A Parametric Identity for the Sum of Three Cubes and Its Special
Cases

Abstract

This paper presents a master polynomial identity with 11 variables (a, b, ¢, d, e, f, g, h, X, y, z) that
decomposes the sum of three cubes into a product of three factors. In addition, a special case obtained via a
dedicated substitution and parameter permutation is provided, along with several standalone sums of three
cubes featuring a similar structural property. All identities have been symbolically verified using the SymPy
library in Python.

1. Master Parametric Identity
For arbitrary values of variables and parameters, the following identity holds:

a*((axd®+bxe3+cxf)x(d—h*x)x(a*x>+bxy3+c*xz23)+gxx)+g+h+B3+(bxd=xexy>
+cxdxfrxz2—bxe?xxxy—cxflxxxz)+gx(d—hxx)—d+hx(a*x>+bxy3+c
*2)))?

+bx((a*d®+b*e3+c*f)«((e—h*y)*x(axx®+b*y3+cxz3)+g+y)+g+h+3*(a*xdx*ex*x?
+crxexfxzt—axd*xxxy—cxflxy*xz)+g+x(e—hxy)—exh*x(axx>+b*y3+c
+2°)))3

+ecx((a*d®+bxe+c*f)x(f—hx*2)x(@a*x3+bxy>+c+z3)+g*z)+g+h*(3x(axdx*f*x?
+bxexfrxy*—axd*+x+z—bxe*xyxz)+gx(f—hxz)—fxhx(a*x>+bxy3+c
*2°)))*

=(a*(d—hx*x)>+bx(e—hx*y)>+c*(f—h=*2)3)x

((axx3+b*xy>+c+xz232x(axd®+b*e+c*f3)+3xgx(axx3+bxy>+c*z3)x(axd?*+«x+b*e?
xy+cxflxz)+3xg>«(axd+x>+bxexy*+cxfxz?)+ g3«

((a*x3+b*xy3+c+xz¥)*(axd®+b+e+c+xf3)?+3+xg+hx(ard®+bxed+c+f3)x(axd*x*+b
xexy?+cxf*xz8)+3xg?xh?«(axd**x+b+e?>xy+cxf?xz)+ g3 +h?

Identity No. 1 is symmetric under simultaneous permutations of the triples (a, d, x), (b, e, y), and (¢, f, z).
The correctness of this identity has been verified via symbolic computations in SymPy (see Listing 1).

2. Special Case

Under a specialized choice and permutation of parameters, the master identity reduces to the following form
(Identity No. 2):

((a—b)*(Z*a3*c4—2*a3*c3*e—a3*c*d*ez+2*a2*b*c4+2*a2*b*c3*d—2*a2*b*c3

xe+a’lxbscxd*+xe+2+a’+bsxcxd+e*—a’?+bxd?*+«e’?+2+a+xb*+c2+xd—2+a
3
*bz*c*dz*e—a*bz*c*d*ez+2*a*b2*d2*e2+b3*c*d2*e—b3*d2*e2))
a

—E*(Z*a4*c3*e+4*a3*b*c4—2*a3*b*c3*d—2*a3*b*c*d*e2+a3*b*d2*ez+4*a2
xbh?sxct*—2+a’«b>sxc3xe+2+a’?+«b®+xcxd*+e+4+a’+b%>+c+dxe*—3x*a?*b?
xd?+e?+2xaxb3xcdxd—4+xaxb3xc+xd*+e—2+axb3+crd+e*+3+axhb3xd?
xe?+2xb*xcxd?*e—b*+d?+e?)?

+2*at*c*+2+atscdre—at+crxdxe*+4+al+bxc*—2+at+bxcP+d+al+bxc+d*+e+a’
sbhxcxd+e*?+a®+bxd?>+e?+2+a’>+b?>+xc*—2+a’?+b?>xc*+xe—a’?+«b>xc+d*+e
+a’?«b?+xcxd+e*—3xa’«b*xd?*+«e?+2+axb*+xc®+d—a*b3+cxd?>+e—axb?
scxd*e?+3+axbd+d?*e?+b*+cxd**e—b**d?*«e?)3

a

=—E*(a—b)*(az*e3—2*a*b*c3—2*a*b*e3—2*b2*c3+b2*e3)
+(2*rat+«cB+2+xa«bxcd+a’«b*xd®—2+axb3+d3+ b*+d?)
x(4+a®+c®+8xa*«bxc®+a* bxd>xe3+4xadxb?xc®—4xa’«b’>+xd>+e*+6
xa?x b3 rd3«e3 —4xaxb*xd3«e3+b%«d®xe?)



The correctness of this identity has been verified via symbolic computations in SymPy (see Listing 2).

Below are additional autonomous families of parametric solutions. These structures exhibit different
degrees of polynomial homogeneity and are not derived from Identity No. 1 via direct parameter
substitution, representing independent branches of cubic forms.

3. Identity No. 3:

(a*+a®+d—-a®+e+a*b®>+3+axbxd+e+axc®+3*+arcxd+e+3+ard*+e—3+axdx*e?
+b3xd—b3xe—3xb*xdxe+cdxd—c3+e—3*xc?>+dx+e—3x*d?*xe?)3
+(@®*b+at+d—a®+e—3+a’+d+e+3+axbxd+e+b*+b3+xd—b3>+xe+b+c®+3+xb*xcxd=*e
+3+«b*xd*+ e—3+xbxd+e’?+c3+d—c3>+xe—3xc*+d+e—3x*d?*«e?)>3
+(@+c+at*d—a*+e—3+a’+d+e+3+arcrd+e+b3+xc+b3+d—b>+xe—3+b*>+xd+e+3xb
scxdre+ct+cdxd—c3+e+3+cxd**e—3xc+dxe?—3+d*xe?)d
=((a+dP+bB+d)3+(c+d)¥*((a—e)d+(b—e)+(c—e)d)x
(a®+3+a*+dre+2+a+«b®+3+a+brxd+e+2+a’+c*+3+a+cxd+e+9+a’+d*+e’>+3+a
xb3xd+e+3+axcd+dre+b®+3+b*xdxe+2+b®+xc>+3+b3+xcxdxe+9xb?
xd’?xe?+3+xbxcdxdre+c®+3+xctrxdxe+9+c?+d?xe?+9xd3xed)

The correctness of this identity has been verified via symbolic computations in SymPy (see Listing 3).
4. Identity No. 4:

(a*+a®*d—a+e+a*b>+3*raxbrxd+e+a*rc3+3*arc+xd+e+ard**e—axrdx+e*>+b3x+d
—b3xe+3+b*sdre+cP+d—c3+e—3+c?+xd+e—d?+e?)d
+(@®*b—-a*+d+a®+e+3+a’+d+e+3+axbxd+e+b*—b3+d+b3>+e+b+c®+3+xbxc*d*
et+brd*+xe—brd+e*—cd+d+c3+e+3+c*+xd+e+d?+e?)s
+@*c+at+d—a®+e—3+a*+d+e+3+axcxd*e+b3+c+b3+d—b3+e+3+b*+d+e+3+b
scrxdre+ct+cBrd—cdxe+crxd*+e—c*dxe?—d?*+e?)’
=((a+d)3+Mb-d3+(cc+d)?) * (a—e)®+(b+e)d+(c—e)d)x
(a®+3+a**d+e+2+a3+b3+3+al+brd+e+2+a3+c®+3+al*crd+e+3+a’+d*+e*+3+a
sb3xd+e+3xaxcd+d+e+b®+3+b*xdxe+2+b3+xc3+3+b3xc*dx*e—3xb?
sd?+e?+3xbxc3+xdxe+c®+3xctxdxe+3*c?+d*+e*+d+ed)

The correctness of this identity has been verified via symbolic computations in SymPy (see Listing 4).
5. Identity No. 5:

(a*+al+d—at+e+a+b>+a+c®+3+axc+xd+e+2+a+d*+e—2+axd+e*+b3+d—-b3+e+c?
sd—c3+e—3xc?xd+e—2x+d®+e?)d

+bh3x(@®+3+axdre+b3+c2+3+xcrxd+xe+2+d*>+e—2xdx*e?)3

+@*c+at+d—a’+e—3+a’+d+e+3+axcxdre+b3+c+b3+d—b3+e+ct+cdrxd—-cd+e
+2+xc+xd?’xe—2+c+xd+*e*—2+d?xe?)?

= ((@a+d)®+b3+(c+d)®*((a—e)®>+b3+(c—e)d)

(a®+3+a**d+e+2+a3+b3+2+a+c3+3*+a+cxdre+6+a*+d*+e*+3+axb3+d+e+3x

axc3xdxe+b®+2xb3xc®+3+xb3xcrxdxe+c®+3xctxdxe+6xc?+d*+e?+4x+d3xe?)

The correctness of this identity has been verified via symbolic computations in SymPy (see Listing 5).
6. Identity No. 6:

(@®>-3*axbxd+axd+exf+b>—3xb?xd+c3+d*~exf)3

+(—a®—3+a’+d—-3+axbxd—b>+bxdxexf—c®—d?+exf)3

+(cxd*(-3*a—3xb+exf))>

=d*(-3*a—3xb+exf)x((a+d)®+(b—d)3+c3)
*x(Brat+3+ad+b+3xa’+d+exf+3+axb3+3xaxc3+3xb*—3«b2xdxexf
+3xbxc3+d?xe?xf?)



The correctness of this identity has been verified via symbolic computations in SymPy (see Listing 6).
Keywords
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Conclusion

For each identity (Nos. 1-6), the difference between the left-hand side and the right-hand side simplifies
identically to zero.

These identities may provide useful algebraic forms for further investigations of cubic surfaces and rational
points.



Appendix A. Verification Scripts (SymPy)
Listing 1
import sympy as sp

# 1. Variables
a,b,c,d, e f g h xy z=spsymbols(abcdefghxyz')

# 2. Left-hand side (LHS)
Ihs_terml =a * ((a*d**3+ b*e**3+ c*f**3)*((d - h*x)*(a*x**3+ b*y**3+ c*z**3)+ g*x)
+ g*h*(3*(b*d*e*y**2+ c*d*f*z**z _ b*e**z*x*y _ c*f**z*x*z)
+ g*(d _ h*x) _ d*h*(a*x**3+ b*y**3+ C*Z**3)))**3

Ihs_term2 =b * ((a*d**3+ b*e**3+ c*f**3)*((e - h*y)*(a*x**3+ b*y**3+ c*z**3)+ g*y)
4t g*h*(g*(a*d*e*x**2+ C*e*f*z**z - a*d**z*x*y _ C*f**z*y*z)
+g*(e - h*y) - e*h*(a*x**3+ b*y**3+ c*z**3)))**3

Ihs_term3 =c * ((@a*d**3+ b*e**3+ c*f**3)*((f - h*z)*(a*x**3+ b*y**3+ c*z**3)+ g*z)
a4 g*h*(s*(a*d*f*x**2+ b*e*f*y**z - a*d**z*x*z - b*e**z*y*z)
+ g*(f - h*z) - f*h*(@*x**3+ b*y**3+ c*z**3)))**3

LHS = Ihs_term1+ Ihs_term2+ lhs_term3

# 3. Right-hand side (RHS)
rhs_factorl = a*(d - h*x)**3+ b*(e - h*y)**3+ c*(f - h*z)**3

rhs_factor2 = ((a*x**3+ b*y**3+ c*z**3)**2 * (a*d**3+ b*e**3+ c*f**3)
+3*g*(a*x**3+ b*y**3+ c*z**3)*(a*d* *2*x+ b*e**2*y+ c*f**2*z)
+ 3*g***¥(a*d*x*F*2+ b*e*y**2+ c*fHFz*¥*2)+ g**3)

rhs_factor3 = ((a*x**3+ b*y**3+ c*z**3)*(a*d**3+ b*e**3+ c*f**3)**2
+ 3*g*h*(a*d**3+ b*e**3+ c*f**3)*(a*d*x**2+ b*e*y**2+ c*f*z2**2)
+ 3*g**2*h**2*(a*d**2*x+ b*e**z*y+ C*f**2*2)+ g**3*h**3)

RHS = rhs_factorl * rhs_factor2 * rhs_factor3

# 4. Check

difference = sp.expand(LHS - RHS)
print("Difference:", difference)
print("ldentity holds:", difference == 0)



Listing 2
import sympy as sp
a, b, c d, e=sp.symbols('abcde')

# Inner terms of the three cubes
term1 = (a - b)*(
Z*a**3*c**4 - 2*a**3*c**3*e - a**3*c*d*e**2
+ z*a**z*b*c**4+ 2*a**2*b*c**3*d _ Z*a**z*b*c**3*e+ a**z*b*c*d**z*e
+ z*a**z*b*c*d*e**z _ a**z*b*d**z*e**z
+ z*a*b**z*c**s*d - 2*a*b**2*c*d**2*e _ a*b**z*c*d*e**2+ 2*a*b**2*d**2*e**2
+ b**3*c*d**2*e - b**3*d**2*e**2

)

terzr:az**g_*c**3*e+ 4*a**3*b*c**4 - Z*a**g*b*c**s*d - z*a**g*b*c*d*e**2+ a**3*b*d**2*e**2
+ 4*a**2*b**2*c**4 - Z*a**z*b**z*c**3*e+ 2*a**2*b**2*c*d**2*e+ 4*a**2*b**2*c*d*e**2 -
3*a**2*b**2*d**2*e**2
+ z*a*b**a*c**g*d - 4*a*b**3*c*d**2*e _ z*a*b**3*c*d*e**2+ 3*a*b**3*d**2*e**2
+ 2*b**4*c*d**2*e _ b**4*d**2*e**2

)

term3 = (
Z*a**4*c**4+ Z*a**4*c**3*e _ a**4*C*d*e**2
+ 4*a**3*b*c**4 - Z*a**3*b*c**3*d+ a**3*b*c*d**2*e+ a**3*b*c*d*e**2+ a**3*b*d**2*e**2
+ z*a**z*b**z*c**4 - z*a**z*b**z*c**3*e _ a**z*b**z*c*d**z*e+ a**z*b**z*c*d*e**z -
3*a**2*b**2*d**2*e**2
+ z*a*b**s*c**s*d - a*b**S*C*d**Z*e _ a*b**3*c*d*e**2+ 3*a*b**3*d**2*e**2
+ b**4*c*d**2*e - b**4*d**2*e**2

)

LeS = term1**3 - (a/b)*term2**3+ term3**3

# Right-hand side
ReS = (

-(a/b)*(a - b)

* (a**z*e**3 - z*a*b*c**3 - z*a*b*e**3 - z*b**z*c**3+ b**z*e**a)

* (z*a**4*c**3+ z*a**3*b*c**3+ a**z*b**z*d**3 - z*a*b**s*d**3+ b**4*d**3)

* (4*a**5*c**6+ 8*a**4*b*c**6+ a**4*b*d**3*e**3+ 4*3**3*b**2*c**6

- 4*a**3*b**2*d**3*e**3+ 6*3**2*b**3*d**3*e**3 - 4*a*b**4*d**3*e**3+ b**s*d**a*e**3)

)

difference = sp.simplify(LeS - ReS)
print("Specialized Identity difference:", difference)
print("ldentity holds:", difference == 0)



Listing 3




Listing 4
import sympy as sp
a, b, c d, e=sp.symbols('abcde')

# LHS

terml = (
a**4 + a**3*d - a**3*e + a*b**3 + 3*a*b*d*e + a*c**3 + 3*a*c*d*e
+ a*d**z*e _ a*d*e**z + b**3*d - b**3*e + 3*b**2*d*e
b c**3*d _ c**g*e - 3*c**2*d*e _ d**z*e**z

)

term2 = (
a¥**3*p - a**3*d + a**3*e + 3*¥a**2*d*e + 3*a*b*d*e + b**4 - b**3*d + b**3*e
+b*c**3 + 3*b*c*d*e + b*d**2*e - b*d*e**2 - c**3*d + c**3*e
b 3*C**2*d*e + d**z*e**z

)

term3 = (
a**3*c + a**3*d - a**3*e - 3*¥a**2*d*e + 3*a*c*d*e + b**3*c + b**3*d - b**3*e
+3*b**2*d*e + 3*b*c*d*e + c**4 + c**3*d - c**3*e + c*d**2*e - c*¥d*e**2
- g**2*e**)

)

LHS = term1**3 + term2**3 + term3**3

# RHS
factorl = (a +d)**3 + (b - d)**3 + (c + d)**3
factor2 = (a-e)**3 + (b +e)**3 + (c - e)**3
factor3 = (
a**6 + 3*a**4*d*e 4 Z*a**a*b**a + 3*3**3*b*d*e + Z*a**S*C**a 4t 3*a**3*c*d*e
+ 3*3**2*d**2*e**2 + 3*a*b**3*d*e + 3*a*c**3*d*e + b**6 + 3*b**4*d*e
+ 2*¥p*¥*3*c**3 + I¥p**3*c*d*e - 3¥pF*¥2¥d¥*2*¥e*¥*2 + 3*¥b*c**3*¥d*e + c**6
i 3*c**4*d*e + 3*c**2*d**2*e**2 + d**3*e**3

)

RHS = factorl * factor2 * factor3

difference = sp.expand(LHS - RHS)
print("ldentity difference:", difference)
print("ldentity holds:", difference == 0)



Listing 5
import sympy as sp
a, b, c d, e=sp.symbols('abcde')

term1 = (
a**4 + a**3*d - a**3*e + a*b**3 + a*c**3 + 3*a*c*d*e
b z*a*d**z*e - z*a*d*e**z + b**3*d _ b**g*e 4t c**3*d - C**3*e
_ 3*c**2*d*e - 2*d**2*e**2

)

term2 = (
b*(@**3 + 3*a*d*e + b**3 + c**3 + 3*c*d*e + 2*d**2*e - 2*d*e**2)

)

term3 = (
a¥**3*c + a**3*d - a**3%*e - 3*a**2*d*e + 3*a*c*d*e + b**3*c + b**3*d - b**3*e
+C¥*¥4 + c*¥*3*d - c*¥*3%e + 2¥c*¥d**2%e - 2¥c*d*e**2 - 2*¥d**2*e**2

)

LHS = term1**3 + term2**3 + term3**3

factorl = (a +d)**3 + b**3 + (c + d)**3

factor2 = (a-e)**3 +b**3 + (c - e)**3

factor3 = (
a**6 + 3*a**A*(*e + 2*a**3KP**3 + 2¥a*HIHCHHT + 3Xga*R*3Xc*d*e
+ 6*¥a**2¥d**2*e** + 3¥g*ph**3*d*e + 3*g*c**3*d*e + b**6 + 2*¥p**3*c**3
+ 3*D**THCEG*e + CHXE + JHCHHAXI*e + BHCHF2*ARH2*eRFD + 4*(**3*e**3

)

RHS = factorl * factor2 * factor3

difference = sp.expand(LHS - RHS)
print("ldentity difference:", difference)
print("ldentity holds:", difference == 0)



Listing 6
import sympy as sp
a,b,c d, e, f=sp.symbols('abcdef')

terml = a**3 - 3*a*b*d + a*d*e*f + b**3 - 3*b**2*d + c**3 + d**2*e*f
term2 = -a**3 - 3*a**2*d - 3*a*b*d - b**3 + b*d*e*f - c**3 - d**2*e*f
term3 = c*d* (-3*a - 3*b + e*f)

LHS = term1**3 + term2**3 + term3**3

RHS = (

d * (-3*a - 3*b + e*f)

* ((a+d)**3 + (b - d)**3 + c**3)

* (3*a**4 4t 3*a**3*b + 3*a**2*d*e*f 4t 3*a*b**3 + 3*a*c**3 + 3*b**4 _ 3*b**2*d*e*f+ 3*b*c**3 4t
)

difference = sp.expand(LHS - RHS)
print("ldentity difference:", difference)
print("ldentity holds:", difference == 0)



