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[ e la  ] 

X X V I .  On a new Class o f  Theorems in" elimination between 
Quadratic Fuuctions. By J . J .  SYLVESTER, M.A.,  F.1LS.* 

I N" a forthcoming memoir on determinants and quadratie 
functions, I have demoustrated the following remarkable 

theorem as a particular case of one much more general, also 
there given and demonstrated. 

Let  U and V be respectively quadratic functions of the 
same 2n letters, and let it be supposed possible to institute n 
such linear equations between these letters as shall make U 
and V both sinmltaneously become identically zerof .  Then 
the determinant of  ~.U+/~V, which is of course a function of 
~. and ~. of the 2nth degree, will become the square of a func- 
tion of~. and ~. of the nth degree;  and conversely, if this de- 
terminant be a perfect square, U and V may be made to va- 
nish simultaneously by the institution of n linear equations 
between the 2n letters:I:. 

Le t  now P and Q be respectively quadratic functions of  
three letters only, say x , y ,  z; and let 

U =  P +  ( lx+  my +nz) t  

V =  Q + K(lx +m 9 + nz) t. 
The  determinant of r .U+/~V in respect to x, 9, z, t is easily 

seen to be (h+kt~) ~ x the determinant of  

aP + t~Q + ( lx + mg + nz)t 
in respect to x, y, z, t. Hence  if we call 

; ,P +¢ .Q + ( l x + m g + n z ) t = W ,  

and make ] ' - - [  . W  a squared function of; , ,  g. or which is the 
~Lzt 

same thing~ af 
{ .... {(w)=o, 

Xl~ xyzt 

U and V will vanish simultaneously when two linear relations 
are instituted between the quantities (all or some of them) 
x, y, z, t. 

In  order that this may be the case, it will be seen to be 
sufficient that 

P~-O Q = o  ( l x + m g + n z ) = O  

* Communicated by the Author. 
~- In the more general theorem above alluded to, the number of letters 

is any number m, the number of linear equations being any number not 
7/i exceeding ~. 

When n-----l, we obtain a theorem of elimination between two qua- 
dratics, which has been already given by Professor Boole. 
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214 Mr. J. J. Sylvester on a new Class o f  Theorems 

shall coexist; for then two equations between x, .~,, z, of which 
lx + my + n z =  0 will be one, will suffice to nmke U and V each 
identically zero. Hence  we have the following theorem : 

I - - l l  I 
Xl~ xyzt 

is a t~tctor of the resultant of 

P - O  Q - 0  l x ÷ m . y + n z = o .  

A comparison of the orders of the resultant and the deter- 
minant shows that they must be identical, d-cl-prds, of a nu- 
merical factor, which, if the resultant be taken in its general 
lowest terms, may no doubt be easily shown to be unity. 

As an illustration of our theorem, let 

P = x y + y z + z x  

Q = cx?/+ a2/z + bzx. 
Then 

1 [ { x P + ~ Q + ( l x + m g ] + n z ) t }  
xyzt 

=L~+lbl,¢ ~,+al~ 0 
m n 0 J 

= ne(x + c~) ~ + m~(~ + b~) ~ ÷ l %  + a~)~ 

- -  21m(h + b~)(x + a~) -- 2ran (h + c/~)(x + bt~ ) 

- -2n l (h  + al~)(h + Cl~) 

= h ~ { n ~ + m e .+ t ~ -- elm -- 2ran-- 2nl } 

+ 2Xl~ { cne +bm 2 ÷ al e -  lm (a + b) --  ran (b + c) --  nl(c + a) } 

+ l~ ~ { d n  ~ + b~m ~ + aQP-- 2ablm -- 2bcmn--  2eanl }. 

And we thus obtain, finally, 

I { ; P+l Q+(Ix-l-my+nz)t} 
A# xyzt 

---- (n ~ + m e + F - -  2lm -- 2ran-- 2nl) 

x (c~n ~ + b~m ~ + a~l ~ -  2ablm -- 2bcmn -- 2canl) 

--  { (cne +bm 2 + al "2-1m ( a + b) -- m ,  ( b + c)--  nl(c + a) } ~ 

= -  4lm,~.((,~- b)(a-  ~)l+ (b--a)(b--~)m + (~-a) (c-  b) }. 
Now to obtain the resultant of 

x y + . y z + z x = O  

cxg/ + a z x  + bxy=O 
lx + m~ + nz = O, 
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in elimination between Quadratic Funclions. 215 

we need only find the four systems in their lowest terms of 
x : y : z ,  which satisfy the first two equations, and multiply 
the four linear functions obtained by substituting these values 
of x, y, z in the fourth: the product will contain the resultant 
of the system affected with some numerical factor. In the 
present case, the four systems of x, 2/, z are 

x = O  y = O  z = l  
~ '=0  z = O  x----1 
z=O x = O  3/=1 

x---- (a--b)(a--c)  3 ] = ( b - - a ) ( b - - c )  z = ( c - - a ) ( c - b ) ,  

and accordingly the product of 

lxl  + m2ti + nz  l 
l x i  + mg~ + nz~ 

lx3 + mya + nza 

l• 4 + 71~y 4 + n z  4 
becomes 

lmn{ a - - b  a - - c  l + b - - a . b - - c  m + c - - a  c - - b . n  }, 

agreeing with the result obtained by my theorem,--a special 
numerical factor 4) arising fi'om the peculiar form of the equa- 
tions, having disappeared fi'om the resultant. 

A geometrical demonstration may be given of the theorem 
which is instructive in itself, and will suggest a remarkable 
extension of it to functions containing more than three letters, 

t t { ) ~ U + l ~ V + ( l x + m . v + n z ) t }  = 0 ,  
xyzt  

which is a quadratic equation in ;~ : t~, may easily be shown to 
imply that the conic hU +y.V is touched by the straight line 

l x + m z + n z ~ - O .  

And we thus see that in general two conics) 

~,U + t~V = O, 
passing through the intersections o~' two given conics, 

U = O  V=O, 
may be drawn to meet a given line. If, however, the given 
line passes through any of' tim four points of intersection, in 
such case only one conic can be drawn to touch it ; accordingly 

I II I 
must be zero when l, m, n are so taken as to satisfy this con- 
dition, i. e. if 

lx  I + my t + nz I = O, 
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whence the theorem. 

Mr. J. J. Sylvester on a new Class o f  Theorems 

lx~ + my~ + nz~-- O, 

lxs + mys + nz3=O, 

lxa+ my 4 + nz  4 =0,  

Now suppose U and V to be each functions of four letters, 
x, y ,  z, t; when 

I--I ( ~ U + ~ V +  ( l~+m~+nz+~t)u)  =0 ,  
a~yztu 

the conoid ~.U+/~V touches the plane 

l x  + my + nz -~-29t = 0; 

and IX]  = 0  being a cubic equation, in general three such 
conoids can be drawn. 

Considerations of analogy make it obvious to the intuition, 
that in the particular case of two of these becoming coinci- 
dent, the given plane lx  + my + nz + y t  must be a tangent plane 
to those two coincident conoids at one of the points where it 
meets the intersections of U = O  V = O ;  i. e. 

lx  + m3t+ nz + T t = O  

will pass through a tangent line to, or in other words, may be 
termed a tangent plane to the intersections. Hence the fol- 
lowing analytical theorem, derived fi'om supposing q, r, s, t 
to be proportional to the areas of the triangular faces of the 
pyramid cut out of space by tile fbur coordinate planes to 
which x, y ,  4, t refer. As these planes are left indefinite, 
q, r, s, t are perfectly arbitrary. 

Theorem.- -The  resultant of 

1. U = O ' ~  where U and V are functions of 
~. V - O J  x~ y, z, t. 

3. lx  + m~/'+ nz + p t ~ o  

"dU dU d U  d U b  
dx dff dz "-d[ 

dV d V  dV  ~ .  
4. 

dx d?] dz 0 
I 

~t r s 

which system, it will be observed, consists of three quadratic 
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in elimination between Quadratic Functions. 217 

functions, and one lineal- function of x, 9, z, t, contains the 
factor 

l_ i I--! 
hp xyzt 

This last quantity is of the  4 × 3th, i. e. the 12th order in 
respect of the coefficients in U and V combined ; of the 4 × 2th, 
i. e. the 8th order in respect of l, m, n, iv; and of the zero 
order in respect of q, r, s, t. 

The resultant which contains it is of the (4 + 4 + 2.4)th,  
i. e. 16th order in respect to the coefficients in U and V ; of 
the (4 + 8)th, i. e. the 12th, in respect of l, m, n, p ; and of the 
4th in respect ofq, r, s, t. Hence the special (and, as fi~r as 
the geometry of the question is concerned, the unnecessary, I 
may not say extraneous or irrelevant) factor which enters into 
the resultant is of the 4th order in respect to the combined 
coefficients of U and V* ; and of the same order in respect to 
1, m, n, T, and in respect to q, r, s, t. 

I have not yet succeeded in divining its general value. 
In the very particular example, of the system, 

~x ~ + f39 °" = 0 
cz ~ + dt ~ = 0 

lx + mg + nz +p t=O 

ax BY 0 0 7 

0 0 cz dt ~ = 0, 
l m n p 

o o 0 3 
I find that the double determinant is 

and the resultant is 

¢ c ~ d ~ ' ( ¢  + a~)  ". ( ,n~ + Z~) ~, 

giving as the special factor 

q% ~(cp ~ + dn~) ~. 

I believe that the theorem which I have here given for de- 
termining the condition that lx +my + nz +pt  shall be a tan- 
gent plane to the intersection of two conoids U and V, viz. 
that the determinant of 

~.U+ V +  ( l x + m g + n z T T t ) U  

shall have two equal roots, is altogether novel. 

And consequently of the second in respect to the separato coefficients 
of each. 
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218 Mr. J. J. Sylvester on a new Class o f  Theorems. 

W h a t  is the meaning of all three roots of this determinant 
becoming equal, i. e. of only one conoid being capable of being 
drawn through the intersection of U and V to touch the plane 

la~ + m~ + nz + p t  ? 

Evidently (ea~ vi analogice) that this plane shall pass through 
three consecutive points of  the curve of intersection, i. e. that 
it shall be the osculating plane to the curve. 

• I f  we return to the intersection of two co-planar conies, and 
if we suppose a line to be drawn through two of the points of 
interseetion, the conies capable of being drawn through the 
four points of intersection to touch the line, besides becoming 
coincident, evidently degenerate each into a pair of right lines. 
It would seem, therefore, by analogy, that if a plane be drawn 
including any two tangent lines to the curve of intersection of 
two surfaces of the second degree, this should betouched by two 
coineident cones drawn through the curve of intersection, and 
eousequently every such double tangent plane to the intersee- 
tion of two conoids (and it is evident that one or more of these 
can be taken at every point of the curve) must pass through 
one of the vertices of the four cones in which the intersection 
may always be considered to lie; and it would appear from 
this, that in general four double tangent planes admit of being 
drawn to the curve, which is the intersection of two eonoids, 
at each point thereof. At particular points a tangent plane 
may be drawn passing through more than one of the vertices, 
and then of course the number of double tangent planes that 
can be drawn will be lessened. These results, indicated by 
analogy, become immediately apparent on considering the 
curve in question as traced upon any one of the four containing 
cones. For the plane drawn through a tangent at any point, 
and the vertex of the cone being a tangent plane to the cone, 
must evidently touch the curve again where it meets it. W e  
thus have an additional confirmation of the analogy between 
a poi t of intersection of two curves and the tangent at any 
point of the intersection of two surfaces. 

I might extend the analytical theorems which have been esta- 
blished for functions of three and four to fnnetions of a greater 
number of variables; but enough has been done to point out 
the path to a new and interesting class of theorems at once in 
elimination and in geometry, which is all that I have at present 
leisure or the disposition to undertake. 

26 l,incoln's-lnn-Fields, 
August 13, 18,50. 
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