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On Cremonian Congruences. By Dr. T. ARCHER HIRST, F.R.S.

.[Bead May nth, 1880.]*

Definition.
1. The well-known point-to-point correspondence between two

planes, which was first investigated by Cremona in two Memoirs, pub-
lished in the Transactions of the Institute of Bologna for 1863 and
1865,f is now usually referred to as a Cremonian Correspondence.
The two-fold system of right-line rays, each of which passes through
a pair of corresponding points of two planes thus related, but arbi-
trarily situated in space, may therefore be appropriately termed a
Cremonian Congruence.

2. Although far from being always general ones of their order and
class, Cremonian Congruences, from their very mode of generation,
cannot fail to secure the interest of Geometers. This interest is
enhanced, moreover, by the fact that they include many well-
known and important types, whose direct investigation, by purely
geometrical methods, has hitherto received comparatively little
attention.

The present paper is occupied mainly with the study of Cremonian
Congruences, whose class, or whose order, does not exceed the second;
the general properties of Cremonian Congruences will be treated in it
only so far as this main object of the paper may appear to demand.

General Properties.
3. Let a and ft be the two planes between which a Cremonian

Correspondence of the nlh degree is supposed to exist. An arbitrary
plane ir will cut each of them in a line to which a curve of the order n
corresponds, point by point, in the other. Every such plane ir,
therefore, will in general contain n pairs of corresponding points, and
consequently n rays of the Cremonian Congruence;—in other words,
this congruence is of the class n.

4. Should the plane ir pass through the intersection of the two
generating planes o and /S, without coinciding with either of them,
all the congruence-rays in it will, in general, be coincident with
aft; hence the intersection of the planes a and ft is a n-ple ray of the
Cremonian Congruence.

• The publication of this paper has been unavoidably delayed for moro than threo
years ; the form in which it now appoars is, substantially, that which it had when
communicated, in abstract, to the Society.

t Both memoirs were afterwards rcpublished in the Bulletin des Sciences Mathc-.
matiques et Astronomiques (t. v., p. 206, 1873), to which, under the designation
Bulletin, reference will be hereafter made.
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260 Dr. T. A. Hirst on [May 13,

5. When the plane v, through aft, coincides with either of the
generating planes, it obviously contains the singly infinite number of
congruence-rays connecting the several points of aft with the points
in that plane which respectively correspond to them. The generating
planes a and /3, therefore, are singular planes of the congruence under
consideration.

6. The several pairs of corresponding points of a and /3 are projected
from an arbitrary point P in space by two pencils between which a
Cremonian correspondence of the wth degree likewise exists. The n + 2
self-corresponding rays which these concentric pencils possess* are
evidently congruence-rays, and, moreover, the only ones passing
through P; in other words, the Cremonian Congruence generated by the
planes a and /3 is of the order w-f 2. .

7. Of the n+ 2 congruence-rays which pass through an arbitrary
point of a, or ft, however, all but one necessarily lie in that plane.
The excepted one connects the point in question with its corres-
pondent in ft^ or a ; the remaining n + 1 connect points of ft, or a,
situated on aft, with their correspondents in a or ft. Hence the con-
gruence-rays in each of the two singular planes a and ft envelope a con-
gruence-curve of the class n +1, to which, by Art. 4, a(l is a n-ple tangent.
These congruence-curves will be denoted by a,,+i and &,,+i respectively;
being unicursal, they are, in general, of the order 2n.

8. The correspondents, above alluded to, of the several points of aft
lie, by hypothesis, on a curve an in a, and bn in ft. These carves, being
unicursal jrad of the order n, are in general of the class 2(n — 1).
They cut aft in the n pairs of corresponding points which this line
contains ; each, in fact, cuts it in the n points at which it is touched
by the congruence-curve situated in the plane of the other, as will be
evident on remembering that every tangent of the congruence-curve
in a, or ft, joins a point on aft to its correspondent on a", or b", (Art. 7).
The curves a" and a,,+1, moreover, (and in like manner bl and&,,+1)
have contact with each other at every point where the former is
touched by the tangent of the latter which connects that point with
its correspondent on aft. It may be readily shown, by Chasles' Prin-
ciple of Correspondence, that the number of such points of contact is in
general 2n—1.

9. The fixed (principal) points through which every curve, of the
order n, corresponding to a right line passes, once or oftener, are
eingular points of the Cremonian Congruence. Each, in fact, is the

* Bulletin, Art. 35.
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correspondent, not of one point solely, but of a singly infinite number
of points, all of which are situate on a (principal) line or unicursal
curve whoso order is equal to the multiplicity of the principal point
in question, and whose own multiple points are themselves coincident
with principal points.* Through every principal point of either of
the two planes a or ft, therefore, a singly infinite number of congruence-
rays pass, all of which are situated on a congruence-cone, whose trace
on ft or o is the principal curve corresponding to its vertex.

The multiple generators of each such cone are obviously congruence-
rays of the same order of multiplicity. If Ah for instance, be a prin-
cipal point of a, of the order i, whose corresponding principal curve
b' passes k times through a principal point Bj of ft, then, as Cremona
has shown,f the principal curve a\ corresponding to the latter point,.
will pass A; times thi'ough A{. Hence it follows that, of the n con-
gruence-rays situated in any plane passing through both these points,
k, at least, must coincide with A{Bj itself.

The singularity would be still more marked if either of the points
Ai or Bj, or both, were situated on the intersection a/3; but I do not
pause to consider it.

10. The class of the focal surface of a Cremonian Congruence is
readily determined from the circumstance that every tangent plane
thereof (since it contains, by definition, two infinitely close congruence-
rays) must, in general, intersect a and ft in lines which touch their
corresponding curves.

Now, a plane v, by turning around an arbitrary line p, generates
two pencils of rays [pa] and [pft], in aand/3, which are in perspective
with each other, as well as projective with the pencils of curves, of
order n, corresponding to their several rays. The two projective pencils
in each plane, say in a, generate, by the intersection of their associated
elements, a curve a'1*1 of the order «-f 1, which passes once through
(pet) and the correspondent of (pft), and i times through every prin-
cipal point A^ The class of the generated curve, therefore, is in

general n (n + 1) — %i(i—1) a, = 4m,—2 (1),

where a, denotes the number of principal points in a of the order i,
and it is to be remembered that

2t2 ctj = n1 — 1, and 2i a( = 3 (n — 1),

if the summation be extended from i = 1 to i = n — l.J By a well-
known theorem, the tangent to the curve an+l at the point (jm) is the
ray of the pencil [pa] associated with the curve, of the projective

* Bulletin, Art. 5. f Bulletin, Art. 12. % Bulletin, Arts. 4 and 8.
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pencil, which passes through (pa)*; but this ray and curve do not, in
general,, touch each other at (pa) ; whereas every ray of the pencil
[pa] which touches an+1 at a point not coincident with (pa), likewise
touches its associated curve at that point. Hence it follows that the
plane through p and any such ray possesses the property, above referred
to, of intersecting a and ft in lines which touch their corresponding
curves, and therefore of touching the focal surface. According to the
equation (1), the number of such planes passing through p, in other
words the class of the focal surface, is 4 (n—1).

11. If p were an ordinary congruence-ray,—that is to say, if it inter-
sected o and /3 in a pair of corresponding points, neither being a prin-.
cipal point,—then the curves associated with the several rays of the
pencil \_p*\ would pass through its centre, and the generated curve
a11*1 would there acquire an additional double point, the tangents at
which would touch the curves respectively associated with them.f
Although the class of a"+1 would be diminished by 2, therefoi'e, every
plane of the pencil [jp] by which it is touched would become a tan-
gent plane of the focal surface, and moreover, with each of the planes
touching it at its double point, two consecutive tangent planes of that
surface would coincide; in short, as is well known, every congruence-
ray p is a double tangent of the focal surface; the two planes in ques-
tion are its planes of contact—focal planes, according to Kummer.J

12. The only tangent planes to the focal surface which pass through
an arbitrary line p situated in either of the generating planes a and ft;
and which do not coincide with that plane, are those which touch the
curve corresponding to p. Their number is, in general, 2.(ra—1)
(Art. 8) ; whence, and from the fact that the focal surface is .of the
class 4(M—1) (Art. 10), we infer that 2 («—1) of the. tangent planes
to the focal surface which pass through an arbitrary Hive of either. f)f the
two generating planes coincide with that plane.

13. As multiple tangent planes, a and ft touch the focal Surface
along curves of the class 2 (n—1). . These_curves of contact a&e precisely
those winch correspond to the intersection aft (Art. 8).

In proof of this, since the latter curves are of the same class1 as the
former, it will suffice to show that every tangent of the one like-
wise touches the other. Now, if jp touch thecurve d\ for'instance; the '
curve, in ft, corresponding to p will touch aft ; so that, of the tangent
planes to the focal surface which pass through p, one more than th£..

* Cremona's Curve Plane, Arts. 61a. <>
t Cremona's Curve Piane, Art. 52.
j Allgemeinb Theorie der geradlinigen Slrahlcnsysteme (Journal fur die reitie und

angewqndte Mathematik, Band 67, p.. 202).
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ordinary number, 2 (n—1), will coincide with a : in other words, p is a
tangent to the curve of contact between a and the focal surface.

14. It follows at once, from Art. 7, that the congruence-curves an+l

and &,1+i in a and (3 also lie on the focal surface. But the tangent
plane to the latter which passes through an arbitrary tangent p of one
of these curves, say an+1> is in general inclined to the plane o which
contains it. For, since every such line p joins a point on a/3 to its
correspondent in a, the ourve in /3 which corresponds to it will
necessarily cut a/3 at the same point as p itself does, and the plane
through p which touches that curve at (p, a/3) is clearly the tangent
plane in question.

15. It may further be observed that, since every point of a situated
on the focal surface must lie either on the curve of contact a" or on
the congruence-curve an+1, the section of this surface made by the plane
a must consist of the former curve, counted twice, and of the latter
one, which is in general of the order 2%, counted once; in other words,
the order of the focal surface of a Cremonian Congruence is, in general, 4w,
—an inference which is in accordance with the well-known rule, that
the difference between the order and the class of any congruence is
half the difference between the order and the class of its focal
surface.*

16. The above results become modified, in various ways, when
special positions are given to the two planes between which a general
Cremonian. correspondence of the degree n has been established. Of
these modifications, a few of the more noteworthy shall now be briefly
considered.

17. If two corresponding points coincide in C, on the intersection
a/3, one of the congruence-rays proceeding from every point in space
will obviously pass through i t ; so that the congruence («+2, w) will
break up into the congruence (1, 0), consisting of all rays through 0,
and a residual congruence (n +1, n) of which 0 is a singular point.
This self-corresponding point 0, in fact, becomes the centre of a pencil
of congruence-rays situated in a singular plane y ; for, of the n con-
gruence-rays situated in an arbitrary plane passing through G, it is
clear that one, and only one, will always pass through this point.

18. Since the existence of a self-corresponding point 0 diminishes,
by one, the order of the Cremonian Congruence, the class of each of
the congruence-curves in a and /3 must suffer a like reduction (Art. 7).
The intersection a/3 is a (n— l)-ple tangent of these congruence-

• This theorem is attributed by Sophus Lie {Gottinger Nachrichten, 1870, No. 4)
to Felix Klein; see also Schubert's Abzahlende Geotnetrie, p. 64.
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curves an and 6,,, and both obviously touch the singular plane y. The
curves an and 6", corresponding to aft, both pass through G; their
remaining intersections with aft being, as before (Art. 8), the points
of contact, with aft, of the congruence-curves bn and a,,, respectively.

19. The processes of Arts. 10 and 12 being unaltered by the hypo-
thetical presence of a self-corresponding point 0, the class 4 (n—1)
of the focal surface, and the multiplicity 2 (n—1) of the tangent
planes a and ft of this surface, remain unchanged. By virtue of the
general relation referred to in Art. 15, however, the order of the focal
surface is reduced, by two, to 4?i—2.

This surface, moreover, acquires a node (double point) at G. For, if
« be any line in a, passing through G, and b the tangent, at G, to the
curve in ft which corresponds to a, two of the n congruence-rays in
the plane (ab) will coincide with the intersection of the latter and the
singular plane y ; in other words, (ab) and y are the two focal pianos
of the congruence-ray y, (ab), G being the point of contact of the
former with the focal surface. But a and b arc obviously correspond-
ing rays of two projective pencils in the planes a and ft respectively,
so that (ab) envelopes a quadric cone—the cone of contact, in fact, at
the node G, of the focal surface, y is clearly a tangent plane of this
cone, and the latter likewise touches a and ft along the tangents, at G,
to the curves a" and bn which correspond to aft (Art. 8).

20. The correspondence being still perfectly general, the planes a
and ft may always be placed so .that two self-corresponding points, G
and D, will present themselves. The residual congruence (n, n), then
generated, is of the order as well as of the class ?i,_and the congruence-
curves in a and ft are each of the class n—1, aft being a common
(n—2)-ple tangent thereof. The self-corresponding points G and D
are the centres of congruence pencils in fixed singular planes y and S,
respectively. The order of the focal surface is reduced to equality
with its class, which is 4 (n—1), as before. Of this surface, 0 and B
are double points, and y and 8 double tangent planes; whilst the
multiplicity of a and ft, as tangent planes thereof, is 2(n—1), as
before.

21. A noteworthy special case, where two self-corresponding points
G and D present themselves, may occur if aft becomes a self-corres-
ponding line; that is to say, a line upon which the correspondent of each
of its own points is situated. This can only happen, of course, when
there are principal points, of each of the planes a and ft, situated on
aft, whose joint-multiplicities amount to n—1. Each of the singular
planes y and S, containing congruence-pencils whoso centres are G
and D, Avill in such a case pass through the line a/3, and the quadric
cones which touch the focal surface at its double points G and D



1880.] Gremonian Congruences. . 265

(Art. 19) will each degenerate to a line-pair, one element of which
will be a/3 itself.

22. The case, however, with which we shall be most concerned in
the sequel is still more special than the one briefly indicated in tho
last_Article. It is that in which more than two, and therefore all points
of aft are self-corresponding ones. Every line incident with aft may-
then be regarded as a line passing through two corresponding points,
and, if the linear complex consisting of all such lines be detached from
the aggregate possessing the property in question, a congruence of
the class n—1 will remain.

The order of this residual congruence will, of course, be greater by
unity than the number of rays, passing through an arbitrary point of
ft (say), which join two corresponding, but not coincident., points situated
in that plane. Now, under the present hypothesis, the congruence-rays
in ft must consist exclusively of rays belonging to the pencils whose
centres are the several principal points of a situated on aft, and each such
ray will have to be counted as often as it intersects the principal curve
corresponding to the centre from which it proceeds, at a point not
coincident with that centre. But, since every point of a/3 is supposed
to be self-correspondent, every such principal curve passes once, and
in general only once, through its corresponding principal point; so
that if A{ be any one of the latter, every ray of the pencil (At, ft) will be
a(-i—l)-ple congruence-ray, and the total number of such rays passing
through an arbitrary point of ft will be 2 (i—1) a,, where a{ denotes
the number of principal points Ai} of the order i, situated on cifi, and
the summation is to be extended from i = 1 to i = n—1. From this,
and the fact that the joint multiplicities of all points A{ is, by tho

hypothesis of Art. 21, %iat = n — 1,

we at once deduce, for the required order of our congruence, the

expression* n—So;.

But another expression for this same order is, obviously, n—2/3,-,
where fti is the number of principal points of the order i, belonging
to the plane ft, which are situated on aft. Hence we infer that ivhen
every point of the intersection of the planes a and ft is self-correspondent,

the number, %a{ = 2/3< = m (1),

of principal points situated on their intersection u(i is the same for both
planes, and the order of the residual congruence which is generated is
less, by this number m, than the degree n of the Gremonian correspondence
existing betioeen the two planes. Its class, as already stated, is n~ 1.

* This expression may be readily verified by the more general method indicated
in Art. 6.
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23. By the method adopted in Art. 10, it can readily be shown that
the focal surface of the congruence (n—m, n—1), under consideration,
is of the class 4w— 2m—6, and of the order 4 (»— m — 1). With each
of the generating planes o and ft coincide 2 (n—m— 1) of the tangent
planes which can be drawn to the surface through an arbitrary line
in that plane.

Congruences of the First Glass.

24. Proceeding to the applications of the foregoing general results,
I observe that congruences of the first class are generated by the
method of Art. 3 when n = l ; that ia to say, when the correspondence
between the planes a and ft is homographic* Such a congruence is,
in general, of the third order (Art. 6). Its focal surface, which
is of the class 0 (Art. 10), that is to say developable, and of the order
4 (Art. 15), touches the planes a and ft along the right lines a, 6,
which correspond to aft (Art. 13), and cuts them in the congruence-
conics, a2 and 62, which are enveloped by the congruence-rays joining
the points of aft to their correspondents on a and 6, respectively
(Art. 15).

Every tangent plane of this focal surface is a singular plane of tho
congruence; for the latter is only of the first class, whereas the plane
in question [contains, by hypothesis, two, and actually an infinite
number of congruence - rays. In virtue of the last - mentioned
property, the plane under consideration necessarily intersects a and ft
in a pair of corresponding lines. Conversely, every plane containing
two corresponding lines of a and ft must be a singular one ; the con-
gruence-curve in it being the conic which touches these lines at their
intersections with a and b. The two lines, in fact, are tangents, re-
spectively, to a% and 69, and the plane which contains them, since it
touches two conies having a common tangent a/3, envelopes, by a
well-known theorem, a developable of the third class. Every two
such planes obviously intersect in a congruence-ray; the aggregate
of all such intersections, in fact, is precisely the congruence (3, 1)
under investigation. When the two planes are consecutive ones, the
congruence-ray in which they intersect, and which joins corresponding
points of the conies a% and bt, becomes a generator of the developable
focal surface, and consequently a tangent to the skew cubic which

* In 1832, at the end of his Systematischc Entwickclung der Abhangigkcit gco-
metrischer Oestalten, Steiner proposed this question: " T o what law are the lines
subjected which join the corresponding points of two projective (homographic)
planes, or what curved surface is touched by them ?" (Stein er's Oesammclte Werke,
Bd. 1, p. 453.) The second part of the Abhangigkcit, however, in which this and
similar problems were to have been treated, was never published, and the question,
or rather its correlative, appears to have been first solved by Reye, in 1870, in tho
Journal fur die reine und angewandte Mathcmatik, Bd. 74, p. 1.
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forms its edge of regression. The three congruence-rays which pro-
ceed from any point of this skew cubio coincide obviously with the
tangent to the curve at that point.

25. When the homographic planes a and /3 have a self-corresponding
point 0, the congruence of the first class which they generate is only
of the second order (Art. 17). The point 0, however, becomes the
centre of a pencil of congruence-rays situated in a plane y, which
passes through the points A and B towards which all the congruence-
rays in the planes a and /3, respectively, now converge (Art. 18). The
focal surface is developable, as before ; but it is now of the second
order, and has a node at 0 (Art. 19). I t not only touches_ o and /3
alonjg" the lines a and ?T, through 0, which correspond to a/3, but by
Art. 14 also cuts these planes in the points A and B. These results
are most readily explained by again regarding the focal surface as the
envelope of planes, each containing a pair of corresponding lines.
There are now, in fact, two distinct series of such planes, since there
are two different 'modes of grouping the several rays of the congruence.
The planes of one of these series all pass through 0, and envelope a
quadric cone which touches a and /3 in the manner above described ;
the planes of the other series form a pencil whose axis intersects a and
/3 in A and B. The congruence, consequently, has & focal line, as well as a
focal cone. Each plane through the former contains a congruence-
conic which lies on the latter; whilst each tangent plane of the latter
contains a congruence-pencil whose centre is on the former. The
conic in the plane (ABO), which is common to both series, degenerates
to a point-pair (0, D), where D is the point in which the focal line and
focal cone touch each other. If the two latter be regarded as consti-
tuting a developable of the third class, the congruence (2, 1) under
consideration will not be, as before, the aggregate of the intersections
of all its pairs of planes, but only of those which belong to different
series; in other words, the congruence (2, 1) consists of all right
lines which touch the focal cone, and are at the same time incident
with the focal line.

2G. When, finally, the homographio planes o and /3 have two self-.
corresponding points 0 and D, and therefore a self-corresponding
line aj3, they generate a congruence of the first order, as well as of the
first class (Art. 20). The focal surface is now of the order, as well as
of the class 0, and the points 0 and D upon it a,re of such a kind that
at each there are an infinite number of tangent planes, all intersecting
in the same line (Art. 21). From this, and the fact that every such
tangent plane is a singular plane of the congruence (Art. 24), we may
at once infer the existence of two focal lines c and d; the former
passing through 0, and the latter through D. Each, in fact, is the
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axis of a pencil of planes, whereof each constituent contains a pencil
of congruence-rays, since it intersects o and /3 in a pair of corres-
ponding lines having a self-corresponding point. The congruence
(1, 1) under consideration is thus resolved, in two different ways,
into a series of pencils whose planes pass through one focal line,
while their centres lie on the other. It is, in short, the aggregate of
all the intersections of planes belonging to different pencils, or, if we
please, of all right lines which are incident with both the focal lines
o and d.*

27. A congruence of the first order and first class is also generated,
by the method described in Art. 22, when n = 2 ; that is to say, when
the planes o and /3 are in quadric correspondence^ Two, associated,
principal points thereof are necessarily situated on a/3; but if A\ and A"
be the two principal points of a which are not situated thereon, and if
Ii[ and B" be the principal points of /5 respective!}' associated with
them, it is clear that every plane through A[B'U as well as every plane
through A'x'B", will intei'sect a and /3 in a pair of corresponding lines
having a self - corresponding point, and will therefore contain a
pencil of congruence-rays. The axes A[B[ and A'X'B[' of the two
pencils of planes are, obviously, the focal lines of the congruence (1,1)
under consideration.f

Congruences of the First Order.

28. Cremonian Congruences of the first order are more numerous
than those of the first class. They can all be generated by the method
described in Art. 22. To this end, it is essential that each of the
planes a and /3, between which a coi'respondence of the degree n
exists, should possess n—1 principal points situated on their inter-
section aj3, and, since the sum of their multiplicities must also be equal
to n—1, that they should all be principal single points. This condi-
tion being satisfied, and the planes a and /3 appropriately placed, the
focal surface of the generated congruence (1, n — 1) will bo of the
class 2 (ii—2) and of the order 0 (Art. 23) ; that is to say, it will
degenerate to a focal curve of the class 2 (n—2).

29. The above condition can be satisfied (see Art. 30), for all values of

• The above generation of the congruence (1, 1) was given, in 1868, by Roye, in
a paper published in the Journal fur die nine und angewandte Mathcmatik, Bd. 69,
p. 365.

t The theorem converse to the one on which this mode of generation is based, viz.,
that the several rays ofa congruence (1, 1) determine a quadric correspondence between
two arbitrary planes, is in reality Steiner's,—ut least, in the case whero the focal lines
are real. He founded upon it, in fact, the well-known mode of transformation to
which he gave the name of shew (schief) projection {Gcsammelte Wvrke, Bd. 1,
p. 407). Reye also gives tho theorem in the paper quoted in the preceding^note.
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w >1,* by a correspondence of the type, first studied by De Jonqui6res,f
which is characterised by having, in each plane, a principal point of
the order TO—1 of multiplicity, and consequently 2 (TO—1) principal
single points. When (n— 1) of the latter are situated on the intersec-
tionof both planes, the curves in a and /3, of the order n, corresponding
to a/3 will each break up into this line itself, and the TO — 1 principal
lines which correspond, respectively, to the above-mentioned principal
points. They connect the latter points, in fact, with the principal
multiple point, and each contains one of the principal single points.of
its own plane which are not situated on a/3.

Since every plane ir, passing through the principal multiple points
-4,,., and Bu_u cuts the planes a and |3 in a pair of corresponding
lines, which intersect in a self-corresponding point, it necessarily con-
tains a pencil (P, ir) of congruence-rays. The congruence (1, TO—1)
under consideration., being the aggregate of all such pencils, has, con-
sequently, f'== An.xBn.\ for a focal line, and the locus of P for a focal
curve. The only points in which the latter cuts either of the planes
a and /3 being the principal points, not situated on a/3, it is clearly a
curve /"-1 of the order n—1; moreover, since each plane it contains
but one point P, this focal curve must be incident at n—2 points with
the focal line/. Each of the TO—2 planes n in which this incidence
occurs touches, in fact, at An_x and Bn_x a pair of associated branches
of the principal curves corresponding, respectively, to J5,,_i and An_\.

30. The congruence (1, n—1) above generated is identical with the
one described by Kummer in his Algeoraische Strahlensysteme,X and
it may readily, be shown, conversely, that every congruence which
has a focal line and a focal curve, of the order TO—1, incident at TO—2
points with that focal line, will determine a correspondence of the
vith degree, and of the Jonquierian type (Art. 29), between two
arbitrary planes a and /3. Every point of the intersection a/3, more-
over, will be self-correspondent, and TO—1 principal single points of
each plane will necessarily be situated thereon. The disposition of
principal points predicated in Art. 29 is thus Realised.

31. It will be observed that when TO=2, in Art. 29, the congruence
(1, 1) generated in Art. 27 is reproduced, and that the value n = 3
yields a congruence which is precisely the correlative of that described
in Art. 25. To generate the congruence (1, 3) correlative to that in
Art. 24, however, by the method of Art. 22, a quartic correspondence

, i •

* When M = 1, the planes a and /3, as is well known, are in perspective with ono
another; in other words, they generate a congruence (1,0).

f Comptes Rendus de V Academie des Sciences, tome 49, 1859 ; and Nouvelles Annalcs
de MathSmatiq-ue, deuxihne seric, t. 3, 1864.

\ Abhandlungen der K. Acad. dvr Witmenschaften zu Berlin, 1866, } 2, V*
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between a and /3 of a different type from that employed in
Art. 29 is requisite. In each plane, in fact, there must be three
principal double, and three principal single points ;* the latter being all
situated on a/3.

The principal double points A'2> A2t A'2" of a, and B2, B'2\ B'%" of /3
being arbitrarily placed, let the principal single points A'u A[', A[" of
a, and B'u B[', B'" of /3 correspond, respectively, to the principal
lines JJ'i'B'i", B'2"B2, B2 b'/} A2A'2", A'2"A2, A2A'a', and be situated at
the intersections of the latter with ajj. Granting for a moment
(see Art. 34) the possibility of such a disposition, it is manifest, from
Art. 28, that the generated congruence will be of the first order and
third class, and that its focal surface will degenerate to a curve of
the fourth class. Unlike the congruence (1, 3) generated in Art. 29,
however, there is here no focal line, but simply a focal curve/8 of the
third order.

32. To show this, and at the same time to elucidate the relation
which oxists between the two congruences (1, 3) just referred to, we
may proceed as follows:—Let A and B be any two corresponding
points of the quartic correspondence in Art. 31. To each conic of
the pencil (A2A2A2"A) will correspond, point to point, a conic of the
pencil (BiB'iB'i'B)^ and since the two conies will necessarily inter-
sect in two self-corresponding points, the congruence-lines joining
their remaining pairs of corresponding points will, as is well known,
form a quadric regulus.J The aggregate of all such reguli is clearly
the congruence under consideration; and, since one congruence-ray
only passes through an arbitrary point in space, these reguli, or, to
speak more strictly, the quadric surfaces on which they lie, form a
pencil the base-curve of which breaks up into the congruence-ray
ABt and a cubic which is incident at two points, not only with that
ray, but with every other belonging to the congruence. ThiB is the
focal cubic/8; it obviously passes through,and is determined by,.the
six principal double points of the correspondence.

33. The quadric reguli conjugate, respectively, to those of the
pencil considered in the last Article—that is to say, situated with the
latter on the several quadric surfaces of the pencil—manifestly form a
second congruence of the same order and class as the first one. This

* Bulletin, p. 216, Art. 20.
t The complete curve, of tho eighth order, corresponding to tbo first of thoso

conies breaks up into tho second, and tho three principal conies corresponding,
solely, to the principal double points A'y A\\ A%, respectively.

X I here adopt a convenient term suggested to me by Prof. Cayloy. In the absonca
of self-corresponding points, the regulus would be of the fourth degree, as Cremona
has shown in MB ft-eliminari, $ 64, p. 43.
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new congruence, however, is of the type considered in Art. 29, since
each of its rays is clearly incident, at ona point solely, not only with
the line AB, but also with the cubic /8. The number of congruences
of this latter kind, which can be similarly associated with a given one
of the first kind, is doubly infinite,—seeing that every chord of /* may
play the part above assigned to AB.

34 It only remains to be shown, conversely, that a congruence
(1, 3) whose rays are chords of any given skew cubic / 8 necessarily
determines a correspondence, between two arbitrary planes a and ft, of
the precise kind predicated in Art. 31.

In the first place, every point of aft is rendered self-correspondent
by the congruence-ray which passes through it. Moreover, the ray a
of the congruence which aro incident with an arbitrary lino of
either plane, say a in a, generate, as is well known, a quartic scroll upon
which / 8 is a double curve, and of which the three congruence-rays
situated in a are generators. Every such scroll, therefore, intersects
ft in a quartic curve, corresponding to a, which possesses three double
points, at the points in which / s pierces ft} and passes necessarily
through the intersections of n/5 with tho above three generators
situated in a. The former l'cpresent tho principal double, the latter
the principal single, points of tho quartic correspondence employed in
Art. 31.

35. All congruences of the first order belong to ono of the two
types considered in Arts. 29 and 31,* and the method of resolution
into quadric reguli employed in Art. 32 may bo applied to each of the
first three of the series of congruences considered in Art. 29, but to
no others. The reguli conjugate to those into which any one of theso
three congruences may be resolved, form, in the aggregate, a second
congruence of the same order and class as the original one. In tho
case of n = 4, theso two associated congruences, as we havo seen in
Art. 33, are of different types j in the two other cases, however, they
are of the same type.

When n — 3, for example, in Art. 29, eveiy conic of tho pencil
(AiA^A'xA), in a, corresponds to a conic of tho pencil (B.iB['Bx'B),
in ft; where At, B2 are the principal double points of the correspon-
dence, Au A[, B\", B[" the principal single points not situate on aft,
and A, B an arbitrary pair of corresponding points. Tho congruence-
rays joining the corresponding points of auy two such conies generate,
as before, a quadric regulus, and all such reguli, a pencil in which
every ray of tho congi'uenco (1, 2)'under consideration is included*
The base of this pencil breaks up into the line AB common to all its

• Kuinmer's Algvbraischen Strahlemysteme, j 2, IV., and } 2, V.
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reguli, the focal line A.2B.2 of the congruence, and its focal conic which,
as we know, is incident with each of the above two lines, and likewise
passes through Au A\, B", B[" (Art. 29). The congruence (1, 2)
formed by the reguli conjugate to those just considered has obviously
the same focal conic; but AB and A2B3 change places, the 'former
beiiig the focal line, and the latter an ordinary congrnence-ray.

Again, when n = 2, every conic in a, of the pencil (AlA[AA')
corresponds to a conic in ft of the pencil (<B1B[BBf)) where Alt B1 and
A[, B[ are the two pairs of associated principal points not situated on
aft, and A, B and A', B' are any two pairs of corresponding points.
The congrnence-rays passing through corresponding points of corres-
ponding conies in these two pencils form a quadric regulus, and all
such reguli a pencil in which every ray of the given congruence (1,1)
is included. The base-curve of the pencil obviously breaks up
into the focal lines A1BU and A\B\ of that congruence, and into the
congruence-rays AM and A'B' common to every regulus of the pencil.
The congruence (1, 1) formed by all the reguli conjugate to the above,
is precisely of the same type as the original one; A^Bi and A[JJ[,
however, are now ordinary congrueuce-rays, whilst AB and A7!? are
focal lines.

By giving suitable positions to any two of the four points A, A',
B, B' which do not correspond to each other, all the oo4 possible
modes of resolution into quadric reguli are.obtainable.

Resolution of a Congruence into Quadric Reguli.

36. Before proceeding to the detailed consideration of Cremonian
Congruences of the second class, or second order, it will be convenient
to give a brief, but more general statement of the properties resulting
from the l-esolution of a congruence ('in, n) into a one-fold system of
quadric reguli.

(a) Of the quadric surfaces upon which such reguli are situated,
m will pass through an arbitraay point, and n will touch an arbitrary
plane ; whence it follows that the reguli conjugate to the original
ones will form a second, associated, congruence (MI, n) of the same
order and class as the first.

(b) Two successive quadric surfaces of the system will intersect in
a quai'tic curve, from every point of which will proceed, in general,
two ultimately coincident rays of each of the associated congruences.*
The latter, consequently, will, in general, have the envelope of the
given system of quadric surfaces for a common focal surface.

* Exceptions to thin rule h;tve already presented themselves in the laat Article
do not consider them further.
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(c) A point P through which every quadric of the system passes
must be a singular point of both the associated congruences («i, «).
The sum of the orders of the two congruence-cones,* having P for a
common vertex, is in all cases n, and between their generators a (1, 1)
correspondence exists, corresponding generators being denned to be
those which lie on the same quadric surface. The plane of two such
generators envelopes the cone of contact with the common focal sur-
face at its node (multiple point) P. The class of this coiie cannot
exceed n.f .

Upon each of the n quadrics, in fact, which touch an arbitrary plane
rr, passing through P, there will be a line of each of the conjugate
reguli situated entirely in TT. But only one of these will pass through
P, seeing that 7r, being arbitrary, will not touch at P any one of the n
quadrics under consideration. Hence it is the sum of the orders of .
the two congruence-cones at P which is equal to n.

(d) Correlatively, a plane TT which is touched by every quadric of
the system must be a singular plane of each of the two associated con-
gruences (MI, n). The sum. of the classes of the two congruence-
curves in this plane TT is in all cases vi, and between their tangents a
(1, 1) correspondence exists, provided corresponding tangents bo
those which are generators of the same quadrio. The locus of the iu-
tersection of two such tangents is the curve of contact of the common
focal surface with its multiple tangent plane •*. Its order cannot
exceed n.f

(e) If the system of quadrics contain a cone, its generators will
belong to both systems of conjugate reguli, and therefore be common
rays of the two associated congruences (MI, n).

(f) In like manner, if a quadric surface of the system degenerato to
a conic, all its tangents will be common rays of the two associated
congruences.

The existence of these degenerate forms (e) and (f) will, of course,
cause a diminution to take place in the class of the cono of contact
referred to in (c), as well as in the order of the curve of contact to
which allusion is made in (d).

(g) If any quadric surface of the system degenerate to a pair of
planes y, 8, together with a pair of points G, D situated on their in-
tersection (point-and-plano pair), these planes and points will
obviously bo singular ones of both tho associated congruences. One
of the latter, in fact, will contain the pair of cougi'ueuce-peneils ((.', y),
(D, 5), and tho other the pair (0, 5), {D, y).

* Each may degenerate to u piano p
f A diminution is caused by tho presence of coincident corresponding generators,

as explained below undor (o), (f), and (g).
VOL. XIV.—NO. 212. T
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Oongruences of the Second Olass.

37. Congruences of the second class, and of any order not exceeding
the fourth, may be generated in the manner described in Arts. 3 to 21,
provided a quadric correspondence exists between the planes a and /3.

The congruence (4, 2) presents itself whenever this correspondence
is unconditioned. The intersection a/3 is a double ray thereof, as well
as a double tangent of each of the congruence-curves a8, fe3, of the third
class, which a and /3 contain _(Art. 7). The tangents of these curves
connect the several points of a/3 with their correspondents on the conies
a2 and 6*, and the points in which the formerjs cut by the latter, re-
spectively, are likewise the points in which afi is touched by &„ and a8.
Moreover, a and a8, as well as b and b3} have triple contact with each
other (Art. 8).*

The focal surface F\ of the congruence is of the order 8 and class 4
(Arts. 10 and 15) ; it touches the planes a and /3 at the several points
of the conies a and b1 (Art. 13), and cuts them in the congruence-
curves a8 and 68 (Art. 14).

The conic a8 passes through the three principal points A[, A[\ A'/',
and b through their respective associates B[, B", B\". All six are
singular points of the congruence; centres, in fact, of congruence-
pencils situated in the planes which connect them with their corres-
ponding principal lines. These six singular planes will be thus

denoted: ai = (A[B?W), ft = (B[A?AT'),

a3 == (Al'BTB[), ft = (jtflrZF),
a8 = (A["B[B[')t ft = (#"33?).

To a right line in a passing through any principal point corres-
ponds, point by point, a right line passing through the associated
principal point in /3, and two, but only two, such lines will be incident
with their corresponding ones. The congruence-lines which connect
the corresponding points of two such incident lines envelope a con-
gruence-conic, touching a and /3 at points on the conies a and o. Let
the six singular planes thus obtained be

yj and Bu y3 and Sit and y8 and #8,
passing, respectively, through

A[ and B'u A'{ and 2?", and A[" and B"' j

and let the congruence-conies they respectively contain be designated
by (y{) and (3,'), (yj) and ($), and (y'3) and («).

38. The congruence (4, 2) above generated, possessing six singular
points and fourteen singular planes, is precisely the correlative of the

* Schrotor, Journal fur die reine und angewandte Mathematik, Bd. 64, p. 38«
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one described by Kummer in § 9 of his Algebraischc Strahlensystemo.
That it is a perfectly general one, of its order and class, follows at
once from the circumstance that any such general congruence must
necessarily determine a quadric correspondence between those two of
its fourteen singular planes which are distinguished from the rest by
containing congruence-curves of the third class. The truth of this
statement may be proved in a manner similar to that employed in
Art. 34.

39. The congruence (4, 2) under consideration contains three sys-
tems of quadric reguli; they proceed from the three pairs of pencils of
corresponding lines referred to in Art. 37. Each system includes four
degenerate reguli. Each of two of these consists, as we have seen, of
the tangents to a conic. Each of the remaining two is represented by
a pencil-pair, as shown below; its directrices are principal lines.

Corresponding Directrices.

A[A['

A[A["

A'{A'{f

A?Ai

A"'A[

A'"A['

B[B["

B\B'{

B'i'Bl

B['B["

B["B'{

B'CB\

(A[

(A

(A

Pencil-pair.

0.2), (i?i"'/38)

iai)> \B\ ^2)

('a,), (B[l\)

System.

\ (i.)

J (iii.)

No two reguli of the same system have any generator in common ;
but two reguli belonging to different systems have always one, and in
general only one, common generator.* Should the latter have more
than one, however, they will have an infinite number of common
generators. Tho above pencil-pairs present instances of this.

The quadric surfaces which contain the several reguli of one and the
same system, all pass through two fixed points and touch eight fixed
planes. These points are the centres of the pencils whence the several
reguli of the system proceed. Two of the eight planes are obviously
a and /3; two others connect the centres above referred to with their
corresponding principal lines; the remaining four are the planes which
contain congruence-conies (Art. 37), but do not pass through either of
the last-mentioned centres.

The quadrics of each of the three systems envelope the focal surfaco

* See end of Art. 45.
T 2
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of the congruence under consideration (Art. 36"b), and the reguli upon
them which are conjugate to those of which this congruence is the aggre-
gate form another congruence of the same order and class as the original
one (Art. 36a). The original congruence, and the three thus derived,
from it, form the four congruences (4, 2) which, as is well known, have
a common focal surface, Fl, of the eighth order and fourth class.

In the following Table the original congruence is denoted by C, the
three associated ones, proceeding respectively from the pairs of pro-
jective pencils (Ai), (B[); (Ai'), ffl) ; (Ai"), (•#"), by C,, C2, 0,. To
each a column is appropriated in which the nature of the congruence-
curve is indicated which lies in each of the fourteen singular planes.
To each of the latter a separate line is devoted. A congruence-pencil is
denoted by the letter indicative of its centre ; congruence-conies, by
the symbols already used in Art. 37, .and other similar ones ; and con-
gruenco-curves of the third class by the number (3), simply. The
theorems of Art. 36 suffice, in all cases, for the verification of these
indications.

a

A
«2

ft
« 3

ft
y i

y3

c

(3)

(3)
A[

B[

A['
B{'

A["
B["

(yd
(K)
(yd
(30
(yd
(*d

A{

B[

(3)

(3)
B["
AT

B"
A"

(y\)

(30
(y-n
m
(yD
(3D

c2

A'{

B['
B["

AT
(3)

(3)

B[
A[

(yD
(3D
(yd
(30
(yD
(3D

c3

A["

B["

B'{

A['

B[
A[

(3)
(3)

(yD
(3D
(yD
(3D
(yd
(30

40. The three congruences C,, Cj, Ca determine quadric corres-
pondences between the pairs of planes a,, /3,; rij, /3,; na, jG3, respectively,
and from each congruence the other two, as well as C itself, may bo
derived in exactly the same manner as they were themselves derived
from C. Hence it readily follows that the rays of any ono of the
possible six pairs of congruences may be so grouped as to form conju-



1880.] Cremonian Congruences. 277

gate reguli on a system of quadric surfaces, all passing through two
points, touching eight planes, and enveloping the common focal sur-
face Ft. Although the properties of these systems are discernible in
the Table of the last Article, they may be thus enunciated :—

Every two of the four associated congruences (4, 2) have the tan-
gents of two conies for common rays. These conies are situated in the
planes which pass through the two singular points that are common to eveiy
quadric surface of the system originating from the two congruences in
question.* Both conies, as well as every quadric surface of the system to
which (as degenerate forms) they belong, touch the remaining four planes
containing congruence-conies. The four other planes which are touched
by every quadric of the system under considei-ation are those which
contain the congruence-curves, of the third class, belonging to the two
congruences whence the system proceeds. The four singular planes not
yet referred to are those of the two plane-and-point pairs included in
the systems of quadrics. The, mode in which they are paired is obvious
from the points they contain.

41. The fact that the quadrics of each of the above six systems
envelope the common focal surface of the four congruences (4, 2), en-
ables us readily to determine the singularities of that surface.

Each of the six singular points, for instance, is a double point there-
of; the quadric cone of contact thereat is touched by each of the
six singular planes which pass through the point in question. Through
this point, in fact, every quadric surface of each of two systems passes,t
and in each of these systems the corresponding generators, through the
point, are corresponding rays of two plane pencils (Art. 36 c). The
cone of contact above referred to is obviously the envelope of the plane
of two such rays.

Each of the fourteen singular planes, again, is a double tangent-piano
of the focal surface, touching the latter along a conic.

Each of the first eight singular planes in theTable of Art. 39, for example,
is touched by every quadric of each of three different systems; and of the
corresponding generators in it (relative to any one of these systems) one
is always a tangent to the third class congruence-curve situated in the
plane, and the other a ray of a pencil. Seeing that two self-correspond-
ing generators exist, viz.: those belonging to the two conies included
in any one of the three systems under consideration (Art. 39), the locus
of the intersection of corresponding generators is a conic (Art. 36 d).
This is the conic of contact between the plane under consideration and

* Tho same two planes also contain the two conies whoso tangents arc rays common
to tho remaining two of the four associated congruences.

t That there are ttvo systems, follows readily from the preceding note.
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the focal surface. It passes, obviously, through the three singular points
situated in the plane.

Each of the last six singular planes in the Table of Art. 39, on
the other hand, is touched by every quadric of each of four
systems, and (relative to any one of these systems) the pairs of
corresponding generators in the plane are tangents of the two different
congruence-conies which it contains. Here, as before, two self-
corresponding generators have to be taken into account; so that the
locus of the intersection of the remaining pairs of corresponding
generators is again a conic; viz., the conic of contact between the
plane under consideration and the focal surface. This conic passes
through the two singular points situated in its plane, because each of
the latter belongs to one of the two plane-and-point pairs included in
any one of the four systems of quadrics above alluded to.

42. The correspondence between a and /3 being still quadric, as in
Art. 37, we will now consider the effect of the presence of one self-
corresponding point.

It follows from Arts. 17 to 19, where the general effect of such a point
was described, that the congruence (3,2) now generated, although still of
the second class, is only of the third order; that the intersection aft, in-
stead of being a double, is now only a single congruence-ray; that
the congruence-curves in a and /3 which touch it, instead of being of
the third, are only of the second class ; and further that, with the self-
conjugate point 0, an additional, fifteenth, singular plane y is intro-
duced containing a congruence-pencil whose centre is 0.

The focal surface F\ moreover, although still of the fourth class,
is now only of the sixth order; it cuts the planes a and /3, in fact,
in the congruence-conies they contain, and_touches them at all
points of the conies, a2 and 62, corresponding to a/3. The last-mentioned
conies, it may be observed, pass through 0; each has_double contact
with the congruence-conic in its own plane, and cuts afi a second time
in the point at which this line is touched by the congruence-conic in
the other plane (Art. 8).

43. The above, however, are far from being the only modifications, in
preceding results, due to the introduction of the self-corresponding
point G. -Through the latter, for example, three of the six planes pass
which formerly contained congruence-conies; and these three, say
7i> Va> Vs» n o w contain congruence-pencils whose respective centres
Cu Oif O8 constitute, with C, four additional singular points of the
congruence, thus raising the total number from six to ten. Again,
since each of the three last-mentioned planes obviously intersects y in
a congruence-line, the centres Cly Git Cs must all lie, with C, in y. For
a similar reason, the pairs of planes a,, /3,; a,, /3,; and cr8, /38, containing
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congruence-pencils whose respective centres are A[, B[; A\\ B"; and
A["$ B[" (Art. 37), must pass, in pairs, through Ov Ov and (78, respec-
tively. Finally, the planes \ , $2, l8, each of which obviously intersects,
in congruence-rays, the two planes of the group y,, ys, y8 whose
suffixes are unlike its own, must pass, respectively, through the pairs
of points Gv C8; 08, Ox; Ov Cs. In short, four of the ten singular points
of the congruence C, under consideration, must lie in each of its
fifteen singular planes. The Table of Art. 49 shows, at once, what
points lie in each of these planes.

44. The congruence C determines a quadric correspondence, not only
between the planes o and /3, by which it was generated, but likewiso
between any two of the five planes a, (5, du 52, 58 containing congruence-
conies, and these two have always a self-corresponding point. The
proof of the first of these statements is similar to that given in Art. 34;
the correctness of the second follows immediately from the fact that, in the
congruence C, the point common to any two of the five planes in question
is always the centre of a congruence-pencil in a third plane. It may
further be observed that associated principal points of the quadric
correspondence between the two planes under consideration always lie
in one and the same column of the Table just referred to.

45. The congruence C contains five systems of quadric reguli.
Three of these proceed, as in Art. 39, from the pencils of corresponding
lines, in a and /3, whose centres are the associated principal points
A'u B\; A\\ B{'; and A"\ B[". Of the remaining two, one proceeds
from the pencils 0 (/3) and (.41, A[\ A'{\ 0), whose elements (lines and
conies) correspond to each other; the other, in like manner, from the
pencils 0 (a) and (£,', B[\ B[", C). It is well known, in fact, that if the
points of a conic and of a right line (or of another conic), not in the same
plane with the former, correspond projectively, the lines connecting their
corresponding points form a quadric regulus, provided one point (or
two points) be self-correspondent. From this it readily follows, too,
that the congruence C contains no other quadric reguli than those in-
cluded in the above five systems.

Each of these systems contains, as before, four degenerate reguli,
only one of which, however, now consists of the tangents to a conic, the
other three being pencil-pairs. The latter, together with the corres-
ponding elements of the generating pencils which serve as their
directrices, are given in the following Table :—
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Corresponding Directrices.

A[A{'

S"
Al'C

A["A[

ATA'{

A["0

(GA'U A['A[")

(0A{", A[A[')

• °Al

GA['

GA["

B[B["

B[B['

B[G

BW

B['O

B["B[f

B["B[

B["0

0B{

GB["

(GB'l} B['B[")

(GB[\ B["B[)

(OBI", B[B[')

Pencil-pair.

\Ji\ a^jf {JJi fj

(Cy), (Giy

(AlaJ, m

(Cy), (0,1

(Si w
(Cy), (C6-)

(C3y3), (A"c

(C,yO, (A{"c

System.

3 ) )
!j) > \}'J

i)

i

J,)f (iii>)

S| (-)
53)J

The relation (Art. 39) also subsists, in virtue of which no two reguli
of the same system have any generator in common, whilst two reguli
belonging to different systems have, in general, one, and only one,
common generator. This relation, in fact, is due to the. circumstance
that to an intersection, not at a principal point, of any two directrices
situated in one of the generating planes, necessarily corresponds an
intersection of their corresponding directrices in the other plane.

46. The reguli conjugate to those of any one of the above five
systems form, iu the aggregate, another congruence (3, 2) having the
same singular points and planes as C, and the same focal surface 1'"'°;
the latter being, in fact, the envelope of the quadric surfaces upon
which the several pairs of conjugate reguli of the system ai'e situated.

The five congruences thus associated with C, are indicated by the
symbols Clf C2, Cs, C4, C5 in the Table of Art. 49, where a column is
reserved wherein to record the singularities of each ; all these singu-
larities, it may be observed, are readily deducible from the theorems of
Art. 36. Each of these five congruences determines, as C docs, a
quadrio correspondence between any two of its five singular planes
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containing congruence-conies. The associated principal points
thereof, as well as the self-corresponding point, are found from the
Table in the manner already explained in Art. 44. From any one of
these congruences, moreover, all the others, as well as C, may be
derived in precisely the same manner as they were themselves derived
from C in Art. 45 ; whence it follows that the rays of any two of the
six associated congruences group themselves into conjugate reguli,
situated on a system of quadric surfaces, enveloping their common focal
surface F\, passing through four fixed singular points, and touching
eight fixed singular planes. Each system includes four degenerate
quadrics; viz., one doubled plane (bounded by a conic) and three plane-
and-point pairs.

47. Any two of the six associated congruences being given, the
doubled plane of the system of quadrics proceeding from them is at once
recognised in the Table of Art. 49, as that which contains their common
congruence-conic. The four singular points situated in this plane are
those through which every quadric of the system passes. The three
point-and-plane pairs of the system are recognised with equal facility.
The points of each pair, in fact, appear twice in the columns appropriated
to the two congruences; viz., once on each of the lines appropriated to the
planes of the pair. The eight singular planes, none of which forms a
constituent part of any one of the above four degenerate quadrics,
are those which are touched by every quadric of the system to which
the latter belong.

48. The singularities of the common focal surface I\ of the six
associated congruences, regarded as the envelope of the quadric sur-
faces belonging to any one of the fifteen systems above referred to, may
be investigated by aid of the theorems of Art. 36 in the manner
described in Art. 41. The results at which we thus arrive are well
known, viz.:—

First,—Each of the ten singular points of the configuration is a double
point of the focal surface, the quadric cone of contact at which touches
the six singular planes which pass through that point.

Secondly,—Each of the fifteen singular planes of the configuration is
a donble plane of the focal surface, the curve of contact therewith being
a conic passing through the four singular points situated in that plane,
and having double contact with the congruence-conic it contains. It
is in the latter conic that the focal surface cuts the plane in
question.

49. The following Table, to which reference has already been
frequently made, is arranged like the one at the end of Art. 39. Since
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no ambiguity could arise from so doing, however, the congruence-conics
of the several planes are here indicated by the symbol (2), simply.

a

fl
ai

A
«9

«S

0.

a,

y

C

(2)

(2)
A\

By

A\'

B\'

A\"

B["

0,

(2)
C2

(2)

Gs

(2)
G

c,

4 .
5i
(2)

(2)
B{"

A?
B"
A'{

G

(2)
(2)

08

(2)
G*
G,

^r

B{"

Ar
(2)

(2)

#
A[

(2)

(7,
0

(2)

(2)

0.
0,

c3

4"

4r
5;

4i
(2)

(2)

(2)

G,
(2)

o,

(2)

(2)

(2)

^ i

(2)
0,

(2)

(2)

c8

G

(2)

0 i

(2)

0,

(2)

08

(2)
A\

B\
A[f

B"

A["

B\"

(2)

50. I pass,.finally, to the case where two self-corresponding points of
the qnadric correspondence between a and (3 present themselves. Since
they, together with five pairs of arbitrarily chosen corresponding
points, suffice to determine the correspondence,* the possibility of their
co-existence is,of course, manifest. Moreover, from what has been already
explained in Art. 42, it follows, at once, that the congruence generated
in such a case is not only of the second class, but also of the second
order; that the intersection a/3 is no longer a ray thereof; that in place
of congruence-curves we have congruence-pencils in a and /3 ; and that,
with the new self-corresponding point D, a sixteenth singular plane 8
is introduced, containing a congruence-pencil of which that point is the
centre.

The focal surface Fit moreover, is now of the fourth order, as well as
of the fourth class; it does not cut either of the planes a or /3, but
simply touches them at the several points of_the conies a and b, pass-
ing through Cand D, which correspond to a/3.

* On the Correlation of Two Planes, Art. 47. {Proceedings of the London Mathe-
matical Society, Vol. v., 1874.)
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51. Since the line a/3 intersects each of its corresponding conies in
self-corresponding points, the congruence-rays joining the several
points of the former with their corresponding ones in a or /3,all converge,
as is well known, to a fixed point on the conic a or b . The points
At and Bv thus determined, are new singnlar points of the generated
congruence (2, 2) ; they are centres, in fact, of congruence-pencils in a
and /3, respectively.* In addition to them, there are, of course, the three
singular points Du Dv D8 introduced, with the self-corresponding point
D, in precisely the same manner as CXi Oit O8 were introduced, with G,
in Art. 43.

On the whole, therefore, the congruence C, now under consideration,
contains sixteen singular points as well as sixteen singular planes ; each
of the former being the centre of a congruence-pencil situated in one of
the latter, as shown in the first two columns of either of the Tables of
Art. 59.

52. It has already been shown in (Arts. 42 and 43) how it may be
proved that each of the first fifteen singular planes, given in the Table
of Art. 49, passes through four singular points, and it is manifest that
the sixteenth S has precisely the same properties as y. It is, moreover,
obvious from the preceding Article that a and /3 each contain two sin-
gular points more than they formerly did. In short, it may be proved, by
reasoning precisely similar to that employed in Art. 43, that eveiy
singular plane now contains tux singular points. These are all indi-
cated on the several lines of Table I. of Art. 59. From the different
arrangement of the latter, given in Table II. of Art. 59, the six singular
planes which pass through each singular point are rendered manifest,
and a further inspection of the two Tables likewise reveals the well-
known property of the configuration, in virtue of which each of the
16x15 = 240 intersections of two singular planes passes through two
singular points, and vice versd every line passing through two singular
points lies in two singular planes.

53. Any one of the sixteen singular planes of the congruence C under
consideration being selected, there are, as we have just seen, five others
which pass through the centre of the congruence-pencil it contains, or
say its centre, and ten which do not do so. We may say, indeed, that

there are —-— = 40 pairs of singular planes which pass through one

• The conicB of each of the pencila (A^A'iAi") and (B^BIE'IB"') cut a£ in
pairs of points in involution. In each pencil there are three line-pairs, one element
of each of which, being a principal line of the correspondence, cuts a$ in a point
corresponding to a principal point, and, therefore, in line with it and the centre of
the congruence-pencil in its plane. Hence it follows that the line-pairs of the tw0
pencils determine the same points on a/3, and that the two involutions are identical.
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another's centres, and — - — = 80 which do not possess this property.

Between the planes of each of these 80 pairs, the rays of the congruence
C determine a quadric correspondence precisely similar to that, between
a and /3, by which it was generated in Art. 50. Between the planes of
each of the above 40 pairs, however, the congruence C determines a
cubic correspondence disposed in the manner described in Art. 22.

54. In proof of these statements, I observe that the rays of C which
are incident with an arbitrary line form a quartic scroll passing through
all the sixteen singular points of the configuration, and upon which
that line, and another not incident therewith, are double ones. When the
first line lies in one of the planes of the pair under consideration, the
scroll breaks up into the congruence-pencil in that plane, and a cubic
scroll (passing through the ten singular points not situated in the plane) -
on which the first line is single, while the second one is still double,
and passes through the centre of the detached pencil.

Now, in the first of the two cases with which we are at present con-
cerned, the cubic scroll intersects the second plane of our pair1—one of
the 80 of Art. 53—in a congruence-ray, and in a conic which passes,
through three singular points, and corresponds, point by point, to the
arbitrary line in the first plane. In short, the correspondence between
the two planes is in this case a quadric one.

In the second case, the intersection of the pair of planes—one of the
40 of Art. 53—is a congruence-ray, and through every point thereof
a second ray passes which converts that point into a self-corresponding
one. The double line, moreover, of the cubic scroll is incident with the
intersection of the two planes at the centre of the first, so that the
scroll cuts the second plane in a cubic of which the above centre is a
double point, and which passes through the four singular points of the
plane not situated on the intersection.

The method of recognising the associated principal points of the
quadric, or cubic, correspondence between any pair of planes will be
explained in Art. 60.

55. Returning to the quadric correspondence between « and /3 by
means of which the congruence C was generated (Art. 50), I observe
that the latter still contains the five systems of quadric reguli pro-
ceeding from the pairs of pencils described in Art. 45. With each of
these five systems, however, another is now associated which proceeds,
in like manner, from the corresponding elements of two pencils whose
base-points are the principal, and the self-corresponding points of a
and /3 which are not included amongst the base-points of the pencils
whence the former system of reguli proceeds.
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Thus, with the system proceeding from any one of the following five
pairs of pencils on the left, is associated the system which proceeds
from the pair of pencils indicated on the same line on the right of the
page:—

a

(4)
(A")
(4")

(OAurAn

ft

(Bn
(O)

(0B[B['B[")

System.

(i.)
(ii.)

' (Hi.)
(iv.)

(v.)

a

(ODAi'AD
(0DA["Af)

(OBA[A[f)

(DAuun

ft

(0DB['B[")

(0DB["B[)

(ODBW)
(DBlBi'BD

(D)

The four degenerate reguli included in each of the systems above
referred to are all pencil-pairs. Arranged in associated systems, they
are readily seen to be those exhibited in the Table on the next page.
The corresponding elements of the pencils whence, as directrices, each
such degenerate regulus proceeds, are placed, in juxta-position with the
latter, in the extreme right and left-hand columns.

56. All the sixteen congruence-pencils of C, it will be observed, are
represented by the degenerate reguli included in each of the five pairs
of associated systems, and four such pencils are common to each system
and every other not associated therewith.

Moreover, since the co-planar directrices of any two reguli belonging
to associated systems intersect in two points, the reguli in question have
necessarily two generators in common (Art. 45). From this it follows, as
a particular case, that the quadric surfaces on which the several reguli
of any system are situated all pass through the eight centres, and touch
the eight planes of the four pencil-pairs included in the associated
system of reguli.

This theorem is likewise true, of coarse, for each of the four plane-
and-point pairs of the system under consideration); whence it imme-
diately follows that the latter, together with the plane-and-point pairs
of the associated system, form two conjugate quadruple groups ;* that
is to say, all the sixteen singnlfiv points and planes of the configuration
are included in them, and each of the two planes of every plane-and-
point pair belonging to one of the two groups passes through one of
the two points of every plane-and-point pair included in the other, and

* Caporali terms such a group of eight points (planes) an otiupla (Reale Accademia
doLincei, Vol. ii., 1878).
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correlatively each of the two points of the former lies in one of the two
planes of every point-and-plane pair included in the latter.

It should be added, that here, as before, two reguli belonging to
different and non-associated systems have, in general, one, and only
one, generator in common; while two reguli belonging to the same
system have no common generator (Art. 45).

57. The reguli conjugate to those included in any one of the pre-
ceding systems constitute, in the aggregate, another congruence (2, 2),
having the same singular points and planes—in fact, the same focal
surface F^ as C itself (Art. 36). In passing from any system of reguli
to the conjugate system, the centres and planes are simply interchanged,
not only of the four pencil-pairs which each such system includes
(Art. 36 g), but also of the four pencil-pairs determined by the quadrics,
on whie!. the reguli of the system are situated, around the four pairs
of points through which they all pass, and in the four pairs of planes
which they all touch (Art. 56). From this it readily follows that the
two congruences are identical which are formed by the reguli conju-
gate, respectively, to those of any two associated systems (Art. 55).
From the congruence C, therefore, five, and only five, other congruences
can be derived by the method under consideration. In the Tables of
Art. 59 these are indicated by CM C3, C8, C4, C5, respectively, and in
the column appropriated to each will be found, in Table I., the centres
of the pencils situated in the several singular planes, and, in Table II.,
the planes of the pencils which have the several singular points of the
configuration for their centres.

58. Here, as in Arts. 40 and 46, it should be observed that any one
of the above-mentioned five congruences may be taken for the primi-
tive one, and that from it five others may be derived in precisely the
same manner as that above described.* These five, however, are
always identical with the five remaining congruences of the original six.
Hence we may at once infer that the rays of any two of the six con-
gruences (2, 2) which have a common focal surface group themselves,
and that in two different ways (Art. 57),t into conjugate reguli

* If a and £ bo retained as gonorating pianos, however, the correspondence between
thorn will bo a cubic one when C4 or C» is tukon as the primitivo congruence
(Art. 63), and, in resolving it into associated systems of quudric reguli, obvious modi-
fications will, of courso, have to be introduced (sco Ait. 66).

t The quartic regulus formed by all rays, of uny given congruence (2,2), which aro
incident with an arbitrary line (directrix), and ou which the latter is one of two double
lines (Art. 64), breaks up, theroforo, into two quudric reguli when the directrix in ques-
tion is a ray of any one of the five congruences having, with the given one, a common
focal surface. These two quadric reguli belong to one of the pairs of associated
systems into which the given congruence can be resolved (Art. 66).
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situated on a system of quadrics which include, as degenerate forms,
the elements of a quadruple group (Art. 56), and every surface of
which passes through the eight points, and touches the eight planes of
the conjugate quadruple group.

The total number of different systems of quadrics enveloping the
focal surface 2^ of a given congruence (2, 2) is obviously 30 ; and this
is also the number of different quadruple groups (15 conjugate pairs)
which can be formed from the sixteen singular points and sixteen
singular planes of the configuration.*

59. The following are the two Tables to which reference has already
been made in Arts. 52 and 57. Their construction is substantially the
same as that of the Table given in Art. 49, the main diffei'ence being
that the singular planes now contain congruence-pencils solely, and
that perfect reciprocity everywhere prevails.

Table II.
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60. The nature of the correspondence, determined by any one of the

six congruences (2, 2), botwcen any two given planes may be thus

Caporali, he. eit.
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recognised in Table I. If the points in the column devoted to the con-
gruence in question, and on the lines appropriated to the two planes,
are those which are common to the latter (Art. 53), the correspondence
is cubic; if not, quadric. In the first case, the common points reappear
in another column, on exchanged lines, and there indicate the principal
double points of the planes to which those lines are respectively
appropriated. In each of the remaining four columns a pair of
associated principal single points of the two planes will be found. In
the second case, each of two of the remaining five columns contains the
self-corresponding points of the two planes, and each of the other three
a pair of associated principal single points of the quadric correspon-
dence existing between them.

61. Two conjugate quadruple groups (Art. 56) are determined by
any one pair of planes (or points) belonging to either of them. In the
one case, Table I. (in the other, Table II.) enables us readily to detect
all their remaining elements. The methods of doing so being precisely
similar in both cases, we will, for the sake of illustration, confine our
attention to Table I., where, in each of two easily detected columns,
both the points appear which are common to the two given planes. In
each of the remaining four columns, and on the lines appropriated to
those planes, will be found a pair of points of the quadruple group
conjugate to that to which the given pair of planes belongs. The points
of each of the four pairs just determined reappear in each of the above-
mentioned two columns, and that on the lines appropriated to the two
planes which pass through them. From the latter, finally, the quad*
ruple group to which the given pair of planes belong is completed in a
precisely similar manner.

62. If the two columns above referred to had been given, the conju-
gate quadruple groups could have been determined with equal readiness;
and thus we should have solved, by inspection, the problem on which
depends the complete definition of each of the two associated systems
of quadrics whose conjugate reguli constitute, in the aggregate, the
two congruences indicated by the given columns (Art. 58).

63. Little need be added with respect to tho singularities of the focal
surface F$ common to the six congruences (2, 2) indicated in the pre-
ceding Tables. Each of the sixteen singular planes of the configuration
is a double tangent-plane of the surface, and touches it along the conic
which passes through the six singular points of the plane. This conio
is the locus of the intersection of corresponding rays (Art. 36 d) of the
two congruence-pencils determined by the quadrics which touch that
plane, and at the same time belong to ouo or other of the systems

VOL. xiv.—NO. 213. u
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above defined. Each of the sixteen singular points, again, is a double
point of Ft; the quadric cone of contact thereat being the envelope of
the plane of corresponding rays (Art. 36c) of the two congruence*
pencils determined by the quadrics, belonging to one of the systems
already referred to, whioh pass through that point. This quadric cone
manifestly touches each of the six singular planes of the configuration
which pass through the singular point in question.

Congruences of the Second Order.

64. All Gremonian Congruences of the second order may be generated
by the method given in Art. 22. The formulra of that Article become,
for such congruences,

SiOj = n—1,
i

2 a< = n—2,
I

where n denotes the degree of the correspondence between the two
generating planes, and a< the number of principal points, belonging to
either of them, which are of the order i and are situated on their in-
tersection a/3. From these formulro we may at once deduce

and thence infer, first that no principal point whose order of multiplicity
is higher than 2 can lie on n/3, secondly that one and only one principal
double point of each plane must be so situated, and lastly that n—3
principal single points of each plane must also lie on a/3.

Knmmer having shown that the class, n—1, of no congruence of the
second order can exceed 7,* it follows readily from the above, and from
Cremona's tabulated results,! that the only correspondences available
for the generation of congruences of the second order, by the method
under consideration, are of the degrees 3, 4, 5, and 6, respectively;
and, further, that only one correspondence of each of these degrees can
be so employed. The generated congruences are, of course, of the
classes 2, 3, 4, and 5, respectively. The general properties of the first
three of these are simply correlative to those already studied in Arts. 37
to 63; it will suffice, therefore, to direct attention to the special features
revealed by the present mode of generation. The congruence (2, 5),
on the other hand, will require a somewhat fuller treatment.

65. Of the cubic correspondence between a and /3, let 0 and D be

• Algebraiiche Strahlensysleme, j 6, XXXV.
f Bulletin, Arta. 19 to 23.
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the principal double points, the former being supposed to belong to j3,
the latter to a, and both situated on a/3. Moreover, let Av Bt; A[, B[;
A", B"; and A[", B[" be the four pairs of associated principal single
points of the correspondence. From Art. 22, and well-known pro-
perties, it follows that the principal conies of the two planes intersect
one another in 0 and D, and that each passes through the four principal
single points of its plane.*

The principal double point of each plane is the centre of a congruence-
pencil situated in the other plane, and each principal single point is
the centre of a congruence-pencil whose plane passes through that
point and its corresponding principal line. To each of the six lines,
moreover, which pass through two principal single points of either
plane corresponds, point by point, the line passing through the two
non-associated principal single points of the other plane; and, since two
such corresponding lines are necessarily incident in a self-corresponding
point, the lines joining their remaining pairs of corresponding points
necessai'ily form a congruence-pencil. The sixteen such pencils are
thus all accounted for, and the congruence (2, 2) under consideration
is clearly identical with that denoted by C8 in the Tables of Art. 59.

The five pairs of associated systems of quadric reguli into which C5

may be resolved (Art. 56) proceed from the following pencils of cor-
responding directrices, and in each system four degenerate reguli
(pencil-pairs) are included:

a

(4)

(4)
\Al)

(CBlBl'Bl")

(CB^B'n
(Oft 7?' 7?"'\

(GB^B',')

(G)

C

c8

a

. (DAiA['Ai")

(DAXA['A[")
ST\ A A' A'"\
{JJAxAxAi )

(DAXA[A[')
(AtAlAl'A'n

The reguli conjugate to those of any one of the above ten systems
(five associated pairs) constitute, in the aggregate, the congruence
indicated in the central column on the line upon which stand the
pencils of corresponding directrices from which the system in question
proceeds.

66. To generate the congruence (2, 3), by the present method, the

di i
B'[; A'['t B'^; C,D\DtC form, in fact, six pairs of corres-

i
v j [ [ ^ p

ponding points of two protective ranges on these conies. (See Note to Art. 51.)
U 2
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quartic correspondence is employed which has three principal double,
and three principal single points in each of the planes a and /3.* To
any principal.single poiut in either of these planes corresponds an in-
determinate poiut in a principal line passing through two principal
double points of the other plane. The remaining principal double
point of the latter plane will be termed the associate of the principal single
point in the former, and the principal points of the planes a and /3, thus
associated, will be indicated by Av Bx; A2, B[; A2, B" ; Au B%; A[, B2;
A[', B2, respectively, where the multiplicity of each point is indicated
by a suffix.

If-43 and Ax be the two principal points of a, which, by Art. 64, must,
in the present case, be situated on a/3, it is easy to see that their
associates Bx and B% will likewise be so situated. Moreover, A3 and Bt

will lie on the principal conies (B,B'iB
t
i'B'iB'l') and (A\A^AtAiA")

which respectively correspond to them, and At and Bt on their corres-
ponding principal lines B^B'^ and A'2A".

From this it follows at once that, in the congruence C now generated,
A9 and B3 are centres of congruence-pencils situated in /3 and a, respec-
tively, and that each of the points A[, A[', B[, B[' is the centre of a
congruence-pencil in the plane which connects it with its corresponding
principal line. These four planes will be denoted by alf ct3, j3,, /33, re-
spectively.

The remaining four congruence-pencils which C possesses proceed
from the pairs of corresponding lines A'2A[ and B'2B[, A"A" and B'/B'/,
A'2A[' and B'/B'h and A'2'A[ and B2]3['. The lines of each pair being
incident at a self-corresponding point, the congruence-lines connecting
their remaining corresponding points form a pencil. These pencils
will be denoted by (01yI), (O,ys), (A^i)> ai l (i (AA)> respectively.
The lines GiO, and y ^ j , as well as BXB% and ^Sa, will obviously be
identical.

The only five I'emainiug singular points of C are vertices of quadric
congruence-cones. Four of these vertices are at the principal points
A'>, A?, B',, B2, and the cones to which they belong pass through the
principal conies corresponding to these points. The fifth congruence-
cone belongs to one of the systems of quadric reguli into which C may
bo resolved (see Art. 68). It intersects a and /3 in a pair of corresponding
conies of the pencils (A2A2AIA") and (B^B'/BiBl'), and its vertex G
lies in each of the four singular planes av av /3U /32.

07. Each of the ten singular planes of the congruence C under con-
sideration passes through six of its fifteen singular points. The latter,
which arc readily recognised by methods previously employed (Art. 43),

* Bulletin, Art. 20.
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are indicated on the line appropriated to that plane in the Table of Art.
69. Two of these six points are always vertices of congruence-cones,
and the remaining four of congruence-pencils in C. The constituents
of each of the forty-five pairs of planes that can be formed from the
above ten planes have two singular points in common. In each of
fifteen pairs, these common singular points are centres of congruence-
pencils of C in the respective planes; but, in each of the remainiDg
thirty, one is the centre of a congruence-pencil of C in a plane not co-
incident with either of those forming the pair, while the other is the
vertex of a congruence-cone.

The nature of the correspondence, determined by C, between the
planes of a pair depends upon the above circumstances. Between the
planes of each of the fifteen pairs, the correspondence is a quartic one
of precisely the same kind as that from which C was generated.
Between the planes of each of the thirty pairs, however, the corres-
pondence is a cubic one of a special nature. Two of its four pairs of
associated principal single points coincide at the vertex of the con-
gruence-cone, situated on the intersection of the planes of the pair.
The other singular point of C on this intersection is simply a self-
corresponding point of the pair of planes. The principal double points
of the cubic correspondence between them are at the remaining two
vertices of congruence-cones which the planes contain. Of the three
remaining singular points of C situated in each of them, two are prin-
cipal single points of the cubic correspondence, and the third is the
point to which all rays converge which connect the several points of
the intersection of the pair of planes with their correspondents. This
intersection, in fact, must be regarded as a line passing through one,
only, of the two principal single points of its plane which are coincident
with, or rather consecutive to, one another, on the principal conic of
the plane. To it, therefore, will correspond a cubic which breaks up into
a principal line, and a conic corresponding, point by point, to the inter-
section in question, and cutting it in two self-corresponding points.
The convergence, at a point on this conic, of the congruence-rays join-
ing its several points to their corresponding ones on the intersection is
an immediate consequence (Art. 51).

68. Returning to the quartic. correspondence between a and /3, by
means of which the congruence Cwas generated (Art. 66), I observe
that the resolution of the latter into a system of quadric reguli may be
effected by the aid of any one of the following five pencils of corres-
ponding directrices :

(At) and
(A'2') and

(-4,44^0 and
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(AtAiA%Ai) and (B2
f),

and (A'2A'2'A[A[f) and (BffiBW).

The reguli conjugate to those of each system form, in the aggregate,
another congruence (2, 3) having the same focal surface as C. They
are indicated in the Table (Art. 69) by C,, C2, C8, Cu C8, respectively.
The rays of any two of the above six congruences group themselves, in
fact, into conjugate reguli on a system of quadric surfaces enveloping
the common focal surface, passing, individually, through eight fixed
points, and touching four fixed planes. Of such systems of quadrics

6 x 5there are, of course, —— = 15 ; each includes four degenerate forms,

viz., three point-and-plane pairs, and one cone. The vertex of the
latter appears, on one of the last five lines of the Table, in each of the
columns appropriated to the two congruences whence the system of
quadrics proceeds. The remaining eight points in these two columns,
and on the last five lines, are those through which every quadrio of the
system passes. The three point-and-plane pairs of the system are
recognised in the Table, by the fact that the points of the pair appear
twice in each of the two columns,—viz., once on each of the two lines
indicative of the planes of the pair. The remaining four of the first
ten lines of the Table are those which are appropriated to the planes
touched by every 'quadric of the system under consideration. They all
pass, of course, through the vertex of the quadric cone included in that
system.

G9. The following Table exhibits, conveniently, the singularities of
the six congruences (2, 3) which have the same focal surface. To each
congruence, as before, a column is appropriated, in which, on the first
ten lines, stand the centres of the congruence-pencils situated in the
several planes to which those lines are appropriated. On the last five
lines are the vertices of the quadric cones whose generators are rays of
the respective congruences.
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70. To generate the congruence (2, 4), the quintic correspondence is
employed which has, in each of the planes o and /3, a principal triple
point, as well as three double, and three single principal points.*
To each of the latter corresponds a principal line passing through the
triple point and one of the former,—a circumstance which at once
associates the double and single principal points of the correspondencei
and suggests the notation J.a, Bx; A2, B[; A'2

r, B"; Au B%; A[, B'a;
A", B2. The principal triple points are denoted by As and J98.

The conditions of Art. 64 will be satisfied by supposing Ait A[, A[\
Bit B[, B[' to be all situated on the intersection a/3; whence it will
follow, as before, that A2 and Bt become centres of congruence-pencils
situated in the planes /3 and a, respectively, and Al and Bx centres of
pencils situated in the planes Oj and /3X, which connect these points with
the principal lines respectively corresponding thereto. Moreover, since
the lines AtAs and B^B^ correspond, point by point, to B2B2 and
A'iA'i, respectively, and each is incident with its corresponding line in
a self-corresponding point, we have obviously two other congruence-
pencils which may be denoted, respectively, by (C, y) and (D, B).

In addition to the above singularities, the congruence C now under

• Bulletin, Art. 21.
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consideration possesses six quadric congruence-cones. Four of these
have the vertices A'2, A'^.B'^ B't', and pass, respectively, through the prin-
cipal conies corresponding to these points. Each of the remaining two
intersects a aDd /3 in a pair of corresponding conios of the pencils
{A^A'^A^A^ and (B^B'tB^). In fact, the several pairs of corres-
ponding conies of these pencils are, as will be seen in Art. 72, the
directrices of one of the systems of quadric reguli into which the con-
gruence C may be resolved. The generators of those reguli whioh pass
through Ax and Bt are corresponding rays of two projective pencils
(A^) and (B^^) ; and the double points, Cand 0", of the projective
rows which these pencils determine on a1f3u are obviously the vertices of
the two congruence-cones above referred to.

Lastly, C contains two cubic congruence-cones; their vertices are at
At and I?8, and their traces on j3 and a, respectively, are the principal
cubics corresponding to these vertices. AtB$ is a double generator of
each of these cones, and likewise a double ray of the congruence.

71. Each of the six singular planes of C contains six of its fourteen
singular points, and to each pair of singular planes two singular
points are common (see Table of Art. 72). In six of the fifteen different
pairs formed by these planes the common points ai'e centres of con-
gruence-pencils situated in those planes ; in three others they are both
vertices of quadric congruence-cones; and in the six remaining pairs
of planes one of the common points is the vertex of a cubic con-
gruence-cone, and the other the centre of a congruence-pencil situated
in a plane not coincident with either of those forming the pair.

Between the planes of each of the first six pairs, the congruence C
determines a quintic correspondence of precisely the same type as that
employed for its generation. The principal points thereof are easily
recognised in the Table of Art. 72.

Between the planes of each of the above three pairs, however, the
correspondence determined by C is quartic, and of the Jonquierian type
(Art. 29). The principal triple points thereof are, of course, the
vertices of the two cubic congruence-cones; and, of the six principal
single points of each plane, two are coincident, with one another and
with their associates, at each of the two singular points of C which are
common to the pair of planes under consideration. Of the three re-
maining singular points of C situated in each of these planes, two are
principal single points of the quartic correspondence between them,
and the third is the point towards which converge all lines joining
the points of the intersection of the planes to their several corresponding
points. The latter, together with the point of convergence and the
principal points of the plane, are all situated on a conic, seeing that the
above intersection must be regarded as a line passing through two
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principal single points only; the points respectively coincident with
these being, in reality, consecutive points thereto, situated on the
principal cubic of the plane to which the intersection is supposed to
belong.

Finally, between the planes of each of the remaining six pairs the
congruence C determines a quartic correspondence of the type con-
sidered in Art. 66 ; but of a special form. Of the two singular points
of C common to the planes of the pair, that which is the centre of a
congruence-pencil is simply a self-corresponding point of this quartio
correspondence, and with that which is the vertex of a cubic con-,
gruence-cone, one of the principal double points of each plane coincides.
The other two principal double points situated in each plane are ver-
tices of quadric congruence-cones in C, and their associated principal
single points (Art. 66) in the quartic correspondence, are both coinci-
dent with the two coincident principal double points. The principal
conic corresponding to each of the latter breaks up into the pair of
principal lines which there intersect, and themselves correspond to the
principal single points coincident with the principal double point in
question.

Of the remaining two singular points of C situated in each of the
two planes, one is the principal single point, of the quartic correspon-
dence, which is associated with one of the two coincident double points,
and the other (centre of a congruence-pencil of C situated in the plane
under consideration) is the point of convergence of all congruence-
lines joining points of the intersection of the pair of planes with their
correspondents, situated on a conic.

72. Returning once more to the quintic correspondence between a
and /3 by means of which the congruence C of Art. 70 was generated,
I observe that the latter may be resolved, in three different ways, into
a system of quadric reguli. Their respective directrices are the corres-
ponding elements of the following pencils:—

(As) and (B&Bffl),
(AsA^Ai) and (J53),
(A^AZA) and {BSB'2B'2'B,).

The reguli conjugate to those included in each of- the above three
systems form, in the aggregate, another congruence (2, 4) having,
with C, the same focal surface. In the following Table the latter are
denoted by Clt C2, C3, respectively. The rays of any two of the four
congruences group themselves into conjugate reguli situated on a
system of quadric surfaces enveloping the common focal surface, passing
through eight fixed points, and touching two fixed planes. Amongst
the quadrics of each of the six. systems, above referred to, there are
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always two point-and-plane pairs, and two cones. A glance at the
columns of the Table appropriated to the two congruences under con-
sideration is sufficient to recognise the points of the former (Art. 68),
and on each of the two lines not appropriated by any of their planes will
be found, in the last two columns, the vertices of the latter. The
planes to which the two last-mentioned lines refer, are those which are
touched by every quadric of the system, and the eight points through
which all these surfaces pass are indicated on the two lines appro-
priated to the planes of each of the two point-and-plane pairs.

It should be observed that the two quadric cones common to any
two of the four congruences, though they have the same vertices, are
different from the two cones common to the remaining two congruences.

The vertices of the two cubic cones of any one of the four con-
gruences will be found in the appropriate column, on the last two lines
of the Table. Each of these cones passes twice through the vertex of
the other, once through each of the vertices of the six quadric cones
of the congruence, and once through each of the centres of three of its
pencils—the three, in fact, whose planes pass through the vertex of the
cubic cone under consideration.
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73. From the fact that the sextic correspondence by means of which
the congruence (2, 5) is to be generated (Art. 64), must have one
principal double point and three principal single ones, of each plane,
situated on their intersection a/3, we at once recognise the correspon-
dence to be the remarkable one whose principal points are not of the same
nature in both planes.* In one of these, say a, there are, in fact, three
triple, one double, and four single points, whilst in the other, /3, one of
the principal points is quadruple, four are double, and three single.

* bulletin, Art. 22.
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The association of these points is readily effected. To each single
point of a corresponds the principal line joining its associated double
point in ($ to the quadruple point; whilst to each single point of the
latter plane corresponds the principal line passing through its two non-
associated triple points in a.

In conformity with previous practice, therefore, we may denote the
several pairs of associated principal points thus :

A T> . A' Tt1 . A" 7 ? " . A'" TV" . A' T)'. A" T>" . A'" T>'" .
•"!> •"% > -"-ll -02 I "^1 > -"2 I -°-l » -°2 I -^3) -°1 > " 8 > -Ol I -"S > •Ol »

and the remaining two principal points of the correspondence by At

and Bt.
The principal points situated on a<3 being Ait A{, A", A"'t Bit B[,

B'i, B["—each situated, of course, on its corresponding principal conic or
line—it is at once manifest that -48'and B% will be centres of congruence-
pencils situated, respectively, in j3 and a, and that Ax will be the centre
of a third such pencil situated in the plane (AxB^B^y which we will de-
note by y. Moreover, 2?4 is the vertex of a quartic congrnence-cone
which traces, on a, the principal curve corresponding to its vertex; viz.,
a quartio having double points at A3, A3, A'3", and passing likewise
through Av Alt A{, A", and A[". The points A'3, A'$\ A'%" are vertices
of cubic congruence-cones, each of which traces, on /3, the principal
curve corresponding to its vertex ;—that is to say, a cubic passing twice
through Bt, and once through all the other principal points of the plane,
the single one excepted which is associated with the vertex. In like
manner, B& B'2', B'2" are vertices of quadric congruence-cones; the
principal conic which each traces, on o, passes through the principal
single point associated with its vertex, as well as through the double
point Av and the triple points A'it A'3't A'3".

Besides the above three quadric cones, however, the congruence C now
under consideration possesses three others. Their vertices O\ 0", G"f

are in the plane y, and they belong to one of the two systems of quadric
reguli into which C may be resolved (see Art. 75), and whose directrices
are corresponding conies of the pencils

{A'3A'3A'3"AX) and &&%'%").
In fact, the generator, passing through Au of every such regulus must
lie in the plane y of that point and its corresponding line B%BV and
the generator of it which passes through Bt must belong to the quartio
congruence-cone above described, which has this point for vertex. But
the regulus will, obviously, become a cone when these two generators
are incident with each other, and this will happen when the one last
mentioned coincides with any one of the intersections, exclusive of B4Alt

of the above quartic congruence-cone and the plane y. It can readily be
shown that the vertices G'u G['\ G[" lie, with the • principal points
Av Bit Bt, on a conic.



800 Dr. T. A. Hirst on [May 13,

74. Six of the thirteen singular points of C lie in each of its three
singular planes; one, Bt, being common to all three, and three others,
Av Bt, A-i, to the pairs of planes a, /3; /3, y ; and y, a, respectively.
Between the planes, y and a, of the last pair, C determines a sextic corres-
pondence precisely like that from which it was generated. Between
the planes /3 and y, however, C determines a quintic correspondence of
the type described in Art. 70, but of a very special kind. The principal
triple points thereof both coincide, in fact, with Bt; the principal double
points are at B'^ B'2\ B'2" and G\ 0", 0'"; but the principal single
points respectively associated with these are all coincident with the two
coincident triple points at Bv One consequence of this very special
disposition of principal points is, that each of the principal cubics of
the correspondence breaks up into three right lines, coincident with the
principal lines of its plane. The point Bt, centre_of a congruence-pencil
in a, is now a self-corresponding point, and to j3y, regarded as a line
passing through the triple point of either plane, corresponds, point by
point, a conic which passes through the three double points of the other,
as well as through the self-corresponding point B3i and the triple
point at B±. The latter point being likewise_self-correspondent, the con-
gruence-lines joining the several points of /3y with their corresponding
ones all converge to a point on the above conic (Art. 51) ;—in fact, to
A% in /3, and to Al in y.

75. Returning now to the sextio correspondence of Art. 73,1 observe
that the congruence C may be resolved, in two different ways, into a
system of quadric reguli. By the one way, the directrices of these
reguli are the several pairs of corresponding conies of the pencils

(A'IA'SA'S'AI) and (J?4J5;j5J'J55")i
already alluded to in the last Article; by the other, they are correspond-
ing elements of the pencils

(AUzA'z'A) and (.F4).
Each system of reguli includes three cones and one pencil-pair. In the
first system the cones have their vertices at 0'; 0", 0'"; in the second
at B'2, B'2\ B'2". The pencil-pair, in the first Bystem, is (Ai(i), (.Bga),
and proceeds from the corresponding conies (A'3 A'^A'^'AX -4a) and
{BiB2B2B'2"B2). In the second system it is (Ay), (-^aa)» proceeding
from the corresponding elements {AzAzA^'A^A^) and BtBa of the gene-
rating pencils.

The reguli conjugate to those included in each *of the above systems
form, in the aggregate, another congruence (2, 5), having the same
focal surface as C. These congruences, in the following Table, are de-
noted by Cj and Ca. The rays of any two of the three associated con-
gruences group themselves, in fact, into conjugate reguli, situated on a
system of quadric surfaces passing, individually, through eight fixed
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points, and touching one fixed plane. Each system, moreover, includes
one point-and-plane pair, and three quadric cones.

Given any two of the three congruences, the elements of the point-and-
plane pair are at once recognised in the Table in the usual manner (Art. 68);
the remaining eight points indicated on the two lines appropriated to the
planes of this point-and-plane pair, are those through which every
quadric of the system of quadrics to which it belongs passes. The
singular plane touched by every one of these quadrics, is that to which
the remaining Hue of the Table is appropriated; on it, in the right-hand
margin, will be found the vertices of the three quadric cones, whose
generators are common rays of the two congruences under con-
sideration.

In this same margin of the Table, and on each of the remaining two
lines thereof, are the three singular points which are vertices of cubic
cones in one of the two congruences (that indicated by the column
which intersects the line in question in JBa), and of quadric cones in the
other (Art. 36 c). Of the three singular points, lastly, which stand in
the margin at the bottom of the Table, each is the vertex of a quartic
cone in the congruence indicated by the column in which it stands.
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On the Mutual Potential of Two Lines in Space.
By HORACE LAMB, M.A.

. [Read June Uth, 1883.]

By the mutual potential M of two Iine3 G, 0' is meant, in Electro-
magnetism, that part of the energy of the field which is due to the
simultaneous presence of Wo electric currents of unit intensity
blowing along these lines in the positive directions, the positive direc-
tion along each line being in the first instance chosen- arbitrarily. .

When both lines are closed, the value of M is known to be

M=if cose ds ds' , .(1),


