
260 PROF. E. T. 'VHITTAK잉R [Dec. 10,

ON LA~IE ’S DIFFERENTIAL EQUATION AND ELLIPSOIDAL
HARMONICS

By E. T. WHITTAKER.

[Received and Read December 10th, 914.]

1. Iη f1'odμctory.

The object of the present paper is in the first place to establish the
following theorem :-

The solt따ons of the h01nogeneousintegra
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(where n is a positψe integer, P n is Legendre’s junction, αnd k is the
1nodulus, αnd 4K the period of the ell~ptic fnnctions sn) are solμtions of
Lα?뼈’s d행erentiα l eqμαtion

짧= {때+ 1) k2 sn2x+A} ν ， (2)

and, in fact , are precisely those solution.<; of Lame ’s differential equation
which are rationαlin sn x.

It is well known that the differential equation (2) has no solutions
which are rational in sn x , except when the constant A has one of a.
certain sequence of values-the “ Eigenwerte " or “ characteristic values ,.

or “ auto-values" of A. The integral equation (1) does not involve A at
all, but it involves the constant λ ， which does not occur in the differential
equation , and the integral equation (1) has no solution (other than zero)
except when λ has one of a certain sequence of Eigenwerte. The theoreul
asserts that the solutions of (1) corresponding to the Eigenwerte of λ are
the same as the solutions of (2) corresponding to the Eigenwerte of A.

This theorem is applied in the later part of the papet' in order to solve
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a problem which has been present to my mind for some years past­
namely, that of expressing the “ ellipsoidal harmonics" (that is to say,
the solution of Laplace’s equation

v2V I (f V I 02V
~ ~ +~ "l) + ~，，~ == 0,
c:r oy ‘ ιiZ‘

which are appropriate to the ellipsoid) , in the form which, as I showed in
1902,* represents the general solution of Laplace’s equation, namely ,

v = J:1Tf (X cos 8+y sin 8+iz, 8)d8

It may be recalled that most of the well-known particulal' solutions of
Laplace’s equation can be readily expressed in this fornl; for instance,
the fundamental spherical harmonic, cylindrical harmonic, and elliptic­
cylindrical harmonic solutions can be expressed respectively by the
equations

r"p~t (cos 8) COB ηlφ = constantX자 (x cos 8+y sin 8+ ,;z)?t cos m,(Jd8

r2π

e-bJm(kp) cos Inφ = COllstant X , eik(xcos 8+ysin8+i.z) cos 1n8d8,
;0

e-kz cen(~) cen(iη) = eonstant × jof땐

But the ellipsoidal harmonics, which are products of Lame’s functions ,
resisted all attempts to express them in this form; and, indeed, I satisfied
myself that it was impossible to obtain such an expression of them by use
of any of the properties of Lame’s functions then known. The discovery
of the integral equation (1), however, has now enabled me to show (in § 4)
that α%ν ellipsoidαl hαrnWJHC 낌 the rectangular coordinates (x , ν ， z) can
be expl'essed in the form

J:K

p ‘ {옳 (k ’ $ Sn s+y en s+iz dn S) } E(S) ds, (3)

where P n denotes Legendre’s function , and E (s) denotes a Lame’s fune­
tion. This expression leads (in § 5) to a very general property possessed

• .Jl athematiscke Annale?ι， Vo l. 57 (190 :-3), pp. :133-355.
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by αII Lame’s ‘f 'Unctions, which cαn be exp1'essed by the eqμation

E(a) E(β) E(y)

= λ J:Kp’‘ (k 'J sn a sn β sny sn s-짧 cna cn β en때 S

- 앓 dnadn β dn때 S)E(s)ds , (4)

where a ,β， and yare any three quantities. By assigning special con­
stant values to β and "I, an infinite number of integral equ빠ions for
Lame’s functions can be obtained , of which th와 obtained in the beginning
of the present paper is one.

2. Deriηαt'ion of the F:μndαηLental Integrαl Eq'lιαtion.

We shall now proceed to establish the result numbered (1) above.
For this purpose we shall require a property possessed by the

Legendrian function Pn(k sn x Sll s) , naulely, that it is α solution of the
partial di.fferent'iαl eqμat'ion

'(j2'll 02'l /'
----융 == n(n+l) 탐 (sn2 x-sn2s) u.ox2 as

To prove this, we have by direct differentiation,

(5)

~20- ~ , oy 0
찮 Pn야 SllX SllS)-형 Pn(k sn x sn s)

= 암(k sn x Slls) k2(cn2x dn 2x SU2s-cn2s dn2s sn 2x)

+2k8P;t(k SllXsns) snx SIlS (8n2X-Sll2S)

= 탐 (sn2x-sn2s)[(k2 SU2X su2s-1) P~(k sn x 811 s)

+2k BnX sn s P:t(k snx sns)]

== n(n+1) 햄(S02 x-sn2 s) P n(k snx sns) ,

which establishes the result.

Now, let I(x) denote the integral

J:
K

Pn(k snx sns) y(s)ds,
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where y (8) denotes a solution of Lame’s equation

d2

ν
훤T = {，I (η+ 1) k'}. sn'}. s+A j- y ,

h‘/‘,‘
、

the solution in question being rational in sn s.

Then we have

([AI
앓~ - '[n(n+1) k2 sn2 x + A l· I

r4K r- ::\2

= \ I 찮 Pn(k snx sns)-n(n+l)k2 sn2짧(k snx sns)-APn(ksnx sn:s)]

X y(s)ds.

Using the above property (5) of the Legendrian function , the right-band
side of this equation becomes

It 8앙2

[싫환 P ,
’
n(k sn ‘x s뻐없n s) -n얘n (싸?

× ν (8) ds.

Substituting from equation (6), this becomes

J:
K

[ν (8)짧Pπ (k sn x sn s)-Pn(k sn x 뼈 s)짧J as，

or 감(8) 잃 Pn(k sn x sn 8)-Pn(k Sll x sn 8)앓J:
K

，

and this is zero, since Pn(k sn x sn 8) and ν (s) have 4[( as a period.
The integral I is therefore a solution of the equation

聽- i n싸 (7)

and from its form it is evidently a rational function of sn x. But there
cannot be more than one independent solution of the equation (7) which
is rational in sn x: and this is the solution which , when s was taken as
variable, was denoted by y (8). Therefore I must be a constant multiple
of this solution y (x); that is to say, the solμtions of Lame’8 eqμation (7)
which are rationαl in sn ox 8α tisfy the homogeneo'lιs integral eqμαt'ion

r4K

y(x) == λ \ Pπ (k Sll x sn s) ν (s) ds .
JO
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3. A Partieμlar Case.
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As an illu8tr따ion we shall verify this result for one of the simplest of
Lame’s functions, namely,

E(x) = 캠 sn 2 x-t,

where t= 끊 {1+k2+ν(1-k2+럼) )..

J:K sn4 s ds = o~.212 (1+원) J-I}.o Oll 0 .... 0 - 8k2

A8 we shall find , the verification by direct integration is by no means
obvious, but requires the recurrence formulre between the integrals of
elliptic functions, a t:! well as the algebraic properties of t.

For this particular function we have n = 2, so the theorem to be
verified is

r4K

E(x) = λ \ (8맘 sn 2 x sn 2 s-1) (k2 sn2 s - t) ds. (8)

Now we have 부 (sn sen s dn s) = 1-2 (1 +맘) sn2 s+ 8k2 .sn· s .
as

Integrating with respect to s between the limits 0 and 4K, we see that
r4K r4K

if the integrals' ds and' su2 s ds are denoted by I and J respectively,

we have

Substituting in equation (8), the integral on the right hand becomes

tI-k2(1 +8t sn 2 x) J+원 sn 2 x -(2(1+k2)J-I} ,

or -I(맘 sn2 x-t) -k2J {1+8t sn 2 x-2 (1+ 탐) sn 2 x}.

But since t satis화es the equation

we have

8t2-2t(1+k꺼+k2 = 0,
1.2

3t-2(1+꽤 = - 닿 ;

and therefore the expression may be written

n n .• k 2J ,-y '" '"- I(k2 gng$ - t) - -E- (k잉 sn:.! x - t) ,

or -(1+摩) E(x) ,

which establishes the result.
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4. Expression of the Generαl Ellψsoid，αlH，α1"1nonic.

We shall nowobtain an expression for the general ellipsoidal harmonic
in the form

Let

irf(Z CO8 8+y gin 6+iz, 8) d8

혈+꽁ε넷+혈τ == 1Al,! I A'J.~b'J. 자_ c'2

be a family of confocal quadrics. The ellψsoidαl hα1'11wnics associated
with this family are defined to be the product of one of the quantities

1, x , y , z, yz , zx , xν， xνz，

by an expression of the type

(줬 +選 + E;쓸~ - 1) (혔 +認 + i;쏟c2 -1)

(혔 +많+ kL씀? - 1)

(where til t'J' ... , tk are constants), such that the whole product satisfies
Laplace’s equation ()2V

I a2V I
()2V

"\과 +~-τ +'"'",, "<} = O.
ox- oy- oz-

It is a well known theorem that there are always (2n+ 1) of these ellip­
Boidal harmonics of any degree n in (x , y , z). "Ve shall denote anyone of
them by Gn (x, y , z).

The terms of highest degree in G'1l (x , ν， z) will evidently be

%
υ짧
째

，
ιy
z
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I

，
‘

￠gz } 편 + k;잖+잖) (혔+認 b2+잖)

(혔+많닫+짧c2) ,

the large bracket indicating that some one of the quantities inRide it is
to be taken as a multiplier of the product outside. These ternlS of highest
degree we shall denote by H n (x, y , z). It is obvious that Hn(x , y , z)
satisfies Laplace’s equation on its own account; and being homogeneous
of degree n in (x , y , z), it will be expressible in the form

Hn(x , ν， Z) = IT (Z CO8 θ+Y sin 8+찌’‘! (8) d8，

where f (e) is not yet known.
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Now it is known* that

D 2
• D 4 l

Gn(X, y , z) = 11 - 010-:: 1\ + 0 "I IO~ • .LJ.. \IO.. 0\ - ••• ~ Hn(x , ν， z),
(~ 2(2n-1) I 2.4(2n-1)(2n-3) ... I

where D 2 stands for 2 '(j2 I 02 '(j2 1.2 '(P
a- -::;-걷 +β2 ':l~ .2 +y2iJx 2 I f'J iJν2 I r l1Z

and (a,β， y) are the semi-axes of anyone of the quadrics of the family.
Substituting for Hn(x , y , z) the above value, we have

Gn(x , li, z)

_ [21T ( AIL n(n-l) .4 ll. _ h ...2 I n(η-1)(n-2)(n -3) An-4n4 )
== Jo- .( AIL- ~~(~~~{)An-:1B2+

'~\:~4(~η-1)(값갱f An-4B4
_ ... j- !(8) de ,

where A = x cos e+y sin e+iz,

and B= ν(a2 cos2 e+β2 sin2 e-야) = 、l(e2- b2 sin2 8),

80 Gn(x, y , z) = J:1T Pn (좋) f(e)de ,

where Pn denotes Legendre’s function; a constant factor and a Bn having
been absorbed into the f(8).

Thus 'W e λαve the ellipsoidαZ λαrmonie expressed in the fonn

[압 /x cos e+y sin e+iz、
Gn (x , y , z) == \ P n {~ ~~/~~~ I. ~2~~~:;~\ V~} f (e)d8,Jo .L n \ ‘l (e2 - b2 sin2 e) ’

where fee) is a function as yet undetermined.
The form of this result suggests a change of variable. Let s be a new

variable introduced in place of e, and defined by the equation

" en s
SIn f1 == -,­

,,- dns ’

where the elliptic functions are formed wit.h the modulus k = ble. Then
we have

cos e 8n s sin e cn s .. /\ k ’ds--,-,-, 뼈--
C ’ μ (e2- b2 sin2 m- k ’e ' --- dn s ’

and the formula for an (x , y , z) becomes

[4K n ( 1
Gη (x ， y , z) = Jo Pn 1꿇 (k’x sn S+li en s+iz dn s)내(s) ds ’ ‘ (9)

where φ (s) is a function which we shall now proceed to determine.

.. W. D. Niven, Phil. T1"αns . ， Vo l. 182 (1891), p. 245.
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In place of (x , y , z) introduce coordinates (a , β， y) defined by the
equations

x = ck 'J sn a sn β sn y ,
1.2

y = - C kf cn a cn β cn y ,

z= 쉴 dna dnβ dn y ,

the elliptic functions being formed with the same modulus as before.
Then the equations

a = constant, β = constant, y ~ cons빠nt，

represent respectively the three families of surfaces of the confocal
family: and it is known from the way in which ellipsoidal harmonics are
built up of Lame’s functions that the ellipsoidal harmonic Gn (x , y , z) con­
sidered either as a function of a alone, or as a function of β alone, or as a
function of y alone, satisfies Lame’s differential equation.

Now G in its new form is

[4K ~ I. n " k'J.
Gη (x , ν ， z) = Jo Pn ~k'J sn 뼈

- 앓dn a dnβ dny dns) φ (s) ds ，

and this s빠isfies Lame’s equation when regarded as a function of u , what­
ever cons빠nt values may be assigned to β and y. S때pose then that we
assign the value K to β， and the value K +iK’ to y , so that

cn β = 0, sn β = 1, dn y = 0, sn y =울
r4K

Thus \ P./ι (k sn a sn s) φ (s) ds

is a solution of Lame’s equ하ion in u. Comparing this with the result of
§ 2, we see that

where E(s) is a Lame’s function , and indeed is the particular Lame’a
function associated with the ellipsoidal harmonic considered. Thus sub­
stitnting this value of φ (s) in equation (9), ψe λave the reqμψ·ed e‘r;p'ression

fur α general ellipsoidαl hαrmonic， namelν，

[2π ( 1 ,.. . ... ,)
G’‘ (x , νt z) :- constant X )0 P n l ';C (k' 3; sn s+ν en s+iz dn s) t E(s) ds. (10)
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5. A Gene-rαl Property of Lame’s Functions.

If in equation (10) we express the ellipsoidal harmonic as a product of
three Lame’S functions, the equation becomes

E(a)E(더') E (I')

"-t K I 1.2

= cons빠nt X Jo Pn \ k2 sn a sn β sn I' sn s-옳 cna en β en I' en s

- 앓dn a dnβ dn l' dns) E(s) ds

If in this equation (which includes as a particular case the integral equa­
tion obtained in § 2) we regard any two of the quantities a , β， I'-say 얘

and I'- as constants, we obtain a homogeneous integral equation for
the Lame’s function E (a) , with a symmetrical nucleus. It is obvious that
an infinite number of homogeneous integral equations satisfied by the
Lame’8 function E (a) can be obtained by assigning special values to β

and ')', or di1ferentiating, &c., with respect to one of them.




