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1. In a. paper on “ Some Problems of Diophantine Approximation" ,
recently published,* Messrs. G. H. Hardy and J. E. Littlewood have
investigated in detail the distribution of the set of points (λn 8) [(λ，‘ 8) de­
notes the fractional part of λn8] in the particular case in which

An =α’l ，

where α is an integer greater than 1, and n takes the values 1, 2, ... , • ∞ .
~"'he authors point out that this is equivalent to studying the distribution
of the digits in the expression of 8 as a decimal in the scale of α， and it
is this view of the problem which is the more interesting in this particular
case , and on which they concentrate their attention. In the following
뀐per some of these results are extended, by means of an adaptation of
:Messrs. Hardy and Littlewood’s arguments, to the set of points resulting
from any sequence λn which satisfies the inequalities

(1) λ’‘/λ샤- 1 늦 β’‘- l H (Jl 늦 'JlI O) '

where {is any number> 0, ~"t lld β > 1. It is easily verified that these
inequalities ilnply that

(2) λ’‘ > exp(Hμ의 (n 늦 n1) ,

where H is a constant. Of course the relation (2) does not imply the
relations (1); but, to give SOln e idea of the range of applicability of the
results that we shall obtain, we may say , speaking roughly, tha와t 0μ때’T.
t뻐heo r야y깨

exp (n')

fur some positive value of ~.

앙 ‘:teta Mathematiea, Vol. 37. pp. 155-190.
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In the particular case discussed by 1\-1ess1's. Hardy and Littlewood,
there are, as we have mentioned , two ways of regarding the results
which are both of great interest. In the more general case , though the
discussion proceeds by the construction of a quasi-decimal expression for
8 and the determination of the distribution of the integers employed
(corresponding to the digits in a decimal), this aspect of the problem is
no longer fundamental , and the results must be exhibited £1'0111 the other
point of view.

Messrs. Hardy and Littlewood prove the. following theorems :-

THEOREM l'48,*-It is αll1wst αtμJays true thαt， when α nlunbe1' θ is
expressed in αmy scαIe of '1Wtαt ion， tλe nunιbel' of occ'Uγ'1'ences of αmy dig닝t，

or αny com，binαtion of digits , is αsymp to ticαlly eq'ltα1 to the α1..lerαge ημ?’l­

ber that 17ιight be expected.

THEOREM 1'481.*- It is almos t αlwαys trite titαt tke dev-iαtt:on from
the αηerαge in the 켜1's t n places of decimαls，is not of oreier exceeding
νn log (n) ,

THEOREl\I 1'482 ,*-1tis αlnw양 αlwαys trμe that the deviαfion， in both
directions , is soηLetintes of m'del' exceeding 、/η.

THEOREM l'483.*-The number An, of the first n numbers (αl’θ) 'Which
fαII inside αn interval of length 0 included in the interval.(O, 1) i‘s α1η'LOs t

αlways aSYl1댐JtoticαIIν eqμα1 to on,

In these theorems, a statement is said to be alnlost always true when
it is true for all 8’s between 0 and 1, with the exception of a set of
measure zero ,

Theorem 1'483 is, of course, practically the same as r.rheorelll 1'48,
regarded from the other point of view. Messrs. Hardy and Littlewood
suggest that it may be possible to give corresponding forms to Theorenls
1'481 , 1'482 , It is, however, very doubtful if this can be done ,

In the case of the moregeneral sequences considered in this paper, I
shall prove theorems which are to a certain extent a’nalogous to
Theorem 1'481, and s야tric야tl랜y analogous to Theorem 1"4쇄8， They d따if配f꿇er

from s야tr꾀IC야t analogues of Theorem 1'481 in that there seems to be no
way of proving-at any rate- by Messrs. Hardy and Littlewood’smethodB:­
that the error term is of an order so small as γIn log (n) , I have not
succeeded in proving any analogue of Theorem 1"482 for these general
sequences ,

• These theorems are so numbered in the paper referred to, p , 190 ,
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2. We shall s빠rt by considering sequences for which

λnlAn - l 늦 βn (71,늦 no),

where β is a constant> 1; we can then extend the theorems so obtained
to less restricted sequences by another argument. rrhere will be no loss
of generality in supposing that no = 2, and λ1> 1.

Let G be any integer conveniently chosen. G will eventually be luade
large, but for the present it is to be regarded as fixed. Let

n = n1+i,

and consider the sequence (λ8) which is formed by omitting the first 'Il l
terms of the old sequence (λ ，ι 8). If 71,1 be so chosen that

'i.e., if

βnl 늦 G,

n 1 늦 log (G)Ilog <.β) ,

the new sequence will satisfy the inequalities

λdλi- I > Gf3i,

for all values of j 늦 2.

x>[x]>x-l ,

Let α be the greatest integer contained in 、IG. Then the λ’s in our
new sequence (λi8) satisfy the inequalities

λl < aλ1<시 < aλ2·'· <λi<α시<λi+ l < ....

By means of this increasing sequence of numbers, we can build up a
quasi-decimal expression for 8 which will enable us to make use of Messrs.
Hardy and Littlewood’s arguments, and so to obtain the desired result.
The possibility of the required expansion is established by the Lelllllla of
the next section.

3. Let [x] denote the integer next less thαn x , so that when x is not
an integer,

and when x is an integer,
[x] = x- I.

Let us al~o write

(3) [x] +1 = x+(x)j;

(x)j will satisfy the inequalities

1 > (x)! 늦 o.
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Let K denote the set of expressions of the form

∞ 1 ( . Yi

JFlτ l φi + 쏟 +팩 l ’(4)

where φi tak얻s anyone of the values 0, 1, 2, ... , [시αλi- I] ,* Xi anyone
of the values 0, 1, 2, ... , α -1, and Xi is that number satisfying

1> χf 늦 0,

i.;.l 1 ( . Y

λf 즈1 A" "l φs+ 강 +.1'8 I +Xiwhich is such that

Referring to the equation (3) we see that

Xi == (λf 편 값 ;φ8+ 쏠 +X.< 1- )J'

is an integer.

(5)

For given values of φ1 ... φi-b Xl … Xi-I , the values of Xl … Jη are
uniquely determined and can be calculated in order, beginning with Xb

by means of the eqnation (5). A change in the values of 1>i and Xi, will
therefore not affect the values of Xl … Xi , though, in general , the values
of Xi+b 짜+2， ". will all be changed. It luay be observed that Xl == O.

Any expression of the fornl (4), in which all the φ’s and X’s after a
certain stage are zero , will be spoken of as a terminating expression,
though, in general, of course, such an expression will contain the non­
terminating convergent series

~ ;£;/λI'

all the X’s
sum of the

It is easily seen that the series (4) will in all cases converge, and so will
always represent a definite positive number.

Let oXi be the value assumed by Xi when all the φ’sand

have their greatest permissible values. Let A denote the
convergent series

(앓j foZi ;-(i\ l )f I ~ 11+ \~"lIJ + ~ τ-
/、 1 i=2 I ‘

비
/i

l
l

、

At늦 1.

'Ve shall prove the following Lemma :-

LEMMA I.- E very member of K 삿epresents α definite nwmber betψeen

o αnd Ainclzιsive.

Conηerselyeve1’ynμmbe1' between 0 αnd A inclμsive 삶 represented by
at leαst one member of K.

Then

* Aila“ -I, when i = 1, is always to be taken to represent ).1'
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ofsetaISKthatLemma Iofobvious consequenceIt is an
measure A.

We have already pointed out that any member of K denotes a definite
number 8. Consider the change produced in any member k of K by
adding 1 to any φ or X which has not its maximum value, to X‘ for
example. We have

k< 쉰I 갔 lφi+ 쯤 +Zf }+꿇1 1 f A... -.L xi... -.L 1 !
자 ‘φi+ a+1 }

and k’ > i츠 갔 {φi+ 휠+ZI; +값+많1 i fφi+ 쯤 }

where the φ’ s ， X’s, and x ’s are the same in both expressions. Therefore

k’ - k > 11αλS- ~ (IIλ·i) .
i=8+1

But it is easily seen that

~ 0/λi)«I/X，s+ l) ~ β-~·(.HI) = βS+llλ.<+1 {β8+1_1;· .
i=s+1

Now fjHII {β1I +1_1} <βI {β-1 f ,

and λ8+1 > νG αλS '

so that, provided G be greater than a certain constant depending onlyon β，

k’ - k > O.

Therefore any member of K is increased by increasing anyone of its con­
stituent integers. '.fhe first part of the Lemma is an immediate C011se­
quence of this, for it follows that every member of K' is less than the
numberobtained by giving their maximum values to αII the φ’ s and X’s,
and it is easily verified that the number 80 formed is A as defined by (6).

To prove the converse, suppose that 8 is any number < A. Since' the
sum of the series (4) is increased by increasing any of its constituent
integers, and since the sum is A when all these integers have their maxi­
mum values, it must be possible to determine the first q φ’s and the first
QX’s in such a way that

2.. 1
i:l ~i

1ψi+철 +Xi ~ + 효 좋L 〈 8 < i
~ (ι ) i=’1+1 Ai i=1

1 ( . I Xif- l Pi+ ι+Xi i­
λi l

+찮l 원[뚫]+ 1- 농 +칩}

SEB. ~.

rrhe first q terms on each side agree exactly, 80 that the first q+1 x ’s
VOL.14. NO. l233. 0
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are the same on each Ride; there is, however, no reason to suppose that
the later values of x‘ will be the same on both sides. This fact is indicated
by writing x~ for Xi in the later terms on the ri~ht. This choice of the
φ’s and X’s may be effected by giving to each φ and to each X in turn the
greatest possible value that leaves the expression

$.. 1
i:-l Ai {φi+ 쯤 +Ii } -F f환1 컸

Iv ==겼l 랐 ([뚫J+2- 응 }·

not greater than eat each stage of the process, which can be continued
indefinitely if no case of equality ever occurs. If a case of equality does
turn up , we have a terminating expression of the form (4) for e. If no
such case turns up , we construct thus a definite convergent series which
is such that the difference between the sum of its first q terms and θ

tends to 0 as q • ∞ . It therefore represents the number A, and the
truth of the Lemma is established.

4. The set of terminating expressions included in K is enumerable,
and therefore is a set of measure zero. We shall in future consider only
the set K ’ of non-terminating expressions included in K , which C0118e­
quently is a set of measure A. It should also perhaps be pointed out
that we have not proved that more than one member of the set K' cannot
represent the same number e. It can, in fact , be shown that more than
one member of K ' can represent the same θ (at least for some values of θ)

except when all the members λfaλ i - I are integers. Consequently the
relation between the set K' and the set of numbers () between 0 and A,
which cannot have a terminating expression, is a many-one, not a one-one
relation. This fact , however, need not .concern us further, for the follow­
ing reason. For we proceed to prove theorems about almost all members
of K ’, and the fact that phe relation may be many-one does not prevent
us from deducing the corresponding theorems about almost all the e’R.

5. All members of K' , whose first 1/ φ’ s and first 1/ X’s have assigned
values, can be enclosed in an interval whose length is certainly not greater
than lv, where

On using the equation (3), we find that

(7)
1 :. 11_./A,; 、 l

Iv ==앓+ i표+1 x; t1+(찮;) f t -
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Among the terminating expressions (in number αV) ，

i츠 ￡ {φi+좋 +Xi } +i효1 줬

in which the φ’s are assigned and the X’s are not, there will be p(II, m) in
which Xi 빠kes the particular value b for exactly 111J values of i , where

”’p(v, m) = m! }V」m l ! {α_ 1 ;· V - ill . *(8)

All such members of K ’ can be enclosed in intervals of total length
< P (v, m) IV. Consequently αII members of K ’ whose first 'll X’s contain
exactly rn b’s can be enclosed in intervals whose total .length Lv satisfies
the inequality

Lv 등 II {1+[λdαλi-I]} I vp (lI , m).(9)

On using the equations (3) and (7), this becomes

Lv 듣 [꽤 {1+쌀~ (뚫)I}]

X[l+α~v잖1 ￡ {1+(뚫)1;-] α- vp (ι m)

Now we have assumed that

λdλi-I> Gβi ;
and therefore

찌
vp

α얘
1i∞

H
삼

、
-
-
，

,‘‘,‘‘,,,,

””
(
、넉Q

γ
∞Z
냉

웹
+14<L

(10)

< Ma, - vp (11 ， 11샤，

where M depends only on β.

6. We can now treat the set K ’ in exactly the same way as Messrs.
Hardyand Littlewood treat the set of irrational numbers expressed as
decimals in the scale of α. We shall need , however , to revise the Lemmas
.on which the discussion is based, since it will be necessary to let α • ∞ ‘

μ (II) = m-II/a,Let

'Veso that μ (ψ is the excess ofthe number of b’s above the average.

o 2
«< Loc. cit. , 1·441.



196 MR. R. H. FOWLER [June II ,

1 <f(이 <viα - 1 ，

we have

proceed to prove th와-

LE1Il\'IA lI.-If f(v) 상s any function of v tilαt • 00 μ，i th v, and sαt'isfie.i

the ineq·ltαlities

then , for a.ll vαlues of v,

α -v -[ ~ p (v, 1n) I' < Ptfν ·l av]' exp {-윈 [f(II)J2/v} ,
|μ (v) I능 I(v)

wλere AI is a cons tαnt 'independent oj α， v, αnd j(v).*

Let us consider values of μ (v), such that

μ (v) 늦 f (v) ，

where f(끼 is positive, so that

11ι 늦 viα+f(ν) .

Then p(v, m+ 1)때 (ν， m..) = {v-η샤 I {α- 1 ;· {m+l;

등 {v {α-1} -af(싸 I {α-I} {v+μif (v)}

<1.

It follows that, for all values of μ (v)늦 f(v) ,

p (v, 1111) < P [ll, :viα+f(ν> : J

< ‘ ’ . ,0, 、 l • r! , ’ t “ ‘ 1μ -1 } v-vμ-1M

Now it follows from Stirling’s theorem that, if 8늦 1,

K exp ';(8+ 훌) log(s)-허 > s! > kexp {(8+ 훌) log(s)-s },

where K and k are independent of s. Provided, therefore, that

v 늦 1, 11/α+j(v) 늦 1, v-vla，-f(끼 늦 1,

α- I' p(v,m)< ~Iv-울 exp {F [v, a , j ’ (v)J ;. ,

where M is independent of v, α，andf(v) ， and F[V, ll ,j(V)J is afunction
which can easily be reduced to the form

F[v, a， / (에] = - {viα ) {(1+야) log (1+따)

+(α-1-αt>log[l-α~/(α-I)]}

-~ log .; (1 /α+~)(1 - 1 /α-~) ~ ，

• This Lemma is merely an adaptation of Lemma 1'444, loco cit. , p. 185.
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where
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t = f(v)/v.

197

The coe빠icient of - viα in this expression may be written in the form

A = (1 + x) log (l + ;..c)+(α- 1 - ;x) log[l-xl(α- 1) J ，

where .c= α~.

On differentiating A t、;vice with respect to x , we find that

a;2ιl ld~상 = αI {(α- 1 -x)(1 +x) ; ,

while A and dA Idx both vanish when ox = o. rrherefore, provided

x < 1,

i.e. , provided

we have

and

so that

f(v}/v < IIα，

([2Ald삼 > 훌，

A= 꽃α2， 2 [cPAldx2]x=oc", (0 < θ < 1),

A> 훌α2앙.

μ(II) 등 -f(끼，

Hence it is easily deduced that

“ - vp (v, m) < JI ;αIv 나 exp {-훨 [f(끼] 2/11} ,

where ]'1 is a constant independent of α， II, and f(v) , if the necessary pro­
visions are complied with. Similar arguments can be applied to the
terms for which

provided y 늦 1, viα-f(lI) 늦 1, v-II!a+f(/') 늦 1.

All these conditions are covered by the conditions ofthe Lemma. Since
the total number of terms 같 v, the truth of the Lemma has been estab­
lished.

7. Lemma II leads at once to the following theorem :*­

돼EOREM I.- A ny menl,be1' of the set K ’, which is such that

| μ (v) I <t 냐TV log (v)/a냐，

for αII value.fJ of v 늦 n , 'W here T is any nμm，ber> 흉， cαn be enclosedin α

'" Loc. cit. , Theorem 1'45.
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set a/intervals 'W hose totαl length is les.,: thαn

Ma~1션-T，

where Mis α consta,ntindepende'nt of α αnd n.

'Ve omit the proof of this theorem, for it is a mere repetition of the
proof of the corresponding theorem in Messrs. Hardy and Littlewood’s
paper.

From this theorem, it follows at once that the numbers e between 0
and A, 0'1' between 0 αnd 1, which are such that their expressions in the
form (4) do not satisfy the inequality

| μ (v) I < i 4TV log (ν)/α 삭，

for αII values of v~ n , form a set of measure less than

Jl:f，α섬섣- T (T> 쓸).

8. We have now to transform this result into a theorem
distribution of the points (λi e) over the interval (0, 1).

about the

We have

so that

(λvm =쏠 +λv펴l i {φi+ 장 +Zi :

0«λv e)-xv/α < λv Iv < ")1 /α，

where y is a constant depending only on β.

Now let δ be the length of any interval inclnded in the interval (0, 1),
and let (~l' α2 be the numbers corresponding to its end-points. }1'0l‘ any
given value of α ， we can choose integers Pl' P2' q! , q잉， such th a.t

Pl/α 늦 α1’

i P2+Y}/α < α'2'

{Ql+YUα < αl'

q<J/α 늦 a2,

where PI' q2 are the least possible integers, and P2' Ql

possible integers satisfying their respective inequalities.

ao = P2-Pl+0 (1) = q2-ql+0(1).

are the 당reates t

It follows that

Now, if PI 같 Xi등P2，

the point (λi e) must fall inside the interval 0, while if it is not true tha.t

ql < Xi <qg,
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the point (~8) cannot lie in the interval &. But if e does not belong to
anyone of a set of intervals whose total length is less than

];[ {Q2-Q1- 1 l· α!nt- .，. ，

and if E ., be the number of times than any integer b, (q2> b > Ql) , occurs
among the first v X’s (v 늦 11) , then B ., satisfies the relation

(1 1) B" = viα+터 4,-v log (v) Iα P (I £ I < 1).

Let ~v denote the number of the first v members (섣0) that fall inside
the interval o. Then it follows from (11) th빠， 하 o does not belong to any
une of α set of interναls w huse totα1 length is less than

1'/'α융n훌- or (,- > 흉)，

then

(12) 4v = {αo+ O ( I ) r {viα+e[4，-v log (v)/a] 석 (j e I< 1).

'Ve have so far been considering the sequence obtained by omittin암

11 1 terms from the original sequence, where

‘113) 111 = 0 {log(α)}.

λnlλ’‘ - 1 > βIt (β > 1),

α =g {바10앙 (n) 냐，

’Taking these terms into account, we see that we have established the
truth of the following statement :-

Ij’ { λ，사 be αny seqμence of positive numbers such tλαt f01· all vaαI， ll센'l(，

~νif ’Mιlμ,

then, 낀，. e be αny nu'ηιbel' between 0 αnil l ψhich does not belong to a' set
0/ ψ~te1ψals whose totα1 length is less than

lll，α3ll3 - T，

it follows that

(14) ~v = .;αa+O (I ) 사 viα+ eo [4Tvlog (v)1α] 석:·+O{쉰 log(a) } (I eo I< 1),

fur α찌 Uαlμe of v늦 11 , αnd f01' any ηαlμe of n> Hlog(띠. lU, H , α'nd

the coηstants -im p lied bν the 0 ’s, depend solely upon β.

We must now choose the relative order of nand α in such a way that
the error term in the relation (14) is made as small as possible. The two
most important terms are of orders 씨α and [aπ log (n)J!, when v = n; to
make these of the same order (we shall thus achieve the best result). we
must take



200 MR. R. H. FOWLER f.Tune 11 ,

where g is a constant. This being so, let N be any large integer, and let

n =-·v == N ,

α =[ {N/log (N) 나] .

The necessary conditions will all be satisfied if N is greater than a certain
number no depending only on βThus it appears that if A does not
belong to a set of intervals whose total length is less than

.il f N 2
- T ,

then

(15) ~N=N+e[TN씬 10g(N) 싹] (lei < η) ，

for all values of N 늦 no, where M, η， 써 depend only upon f3.
'Ve may now repeat the arguments used to establish Theorem 1,* and

deduce therefrom the following theorem :-

THEORE l\I JIo- T he Jut?뼈ers 0 between 0 and 1 for which -it ,is not trne
that

(16) μ == on+€Tl염 [log (n)]?! (I € i < η) ，

for all vαlμes of n 늦 N 늦 no, cαη be eηclo.c;ed in α set of intervals whose
totallengtλ is less thα%

1l1NS- T (T > 3).

}[, η， α'n·d no depend o'nly upon β.

Theorem. III, that follows, is an. obvious deduction from rrheorem II.

THEOREM IIL-파f {/..，나 1IS αny sequence of positive numbe1·s sat-{적lying

λn/시-1 늦 βn (β > 1).

for all valμes of n 늦 no, 하‘ ais the length of α'ny inte1'valinclu4ed in the
interval (0, 1), 하 B is απy '11:1μmbe1· betwee'n 0 and 1, αnd if ~μ de­
notes the n~t，mber of the .first n nunιbel's (λv B) that fallinside the interval
0, then for alnwst all values (까 0,

‘17) ~-δn = 0 in! [log (n)] 꽉 .

• Loc. cit. , p. 186.



201

9. We now proceed to extend this result to less heavily restricted
sequences. Let {λIt ~ be any sequence of positive numbers satisfying
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λ1/λ1.-1 늦 β > 1,

for all val뻐s of n. [If necessary, a fir따e number of terms may be
omitted from the beginning.J 'Ve split this sequence up into an infinite
number of subsequences by placing in the first subsequence all tern;1s
whose su버ces can he expressed in the form

(8 'integrαI， αltd ~ 1);~8 (s+l)

in the second, all those whose suffices can be expl'essed in the form

(8 integrαI， ((, ud 늦 1) ;1+원(8+1)

and in the r-th (r 늦 2), all those whose suf퍼ces can he expressed in the
form

(.~ integrαl ， and ~ 1).J' - I + 훌 (8+r-2)(8+r-1)

Letn be any integer, and N any integer satisfying

꽃n (n + 1)등 N< 훌 (n+l)(μ+ 2) ，

and let us consider the first N terms of the given sequence. Of these N
terms, n terulS will be regarded as belonging to the first subsequence, and,
in general, n-r+1 terms to ther-th subsequence, while a certain uUll1ber

will be left unattached. The system of division is perhaps made clearer
by the following diagram showing the terms in the first few suhsequeneeR.

Suffix
Formula.

Number of Number of
Subsequence Terms taken.

Suffice:;.

1, 3 , 6 , 10,
2, 4, 7, 11 ,

5 , 8 , 12

9 , 13 ,

!s (s+ 1)

1 + ~s (s + 1)

2+ 윷 (s+l)(s+ :.l )

3+ 웅 (S+2)(8+3)

n
1£- 1

n-2
1£- 3

14

j4

Ja

j4I

Suppose we make use of all the subsequences which contain [νμ]， or
more, terms in the above schem&.. The total number of such subsequences
will be

n-[ν'nJ+1 ，
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and the total numher of terms accounted for by them will be

or

융 {n+[、In]} {n-[、/씨 +1:· ,

in2+O(n).

ilI?l* (5-T),

There will therefore be at lll0St 0 (n) terms left unattached among the
total number N.

If{ λos} denote anyone of these s때sequences， the tenns of {λs )' satisfy

As!λs- 1 ~ βs (β > 1),

for all values of s, the vαlμe ;;f β being the same far all the subseqμen，ces.

It follows from this that, if ?i, and so N , be chosen sufficiently large (i.e.,
if n 늦 no, where no depends only upon β) ， rrheorem II can be applied to
each subsequence. The longest set of intervals of which exception must
be nlade is the set belonging to the last subsequence, and its total .length
is less than lIf?l* (3-T) ;

the total number of such excepted sets is less than μConsequentlyif 8
does not belong to anyone of a set of intervals whose totallength is les8
than

L.e., MN￡ (5-T)，

/ “ - j ν II J \ ( ι-[ 、in] )

(1 8) .lN == () 1 ~ (n-r) ~ +O(n)+eT 1 ~ (n-r)5 [log (n-r)]하

(lei < η) ，

== aN+O(씨+eTIl 훌 [ log (n)J! (I e I < η) ，

== aN+eTNfr [log (N)];\ (\ eI < η) •

Without further comment, we may enunciate the following extensions
of Theorems II and III :-

T표EORElI IV.-If {λn ; is any sequence af positive 1Hιmbers sαti하'yil행

ληIAη-1 늦 β > 1,

for all values <d n 늦 no, then the numbers θ for μ，hich it is not true thαt

d1~ = an+eTn j [log (n)] i (I € 1< η) ，

for all vαhιes of n 늦 N 늦 n1, cαn be enclosed in α set af intervals whose
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totαl leμgth is less thαn MNH9-η (7"> μ) .

'where 1.1£ , η， αnd ’‘1 depend only 1쟁0μ β.

THEOUE:.\I V.-If .: λn} is any seq'ltence of positive numbers satisfying

λ /I Iλ11 - 1 늦 β >1 ,

α'Jul the other conditio Jl S of Theoren 1J III αre unαlte1'ed， then for αlmos t

α II vαlues of e between 0 αnd 1,

(19) iln-oμ = 0·: nJ [log (n)] 뀐 •

N+O(N1-μ) ，

10. In the preceding section, a particular subdivision of the given
sequence has been worked out in detail in order to show how Theorems
II and III may be extended to the less restricted sequences contempl와ed

in Theorems IV and V. The use of a more powerful subdivision and
the application of identical arguments enables us to extend Theorems IV
and V (or Theorems II and Il l) to sequences which satisfy the inequalities

λnlλn-l 늦 β1/ .
1 κ

(n 늦 /lo' ~ > 0, β > 1).

Choose an integer k , so that

kt> 1,

and let n , N be large integers such that

μ (n+ l) .... (n+k-1) (n+1)(n+2) ... (n+k)
k! ----< N < k!

Then w~ divide up the original subsequence so that the first subsequence
contains terms whose suJ뼈ces are of the form

s(s+1) ... (s+k-1)/k! (8 iμtegral， αnd 늦 1),

and take the til·st n terms of this subsequence, 야nd so on as in the last
section. The 1"-th subsequence will have suffices of the form

a1·+(s+βrHs+β1，+ 1) ... (s+β1·+k- 1)/k! ,

where ar, βr are integers depending on r. If we take all the subseq뼈nces

which have more than [νIn] terms, it may be proved that the number of
terms taken will be

where μ is a positive nUluber depending on k. If λ‘ and λ:<-1 are con-
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(λIt at) , (λn ( 2) , .. ', (λn a까) •

secutive terms of the r-th subsequence

As/λs- 1 늦 βf(”)，

- (8+β;.) .‘ • (s+β7+k-2) 「 k! 1
where /(s) = ，~ I f"rJ ., ;~.~ '1 、 ，7 I'V -, L~샤 l + (s+βr) •• , (8+8 ,.+ 1<‘ - l) J
It may be verified that, whatever be the value ofr,

l(s) 늦 (8+β펀(k'- I) 늘 1,

provided that at most a finite number of terms be omitted from the sub­
sequence. We can therefore apply Theorems IV and V to each subse­
quence in turn, obtaining finally the following theorem :*-

THEOREM VI.- If -: λn } be αny sequen,ee of positive numbers fiat-i쩌1ing

ι/λη-1 늦 βII-
J

+r «( > 0 , β > 1),

and the other conditions of Theorem III are 'lμtα ltered， then.간H' almost
all ηαlμes of abetween 0 αnd 1,

~n-on = O-l μ1-μ } ,

whe'J'e μ is some p08itive n·wnber depmιding on t.

11. We shall conclude the p뼈e1' by consioering the extension of the
foregoing results to the m-dimensional set of points whosern coordinates
are

The method .j. by which this extension is to be made will be 8ufticiently
explained by considering the extension of the foregoing theorems to the
2-dimensional set of points

(λ11aI ) , (λn ( 2) .

Let aI, a2 be expressed in the forms (§ 3),
∞ 1 | (l) X<l ) (1)

at = 즌1 자 i φi- '+τ +킬 |- ,

∞ 1 | (2) Y(F) (2) !
θ2 = 5l τ 깨;-'+ 강 +Xi J •

.. We could also have proved the sa.me result by a continued application of the pa.rticular
subdivision k = 2 , This is clearly equivalent to confining ourselves to values of k = 2아，

where a is an integer ,

t This is the method used by Messrs. Hardyand Littlewood to establish Theorem 1'491 ,
of which the following theorem is the analogue.
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'Ve suppose that

and that

λdλi- I 늦 〔원i (i 늦 2),

α =[、IG] .

The point of coordinates (81, ( 2) will be any point in a sq uare of side
1\.(늦 1). We correlate this point (81, 아) with the point

1 (, ( I ) (f λl l I .. 1 I , (2) 강: 1 ) α +X~2) 1
ψ1，2= 즈1 칸 { φj" iLa\'느~J + l J +1>~~'+시 감 t

It is easily verified that ψ1， 2 may be any point along a line of length
A’ (~ 1). Moreover, a set of intervals on the line of ψ1， 2 , of total
length L , may be shown to correspond to a set of areas in the (81, 야)

plane of total area ML, where M is independent of the particular intervals
and areas concerned.

'Ve now apply Theorem I to show that if B~ 2 be the n l1luber of times
that the particular combination b(1) α+ b(2) occurs in first v terms of the
expression for ψ1， 2， then

B~' 2= v/α2+e {4TV log (v)/α2 꽉 (I e I < 1),

for all (ψ1，2) ’ s which do not belong to a set of intervals of total length
Jlav j - T

•

From this it follows at once that, if 와， 2 be the number of the first v

points whose coordinates are (λ%이)， (λ’‘ 아) that are included in any rect~

angle (included in .the unit square) whose sides are of lengths 01' 02, then

At, 2= ;α°1+ 0 (1) } 내야+0 (1):· {v/α2+e [4T lIlog (v)/α2J 씬f (I 사 < 1),

unless .; 81, 82 ;' belongs to a set of points of plane measure less than

11Ia3v'J- T.

Fronl this point on , all the arguments can be repeated as before, and
the restriction

λJ\ i- l 늦 Gβi

lightened in the lllanner of ~ 10. It is, moreover, clear that the arguments
can be extended equally well to the case of the m-dimensional set of points

휴 There is no need to insert the term Xi , as we are not considering (샤ψ1， 잉).
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{01' °2, ..., Ont}. We may , therefore, without further preface , enunciate
our final theorem.

묘EORE파 VII.-If {λn } be αan빵y s앓eque’Jwe ~반f positive nμtμin뼈l

λλ’%‘~/샤λ’Il-카l =늦늦 βf’“t -카I ，…4사r (ι~>O’ β > 1)ι
’

αnd if ~1‘ be the nμm.be1' of the .first n points

(λ，， (1) ， (\.,, 02) , ..., (λV ell~) '

wh상ch lie inside an '1n-di1Jiensional “ 1'ectangle ' , of “ areα ’‘ <I, thell for

αll1WSt all the points {κ， °2, ..., 01l~ } '

~1‘- on = 0 {n1 -μ } ,

whe1'eμ is some posit'ive 11/lt1nber depending on ~.




