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where BAR =1,

and, consequently, pEt = x-k—,l,_—,;;

i & MY — i D netey — PEK? dA - 1
nkk 7 log (%) = nkk i log (Ak*-%) = a1 +n(n—2t) %k

= M-'N"+n (n—2t) k2
It thus appears that (2) is transformed into

dn’" =4

dk
- {2a,+(n—t)’—(n’—t’) k"} e+ (E+2)(E+1) K2, ., = 0.

(n—t+2)(n—t+1) aurso+2nkk"”

Now, if we write ¢ for n— ¢, this is
(£4+2) (£ +1) apps +2nkE" %‘;j — {20y +E—t 2n—t) I} a,
+(n—t+2)(n—t+1) Koy, = 0;

in other words (2) can be transformed into (1).

Further Note on Automorphic Functions. By W. Burnsipr.
Received and read June 9th, 1892,

I propose in the present paper to continue the consideration of
certain groups, and the antomorphic functions connected with them,
with which I dealt shortly in a previous paper, published in the
current volume of the Society’s Proceedings. In that paper it was
shown that, for symmetrical fuchsian groups of the first class, auto-
morphic functions taking every value twice only in the generating (or
any) polygon can always be found, and thercfore that the algebraic
equation connecting two different automorphic functions is in this
case an equation of the hyperelliptic class.

I shall here show how, when the group is given, to calenlate the
coefficients in the equation, incidentally expressing the two variables
which the equation connects as uniform functions of a single para-
meter.
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Herr H. Weber, in & paper published in the Gittingen Nachrichten,
1826, with the title “ Ein Beitrag zu Poincaré’s Theorie der
Fuchs'schen Functionen,” has already dealt with the problem of
expressing the variables in a hyperelliptic equation as uniform
functions of a parameter, and the mode of expression obtained in
this paper is not essentially different from M. H. Weber's ; still,
though in this point possessing no novelty, the forms of the ex-
pressions here obtained are both infinite series and infinite products,
while M. Weber’s functions are all expressed in the form of infinite
products, and moreover the group on which the functions depend is
simpler than (in fact is a sub-group of) the group from which
M. Weber starts.

The latter group is defined as follows :—

Take n circles with their centres lying on'the real axis, and such
that cach onc is ontside all the others. Then = elliptic substitutions
of period 2, with the n pairs of points where the circles meet the axis
as their donble points, are the generating substitutions of M. Weber's
group. Any substitution of the group can therefore be represented
by an even number of inversions at the aystem of n+1 circles formed
by the n given circles and the axis of #. The symmetrical fuchsian
group whose substitutions are the equivalents of an even number of
inversions at the » circles is immediately seen to be a sclf-conjugate
sub-group of the former, and it is on this group that the functions
involved really depend.

After obtaining the cquation connecting two independent auto-
morphic functions, I go on to determine explicitly the relations
botween the integrals of the first species to which the equation gives
rise, and the ¢-functions of the corresponding group.

In the second paragraph, applying directly the definition which
Prof. Klein gives in dealing with Abelian functions of a new element
which he bas inbroduced into the theory, I have shown how Lo express
any automorphic function as the product of a number of factors
which bear the same relation to it that a linear factor bears to a
rational function.

Lastly, the relations between a symmetrical fuchsian group and
its simplest sub-group (which is also symmetrical), as well as those
betweon the functions connected with the two groups, are investigated;
and, in the particular case when the hyperelliptic integrals reduco to
clliptic by a gnadratic substitution, the form of the generating
polygon is determined.
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1. On the Algebraic Equation connecting Two Independent Automorphio
Functions.

I suppose for the present that the symmetrical fuchsian group is
defined by n+1 circles C,, 0,, 0, ... 0., each outside all the others
and with their centres on the axis of . If 0, be taken also to repre-
sent an inversion with respect to the p't circle, the n fundamental
substitutions of the group may be written

8§, = 0,0, (=12, ..n).

If a, 8 are the double points of S,, and a, 3; the homologues of a, 3
with respect to any substitution of the group, it was shown in my
former paper that :

0 =3 (- 5).

Z—a; B z—p

the summation extending to all different pairs of points a;, B.

If a;, B; are the homologues of a, B for the substitution S;, and
a;, 3, for the substitution 0,S;0,, which is clearly also a substitution
of the group, then, since (, changes a into (8, and S; changes f3 into
By, it follows that a; and §; are inverse points with respect to O, as
also are B; and a,; hence, pairiog the substitutions in this way,

1 1 + 1 1 ]

g—a; s—PB s—ay z—p

0(s, J, =;_~—;—+2'[

Now, if P, @ are inverse points on a diameter MN of a circle, it
may be easily verified that

ﬁ(;:lf’—z—lQ) dz = £ m1,

where the integration is taken along the semicircle from M to N.

Hence, if a,, b, be the points where 0, meets the real axis, the above
form of 6 (2, J,), taken in conjunction with the previous result that
the integral is always a finite quantity, gives

I""o (5, ;) do = (2m +1) s,

do

where m is an integer, the integration being conducted along the
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circle 0,; and therefore

exp [% (%) —¢» (a'o)] =-1,
where S, is any one of the fundamental substitutions.

If, instead of taking for the generating polygon the region external
to 0,, 0,, ... 0,, and to their inverses in C,, there be taken the region
external to C,, 0,, ... O;_), Ci.,... 0, and to their inverses in C;, the
group remains the same, while 0, takes the place of 0, in the previous
investigation, and the substitutions

0,0, (p=0,1,..¢-1,9+], ... n)

must be regarded as the fundamental substitutions. Expressed in
terms of the former fandamental substitutions, these are '

87, 8,87 oo 8187, 8in 871 ... 8,87,
If, then, a,, b; are the points where O, meets the real axis, and J is the
homologue of infinity for any one of the n substitutions just written,

. .
] ‘0, J) do = (2m+1) i,
o

m again being en integer. Now it has been proved before that
0 (z, Jp‘lq) =0(s J)+0(, Jp_l).

Hence, if g1, ’
0 (2, J)) =0 (3, J;1,)—0 (5, J;.0),

b
and [ ‘0 (2, J,) do = 2m'mi;
R L

while

'b‘ b‘ ‘ . ” .

L 0 (2, J;-,)dz=—-‘( 6z, J)dz= (8m"+1) =i,
¢ @

v

Hence, finally,
exp l:‘Pt ®)—9¢: (a'()] =-1,

exp [9,(b)—¢,(a)] =1, - g#Fi

It will be convenient to use the abbreviation é; for %‘i—t—% . With
: 3 ()
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this notation it was shown in the previous paper that

Xa,b (25) =Xa,5 (2) = 95 (®)—¢, (a),

and now, if for @, b in this formula a, b, aj, b;, &c. be successively
written, there results

€XP Xg,, bo(zp) = = ©XDP Xaq,, bo (2, p=1 2.9
and eXp X, b‘(z,.) = eXpX,,p (2), p=12..i=-1,¢+1 ...a,

XP X,, b, (%) = —exp X, 1, (2).

Hence exp 2Xa‘ b () is an automorphic function, and, since in the
generating polygon it has a single double infinity at b; and a single
double zero at a;, its square root expx, s (#) is the analogue of a
byperelliptic function.

Also the above formule show that

Dexp x,,, 5, (2)

is unaltered by the fundamental substitutions, and hence this also is
an automorphic function.

I return now to functions in the form of infinite series, and, to
simplify the analysis as far as possible, I suppose the circle 0, to be the
axis of y, which, as I have shown, involves no real loss of generality.

Then, as shown on pp. 76, 77 of my formor paper,
2, = Y, (2) —¥_. (2) + constant

is an automorphic function which takes every value twice in the
generating polygon. It will first be proved divectly that between
any two such functions a lineo-lincar equation holds.

Replacing ¥, (z) and ¢_,(2) by the forms given on p. 68, and
omitting a constant term, which if necessary can be replaced in the

result, )
&, =08 (a,2)—0(~a,z)

=0 (a, 2) +0 (a, —2).

Hence

an =33 (et 2 00400 [ ¥ [ i)

¢,—z a;+z4Lb—z 'b.~+z

On resolving the product of the two brackets into partial fractions,
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the term depending on is -
Q;—2
1 1 1
=3 8,)? 3,)?
] (via+3)= (v,b+3) -2 [b,--a‘+ b,-+a;]
_ v (via+d)"? -
=3 L [0.(b, a)+0 (5, —a)]

=3 Szi:‘_ti‘)_’ [6(b,a)+0 (b, —a)]

=0 (a, 2) [0 (b, ) +6 (b, —a) ].
Hence
a2 = 2, [0 (b, a)+0 (b, —a) ] +2, [0 (a, b) +6 (a, —b) ],
o I [6(b,a)+6 (b, —a)] -
m,,—[B (a, b)+6 (a, —b)]

-2
: w“=22(7;a~:3‘)2 a
a,‘—z

Now ’

so that 2, has a double zero at 2=, and, taking account of this, the
above relation betweén z, and x, is what would have been obtained
by assuming the one a linear function of the other from other con-
siderations, and determining the constants from the zero and
infinities.

The two infinities of =, are in general distinct, since, if a is in the
generating polygon, —a is gencrally a different point also in the
generating polygon. But, of the two circles 0, and 0, only one can
be reckoned as belonging to the generating polygon, and hence, if a
coincides with one of the points a; or b;, the two separate infinities of
z, coalesce into one double infinity. From this it follows that
. / x, can only differ from exp 2y, , (z) by a constant factor.
Since 0, is here‘taken for the axis of y, b, and a, are 0 and o,

Now, when e diminishes withoat limit,

Lt. , = Lt. E((-y,-a.+8,-)" - (‘Y-'a—ai)"‘)

o | aiatf a,a—f3;
———-——z _—_—l —
Yia+&; . yia—&

1 1 1 1
= Lt.3 - -
Lt ( 55— P, % T B 6.-)
a—-BET8 g4 % gy GETB g S
—viz4 o Yi —viz+a; Yi

= 2a3[ (L)'~ (b)),
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2 2
=3[ (Y (uztd
and therefore z= ? [( a.-) (a.-z+l3.~) ]

is an automorphic function taking every value twice, with a double
infinity at the origin and a double zero at infinity ; and if the value
of the argument is expressed by writing z (2), it follows that

ye—z ()

and exp 2)(% b (z)=0C m ,

where C, O’ are constants.

Finally, then, the two lincarly-independent automorphic functions
.z and y, where

y=expllx, ,; (o)
are connected by the equation

2 ["Im—m (a)
Sy

where the constants are directly calculable by using particular values

of z in the series
. a . . 2
2 [(2)- (22h)],

It is not without interest now to verify directly that the n indepen-
dent hyperelliptic integrals of the first kind connected with the last
equation are identical with » linearly independent ¢-functions of the
group.

The integrals may be written

dz .
— (t=1.2...7),
.[[a:—-—:v(b,-)]y ( )

and it is therefore to be shown that

1 &
[a:—w (b,-)] y dz

can be expressed in the form

{an
El 60 (z, J).
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For this purpose it is necessary to determine the zeros and infinities
dz
.of - -

dz’

Now, if @, b are any one of the pairs of points a, b;, then

z—z (a)

2=z () = exp x5 (2) 5

.and therefore

[2(@)—2®)] &

= [e—~2 @][c—s ()] 3 (ne+3)" {—1— -1

Z—a z;—b

‘When z = a, z—2 (a), considered as a function of z, has a double zero;

-and therefore Z—z has single zeros at the points a, b.
-2
Also, since de_5 (uz+3)7

3 ’
]

dz 2

it has a triple infinity at 2 =0, and this is its only independent

infinity; and, sincezitself has a double zero at infinity, g_w must have
2

a triple zero there. This enumeration is complete, for it was shown,
Pp- 78, 79 of my former paper, that the number of zeros of any
function of the form

%f (z)(viz+8;)=*
in the generating polygon exceeded that of the infinities by 2s, and
while ?j has a single triple infinity it has also been shown to have a
z
triple zero and 2% simple zeros at the points a,, b, ... a,, b,.
Considered as a function of z,
1
[o—= () ]y
[a—=z ()] ... [a—2 (b)) | [2—2 (bio) ] ... [2—2 (b,) ]
vz [a:—a: (a,)] [m—:c (bl)] [m—-m (a,,)] [w—-x (b,,)]

has simple infinities at a,, a4 ... a,, b; and oo, simple zeros at b, ... b;.y,
biy1 ... b,, and finally a triple zero at O.

or
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dx

Hence ———— =~ has no infinity, and double zeros at the
[m—w (bi)]?/ dz

points &, ... 5,1, biy1... b, o, that iy to say the equivalent of 2n
simple zeros in the generating polygou ; morcover, as already shown,
it is of the form

?* @) (riz+0)™%

It therefore only remains to be shown that the constants C can be
80 choson that

3 0,0 (2 J,),
[}

which necessarily has a double zero at infinity, shall have n—1 other
double zeros at the points by, b,... biyy biyy .o Dy

This is immediately obvious; for, if 6 (z, J) has u zero ab z, in the
generating polygon, it necessarily has u sccond at —z,, Now if z,
approaches one of the poiuts b, a homologue of —z, will ulso approach
b, and in the limit the two zcros will coincide and form a double
zero. Hence, if the n—1 ratios of the constants nre so determined
that tho expression in question vanishes at b,, &c., it will necossarily
have double zeros at these points.

Finally, then,

1 9% _ const.x | 0(z, J), 02, L) . 0(z, J2)

Tac a .
[2—2 )]y % PR T 8 (b, J.)

0 (Bacty 1)y oeveeerreneenns 0 (Bioyy )
0 (Bisty 1)y coeevrnveverevinns 0 (igy Ji)

0 by i)y eorereervvenenenns 0 (b, J.)

Corresponding relations can obviously be obtained betwcen the
integrals of the second and third species and the corresponding
z-functions.

2. On the Prime Factors of an Automorphic Punction,

In his recent memoirs on hyper-elliptic and Abelian functions,
Prof. F. Klein has introduced, as a new element, an oxpression to
which he gives the name ¢ Primform.”

VOL. XX11.—N0. 448, u
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He defines it as follows. Let w,, w,, ... w,, be the n everywhere
finite integrals connected with a given equation of deficiency n» (or
on a given 2n+1.ply connected Riemann’s sarface), and let
¢1 91, ... ¢ be n finite (¢.e., not infinitesimal) quantities such that

'pl (2] ‘Pu
Then, if dw is the common value of these fractions, and if P} is any

integral of the third kind on the surface, the * Primform” Q (=, y) is
defined by the equation

0 (2 y) = Lbuceo,mo ¥ docdu, oxp (=PI "),
z, y denoting any two points on the Riemann’s surface.

Q (z, y) vanishes only when the point 2 coincides with the point y,
and does not become infinite for any position of the points.
It is the exact analogue for the multiply-connected surface of the

form
1Yy~

for a simply-connected surface, where z,/z, is any function of position
on such a simply connected surface, which takes every value once’
only; and just as any uniform function on the simply-connected
surface can be expressed in the form

go any uniform function on the mulfip]y-conneoted surface can be
expressed in the form

In his momoir of the theory of Abelian functions (Math. 4un.,
Vol. xxxvt.), Prof. Klein refers to a paper by Herr Schottky in
Crelle’s Journal, Vol. c1, where a precisely similar expression is
introduced in connexion with the theory of automorphio functions.
From the point of view taken by Herr Schottky, the close parallel
that exists betweon the functions he deals with and the analogous
functions of position on a Ricmanu’s surface, ave lost sight of.

" I propose then, here, to tuko Prof. Klein’s definition, and from that
diroctly to construct and investigate some of the properties of the
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functions (and forms) on the z.plane that are equivalent to his
Primformen and the derivable prime-functions on the surface.
It has been shown, p. 69 of my former paper, that the function

. 2%— i—b)
e y) = S 1og =)
Xa,s (2, ¥) “ g(z;—b)(y.-—a)
is the equivalent on the z-plane of the integral of the third kind on
the Riemann’s surface.

If the suffix refer to all substitutions except the idemtical one,
this may be written

(”—a)(y—b)n(z;—a)(y. b).
—b)(y—a) i (z—b)(yi—a)’

or, since Xas (2 Y) = = Xs,0 (2 Y)s

(=0 (y=8) exp { s (5,9} = (e—0) (y—b) T1 ZP =S

If now a approaches y, and b approaches z, the right-hand side
remainsg finite, and also in the limit becomes a perfect square, for it
may be at once verified that

XD Xa, b (zv J)

(=) (yi—2) _ (2.i—1)(y.—7)
(z—2)(yi—y)  (2i—2)(¥-i—y)

Hence the limiting form of the previous equation is

) (a— _ —  Ei—=y)( (J.—z)
Litug.y v/ (2—b)(a—y) exp.{ Xoa (5 y)} = (53— (z —z)(y D’
where now, of each pair of inverse substitutions § a,nd S-!, only
- one i8 to be taken in the infinite product. .
If now z,/z, and 4,/y, be written for z and ¥, and the equation be
multiplied all through by ¥,2, the left-hand side becomes

Lt-g::g \/(z,dz,-—z,dz,)(y,dy‘—'yldy,) oxXp {'—Xa'd:‘yﬁdy (2, ‘.‘/)}:

which agrees exactly with the expression used by Prof. Klein to

define his Primform. The Primform on the z-plane may then be
writben

(z:9) (y:2)
) i (z5)(yay)’
where : (=) =2ys—2y,

u 2
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and the prime-function will be derived from this by dividing by y,, 2,.
It is to be rememhered that in forming the infinite product, S and S-!
are not to be regarded as distinct substitutions. It is evidently
immaterial for the present purposcs whether the form or the function
is dealt with, and a symbol @ (2, ) will be taken for the function.

It is clear that Q (2, ) has a single zero in each polygon, namely
the homologue of y in that polygon; and that its only infinity is at
infinity ; also if z and y are interchanged the function changes sign.

To determine the relation between Q(z,, y) and 0 (z, y) it is
necessary to return to the equation defining the function. This gives

2 (e 1) _ \/(z,,—b,,xa—y) exp { =Xy, o o D}
Q(zay) N @b (a—y) exp {—xu. (4 p)}
Now, from p. 69 of the former paper,
Xo.a (G W) =X, (2, y) = ¢, (a) —¢, (D),
and Xb,a (2 ¥) = Xs,y (U, ).
Hence exp {xs,q(2 %) —Xy, « (2 )}
= exp {Xu,a(% ¥)—X0,a (2 ¥)}
o (b )}
= exp {9, (0) = ¢, (@) +95 (5,)—9, (¥) }.
Zp—by _ 1 .
s—p  (%2+8,)(70+38)’

X exp {x% v (b, a) —X:,

Also,

and therefore, writing a = y and b = 2,

DG b) = (y,48,) expd {0,(2)+4, () —29, (1) }
Q(,y)

= (az+8) " exp {0, () =9, ) + %t |
If z, be written for z in the product

11 &z 9-)
1 Q(z,2,)’

the function is reproduced multiplied by the factor

exp 3 [g, @)= (1) ]:
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and if for » of the z's and y's suitably chosen homologues are written,
this multiplier will become

exp {% [ () —95 (3] +’2:“a“m}'

the quantities n, being any arbitrarily assigned positive or negative
integers ; but when the 2’s and y’s are the zeros and infinities of an
automorphic function (p. 70 of the former paper) the integers n, can
be chosen so that the multipliers become

exp [21;1,,1”5] or unity.

Hence any antomorphic function can be expressed as a product of
prime-functions in the form

l’.‘i Q(z, y,)

1 Q(z, )

3. On certain Sub-groups of the Symmetrical Group.

If to the generating polygon of a symmetrical gronp be added the
polygon into which it is transformed by one of the fundamental sub-
stitutions, say 8,, the new figure so formed is bounded by 4n—2
circles, 2n—1 of which are the inverses of the other 212 —1 with
respect to (,, and which will therefore serve as the geuerating
polygon of a new symmectric group. Morcover this new group is
clearly a sub-gronp of tho original one. Thns, with the notation of
§ 7 of my former paper, the fundamental substitutions of the new

group are
’ ’
S, = ({0, 3,=C,C), ... Su=C.0,,

S.a=0,0, ...  Zun=20,0,,
2,+p being tho identical substitution.

Now the substitutions of the original group ave

S,= 00, (or C,C) ...... S,=C.C,(or C,C,),
so that 5=85 ... 3.=15, ... .3, =8.,8,,
S =878, e S =88,

Tt is also clear that the snbstitntions of the original group are all
given without repetition by the forms X and XS, where X represents
the totality of the substitutions of the original group.
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Using now accents to distingnish fanctions formed with the sab-
stitutions of the sub-group, it follows that

1 1
6 = ———
(z, 20) ? Z—JS;% Z—S‘Zo]

PY 0 S S S

-0 2—35,0 2—3z z-38,%

=0 (2, 2)+ 8 (2 S,2,),

and 03, J,) =0 (2 2)—8 (s, Suz)
= 0" (z, 2,)—0 (2, S,,S,,z& + 0 (2, Spz0) =0 (2, Sy2,)
=0 (2, Jg) —0'(2) Josg-1) 5

while 0(zJ,)=201(zJ,).

Hence for the sub-group = linearly independent 0’ (z, J') functions
are identical with the » §-functions of the original group ; and this
will involve certain simple relations between the corresponding
quasi-periods of the ¢’ functions.
If now the original group is also fuclmum, so also is the sub-group.
Suppose then that
¥ =f(2)

is an unchanged function for the sub-group, that takes every value
twice in its geverating polygon. Then

f(z)+f (Spz) and f(2)f(85,7)

are unchanged functions for the original group, which take every
value twice in its generating polygon, and therefore, z being the
already used function for the original group, z’ is the root of a quad-
ratic equation whose roots are linear in @ ; or # is a rational function
of the second degree of o,

These considerations may be applied to a particular case of some
interest, as follows. Suppose that for a symmetric fuchsian group
derived from two fundamental substitutions (and leading therefore to
hyperelliptic integrals of the first order), the three circles C, C,, C,
are symmetrical with respect to a fourth circle.0, which must there-
fore cut one of them, say C,, at right angles. The group is then a
sub-group of that formed by an even nmmber of inversions at tho
circles C, (%, and C,, and the two fundamental substitutions of this
group being one hyperbolic and the other elliptic (of peried two), the
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corresponding algebraic equation is of deficiency 1, and the corre-
sponding integrals elliptic. = Hence the hyperelliptio integrals to
which the group in question leads, are those which can be formed by
a quadratic substitution from elliptic integrals. But these are of
koown form, and hence in this particular case a definite relation is
obtained, without further calculation, between the nature of the
group and the nature of the algebraic equation to which it leads.
As a further verification, it may be very easily shown in this case,

from the relation
o (z, J,) = 6 (z, J,',),

proved on the last page, that
ay = day,

which relation between the periods of the hyperelliptic integral
involves the possibility of expressing it in terms of elliptic integrals
by a quadratic snbstitution,

Note on Approximate Evolution. DBy H. W. Liovp Tannew,
M.A., F.R.A.S. Received June 6th, 1892, Read June
9th, 1892.

In a paper published in the Proceedings of the Socicty (Vol. xvit,
pp. 171-178), Professor Hill has pointed out that the rule
(Todhunter’s Algebra, Art. 24G) for contracting the process of
finding the square and cubo roots of & number, iy incorrect in some
cases. It is desirable to have a practical test for distingnishing the
cases in which the rule is available from those in which it fails.
Snch a test is obtained by a slight modification of Todhunter’s
discussion (loc. ctt.), which cnables us also to state two limits between
which the required root must lie.

Square Loot.

It is convenient to take the decimal point in N, the number whose
square root is to be found, so that the integral part of /N may con-



