206 MR."J. MERCER : [Dee. 18,

ON THE LIMITS OF REAL VARIANTS

By J. MERCER.

[Received November 26th, 1906.—Read December 13th, 1906.]

Introduction.

There are two well known .theorems due to Cauchy which are con-
cerned with the limits of variants* (¢.e., functions of a variable positive
integer n) for infinite indices. The first+ is to the effect that, if X, is
any variant such that X —X

“in+l w

tends to a definite limit A when # is inereased indefinitely, then

n-1X,
tends to the same limit. The second ! shows that, if X, is a positive
variant such that

Xn+1/ Xn.

tends to a definite limit A when # is increased indefinitely, then

X"
tends to that limit.
Now the converse of neither of these theorems is necessarily true.
To take a particular example, suppose that X, = a"6(n) where 68(n) = n
for odd values of » and = 3n for even values.

Then 1< 00) <n
for all values of n. Consequently
1< 0mm g
Since Lt nY* = 1, it is clear that

n=w
Lt (¢"6m)!'* = a.

But I_JED X, +1/X, does not exist, since
)I];‘_Eo X2n+l/X2‘n = 2a¢ and ;.I_‘—.Eo XZn/X‘Jn—l == %a-

¢ Cf. Meray, Nouveau Précis d’ dnalyse infinitésimale, p. 1.

t *‘Cours d’ Analyse de 1'Ecole royale polytechnique’’ (1821), (Buvres Complétes, mme. Série,
t. u1., p. 54-58, p. 62-63.

+ Cauchy, loe. cit., pp. 51-63.
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Examples such as this suggest the question: Can we find some single
variant analogous to the X,,;—X, or X,. /X, of Cauchy's theorems
such that the existence of its limit for an infinite index will ensure
the existence of both '

nL—t (X'H'I_Xn)s Lt ™! X, or I__Jt, 2 ll+1/Xih ¢L=t, X}‘Iu

as the case may be ? This will be considered in Section I.* The
succeeding section will be devoted to the extension of the theorems to
the case of variants of more than one index. Section III. will be devoted
to an extension of Pincherle’s theorem on the radius of convergence of
a power series which arises natually from the analysis of the first section.

I

1. We are to shew that there do exist single functions answering
the above mentioned requirements. In fact, analogous to Cauchy’s first
theorem, we have the followingt :—

Treorem I.—Let X, . be any variant whose index is » and which is
such that Xoo—XoFun-'X,
tends to a definite limit A when » tends to infinity ; then (i.), if X is finite,
X,.1—X, and 27'X,

tend simultaneously to the limit A/(u+1), provided that u+1 > 0;
(i) if X is infinite (+ o), n~'X, tends to A when u+1 > 0, whilst
Xn+1— X, certainly does so only if 0 > u > —1.

It will be observed that this theorem when proved will give us a
single limit whose existence is necessary and sufficient for the t:o limits
,‘I;g X.s1—X, and Lt n7'X,, so long as they are finite.

nN=o
We now proceed to prove it. Suppose, in the first place, that A is
finite. By the definition of limit we can, if e is any arbitrarily assigned
positive quantity, however small, find an integer » such that, if » > m,

WQ have AN—og < ] n+1—Xu,+#”_an < Ao (l)

where ¢ = 4(u+1)e, o being positive since u+1> 0.
Writing # = m in this equality and dividing along by (1—u/m)
(which can be taken to be positive, since we may always suppose m

* Where it will be answered in the affirmative.
t+ Of course, the theorem may be stated in various forms: e.y., we may write

Xi=5+8+...+S.

1 It is assumed that X, is finite for finite value s of i.
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so chosen as to be greater than u), we obtain

A—O' < Xm+1 —X < A+a’ .
l_ﬁ_ 1 W 0 I I
m m

Writing now » =m+1 in (i) and dividing along by

(1=2) (-53)

we ha,ve A—g < Xm+2 _ Xm+l
(B0 b2 -5 -2
m m+1 m m+1 m

< Ato

AN
(1 m) (1 m—i—l)
Proceeding in this manner, we obtain p double inequalities, of which the

last 1s

A—o Xm+p Xm+p-1 < A"‘I"a'
p=1 < p—1 p—1

’1;[0 (1_7—12%) LI=IO (I—m:-t) —:i:I: (1—7nlji-t) ,130 (l—ml-‘i-t> |

It we add all these inequalities, we obtain

A=0)Sys < g — X, < () Sy (i)
¢£Io (1_ m—+ f)
where S,_; is the sum of the series
1 1 1
+ - +o e
— — B (1— # T (1—
1 m (1 m) (1 m—+ 1) ,IIO (1 m—+ t)

Now, by a well known theorem of elementary algebra,* the sum of this

series is (u+1 3£ 0)

,u-}-l {p__l m+p# —m } (1i1.)
,go (1— m+t) }
Consequently, multiplying along the equality (i) by

TI;I: (1 - m':- t)
m—+p

’

* Cf. 4 Treatise on Algebra, C. Smith, Fourth Edition (1893), p. 410.
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after having added X, to each term of it ; we obtain

=l M
A—0o (Eo (1 m+-t> } 'x._ mA=a)
ut1 1 m—+p ) am ,u+1 I

-
. II

<Xy Mo t=0( m+t)]{ _mdta)l g
m+p ut+l m—+p ) ut1 )

Now, provided that u+1 > 0, the expression

r=-1 *
I (1- -4
t=0 m+-t
m+4r
tends to zerot when p is increased indefinitely : we can therefore choose
a value of p—say, P—such that p > P; the second members of the ex-
treme terms of this last inequality are less than e in absolute magnitude.

We have then, on writing m+p = n, m+P = N,

A X
SRS <
provided that » > N.
This proves that n»~'X, tends to the limit A/(u+1) as n increases

indefinitely.
From this it follows at once, by well known theorems on limits, that
"I=JE_ (Xn+l_ W = nI=th (X»n+l-Xn+# %) - "=E f%i
.Y/ S
ptl utl’

which completes the proof of the theorem for the case where A is finite.

2. Next, suppose that A = 4 ®.
Tet H be any positive number as great as we please. Then, corre-
sponding to (i.) above, we have the single inequality

}in+l_"Xn+,u-'n_!Xu > H(/.L+1)+0' (’l m),

o being a positive number.
Corresponding to (ii.), we have

,,_I—ME— —X > [Hu+D+0}S,-1;
m(1— )
ren m—+ ¢t
* Hereafter to be denoted vy 7,. + Cf. C. Smiu,, op. cit., pp. 423-4.

SER. 2. VOL. 5. No. 957. P
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whilst, instead of (iv.), we have

< m+p
m4p > H+ +1 5

where S, tends to zero when p is increased indefinitely. Consequently,
choosing P so great that for p > P we have |S,| < o/(u+1), we deduce,
on writing m=4+p =n, m+P =N, )

Xy, >H m>N),

which proves that Lt 71X, =+wo.

nN=o2

It follows, then, at once that

nL=E= (Xn+1_A W = nI:Eo [Xn+1—X,;+,“vn—l- n]_‘# n‘:[—ig: ! X, =+»,

if u<0. The remaining case, viz. A = —, may at once be deduced
(by writing X, = — X) from the preceding.
The theorem is then completely established.

8. As corollaries of Theorem I. we have :

Cor. I.—If we write x» = O in the above, we at once obtain Cauchy’s
theorem.

Cor. II.—Suppose that X, is such that n~>X, tends to zero when
n becomes indefinitely great.

The theorem may be then stated in the form :
If X, be any variant such that »~*X, tends to zero when »
increases indefinitely, whilst at the same time

n-* {'n“ Xn+1_('n"— 1)“Xn|l
tends to a definite limit A, then, u+1 > 0, we have

L Xe = A
u=eo n M+1.

As a simple application of this corollary we may evaluate

Lt (Xni1 —Xn) =

Lo BT L)
n=w n
Write Xy = LEZ
Obviously, if u > 0, Xn1 < m;

if [‘ < 0, Xn+] < nx_“.
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Consequently, x+1> 0, the Lt n~*X, = 0.

Again, P Xp—m—1)* X, = n*.
We have therefore in this case A = 1; therefore

1*4-244 ...+ _ 1
netl - u+1 ’

4. Before proceeding further, let us examine the limitation (viz.,
#+1> 0) which has been forced upon us in the course of the proof
when A is finite.

It will be observed that the proof turns upon the fact that

=1 “
" ¢I=Io (1 m+t>
p==» m=+p
tends to zero when p is increased indefinitely, provided wu+1>0. If
u+1 < 0, our argument breaks down, and, if the theorem is true for
a wider range of values of u, we should have to find some new line of
reasoning.
It will be seen, however, by the following particular example, that
it is impossible to widen the range of values of u in the general case.
Let M . “
X1;+1 = (1-/1.) (1— §> (1——)

n

L= I

n=w

Then we have always X,,,— (1—- —%) X, = 0.

X _ . (1_%> <1_%>
n+1 (1+1) (1-{- -é—) <1+711_>

which tends to the limits 0, 1, ® according as u+1 >, =, or <O0.
This shows at once that u+1 > 0 is the greatest range of values for
which the theorem is generally true.

But

b

5. We have next to inquire whether in the case A = + ®© we could
hope to prove generally that nI:EO (Xps1—X) = A when w>0. As in

the preceding, we shall prove that this is impossible by a particular
example. '

1 o s
* In the language of the integral calculusj zrdz = —1—1 (u+1 > 0), it is easy to see how
0 »

to evaluate directly such integrals as jl r:v-y-'dxd-y w+1 >0, p+v+2 > 0%
0Jo
P2
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Let a variant be defined by the following :—
Xows1 = n(n+3), Xow = dn(n+1).
Obviously Noy1—Xow = n, Xon—Xono1 = 1.
But nL=E° [ Xor1—Xatun'X,} =4+ (v > 0),

whilst the two equations just given above show that X,.,—X, oscillates
between 1 and + .

It is easy to see, however, that, if we regard the numbers of the
sequence X, .+1— X, as represented by points on a line, even if u > 0, A is
a limiting point of the set.

6. Before leaving this theorem we may remark that the condition
Lt X —Xatun ' X) =X w+1>0)
is necessary and sufficient for the existence of the limits

Lt (Xo:—X) and Lt 27! X,

only if A is finite. If A is infinite, the above condition is necessary, if
# > 0, but is not sufficient; whilst, if « << 0 but u+1 > 0, the condition
is sufficient, but not necessary. This last point may be made clear by
the following example :—

Let u be a negative number (> —2), 7 a positive number = — 4 -1,
and let a variant be defined by the equations -

X3n+l_X2n =™, X2n_X2n—l =n;

50 that  Xons) = (1+')’)’I2L(7L+ 1)’ X, = ‘r-n(n2—— 1) + n(n2+1)_

Then, obviously, "I:t; (Xo1—X,) = o, LtnlX, = o;

but Lt [X211+1—X"n+,u Xay =+4owo,
X"n— -
Lt | Xop—Xono1tm 57— Ey— finite quantity.

7. It is easy to see that, by a slight modification of the above
argument, we can generalise this theorem.* Let f(x) be a function
of « defined for all real values of x greater than a fixed number and

¢ Cf. Cauchy, op. cit., pp. 54-58.
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which is finite for finite values of z. The theorem referred to is the
following :—

Tueorem II.—If for increasing values of = the difference
fatn=(1—L) f@
tends to the limit A, then the functions

fe+D)—f(); z7 f(x)

tend at the same time to the limit A/(»+1), provided that X is finite and
r41 > 0: in the case when A = 4 © these each tend toAif 0 >7»> —1;
whilst, if >0, Ltz~'f(@) =2\, but f(z+1)—f(x) may not tend to
this limit. e

8. Corresponding to Cauchy’s second theorem, we have the following :—

Tareorem III.—Let X, be a variant, positive for great enough values

of n, such that
Xn+1

XAk
tends to a definite limit A when » increases indefinitely ; then
Xni1/X, and X"

each tends to the limit A¥®+D, if A is finite and not zero and u-+41> 0,
whilst, if A = O or o, each tends to the limit A, provided that 0 >u > —1.
In the latter case X! certainly tends to the limit X\ if u > 0, though
X, 1/ X, may not do so.

As before, we may remark that this will give a single limit whose
existence is necessary and sufficient for tha$ of two—in this case

:LL——Eo X7L+ 1/ Xn and n]:-‘_Eu X:Lln

—provided X is neither zero nor infinite.

It is, of course, quite clear that Theorem III. may be deduced from
Theorem I. by writing log X, = X,.; but, following Cauchy’s lead in his
proof of the classical theorems, a separate proof which does not require
the theory of logarithms may be supplied. Space does not, however,
permit such proof being given here. The reader will have little difficulty
in constructing it if he so desires.
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Corresponding to Theorem II., it is easily seen that we have the
following generalisation of Theorem III.:—

Treorem IV.—If for increasing values of z the quotient

fe+1)

[f(x)]l—r/z:
tends to the definite limit A, then (1), if A is finite and not zero, the
functions [fe+1)/f@] snd [f@]*

tend at the same time to the limit AY"*) (r4-1>0); (2),if A = @ or 0,
these each tend to A if 0 >~ > —1; whilst, if » >0, rgeto [f@) ¥ = A,

though f(z+41)/f(z) may not tend to this limit.

II.

9. In extending the theorems of I. to variants of more than one index
we will confine ourselves to the consideration of the case when there are
only two, as the statement of the theorems and their proof will be
sufliciently obvious in the more complex cases.

Corresponding to Theorem I. of the previous section, we have :

Taeorem I.—Let X, , be a variant of two positive indices m and =,
such that (Xni1, n—Xn,») i8 limited* for m infinite and (X, n41— Xm, ») for
n infinite ; moreover, suppose that for increasing values of m and n the
variant

Xm+l. a+l— (1—' -’I,:L_) Xm, n+l " (1-' _;;') Xm+l, n + (1— L) (1— _v_) Xm, »

m n
tends to a definite limit A. Then
(i) If A is finite,
The variants  Xp41, n1— X, ne1— X+ 1, nt Xoa, ns
Xni1no—=Xnn Xpnnn—Xna X

7 ! m ' mn
A

(x+10+1)’

all tend to the limitt

* A variant X,, , is limited for » infinite if for any figite value of # we can find two finite
numbers !, and L, such that {, < X,, s < Ln for all values of m. It is easy to see that, if
Xm+t,n—=Xm, n 18 80 limited, then m-1X,, , is also limited.

t To remove all possibility of doubt, it may be stated that here and thronghout a variant of
two indices X, , will be said to tend to a finite number A for increasing values of m and 1, when

or any assigned positive number ¢ we can find integers M and N so that | Xm .—A| < ¢ pro-
vided m = M and » > N. Should A be infinite, the definition is modified in the usual manner.
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when m and » are increased indefinitely, provided that u-41>0,
v+1>0.

) A=+ o,
(@) The last of the above variants tends to A, provided that
u+1>0, v+1>0.
(b) The third variant tends to A, provided that
0>v>—1, ut+1>0.
(¢) The second tends to A, provided that 0 > u > —1, v+1>0.
(d) The first variant tends to A, provided that x« or v =0, and
the one == O lies between 0 and —1.

We remark that this theorem, when proved, will give us a single
variant the existence of whose (finite) limit for m and » indefinitely
increased is the necessary and sufficient condition that the four variants

mentioned above should have (finite) limits.

10. We proceed to prove the theorem, assuming in the first place that

A is finite. .

Consider the last variant, viz., m™'n~'X, .. Then, if ¢ be any
arbitrarily assigned positive number, however small, we can under the
proposed conditions find two integers m and 7, such that when N > #,

M > m, we have

A—or < [XM+1,N+1— (1— %) X, N41— (1— Tl\’f) Xarar, ¥

+ (1— ;“_I) (1— %) X, N] <Ato ()

where o=3%w+1)+1)e
Writing now N ==, M =m, and dividing through the inequality by
(1 — i) (1— %) (which may be assumed positive, since we can always

m
assume m and n chosen greater than x and v respectively), we have

A= <{ Xnsiaer _ Xuwer  Xuwno x|
(=203 W=2)0-3) (=) (=%
<- Ao

(1-£)(1-2)
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Again, writing M =m+1, N =n, and dividing through by

(i) (1= 2] (- 2.
o)) (-2)

we obtain

< ( “Im+2, n+1 _ Xm.+l, a+1
-3
N v M v
( ,1=o (1 m—+ t> ( N m 1 n
< Ao

(1-2) (1-347) (- %)

Proceeding in this manner and giving M all possible values < m+p,
and N all possible valnes < n-+g¢, we have & number of inequalities of
which the last is

I\_'(T < Xm.+,-. n+y
'li_—Il (1 “® > 'ﬁl (1 v pfl'l 1 i v/[—[l (1 v cee
t=0 m+t/ o n t') ,='o( m- t) r=0 n+ )
A
< @
1— 11— ——
Eo ( 7IL+t> gEo( ‘)L+t')
Adding all these inequalities, we obtain
( .
(A—a') Sly—l, =1 < -‘ =1 f’"“‘l’:qi‘*l"l - y—1 Xm, L
14 14
| 4.£Iu (1 m-l—t) };IO (1— 4n+t> ¢'I=Io (1_ n+t')
X'ul P,
_ﬁ'—#—;‘—— +Xm, n!.
1—*_
1130 ( m—+ t) )

< A+0)Sp-1, 41

p=1 q=1 1
where Sp-1,9-1 = 2

z = " = —
£=0 =0 _ 1__ . )
zl;Io (1 m+t> zgo ( w4t

Now it is clear that the sum of this series is equal to

1 1 qil 1
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Consequently, if we denote by n, the same quantity as in the previous
section, and by {, the corresponding quantity when 7 is written for m and
q for p, we have after an easy reduction

7\—“0' uc, n+q qu—p n c

GFDGFD A+ S TR
-Ym-&-p "4 )\+°'
(m+p)(n+q) (u+1) v+ 1)
—Ym, ity
n+q

Now it is obvious* that when p and ¢ increase indefinitely the left- and

. L . . . .. A—a
right-hand sides of this double inequality tend to.the limits (D +1)
Ao A

. . « . €
m respectively, .e., to the limits GFDGFD 2 and
A

GFDOFD + —2—. It is possible therefore to choose two positive integers
P and ¢ such that

A —c < Xut+p, w9 < A
(u+DE+1) (m+pn+q¢ ~ w+1De+1)
provided that »p > P, ¢ > @. This is sufficient to show that
XuL, " A

el S T GFDeFD

'7p+ Xm n ’I,)Sq

—mpH1l—ng,)

+

m 2 -
p+ m-;-’p Xm, nlp gq-

+e,

11. Now let us consider the third variant. The number o used in the
inequality (a) is quite at our disposal, though, of course, m and n vary
with it. The number e being as before, choose ¢ = 3 (u+1)e. Taking
those of the inequalities (8) for which ¢ = 1 and adding them, we obtain

A—o

(T_'—I>_Sp-|
7
<X 0 Xm, ) Ym »r -
<{ 1— 2 IJI—;{’ ; L N 1 I) + sl
( __;) ¢=0( ~m+t> ,=o( _m-{-t) ( T j
< Ate g

(=)

* Since Lt 7, =0, Lt {, =0, and in virtue of the conditions of limitedness impased on
4o

Pem

the variant.
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Using the notation of I., § 1, we obtain

Xt
_ M+, N
(1 7’L'l)))+[-xm n+1 m, n] ’7p+ ){m nMp=— (7n+p) 2

(A—0a)
u+1

Xm+p, n+l1" m+p, " A‘l" —
< mtp < +1 mag)+... .

Now consider the terms on the left-hand side when p and % increase
indefinitely. The first tends to the limit (A —o)/(xu+1); the second and
third vanish in virtue of the conditions of limitedness imposed; the

fourth tends to the limit
Av

w+De+1)’

in virtue of the result proved in the preceding paragraph. Similarly for
terms on the right.

Recalling that of/(u+1) = %e, it follows that we can choose two
positive integers P and N such that, if p > P and n > N, we have

I S Xm+p, na1— Xut g u A
T e = 2=

This is sufficient to prove that

Lt Xm, 241 —Xm, L p— A .
m=n, N=A n (ﬂl-+1)(l’+])

In the same manner we may prove that the second variant tends to
the same limit. It then follows at once by methods analogous to those
used at the end of § 1 that the first variant tends to this limit. We have
therefore proved the theorem for the case where A is finite. The proof of
the second part of the theorem we do not propose to give: the reader will
have no dlfhculty in constluctmg it, in view of what has just been done
here and in § 2 above.

12. We have the following corollaries of this theorem :—

Cor. IL.—Writing u =v = 0, we have the two-dimensional analogue
ot Cauchy’s first theorem, viz.,

If for increasing values of m and » the variant

“Am+l,n+1 —Xm, n+1_Xn+l, 171+X’m, n
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tends to a definite limit A, then
Xm. n Xm+l, n—Xm, n le.ﬂ+1—Xm, n

mn n ’ m

tend to the same limit.

The theorem may, of course, be stated in various ways, e.g., writing

m n

Xon=2 2Z S
r=1 s=1
we have it in a new form.

Cor. II.—Let

—X X, — X,
Lt Xm., n+1l » m, Lt m+1, n Xqu., n Lt Tm, :1. — 0’
M=%, =00 m m=w, N=w n NM=0w, =m0 nm

the latter for all positive integer values of » and s, » = s =1 excluded.
We deduce at once—

If for increasing values of m and n the variant
mH T AMPn X, i — (I — 10 Xy 1 —(m—1) m* X y1,

+(m_ 1)“ (n— 1)v Xm, 'n.}
tends to the definite limit A, then

Xoa A
e m — GEDOED

As a simple example of this consider

Lt A 4+2"+8+...+m)+ 2 [ 1"+ 27+... +@m— 1"+ 2m) ]+ ...

w+1>0, v+1> 0).

=, A=, +2° (174274 ... 4+ (nm—1)"+ (nm)"]
r+1>0 prst e+l

Xm+1, n+1l

If we write this equal to , 1t is easy to see that the above condi-

tions are all fulfilled ; moreover, we have
m’ [,nr+x+l Xm+l, ar—n— 1)r+s+l Xm+1, 1(.]

=0 {1+ 24 ...+ mm—1)+u'm’}.
From which

m-—rn—('r+s+1) {mrnr+s+1 Xm+1, AL oo }

1+(1——1-)r+ (1—-2-)"+...+(1—%)".

nm nm,
n

Obviously this tends to the limit 1 when m and = are increased in-
definitely.
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We see therefore that

Lt Xm+l 1&+.l Xn, n >\ *

e WFDRFD i T T GEDOF D
provided, of course, »+1 and »+s+2 > 0.

18. Sufficient indications have now been given to show how the
theorems of the preceding section extend to the case of variants of two
indices. We will content ourselves therefore with enunciating the follow-
ing theorems,* which are easily established :—

Trreorem IL—If f(z, y) is a real function of two positive variables
and y (defined for all values of x> X and of y > Y when X and Y are
fixed numbers) such that f(z+1,y)—f(z, y) is limited for z > X, y < any
finite number > Y, with a corresponding condition for f(z, y+1)—f(z, y),
then, if when 2 and y are increased indefinitely the function

fa+1, y+1)— (1~ f)f(x, y+1)—<1— 5) f@+1, y)
r S
+(1- %) (- 3) @
tends to a finite limit A,
Lt WAC)) = Lt fe+1, y—flz, y) = Lt f_',(@_’_?/_'*%:&’ )

L=wW, y=®o xy r=w, Yy=w Z/ =, Y=«
= Lt [fe+1,y+D)—f(, y+D—f@+1, n)+f(, )]
L=, y=un
_ A .
= rFDGFD (provided r+1 >0, s+1 > 0).
Treoren III.—Let X, . be a positive variant of two indices m and n,
1 ¢ t1
such that (%) is limited for s infinite, and (}}‘—"“) for n in-

finite ; then, if for increasing values of 7 and n the variant

1—p/m)(1—v/n)
Xm+1, n+l X('In, n

1—p,m) 1—v/n)
“Im, a4+l Am+l, n

# The limit evaluated is, of course, j‘l dz r zy"dy for one particulur method of dividing the
o Jo
field of integration into infinitesimal elements. An evaluation when the method of division ix

different (squares) is referred to in the footnote attached to the end of § 3.

+ We only enunciate the theorems for the case in which A is finite, and in the last two
theorems different from zero. There is no difficulty in stating them for other cases (f. Theorem
of this section).
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tends to a definite finite limit A different from zero, the variants

X

an 1, n+l Xm_ " <Xm+l, n) " (Xm, n+1 1m
) )

Xm, n+1 Xm+l, n Xm, n Xm, n o’ ’

(Xﬂ? ll)l e
tend simultaneously to the limit '
AV + D+,

provided that u+1 >0, v+1 > 0.

Cor. [.—Writing » = v = 0, we have the two-dimensional analogue
of Cauchy’s second theorem.

Treorem IV.—If f(z, y) is a real positive function of two variables z-
and ¥ (defined for all values of z > X and of y > Y, where X, Y are fixed
numbers), such that [f(z+1, y)/f(z, y)]*' is limited for > X and
y < any finite number > Y, with a corresponding condition for
[f@, y+1)/f(, y)]**, then, if when = and y are increased indefinitely

the funection
flx+1, y+1) [flx. y)](l—v' ) (1—s/y)
U, y+D"PFe+1, 91"

tends to a finite limit A different from zero,

Lt Letly+1) fl y)
r=en,y=w f (@& y+1) flz+1, y)

= L () = n (L)

Lt U(z’ y)]l/zy —_ )\l/(r+1)(s+1)’

L=, Y=o

provided that r+41 > 0, s+1 > 0.

II1.

14. The object of the present section is to prove an extension of
Pincherle’s well known theorem on the radius of convergence of a power
series, and in some measure to bridge the gap between it and the Cauchy-
Hadamard theorem on the same subject. Pincherle’s theorem® may be
stated as follows :— ' '

Let «, be the modulus of the coefficients of 2z in a power series P (2).

¢ Pincnerle, Lezioni swlla teoria delle fungioni analitiche, Bologna, 1899-1500 (Lthographed)..
See also Vivanti-Gutzmer, Zicorie der eindeutigen analytischen Funltionen, Leipzig, 1906, p. 64.
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Then, if L and ! be the greatest* and leastt of the limits of the set of .

variants
a4 o0} An+1
, s e, 2L,

a a, a

the radius of convergence (p) of the series satisfies the inequalities
p = L7, if L be finite,
pL U i 10,

15. Using the same convention with regard to a, the theorem we
propose to prove is—

If L and [ are respectively the greatest and least limits of the set
of variants

Qg ) An+1 .
;?:T)) a;}_é,-): reey a(]_f,-/,,,)y LEXY) (’+1>O)’

n

then the radius (p) of convergence of the series satisfies the in-
equalities
(1) p > L7+ if L is finite;

@ p << IM*Y i 10,
Let the power series be

P(2) = gyt a,z2+a,22+...+a.2"+ ..,
30 that | @, | = as, and let £=]z].
To prove (1) it will be sufficient to show that, if £ be any number

< 1/LY®*Y, the above series is convergent ; supposing this to be the case,
let K be a number such that

£ > K> L.

Then, by hypothesis, the above mentioned set contains only a finite
number of elements greater than K. We are able then to choose m so
that, if n >m, tar
(-l(ul__rm) < K.
Writing 7 = m in this inequality and supposing that m is chosen > r,
we have, on extracting the (1 —7/m)-th root,

a—l al/(l—r m) < K\ Q(-» m)‘

mn m+1

¢ ¢ La plus grando des limites,’’ Borel, Séries @ termes positifs (1902), p. 9.
+ ¢ La plus petite des limites,’’ ibid., p. 10.
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Again, if we write n =m+ 1, and extract the 1/ {(1—»/m)[1—7r/(m+1)]}-th
root, we obtain

—[1 (1=rm)) al {(l-—‘)/m)[l —r (m+1)]; < Kl {(l—r/'m.) [l—r’(m+1)]:.

m1~ m+2

Next, writing 2 = m+2, and so on, we obtain a number of inequalities of
which, if we take p of them, the last is

D=z ] 1 ) ol G Dl

<K
m+p—1 m+p

Multiplying these inequalities together, we obtain

._l 1/{1-0( m+t)} <KS"“'* @i.)

m m +p

Consequently, if we multiply along (i.) by a, and raise each side to
the power 7, we have
(17';(_:';'?) < a':,,l. K(l—m.v,p)(r+l).

Now, when p is increased indefinitely the right-hand side tends to the
limit K¥0+D (r4-1 > 0). Moreover, 1 > KY+D £, sothat we can choose
a positive number 6 satisfying the inequalities
1 > 9 > Kl r+1) f.
It follows, then, that we can choose & number P such that, if p > P, we have
a:f K—[m @+, < G/K”("'“) f,
since the right side is > 1.

We have therefore (p > P)

l’(m+ D)
qlwn ¢ <

In other words, if m+ P = N, we have

an fn = Gn.
provided that = > N. Since 0 is a proper fraction, the first part of the
theorem is proved.

16. The proof of (2) is quite similar, and we will content ourselves
with sketching it. It is sufficient to show that P(z) diverges for values
of z such that £> I~2¢*D, .For any such value of £ we can choose a
number % such that 1>k > £+,

* For the notation see § 1, Section I.
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It is then possible to choose a positive integer m such that, if » > m, we
have
Uy +1 /Zn
u(nl—-r,n) .
From this it easily follows that we can find a fixed number o > 1, such
that & corresponding positive integer N can be found in order to make
u.,.é‘:"' > O‘n,
provided » > N.
This, of course, proves that the series diverges for all values of 2
whose modulus is . The theorem is then completely established.
Cor. I.—Writing » = 0, we have Pincherle’s theorem.

Cor. IL.—If the set be such that there is only one limiting point,
i.e., =1L, then p = L1040,



