; 1,0,0; 1} = { ^ f f " } '

= [Fn{-n,/3; 1,0; l f ] a . (14)

(ii) Let one of the two numbers /3 and y in the numerator of the
second term be equal to the difference of the two 0 and 0 in the
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denominator ; e.g., let 0+0—f$-\-n—1 = 0—0, so that ft = 20-\-n—1.
Then

Fn {-», 20+w—1, 0 - 0 ; 1, 0, 0 ; 1 (

i, 0 - 0 ; 1 , 0 + 1 , 0 + 1 ; 1}

7. Having obtained an expression for the sum of the coefficients in the
six-factorial series for the case of D =. 2, we can obtain an expression for
their sum in the case where D is any positive integer greater than 2.
For, if D = 2+ft, where ft is a positive integer, and if ya is the (s—l)th
term of the series (for x = 1), we can replace ys by ̂ ^ ( s ) , where "^(s) is
the sum of A;+l terms, each consisting of k factors so chosen as to
extend the factorials in the numerator of ys or reduce the factorials in the
denominator, the coefficients of the terms being chosen so as to make
"^(s) = 1; and we shall thus replace the series by the sum of k-\-l series,
for each of which D = 2. This can usually be done in several different
ways; but there will be three typical forms, obtained by altering (i) two
factorials in the numerator, (ii) two factorials in the denominator, and
(iii) one factorial in the numerator and one in the denominator,
respectively.

Suppose, for instance, that D = 3. Then we can use any one of the
three relations n t,o 1 \ 1 1 \ 1 no \1 = i(p-N)— (y-M)f/(p—y)

If we use the first, we obtain.

ft (ft+DMyM y ft[*J(y+l)w.

this gives the general formula,

ja, ft, y ; 1,0,0; 1}

= /3F,-u, ft+1, y; 1,0,0; 1} -yFa jo, ft, y + 1 ; 1,0, 0; 1} ;
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and thence it will be found that

Similarly for D = 4 it may be shown that

; | - » . A 0 + 0 - / 3 + ^ - 3 ; 1,0,0; 1}

. n(n-l) 0(0+1) \
(6—/8+n-l)(e-j8+»-2)(0—/8+w~l)(0-j8H-»—2))

8. These last results suggest that the formula for the case of D
where A; is a positive integer, is

Fn\-n, /3, O+^-^-f-n—A;-! ; 1, 0, <f>; 1}

This, however, is only a particular case of a more general formula ; for we
can replaee Fk {... ( on the right-hand side by Fn {... (, and we then have
a formula which, if it is true for all positive integral values of k, must be
true universally. Eeplacing 0+0—0+w — k—1 by y, the formula
becomes

1, - 0 + 0 - n + l , - 0 + / 8 - W + 1 ; l ( (18)

1} (18a)

= 6'w 0'[n] Fn { —n, (3, y'; 1, 0', 0 ' ; 1 (,

where y' = 0+y -0—0—?i+ l , y = P+y— 0' — 0 ' - ? i + l

0' = -e+/8-n+l, 0 = - 6f+j8-n+l
(19)
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To^Btablish this, let us -write

*(n, p\ y, 0, 0) = 0™<f>™Fn |—n, p\ y ; 1, 0, 0 ; If

^ 0 y
r=0

y, 0, # = (0-/3)^(0-/3)™ Fn {—71, /3, /3+ r -0 -0-7 i+ l ;

1,—

/ .<y)= *(nf /3, y, 6, 0)-¥(>i, /3, y, 0, <f>) ;

4&en~weTrishi;o:show that, ior any assigned values of ft, 6, and 0, and for
TOry assigned (positive integral) value of n, fn(y) is 0 for all values of y.
^Suppose ±his isirue ior values of n up to n— 1 inclusive. Then

, 6, <f>)—*(n, j8, y, 0, 0)
= — « 0 # ( n - l f /8+1, y + l , 0 + 1 ,

, 0, # — ¥ ( n f /8, y, 0, <j>)
• = — « ^ * ( « - l i / 8 + l f T + l f 0+1,

-and iiheref ore /»(y) = /«(y+l)-=/»<y+2)= ••• .

^ence/n(y) is independent of y. Nowwrite

)8+y— 0-0— w-hl - 0,

BO^hat ̂ aaduces to its £rst texm ; iihen

and ive see from (13) lhat $ and ¥ are -equal, so ihat /n(y) == 0. JHence
:the Btep of the induction Jiolds. JBut fn(yY= 0 for w = 0. Hence the
iiheorem is iirue xrniversally.

It will be noticed that, if D and D' are "the values of D for the two
8er ie8> D— a - y ' , D'= 2 - y ,

so that the formula gives us an approximate iralue for the -sum of the co-
efficients of a terminating six-factorial series for which D differs only
slightly from 2.

9. The method of § 7 can be need to obtain .an «xpcession for



478 TRBMINATING HYPERGEOHTETRIC SERIES.

where y8af is the (s+l)th term of a terminating series for which
D = 2+&, k being a positive integer, and x(«) is a polynomial in s of
degree not exceeding k; the only difference being that the coefficients of
the terms constituting ¥(s) are to be chosen so as to make ^(s) = x(s).

Suppose, for instance, that we require the sum of the series

F%\-n,0, y, €; 1, 0, <j>, xf, ; l\ ;

the constants being subject to the conditions

€ = yfr+k, (1+0+0+^) - (_„+£+.),+<:) = 2,

where & is a positive integer. This is ostensibly an eight-factorial series ;
but, since

it is really of the form mentioned above. It will be found that the three
typical formulae are

F.{-n,P,y,++k; 1, 0, 0, ̂ ; 1}

= 2 (-)
<=0

= 2 (-Y Jc(t)(<f>-0+ h-it)
t=0

'5*

these being all subject to the condition

e+<f> = p+y+k— n+1.


