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During the year 1901 the following presents to the Library have
been sent, in the first instance, to Prof. Love, to be indexed for the
" International Catalogue of Scientific Literature " :—

"Memoirs and Proceedings of the Manohester Literary and Philosophical
Society," "Vol. XLV., Parts 1-4; Vol. XLVI., Part 1.

" Proceedings of the Edinburgh Mathematical Society," Vol. xix.
"Transactions of the Institution of Naval Architects—Memoirs of the Spring

and Summer Meetings of 1901."
"Transactions of the Institution of Engineers and Shipbuilders in Scotland,"

Vol. xxiv., Parts 1-3.
"Journal of the Institute of Actuaries," Vol. xxxv., Part 6; Vol. xxxvi.,

Parts 2, 3.
" Transactions of the Insurance and Actuarial Society of Glasgow," Ser. 5,

Nos. 1-6.

Copies of the following were also sent especially for the purpose of
the Catalogue:—

" The Mathematical Gazette," Vol. n., No. 1 and Nos. 26-30.
"The Educational Times," Vol. LIV., NOS. 477-438.
" Journal of the Royal Statistical Society," Vol. LXIV., Parts 1-3.

On Boussinesq's Problem. By HORACE LAMB.

Read and received February 13th, 1902.

The particular problem here referred to is that of finding the dis-
placements produced in a semi-infinite isotropic solid by pressures,
applied normally to the plane boundary. This was first solved by
Boussinesq,* independent investigations have been given by Hertzf
and CerrutijJ and quite recently a very ingenious solution has been,
published by Prof. Michell in the Society's Proceedings.§ It may
appear that there is hardly room for further discussion of the sub-

• In the Comptcs Rendm, Vols. LXXXVL-LXXXVIII. (1878-9); see also his book
Applications des Potentieh, &c, Paris, 1885.

t Crelle, Vol. xcu. (1881); reprinted in Wcrke, Leipzig, 1895, Vol. i., p. 155.
X Ji. Accnd. dci Lined, Mcm.fis. mat., t. xm. (1882). An account of Boussinesq's

and Cerruti's investigations, which include also the effeot of tangential stresses on
the surface, is given in Love's Elasticity, Vol. I., p. 248.

\ Vol. xxxi., p. 183 (1899).
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ject, but the following method is perhaps worth notice, as being
perfectly simple and straightforward, and requiring only the know-
ledge of one or two integral properties of Bessel's functions. It is
suggested by H. "Weber's method of treating various potential
problems.*

The solid is supposed to be bourided by the plane z = 0, and to
extend to infinity on the side for which z>0. We aim first at finding
the effect of a distribution of surface pressure which is1 symmetrical
about the origin, but dtherwise arbitrary.

In a usual notation, the Cartesian equations so be satisfied in the
interior of the solid are

(1)
dec' /A dy1 fi dz

du dv diu .->
dx dy dz

Since there is symmetry about Oz, we introduce cylindrical coordi-
nates, and write

x = rs cos w, y = xs sin w, u = q cos w, v = q sin w.

The equation V20 = 0, which is implied in (1), then takes the form

d26 , 1 d$ , d?6 _ n

drsr vt dxs dzr

this is satisfied by , . „.. _ , N ,ns
J 6 = Ac-'"zJ0(mvr), (3)

where m is supposed positive in order to secure finiteness for z = co .
To find the corresponding values of q and to we have

vr dra

d2q _1 d j _
(4)

Pi + ¥ * + y? =
dtsr m dvt «r dz1 /u

If we assume that, as regards dependence on w,

w<x Jo (mtr), q oc .7, (mar),

* See Gray and Mathews, BesnelFunctions, or H . Weber, Part. Diff.~Gleichungen d.
math. Physik, Brunswick, 1900-01. The second volume of the latter work has
just appeared; it contains yet another solution of Boussincsq's problem, p. 188.
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we have f ? -m'w =
dz u

dz* * ft

where the factors involving w are omitted. Hence we obtain

w = (-
\ 2/i

^-) e-'"sJ0 (m«r)

« = > - - w m
/ (mor)

Since — ^2. 4. _2_ 4. dw
CUTJX XSf (tZ

(6)

(7)

the constants A, B, 0 are not independent, being connected by the
relation » , Q

£-<7 = - ! p ^ A (8)
2/i

Subject to this condition, the formulae (6) constitute a typical solu-
tion of our equations (1), in the case of symmetry. The correspond-
ing values of the surface stresses are

pa = X9 + 2/* ™ = - /i (4 + 2B) /0 (mnr)

-, (9)

where z has been piit = 0 after the differentiations. Hence (6) will
give the displacements produced by prescribed surface stresses of the

types —FT (mxsr) = QJ (mvr) (10)

(11)provided

Hence, and from (8), we'find

(12)



1902.] Prof. Horace Lamb on Bousnnesq's Problem. 279

Since the hypothesis of asymmetrical tangential surface traction does
not lead to anything very interesting, we now pat Q = 0. On the
other hand, we may generalize the above solution by putting
P = ^ (m) dm, and integrating from 0 to oo . Hence, corresponding
to the surface stresses

f"
=

Jo
r) <f> [m) dm, p z a

Jo
we have

6 = —— f e-fl>s/0 (miff) <f> (m) dm

w = — — I ze~m3J0 (mtr) <£ (m) dm
&IX } n

dmI .....
e-w

Jo

^ (m) dm

• (W)

To make (13) represent any arbitrary (symmetrical) distribution
of normal traction, we have only to determine <f> (TO) suitably. This
is effected by means of the formula

/ (w) = J Jo (TOW) mJm | / (X) Jo (m\) \d\, (I 5)
Jo Jo

viz., if / (w) be the given surface value of psz, we must write

<£ (TO) = TO f /(A) Jo (mX) A i?A. (16)
Jo

Thus, to find .the effect of a. concentrated normal pressure at the
origin, we may suppose that /(w) vanishes for all but infinitesimal
values of tsr, when it becomes infinite in such a manner that

f"
I f{rs)2-nrsd,vt = — 1;

Jo

this makes <£ (TO) == — ^ .
The evaluation of the integrals in (14) then follows at once from
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the known theorem

= - , (17)

where r denotes distance from the origin. Differentiating this with
respect to z and vs respectively, we infer

f°°
I e""" / 0 (mw) m dm = - - ,
Jo T

r e""1*/, (mtar

(18)

(19)

Again, integrating (19) with respect to z, and determining the additive
constant so as to make the result vanish for z = oo, we have

(20)e~msJi (TTIW) d7ti =

Substituting in (14), we find

e _ __ 1 z_

_ 1 'z% \-\-2fx ]_

1

r8

r (r + z)

(21)

which are the known results for this case.* Tor the component
stresses at any point we deduce

_ _ 3 z^_
2* r8

r(r + z)

(22)

These formulea have been discussed by Boussinesq and others; but
one or two simple results relating to the case of incompressibility
(X = oo ) may be noted. In the first place the differential equation

• See, for example, Love, Elasticity, Vol. 1., p. 270.
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of the "isostatic " lines in a meridian plane, viz.,

Pzzds+Pzwd<* _ Pzwdz+pwdrs
dz drsr

reduces to (vrdvr+zdz)(zdvr—vrdz) — 0; (24)

so that the curves in question consist of concentric circles and radial
straight lines.* Again, the values of g and w can be expressed in
terras of a displacement-function \j/, viz., we have

g = JL # , t0 = - J L # (25)
vr dz «r am

1 «r2

where \b = -. ; (26)
4n-ti rr

the equation of the lines of displacement.is therefore

tsr" = ar.
These curves start from the boundary at right angles, and then curve
outwards ; they have inflexions at distances fa from the origin, and
ultimately became parabolic. When the substance is not incom-
pressible the lines of displacement are inclined towards the axis at
the surface, making an angle tan"1 (\-f2/x.)//i with it.

Boussinesq has also investigated the case where a perfectly rigid
circular cylinder of finite radius (a) presses normally (as e.g., by its
own gravity when the surface is horizontal) against the surface.
The conditions to be satisfied are then

w = const, for 2 = 0 , ts < a,

and pz% = 0 for z = 0, «r > o.

The function <ft (rn) which occurs in (13) and (14) must therefore
satisfy the conditions

J

o], (27)

/ 0 (mtsr) <j> (m) — = const, [m < a]. (28)

It is known that

r J0 (mvf) Bin ma dm = —77-5—-jr, or 0, (29)

v (a —vra)

* Compare the sketch given by Hertz, Werke, Vol. I., p. 185.
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8 i n w a a m = *7r, or s h r 1 - ^ , (30)[mts)
or

the first or second value being taken, in each case, according as
vr ^ a. The conditions (27), (28) are therefore satisfied by

^ (m) = 0 sin ma,

which gives an aggregate normal pressure

W-— 2iraC.

The surface displacements are accordingly, in terms of TF,

Wf" T , x sin ma j
— «/0 (m«r) am
« Jo4»r/it(A+/x)

1 Wr T , . s i
?o = ~™ 1—7 \ — I " l V.W'WJ —

4>r (A+/M) a Jo

m

sin ma dm
m

(31)

whence M'n =
8/t (X -

' W
) a

W
[«<o], (32)

and
( A + / J ) a ir

TT 2 . _, a
— - s i n ' —

• [w>a].* (33)

In this problem the pressure on the surface of contact increases
from the centre to the circumference (where it is infinite) according
to the law given by (29). The effect of a pressure distributed
uniformly over a circular area of radius a is obtained by making
/ (A) = — 1 from 0 to a, and = 0 from a to oo, in (16). If W be the
total pressure, we find for the surface displacements

we*
a Jo

\ (ma)

1 Wi T f \ r / \ dm= — ~A—7\ \" — I «M («itx) / t (ma) —
4JT (A + /x) a Jo ?n.

(34)

• The evaluation of the Becond integral in (31) is effected by multiplying both
Bides of (29) by .w dm and integrating with respect to ttr.
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The definite integrals can be evaluated in the form of infinite series
by means of the form alee

f" e—Jo (««) ™adm = ^7ipn ( - ) , (35)
J 0

f e-V, (« t ) m»dm = &=^P'n (--) tr, (36)
Jo r \ r i

where P,, is the symbol of the ordinary zonal harmonic. These
identities follow easily from (17).# We thus find

a \S> *' ' a 2 / '

for to* < a, and

for «r > a.f

J [The foregoing analysis can be adapted to the study of the
deformations of an infinite plate produced by normal forces applied
to its boundaries; the results, however, do not appear to admit of
easy reduction.

The most interesting case is that of pure flexure, where the middle
surface is unextended. We assume therefore

6 = A sinh viz Jo (msr), (39)

the oi'igin being taken in the middle surface. We find

Az sinh mz-\ cosh viz) JQ (mvr)

J/« m /
1 , (40)

q = ( - 7" • Az cosh mz-\ sinh viz) Jx (ma)
\ 2fj. • vi I

* [They are known results; see Hobson, Proc. Lontl. Math. Sue, Vol. xxv.,
pp. 72, 73.] ~ . ti

t TJte method of this paper is, of course, not restricted to the case of symmetry
about the axis of z ; and it would doubtless be possible to work out in a similar
manner the effect of a concentrated tangential surface traction. It can hardly be
claimed, however, that tho method is specially appropriate to this case.

X [Added March 15, 1902, in accordance with a suggestion made by Prof. Love
at the meeting when the paper was read.]
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with the condition B + 0 - ^i j?£ A. (41)

If h denote the half-thickness, we have, at the surfaces z = ± h,

_ _._ :0, (42)

provided

— I sinh mh H—^— mh cosh mh J A + 2B sinh mh = ^P

p ^ 1 (cosh mh-\-2mh sinh mA) — (B— G) cosh mA = 0
(43)

These equations, combined with (41), give Ai B, G. In particular,
for the deflection zoo of the middle surface we find

^ cosh raA + sinh mh

sinh 2mA—2mA 2m °

This can be generalized as before by writing

P = </> (m) tZni,

and integrating with respect to m between the limits 0 and co ; and,
if the total normal force per unit area (supposed divided equally
between the two faces) be denoted by/(tar), the value of <p (m) is as
in (16) ; whence

cosh mh + sinh mh« = * r ^
As a particular case we may suppose the plate to be horizontal,

and to be supported along the circumference of a circle (y^a)) whilst
a load W is applied at the origin. We find

cosh mh + sinh mh




