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SUMMATION OF THE COEFFICIENTS OF SOME TERMINATING
HYPERGEOMETRIC SERIES

By W. F. SHEPPARD.
[Received November 3rd, 1910.—Read November 10th, 1910.—Revised June 28th, 1911.]

1. We adopt the notation*
aM = a(a+1)... (a4r—1), a”? =a(a—1) ... (a—r+1),
a = alrt, an = oV,
go that
all = (ar—1)", a” = (a—r+1)r
(=) = (=) a® = (=) (a—r+ DI,
(—a)? = (=) = (=) (ad-r—1)"
al™+d = ol ) (g4-7)l], a™*) = o (q—1r)® & @
a/al) = (a45)", a[a® = (a—s)""9,
(a4+1¥/al) = (a45)/ald,  (@—nD/a® = (a—s)"]a?

Also we write

{a,ﬁ e 0; z}—_l'f'

al@+1).BB+1) ,
o+ 1) 604D =

+a(a+1) BB+1).yy+1) 2
P(P+1) 6(6+1). ¢(¢+1)

+..

a.f

p.0

) ol — g 2By
F{“,B,V,P,O,(P,l}——l'l‘ 6¢

and we denote the sum of the first 41 terms of the series F{ .} by
F{..}.

The general term of the generalised series, taking z =1, is

a1y L (m factorials)
Yyr = T ploti gl L (m factorials)”

The properties of any particular series depend to a considerable extent
on the value of

D= {p+0+¢+..}—{atBty+...}.

* Cf. Mathematical Gaeetle, Vol. 1v, p. 328-830.
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The value of D can usually be more conveniently obtained from the
general term, written in the form

o= [...(a+r=D][... B+r—=D][... y+r—D]...
"L er—=D][... 04+r—D][... (p+r—1)]..."
where [... (a4 r—1)] denotes an ascending factorial ending with a+7r—1;
for the addition of factors at the beginning of one of the factorials in each
term does not alter the mutual ratios of the terms, but only multiplies or
divides the series as a whole by these factors. We have then

= {(+r=D)+HO0+r—D)+¢+r—1+...}
—{latr=D+B+r—D+y+r—=D+...}

We are only concerned with the cases in which a = —n, where n is a
positive integer, so that the series terminates with the (n+1)th term; it
being assumed that the denominator is not zero in any of the first n+41
terms.

If, in addition, p = 1, so that p[™¥ = r!, then F {a, 8; p, 0; z} becomes

BB+Y) o
06+1) e

and the sum of the coefficients in the complete series of n+1 terms is

F{—-n,B;1,0; z} =1—ng %x-i—'n(g)

Fol—n,8;1,0; 1} = b (=) ngn B[O
r=0

and similarly

>

Fn{—ﬂ-,B,‘Y; 1, 9,¢; 1} =

\
It
i

(= ey 1B} {672 90},

r

Fuf—n 8,785 1,6, 6,5 1 = 2 (=) ey {83417 807} /{60 gLy}

For this class of cases we have

D—2={0+¢p+y+...} — {B+y+o+..} +n—1.

Four-Factorial Series.
2. For the ordinary series we know that
F,{—n,B; 1,0; 1} = (6—BM™/6. )
We can prove this in either of two ways.

(i) The simplest method, for this particular class of cases, is by indue-
tion for n =1, 2, 8, .... Suppose that (2) is true for a particular value
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of n. Then
FM]{—n—l,B; 1,6; 1}

3 (- et 11 B0

r=n

=14 3 (=) {mng-p} BUIOI 4 (—)r+1 gLr+ 1 grns1)

r=1

[}

r§n (—)" 1, 810171 —(B/6) TEO (=) 1 (B+1))04 1))
r=0 r=

= (0—P) ™[0 —(B/6)(6—pB)™/(6+1)™
= {(@+n)—B} O—P)je+1
— (O_B)[n+l]/9[n+1].
But F,{—1,8;1,6; 1} =1-8/6 = ©—p)/6;

hence the induction holds.

(ii) An alternative method has been given by M. J. M. Hill.* He
shows by induction for s =1, 2, 8, ..., that

F{a,B;1,0; 1}—9‘—“#—1F,_1{a+1,3+1; 1, 041; 1}

_ (e+DE @+ 3
- 101 I ; @®
and therefore, putting a = —n, s =,

Fui—n;1,6:1) =232 p 1), p41;1,0411} @

Replacing » by n—1,2—2, ..., 1, and aggregating the results, we
obtain (2).
For the case of D = 2, so that 0—a—B—1 = 0, (8) gives

F,{a,B; 1,6; 1} = {(@+1E B+ 1)}/ {s! 6LI}.

8. It follows from (2) that F,{—mn, 8; 1, 6; 1} is zero if any one of
the factors of (—B3)™ is zero. Suppose, therefore, that

0—B+4+r =0,
giving D—2 = (n—1)—r,

* Proc. London Math. Soc., Ser. 2, Vol. 5, p. 335.
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where r has any of the values 0, 1, 2, ..., n—1. Then

0=F,{—n,0+7r;1,0; 1} = 'En (—)* g (047)[21/60
§=0

s=n

= ?0 (=) gy (B+5)E/00),
by (1); and therefore

T () n@+90 = 0. 5)

But, if £,(6) is any polynomial of degree r in 6, we can express f,(6) in the
form f+® = a,6"+a, 10014 4a,6+4ay;
and therefore, replacing 7 in (5) by r—1, r—2, ..., 0, it follows that

§:0 (=) npfr@+9) =0 r=0,1,2 ..,0—1). (6)
This is only another way of stating the more familiar theorem that

fzo (—)ngs' =0 (¢=0,1,2 ..., n—1). (7)

4. Now let us see whether we can sum the more general four-
factorial series

[s1 Rle]
F{a; ﬁ; P 0; 1" = 1+ ; .g" +.+ ;“[',]g_[a] +...,
for the case of a = —n. Adapting Hill’s method, quoted above, let us
write

f6) =F,{a, B; p, 0; 1}

_(ptpatp B+q;g?+pﬂ+p D a1, 8415 p+1, 0415 1},

where p, p', and ¢ are constants whose values are to be chosen. Then
p0.f(1) = p0+aB—(o+pa+p'B+q)(0+pB+p'a+g).

Replacing p by D+a+B8—0, we find that, in order that f(1) may contain
a+4-1 and 8+1 as factors, we must have

p=p gq=-—1, D=2
and either p=0 or p=—1;
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but the two cases are really identical, since D = 2 gives
p—a—B—1=—(0-1), 6O6—a—B—1=—(—1).

Taking p = 0, we can show by induction that, for this value of D,

F.la,B; p, 0; 1}—-(P—_1PF,_1{G+1, B+1; p+1,0+1; 1}

{s] (=]

This is true whatever the value of a may be. Writing a = —n, s ==,
and replacing 8 by p+6—a—2, we obtain

F,{—n, p4+0+4+n—2; p, 0; 1}

_ (=1(-1) Foa{—n+1, p+60+n—1; p+1,04+1; 1}.(9)
p0

Replacing » by n—1,n—2, ..., 1, and aggregating the results, we have,
finally,

—1 [n] 9—1 (=]
F.{—n, p+0+n—2; p, 0; 1} = ;mém :

— __=1O—1)
(p+n—1)O0+n—1)"

(10)

Siz-Factorial Series.

5. Next consider the six-factorial series

a.ﬁ.'y_*_a(a-l-l).B(,B—I—l).‘y(y-I—l)
1.60.¢ 210(04+1).¢4(p+1)

of which the series considered in § 4 is a particular case. It will be
found, as in § 4, that Hill’'s method can be applied if D = 2, <.e., if

vy =0+¢—a—B—1.

Fla,8,v; 1,6, ¢; 1} =1+ +..,

‘We have '
1+ af@+¢—a—B—1) @—a—B—1)(¢—a—B—1)
0¢ 0¢

— (a+1)B+1)(0+¢p—a—B—1).
09 ’
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and thence, by induction for s =1, 2, 8, ..., we can show that

F, {a’ B’ 9+¢—a—,3—1, 1, 0’ ¢; 1} _(6_0_5—19);¢—a—ﬂ._1)

X Fyy {a+1, B+1, 0+ p—a—B—1; 1, 6+1, p+1; 1}

_ @M@+ D O+¢—a—B—1
= 51 00T gl y

(1n

This is true whatever the value of a may be. Putting a =—n, s =mn,
we obtain

F,{—n, B, 0+¢—B+n—1; 1,0, ¢; 1}
— 0—B+n—1 ¢—B+n—1
0 ¢
XF,.1{—n+1, B+1, 6+¢—B+n—1; 1, 641, ¢+1; 1}. (12
Replacing n by n—1, n—2, ..., 1, and aggregating the results, we have
Fo{—n, B, 0+¢—B+n—1; 1,0, ¢; 1}

_ 0—=B+n—1" (p—B+n—1" _ @B (—BM
= I no = oD .

(18)
We ought also to have, by symmetry,

) (N[
Fo{—n B, 0+¢—B+n—1; 1,0, ¢; 1} =& YT, (150

where y = 60+¢—pB+n—1. This is easily verified ; for
0—y =—(@p—B+n—1), ¢—y=—0—B+n—1),
O—™ = (= (p—B+n—1 = (=) g—A),
(p—y = (=) (0—B+n—1™ = (—)" (0—B)".

6. By putting 8 =1 in (18), we obtain (10). The following are two
other special cases.

() Let ¢ = 6. Then

—R)nly 2
Fu{_n) Bs 29_13+n_1! 1: 6’ e; 1} = {LG—BQ—}

= [Fa{—n B; 1,0; 1}]1%  (14)

(ii) Let one of the two numbers B and ¥ in the numerator of the
second term be equal to the difference of the two 6 and ¢ in the
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denominator ; e.g., let 6+¢p—B+n—1 = ¢—0, so that 8 = 20+n—1.
Then

F,{—n, 204+n—1, ¢—6; 1,6, ¢; 1}

=29—2Fn

p s1{—n+1, 20+4n, ¢—0; 1, 0+1, ¢+1; 1}

¢[n] * (15)

7. Having obtained an expression for the sum of the coefficients in the
six-factorial series for the case of D = 2, we can obtain an expression for
their sum in the case where D is any positive integer greater than 2.
For, if D = 24k, where k is a positive integer, and if y, is the (s—1)th
term of the series (for £ = 1), we can replace y; by y. ¥ (s), where ¥(s) is
the sum of 441 terms, each consisting of % factors so chosen as to
extend the factorials in the numerator of y, or reduce the factorials in the
denominator, the coefficients of the terms being chosen so as to make
W¥(s) = 1; and we shall thus replace the series by the sum of k41 series,
for each of which D = 2. This can usually be done in several different
ways; but there will be three typical forms, obtained by altering (i) two
factorials in the numerator, (ii) two factorials in the denominator, and
(iii) one factorial in the numerator and one in the denominator,
respectively.

Suppose, for iustance, that D =38. Then we can use any one of the
three relations 1= {(B4+9—y+9}/B—7)
= {(0+s—)—(p+s—1)}/(6—¢)
= {(B+9)—(p+s—1}/(B—p+1).
If we use the first, we obtain.

BLel .y[ﬂ _ B B+1HE 'y["] _ Bl (y 1))
olel ¢[s] - :8—‘)’ gte) ¢[0] B_Y glsl ¢[c] ’

this gives the general formula
B—YFsia, B, y; 1,0, ¢; 1}
= BF, (4, B+1,v; 1,6, ¢; 1} —yFe{a, B, y+1; 1,6, ¢; 1} ;
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and thence it will be found that
Fn { —-n, B, 9+¢—B+'n—2 H 1, 6, ¢, 1}

— 0—B)" (¢— B +nB (B—B)*~" (p—F)"*~"
9] ¢(ﬂ]

_ (0_ )[u] — R\(n]
= 6B %] B (14 nf

L e
@—BFr—Dg—B+n—1)) - ¥

Similarly for D= 4 it may be shown that
Fo{—n, B, 0+¢—B+n—38; 1,6, ¢; 1}

= OB B (1 218
6 g™ (6—B+n—1)(¢—B+n—1)
+ n(n—1) B(B8+1)

(6—B+n—1)(0—B+n—2)<¢—ﬁ+n—1)(¢—ﬁ+n—2)} -

8. These last results suggest that the formula for the case of D=2+%,
where % is a positive integer, is

F,{—n, B, 0+¢p—B+4+n—k—1; 1,0, ¢; 1}

— (G—Be)::: ggﬁ)["] Fil—n, B,—k; 1,—0+B8—n+1,—p+B—n+1; 1}.

This, however, is only a particular case of a more general formula ; for we
can replaee F} {...} on the right-hand side by F,{...}, and we then have
a formula which, if it is true for all positive integral values of %, must be

true universally. Replacing 6+¢—B+n—k—1 by vy, the formula
becomes

0™ g F, {—n, B, y; 1,6, ¢; 1}
= (0—-B"™(¢p—BM Fu{—n, B, B+y—0—9¢—n+1;
1, —0+B—n+1, —¢p+B—n+1;1} (18)
= (—0+B—nt )™ (—p+B—nt 1™ F, {—n, B, B+y—0—p—n+1;
1, —64+B—n+1, —p+B—n+1;1} (18a)

=M ™MF, {—n,B,v'; 1,0,¢; 1}, (189)
where y' =gB+y—0—¢—n+1, y=B+y—0—¢'—n+1
6' = —¢+B—n+1, 6=—¢'+8—n+1 .9

¢'=—0+B—n+1, ¢ =—6'+B—n+1
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To-establish this, let us write
é(n’ B, Y 0; ¢)E o ¢[n]Fn {"—ns :8: Y lv 0, ¢; 1}

¥, B, v, 6, )= 0—P)" (¢—B)™M Fy {—n, B, B+y—0—¢—n+1;
1, —0+B—n+1,—¢+B—n+1; 1}
= :i:; —) @B (B4y—O0—¢—ad-1)")
X (60— (p—B™7,
=% B, v, 0, p—F¥(n, B, v, 0, ¢ ;
then wewish toshow that, for any assigned values of 3, 6, and ¢, and for

any assigned (positive integral) value of n, fu(y) is O for all values of +.
Buppose this istrue for values of 7 up to n—1 inclusive. Then

é(’n, 6:7‘*’1: 6: ¢)-§(n: :81 Y e, ¢)
=—mnfP n—1, B+1, v+1, 0+1, ¢+1),
¥ (n, Bi'7+1: o, ¢)_‘I’(n, B, Y 0, ¢)
=—nf¥r—1, B+1,v+1, 6+1, ¢+1);
and therefore )= fuly+1)= fuly+2)=....
Hence fn(y) is independent of y. Now-write

B+y—0—¢—n+1= 0,
sothat W xednces to its first term ; then

and we see from (18) that ® and ¥ are equal, so that f.(y) = 0. Hence
the step of the induction holds. But f.(y)= 0 for n=0. Hence the
theorem is true universally.

It will be noticed that, if D and D' are the values of D for the two
series,

D= 2—v', D'=2—y,
so that the formula xives us an approximate value for the sum of the co-

efficients of & terminating six-factorial series for which D differs only
slightly from 2.

9. Themethod of § 7 can be used to obtain an sxpression for
8=n

?0 Yo x(5),
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where 7,2’ is the (s+1)th term of a terminating series for which

D = 2+Fk, k being a positive integer, and x(s) is & polynomial in s of

degree not exceeding % ; the only difference being that the coefficients of

the terms constituting ¥ (s) are to be chosen 8o as to make ¥ (s) = x(s).
Suppose, for instance, that we require the sum of the series

Fol=n,B,y,¢e; 1,0, ¢,¢; 1};
the constants being subject to the conditions
e=V+k  (1+0+¢+y)—(—n+B+y+ed =2,
where % is a positive integer. This is ostensibly an eight-factorial series ;
but, since (W4 BB isl = (4 )k ik,

it is really of the form mentioned above. It will be found that the three
typical formule are

Fn{_n; ﬁ? Y \b+k; 1’ 01 ¢, \P'; 1}
t=k
= T ()} ko@—y+E—20

ﬁ[k-tl tt](\t, —B) L — .),)[k ‘](G—y——t)["](¢ y—t)["

(B__.Y_t)[kH]‘/,[k] ol ¢[ﬂ] (20)
t=k
= ?( ) ki (p—04k—21)
x @=Y=RE IOy —BO O—B—k+" (p—B—00I o
(¢ 9 t)[k+1] lﬁ[k] e[ﬂ.—k+z]¢[n t)
= 5y B O =B H = 22
= ‘Eo ,‘/,[k] e[n k+t) ¢[n]

these being all subject to the condition

0+¢ = B+y+k—n+1.



