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GRIFFITHS’S WORK
by Pierre DELIGNE

This talk contains part of Griffiths’s fundamental results on families of Hodge structures. It contains none of
his results on algebraic cycles.

1. Hodge structures.

Let Hg be a real vector space of finite dimension.

Definition 1.1.- A real Hodge structure on Hy is a bigrading of

He=Hr®rC
o=
p,q

such that HP? and HI are complex conjugates.

The Hodge numbers of a real Hodge structure H are the integers

hP4 = dime (HP9).

One says that H has weight n if h??7 = 0 for p + g # n. A variant of 1.1 is the following.

Definition 1.2.- A real Hodge structure of weight n on Hg is a finite decreasing filtration F' of Hc (the Hodge
filtration) such that, for p+q=mn+1, one has

(1.2.1) FP(He) @ FY(He) = He.
One passes from 1.1 to 1.2 by putting
(1.2.2) FP(He) =Y HY'Y
p'2p
and one passes from 1.2 to 1.1 by putting, for p + q¢ = n,

(1.2.3) HP? = FP(Hc) N F'(He).

1.3. Let S denote the real algebraic group obtained from the multiplicative group G,, by Weil restriction of
scalars from C to R. We have S(R) = C*; there is a natural morphism w from G,, to S which, on real points, is
the inclusion of R* into C*, and there is a natural morphism ¢ from S to G,, which, on real points, is the norm.
The composite tw is the squaring map. A new variant of 1.1 is the following.

Definition 1.4.- A real Hodge structure on Hg is an action (defined over R) of the algebraic group S on Hg.

If z denotes the defining isomorphism z : S(R) =+ C*, one passes from 1.1 to 1.4 by defining H?Y as the
subspace of H¢ on which S(R) acts by multiplication by 2Pz 9.

If Hg is endowed with a real Hodge structure, the Weil automorphism C' is defined as multiplication by 4
on HP?. This automorphism is real and is simply the action of the element ¢ of S(R) C C*.

Definition 1.5.- A polarization of a real Hodge structure H of weight n is a bilinear form ¥ on Hg, invariant
under the compact subgroup Ker(t) of S, and such that the form V(x,Cy) is symmetric and positive definite.




From the identity C? = (—1)", one obtains
U(w,y) = (—=1)"¥(z, C%y) = (-1)"¥(Cy, Cx) = (-1)"¥(y, )

so that ¥ is alternating or symmetric according to the parity of n. The variance property under S and the
positivity property are written as follows:

(1.5.1) the orthogonal complement of FP(Hc¢) with respect to ¥ is F" P(Hc);

for nonzero x in H??, one has

(1.5.2) ,
PTI (2, T) >0
(Riemann bilinear relations).

Definition 1.6.- (i) A Hodge structure H of weight n consists of a finitely generated free Z-module Hyz (the
“integral lattice”) and a real Hodge structure of weight n on Hr = Hyz ®z R.

(i) A polarization of a Hodge structure H of weight n is a polarization U of the underlying real Hodge structure
that takes integral values on the integral lattice Hy.

2. Hodge theory.

2.1. Let X C P"(C) be a nonsingular projective complex algebraic variety, pure of dimension d, and let n €
H?(X,Z) be the cohomology class of a hyperplane section of X, i.e., the first Chern class of O(1).

The holomorphic de Rham complex Q% is a resolution of the constant sheaf C (the holomorphic Poincaré
lemma), whence a spectral sequence

(2.1.1) EYY = HY(X,0%) = H"T(X,C).

2.2. Hodge theory asserts that
(A) the spectral sequence (2.1.1) degenerates (E1 = Fw).
(B) the filtration of H™(X,C) to which it abuts is a Hodge structure of weight n (1.2) on H"(X,R).

By (A), one has
HP ~ HI(OF,).

C) For n < d, let PJ denote the kernel of the iterated cup-product
Q

N HN (X, Q) — HYTM (X, Q)

(the primitive part of cohomology), and let P’ be the intersection of Py with the image of H"(X,Z) in H"(X, Q).
Since the class 7 is of type (1,1), P = P} ® R is a Hodge substructure of H™(X,R). Up to a sign depending
only on d and n, the form

U(z,y) =/nd_"/\aﬁAy

is a polarization of the Hodge structure P".
(D) The natural map
B FrPryt— H(X,Q
n—2k<d

is an isomorphism (the Hodge-Lepage decomposition).

3. Families of Hodge structures.

3.1. Let f: X — S be a projective and smooth morphism of analytic spaces, of pure relative dimension d. For
simplicity, we suppose that S is nonsingular and that f is provided with a factorization through P = S x P"(C).
The fibers X, = f~!(s) therefore form an analytic family, parametrized by S, of nonsingular subvarieties of
P (C).



3.2. From the C° point of view, f is a locally trivial fibration. The cohomology algebra of the fibers of f
therefore forms a local system on S, denoted

Ry(f) =) R"f.L.
For every abelian sheaf F' on S (for example Q, C, O), put
(3:2.1) RA(f) = F o RE(f).

Since f is proper, one also has

Ry (f) = R"f(f*F).
The cohomology classes of the hyperplane sections of the X, define a locally constant section
(3.2.2) n € H°(S, R3(f)).

For n < d, the P}/(X;) therefore form a local subsystem Pj'(f) of Rg(f). Putting Pp(f) = F ® P7(f), one has
by definition

(3.2.3) P3(f) = Ker(n™""'A: RE(f) — RET2(1)),
(3.2.4) Py (f) = Pg(f) nIm(Rz(f) — Rg(f))-

The polarization form of 2.2 (C)

(3.2.5) U(x,y) = :I:/ nm AT Ay
X

s

is locally constant on S, i.e., it defines

(3.2.6) U PIf) ® PI(f) — L.

3.3. For F a coherent analytic sheaf on S, f*F will denote its inverse image as a sheaf, and
['F=0x®f0s [ F

its inverse image as a sheaf of modules. For s € S, F{,) denotes the Og s-module of germs of sections of F' at s;
the fiber of F' at s is the vector space
F, = F(s) ®OS,5 C.

Recall finally that the relative de Rham complex Q% is the quotient of Q% with components Q% /5= QL /0l
and Q’;(/S = A Qﬁ(/s. If T}(/S, the dual of Qﬁ(/& is the relative tangent bundle, then one has “contraction”

pairings

-1
(3.3.1) 11 Txys © Wy g — Vg

3.4. By the relative holomorphic Poincaré lemma, Q% /s is a resolution of f'Og. Hence one has a spectral
sequence

(3.4.1) Efq:qu*ng/S :Rnf*(fOS) :R%<f)

It follows from 2.2 (A) that the Ef? are locally free, that the spectral sequence (3.4.1) degenerates (E; = E ) and
that its formation commutes with arbitrary base change. The filtration of Rj(f) to which it abuts (the Hodge
filtration) therefore induces on R (f)s >~ H" (X, C) the Hodge filtration of 2.2: the latter varies holomorphically
with s € 5.

Definition 3.5.- The Gauss-Manin connection on the holomorphic vector bundle Rp,(f) (identified here with its
sheaf of holomorphic sections) is the holomorphic and integrable connection

V:Rp(f) — Q5 ® Ro(f)

whose_horizontal local sections (Vv = 0) are the local sections of RE(f).




Theorem of transversality 3.6.- The Hodge filtration F on R} (f) satisfies

VFP(RY(f)) € Q% @ FP~Y(RE(f)).

Proof (following Katz-Oda [10] and a personal communication from Katz). The question is local on S. Let
U = (Ui)o<i<n be a finite covering of X by Stein opens. For @ C [0, N], let Ug = (;cq Ui, let jig be the inclusion
of Ug in X, and put
f*(UQv Q;g(/s) = (ij)*(Qg(/s‘UQ)-

We denote by f. (U, % / ) the double complex of sheaves on S with components

(3.6.1) U = D fUg % )g)
#Q=q+1

whose first differential is induced by the exterior differential and whose second differential is the “Cech” differential.
The spectral sequence 3.4.1 is the spectral sequence of this double complex obtained from the filtration by the
first degree.

Let v be a (holomorphic) vector field on S, and suppose that on each U; a vector field v; lifting v is given.
We denote by 6(v;) the endomorphism of f, (i, Q}/S) satisfying, for Q = (i1,...,1y) with i1 < --- < g,

0(vi) [+ (Uq, ¥ /) C fo(Uq, % 15) ® €D feUtinyue: X)),
10<t1
and having as coordinates the Lie derivative

Loy, [ Uq, ¥y /g) — fuUq, ¥y /g)

and the contractions
—1
(=D)P(viy —vig)s: f*(UQ7 Qi‘/s) — f*(U{io}uQ> Qé)(/s)-
A simple calculation shows that #(v;) commutes with d.

Lemma 3.7.- On the cohomology sheaves Ry, (f) of (U, g), the endomorphism 6(v;) induces V.

Let C* be the sheaf of C° functions on S. If fu(U, Q7 y/g) is the C*° analogue of (3.6.1), constructed in
terms of the complex of relative C* differential forms with complex values on X, then

Rewe (f) = 1" (f+ (U, 0 x/5))-

Since the sheaves QF /g are soft, this formula remains valid for every covering U’.

If (v))o<i<n are C liftings of v on the U, the construction 3.6 still defines endomorphisms 6(v}) of R (f).
If (v}) and (v}') are two systems of liftings, a simple calculation shows that, at the level of complexes,

(3.7.1) 0(v)) — 0(v") = dH — Hd,

K3

where the only nonzero coordinates of H are the contractions
-1
’Ugl — 1);/1_1 : f*(UQ’QZoX/S’) — f*(UQ’QlojoX/S)’

(Q:{il,...,iq}, il < - <iq).

Thus the endomorphism 6(v}) of Rj« (f) is independent of the choice of the v]. Via the injection of R} (f) into
Rz (f), it is compatible with the endomorphism 6(v;) of 3.7. It therefore remains only to verify that 6(v}) = V,,
on Rpw(f). One verifies that 6(v]), which is independent of the v, is also independent of ¢/. Taking U = {X}
and a lift v’ of v, one then has

feld, Q% x/5) = [ (Qex/s),

and 6(v') is the Lie derivative along v’, visibly equal to V,,.



3.8. We finish the proof of 3.6. By construction, one has

(38.1) 0(v:) | D .U 0%0)" " | © D Fultd i)

p'>p p'>p—1

Since the spectral sequence (3.4.1) is obtained from the double complex f, (U, Q% /S), it follows from 3.7 and
(3.8.1) that

(38.2) 0(vi) FP (R (f)) = Vo FP(RS(f)) € FPH(RB(f))-
Since this is true locally on S and for every v, it implies 3.6.
3.9. By the Leibniz formula

V(fh)=df -h+ f-Vh

the map induced by V
def(V) : Grip (R (f)) — Q5 © Grly (RS (f))

is O-linear. By 3.4.1 it is identified with
(3.9.1) def(V) : RTfO% ¢ — Q5 @ ROV FOL ¢
It follows from formula 3.7 for V, that

Proposition 3.10.-
The homomorphism (3.9.1) is the cup product, via the pairing (5.5.1), with the Kodaira—Spencer class

ce b RL(Ths)

which expresses how X deforms with s.

Definition 3.11.- (i) A family H of real Hodge structures of weight n on S consists of

a) a local system of real vector spaces Hgr on S;

b) a finite holomorphic filtration F of the locally free analytic sheaf

Ho = Hr ®r O,

these data satisfying the following conditions:

(H.1) The natural connection V on Ho is such that

VEP(Hp) C QL ® FP~Y(Hp);

(H.2) At every point s € S, F defines on (Hg)s a Hodge structure of weight n.

(i) A polarization of H is a locally constant bilinear form U on Hg which at every point s € S induces a
polarization of (Hg)s.

3.12. A family of Hodge structures H of weight n on S is a local system Hy, of finitely generated free Z-modules
on S, together with a family of real Hodge structures on Hg = R ® Hyz. A polarization of H is a polarization ¥
of Hg taking integral values on Hy.

With these definitions, one can reformulate 2.2 (C) and 3.6 by saying that, under the hypotheses of 3.1, P}(f)
is a polarized family of Hodge structures on S.




4. The regularity theorem.

4.1. When one starts with a projective and smooth morphism f : X — S of schemes of finite type over C, such
that fa" . X" — S0 gatisfies the hypotheses of 3.1, some of the objects constructed in no. 3 are obtained from
purely algebraic objects by applying the “passage to the analytic category” functor. They are:

a) the sheaves of modules R} (f), their Hodge filtration, the spectral sequence 3.4.1, and the Gauss—Manin
connection;

b) the algebra structure (cup-product) on R} (f), and the “primitive part” PZ(f);
¢) the product of the polarization form ¥ by a suitable power of 27i.

By contrast, the “integral lattice” R} (f), and the real structure thereby obtained on the complex cohomology of
the fibers of f, are transcendental in nature.

4.2. Indeed, let S be a smooth scheme of finite type over C, and let X be a closed subscheme of P"(C) x S,
such that the projection f: X — S is a smooth morphism of pure relative dimension d.

By the relative variant of GAGA, for every coherent algebraic sheaf F' on X one has
(R" foF)™ =5 RY f(F2).

More generally, if K* is a complex of coherent algebraic sheaves whose
differentials d; are (algebraic) differential operators which are f'Og-linear, then the direct images in hyperco-
homology satisfy
(R"F(K))™ = R (K
(this case reduces to the preceding one via one of the hypercohomology spectral sequences).
Take K to be the relative algebraic de Rham complex Q% 5. One obtains (in the notation of 3.2)

(Rnf* ;{/S)an :> Rnffn((Qi;{/s)an) ; Rn :n (f~anogn) — R%(f)
Moreover, the spectral sequence (3.4.1) comes from a purely algebraic spectral sequence
(4.2.1) By = RIf.O% o = RPFIF Q%

According to 3.4, the EP? are locally free (since the EY?*" are), the spectral sequence (4.2.1) degenerates, and
its formation is compatible with every change of base. The Hodge filtration to which it abuts is therefore, ipso
facto, algebraic.

The cup-product is defined in terms of the exterior product in Q7% /s The de Rham cohomology class of a
hyperplane section can be defined algebraically (up to multiplication by a power of 27i), from the logarithmic
differential

df/f: 0% — Qk/&
the primitive part P3(f) and ¥ are also algebraic in nature.

Finally, the construction 3.6-3.7 of the Gauss—Manin connection carries over easily to the algebraic case
(Katz—Oda [10]).

4.3. Let D be a Riemann surface isomorphic to the unit disk, let 0 be a point of D, put D* = D — {0}, let V'
be a holomorphic vector bundle on D*, let V be a holomorphic connection on V| and let V,, be the local system

of horizontal sections of V. One has
VS5V, ¢ 0.

The (commutative) fundamental group m (D*) ~ Z acts on V,. We denote by T the monodromy transformation,
i.e. the action on V, or on V of the positive generator of m(D*).
There exists U such that
T = exp(2miU).
Let z : D — C be a coordinate, with z(0) = 0, and let D* be the (universal) covering of D* on which log z is

defined. For v a section of V,, on l~)*,
exp(—log z - U)(v)



is the inverse image of a holomorphic section of V' on D*.
This construction defines an isomorphism

my.. : O @c H'(D*,V,) =V,

and hence a natural extension Vi of V to D, depending only on U. A section v of V' on D* will be called
V-moderate if, as a section of Vi, it is meromorphic at 0. This notion does not depend on the choice of U.

4.4. Let S be the complement, in a smooth projective curve S, of a finite set 7', and let V be an algebraic vector
bundle on S. An (algebraic) connection V on V' is called regular if, for every ¢ € T', the meromorphic sections of
V in a neighborhood of ¢t are V-moderate.

Theorem 4.5.- For f: X — S a projective and smooth morphism of schemes, the Gauss—Manin connection on
R™ f,0% /s 18 reqular.

This theorem is proved in [2]. A completely different proof, proceeding by arithmetic methods, is due to Katz
[9].

4.6. Let D* be as in 4.3, let H be a family of real Hodge structures on D*, let T' be the monodromy transfor-
mation of Hc, let U be an endomorphism of Hc such that T = exp(27iU), and let Hp y be the corresponding
locally free extension of Hp to D.

One says that H is regular at 0 if the Hodge filtration of Hp extends to Hp,y. This condition does not depend
on U. Theorem 4.5 has the following corollary, whose conclusion is purely analytic.

Corollary 4.7.- Under the hypotheses of 4.5, the families of Hodge structures R"(f) on S® are regular in a
neighborhood of every pointt € T.

One may hope that, in fact, every polarized family of Hodge structures on D* is automatically regular.

5. Moduli Spaces.

5.1. Let G be a real algebraic group, let C € G(R), and let V' be a real representation of G. A C-polarization
of V is a bilinear form ¥ on V, invariant under G, and such that ¥(z,Cy) is symmetric and positive definite.

Lemma 5.2.- If G is connected (by which one means that G(C) is connected), the following conditions are
equivalent:

(i) G admits a representation p : G — GL(V'), with finite kernel Ker(p), which is C-polarizable.

(i) Every representation of G is C-polarizable.

(1it) G is reductive and ad C is a Cartan involution (of G).

The proof is left to the reader.

Remark 5.3.- There exist in G(R) elements C satisfying the conditions of 5.2 if and only if G is reductive and
admits a compact maximal torus. In this case:

a) Such an element C' is contained in a single maximal compact subgroup, namely its centralizer.

b) For G adjoint, the correspondence C' — (centralizer of C) is a bijection between the set of these elements
and the set of maximal compact subgroups of G(R).

5.4. Let G be a real algebraic group, endowed with homomorphisms
(5.4.1) Gm %G5 G

such that w is central and tw(z) = 2. A representation p : G — GL(V) will be called homogeneous of weight n
if pw(z) = ™.




By a morphism from S to G we shall always mean a homomorphism A : S — G making the diagram

Gn % S &% G,
| Lh [

Gn = G = Gy

commutative.

If h: S — G is a morphism and p : G — GL(V) a real representation of G, we shall denote by hy the real
Hodge structure (1.4) po h on V. For p homogeneous of weight n, a polarization of V is a polarization ¥ of
(V, hy) which satisfies

(5.4.2) (gz,g9y) = t(9)"¥(x,y).

We shall say that h is positive if every representation of G is polarizable.

5.5. The group G, endowed with (5.4.1), is uniquely determined by G° = Ker(t), endowed with the central
element, of order dividing 2, € = w(—1). Indeed G is identified with the quotient of G,, x G° by the subgroup
generated by (—1,¢).

From this point of view, a morphism h : S — G is identified with h° : S° — G° such that h°(—1) = e. A
homogeneous representation of weight n of G is identified with a representation p of G° such that p(e) = (—1)",
and a polarization of this representation is identified with an h°(¢)-polarization (5.1). According to 5.2, if G° is
connected, h is a positive morphism if and only if G is reductive and ad h°(%) is a Cartan involution of G°.

5.6. We shall henceforth suppose that G° is reductive and connected.

Let h be a morphism from S to G. For p : G — GL(V) a representation of GG, denote by Fj the Hodge
filtration of Vi deduced from hy . For the adjoint representation Lie(G),

(5.6.1) Fy (Lie(G)c) = €P Lie(Ge)P™?

p=0

is the Lie algebra of a parabolic subgroup P(h) of G¢. For every representation p : G — GL(V) of G, P(h)
respects the Hodge filtration Fj, of Vi; if Ker(p) N G° is central, then P(h) is exactly the subgroup of G which
respects this filtration.

Finally, denote by H(h) the centralizer of h in G(R).

5.7. Let X be a conjugacy class of morphisms from S to G. We shall denote by X the set of conjugates in G(C)
of P(h), for h € X.

Lemma 5.8.- The G(R)-equivariant map P : h — P(h) identifies X with an open subset of the flag space X.

Let h € X and let p : G — GL(V') be a homogeneous representation of G' such that Ker(p) N G? is finite. The
set X is identified with the set of Hodge structures on V', conjugate under G(R) to hy, while X is identified with
the set of filtrations on V¢, conjugate under G(C) to Fj,. Since a homogeneous Hodge structure is determined by
its Hodge filtration, the map P is injective. It is identified with the map

G(R)/H(h) — G(C)/P(h)
whose differential at the origin is
Lie(G)/ Lie(H) — Lie(G¢)/ Lie(P(h)),

- Lie(G)/(F® N FO)(Lie(G)) — F~> /F(Lie(Ge)).

This differential is bijective, whence 5.8.
We have seen in passing that

(5.8.1) H(h) = G(R) N P(h).



5.9. Let V be a real representation of G, let V(X,R) be the constant sheaf on X with value V, put V(X C) =
C® V(X,R) and V(X,0) = O ®c V(X,C), and let V be the natural integrable connection of V(X,®). The
G(R)-equivariant map h +— hy from X to the Hodge structures on V' extends uniquely to a G(C)- equivariant,
and hence holomorphic, map from X to the filtrations of V. This map corresponds to a filtration F' of V(X 0),
the Hodge filtration. The system (V(X,0),V, F) is G(C)-equivariant. The real structure V(X,R) of V(X,C)
is G(R)-equivariant. Finally, at h € X, F induces on V¢ the Hodge filtration Fj,.

5.10. The action of G(C) on X defines a morphism
(5.10.1) Lie(G)(X,0) — Ty,

where Ty is the tangent bundle. At h € X, the kernel of (5.10.1) is Lie(P(h)) = F})(Lie(Gc)) (5.6), so that
(5.10.1) factors through a G(C)-equivariant isomorphism

(5.10.2) F~°/F°(Lie(G)(X,0)) = Tx.

Let T)lv( denote the holomorphic subbundle of T’y which is the image of F'~* (Lie(G) (X, 0)). It is easily verified
that if v is a local section of T)1v<7 then

V. (FP(V(X,0))) c FF~Y{(V(X,0)),

whatever the representation p : G — GL(V) may be. The converse is true when Ker(p) N G° is central.

5.11. Suppose now that X is a conjugacy class of positive morphisms from S to G. For h € X, put C), = h(i),
and denote by K (h) the centralizer of Cj, in G(R). The group K°(h) = K(h) N G°(R) is compact. Let V be
a representation of G and let U be a G-invariant bilinear form on V. If ¥ is a polarization of (V, hy) for one
h € X, then ¥ is a polarization of (V, hy) for every h € X. Indeed, putting ®,(z,y) = ¥(z, Cry), one has

(5111) (I)gh :g(q)h)~

We shall then say that ¥ is a polarization of V. By hypothesis, every representation of GG is polarizable.

5.12. Let ¥ be a polarization of the adjoint representation of G on Lie(G). By 5.10.2, ¥ induces, at each point
h € X, a positive definite Hermitian form on

(5.12.1) (T )n ~ F, ™/ F{)(Lie(G)c) ~ @) Lie(G)

The polarization W therefore defines a Hermitian structure, invariant under G(R), on X.

If Z is the center of G, one already has
(5.12.2) F~/F°(Lie(G/2)(X,0)) = Ty

and a polarization ¥ of Lie(G/Z) already defines a structure of Hermitian variety on X. One may take for ¥ the
negative of the Killing form of G/Z.

Put
(TY)n = @P(Lie(G/2))* 27,
5.12.3 o
| | (Th)n = @ (Lie(G/2))*~ 12 F1,
p<0

Thus one obtains an orthogonal C°° decomposition of the tangent bundle into two complex subbundles. One has

(5.12.4) (Te)n € (TP (k€ X).



5.13. The subgroup K (h)cNP(h) of K (h)c is parabolic, so that K (h)c C K(h)-P(h) and K(h)-h = K(h)c-his
a compact complex analytic subvariety of X. These varieties are the fibers of the C*°, G(R)-equivariant fibration

X = G/H(h) — G/K(h).

It is easily verified that T% is the tangent bundle to this fibration.

5.14. Recall that on a holomorphic Hermitian bundle F' there exists a unique Hermitian connection V such
that V" = 9”. The curvature R of the bundle is, by definition, the curvature of this connection. It is a form of
type (1,1) with values in the Lie algebra of the unitary group of the bundle.

If F is the constant bundle defined by a vector space F,, and if the Hermitian form is written
(5.14.1) O(x,y) = Po(hz,y),
then, for z : S — F, a C™ section of F', one has
(5.14.2) Vz=0r+ht0h-z.
It follows that, for v and v two tangent fields,

(5.14.3) R(u,v) = 0y (k=0 h) — 0, (h™2l,h) — h=20] b+ [h ™28l h, k=) h).

5.15. Let F be the tangent bundle of a Hermitian complex analytic variety. For u a tangent vector to S, denote
by w10 and wg1 = Uy its components of type (1,0) and (0,1) in the complexification of the tangent bundle.
The holomorphic curvature of S in the direction u is the real number

(5.15.1) R(u) = ®(R(uy.0,u0.1)(u),u)/®(u,u)?.

If X is endowed with the Hermitian structure 5.12, one has the fundamental result ([8], §9):

Theorem 5.16.- There exists A < 0 such that R(u) < X\ in every direction belonging to T%.

Proof (a sketch). By homogeneity it is enough to prove 5.16 at a point e € X. Put H = H(e), P = P(e), let
N7 be the unipotent radical of P, and let N~ be the conjugate complex subgroup whose Lie algebra is

n~ = PLie(G)"".

In the calculations which follow, near e, we identify X with N~ by the maps
X=G/H— G(C)/P+«+ N".
Left translations on N~ permit one to identify the tangent bundle with n~. We shall denote by ¢*, ¢°, and ¢~
the orthogonal projections of Lie(G)c onto n~, Lie(H¢), and nt = Lie(N*). For g = np (g € G(R), n € N,
p € P), the differential, at e, of the action of g on X is identified with
t"adp:nT —n".
The Hermitian structure is therefore written
®,(z,y) = P (t" adp 'z,t” adply).
Denoting by ¥ the polarization form and by C' the Cartan involution associated to e, one has

O, (z,y) = U(t"adp 'z, tCadply)

(tadp 'z, adC(p)~' - CF)

=U(adC(p) -t~ -adp~' -z, CF)
O, (adC(p) -t~ -adp™! -z, y).
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One verifies that, for n = exp(u) with u ~ 0, to third order one has
p=exp(u— 1t°[u, 7] — tT]u, 7))
and
h=adC(p)t adp ' = exp(H),

for
H=t oad(Cu—1u+[u,7]) — i[t~ ad Cu,t” adu.

Under the hypotheses of 5.14, if h = exp(H) and if H =0 at s, € S, one deduces from 5.14.3 that, at s,,
R(u,v) = (8.0, — 0,0,)H — 3[0/H,0,H] + 5[0, H, 0, H]
+ (0,0, — 9,0, — Opyy ) H.
Applying this formula, one sees that the curvature is given, at e, by

R(u,v). = S(u,v) — S(v,u),

with
S(u,v) = —t~ oadlu,v] + $[t~ adCu,t~ ad?] + 1[—t~ adv,t” ad Cu
= [t~ adCu,t” adv] — ¢t~ o ad[u, 7).
For any u,v € n™, if u1g and ug; are the components of type (10) and (01) of u, as in 5.15, then, by the invariance
of U,

O (R(u10,uo1)(v),v) = U (S(u,w)(v), Cv)

= V([Cu,t™ [, v]] — t~ [u[Cu,v] — ¢t~ [[wa],v], CD)

= —U(t"[u,v],[Cu,C7]) + ¥([Cu,v], [, C?]) — ¥ ([u,qd], [v,C7]).
For u =v € T%, one has Cu = —u and

®(R(u10, uor)(u), u) = (¢t~ [u, 1], [u,a]) + ¥ ([u,u], [v,v])
=—®(t [u,ul,t" [u,1]) — ®([u, 1], [u,1]) <0,
which proves 5.16.
A generalization of Schwarz’s lemma allows one to deduce from 5.16 (see [1], III, no. 10):

Corollary 5.17.- Let f : D — X be a holomorphic map from the unit disk into X. Endow D with the hyperbolic
metric d for which it has curvature —1, and X with the metric 4.12. Then, if f(D) is tangent to TR, one has

d(f(z), f(y)) < Al d(z,y).

6. The Monodromy Theorem, after A. Borel.

6.1. Let S be a connected complex analytic variety, endowed with a base point s, € S, and let p : S — S be
its universal covering. Let H be a polarized family of Hodge structures of weight n on S. Denote by H, the
polarized Hodge structure which is the fiber of H at s,.

The polarization ¥ is a bilinear form on H,p. Denote by G° the algebraic group, defined over Q, which is
the neutral component of the group of automorphisms of (H,g, ¥); by € € G° the homothety of ratio (—1)";
by G the group deduced, by the procedure 5.5, from (G°,¢); and by T" the discrete group of automorphisms of
(Hoz, ¥). One has

(6.1.1) T:m(S,s,) —T.
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6.2. For each point s € S , one has a natural isomorphism
HoZ =~ Hp(s),Za

and the Hodge structure H, ) is identified with a Hodge structure on H,z, defined by h(s) : S — Gg. The
morphisms h(s) are positive and mutually conjugate, because they form a connected continuous family and G is
reductive. If X is the corresponding moduli space, defined in § 5, one therefore has a map

h:S — X.

The family H is the pullback along h of the system of Hodge structures on X defined in (5.9) by the natural
weight-n representation of G on H,.

The morphism A is equivariant, via (5.5.1), for the actions of 71 (S, s,) and ' on S and X.
By 3.4 and 3.6, the map & is holomorphic and Im(dh) C Tk (cf. 5.10).
6.3. Suppose that S is the punctured unit disk
D*={z]0< |z <1}
and take for the universal covering of D* the Poincaré half-plane Y, endowed with
exp(2miy) : Y — D*.
If T €T is the monodromy transformation (4.3) of Hz, the map h satisfies
(6.3.1) My +1) = Th(y).
Choose h, € X. If h(y) = gy - ho, the distance in X, for a metric (5.12), satisfies
(6.3.2) Ay + 1), h(y)) = d(Tgyho, gyho) = d(gy Tgyho, ho).

By 5.17, if Y is endowed with its natural hyperbolic distance, the map h decreases distances (suitably normalized).
In Y, one has

d(y,y +1) ~ (Im(y)) "

and therefore
(6.3.3) (g, ' Tgyho,ho) — 0 for Im(y) — oo.

The same argument applies to 7?; moreover, T2 € G(R), and (6.2.3) implies that a limit of conjugates of T2 lies
in the compact subgroup H(h,) of G(R). The eigenvalues of T2 (and of T') are therefore all of absolute value 1.
These eigenvalues form a set of algebraic integers stable under conjugation. Now,

Lemma 6.4.- If all the complex conjugates of an algebraic integer o have absolute value 1, then « is a root of
unity.

The eigenvalues of T are therefore roots of unity, which proves

Monodromy Theorem 6.5 (A. Borel).- Let H be a polarized family of Hodge structures on the punctured
disk D*. There exist integers N and M such that the monodromy transformation T' satisfies

(TN - DM =o.
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