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ON THE PROJECTION OF TWO TRIANGLES ON TO THE SAME
TRIANGLE

By Professor M. J. M. HiLi, Dr. L. N. G. Fivow, and H. W. Caaryax.
[Read Murch 9th, 1905.—Received March 17th, 1905.}

Abstract.

There are in the theory of projection many constructions for the
solution of a problem which contain one or more arbitrary elements. In
such cases interesting results are sometimes obtainable by a consideration
of the aggregate of all the possible solutions of a problem.

A simple example is the construction for determining the corre-
spondence of two homographic point rows when three points of the onc
and the three corresponding points of the other are given.

In this case the line ; .ming two centres of projecuion, from which
both point rows may be projeci | on to the same poini row, touches a
conie.

The problem considered in this paper is the projection of two i
angles on to the same triangle, and the results which may bLe deduced
from a consideration of the aggregate of all the possibie solutions.

We are not aware that the same problem has been dealt with by any
previous writer. Grassmann in the fourth section of his paper ensitled
“Die stereometrischen Gleichungen dritten Grades, und die dadurch
erzeugten Oberflichen ” (which section deals with the projective relation
between planes and pencils of rays in space) obtains incidentally a enn-
struction for projecting any four points in one plane by three projections
and three sections on o any four points in another plane (no three of the
four points in either plane being In o struight line). Other writers, of
whom we believe the first was Seydewiiz, discussed the distinet problem
of finding the number of ways in which a plane containin-, any four fixed
points can be moved in space and so pluced on another plane that the
four fixed points are in perspective with four fixed poimnts in the second
plane (no three of the four points in either plane being in a straight line).
The number of solutions turns out to be four, and 1s in contrast with the
number—six—of solutions of some of the problems which occur in this
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paper. But the problem discussed by Grassmann is of a higher order of
complexity than the one from which the present investigation arises.
The present investigation leads to a construction which solves Grassmann’s
problem in a way which at one step is of a more general character than
that adopted by Grassmann; and its value consists in the light which. it
throws on that problem.

The first result that is here obtained is this :—The straight line joining
two points from which two triangles in space can be projected on to
the same triangle is a generator of the regulus of which the three directing
lines are the lines joining corresponding vertices of the triangles (Art. 1).

It is next shown that the two triangles can be projected into the same
triangle in any plane in space (Art. 2).

From this the construction for the solution of the problem considered
by Grassmann, and referred to above, follows easily (Art. 3).

It is then proved that the projective relation between the planes of the
two triangles is unaltered if the centres of projection be moved to other
positions on the same generator of the regulus referred to in the first
article (Art. 4), and in this case the plane on to which the two triangles
are projected passes through a fixed point on the line of intersection of the
planes of the two triangles. The fixed point is a self-corresponding point
of the planes of the two triangles (Art. 5).

A construction for the determination of this fixed point, when the
position of the generator of the regulus is known, is then given
(Art. 6).

The next two articles (7 and 8) deal with special positions of the plane
on to which the two triangles are projected, which are important for the
drawing of the figures required.

The regulus of Art. 1 meets each of the planes of the triangles in a
conic. The vertices of one triangle and the point in which the genersator
joining the centres of projection meets one of the conics correspond to the
vertices of the other triangle and the point in which the generator joining
the centres of projection meets the other conic. In general no fifth point
of either conic can correspond to any point of the other conmic. If any
fifth point on the first conic correspond to a point on the second conic,
then all the points on the first conic correspond to points on the second
conic, and the projective relation between the two planes is that which
is determined by making those points on the conics correspond which
lie on the same generator of the regulus (Art. 9).

It is next shown that, if three points 4,, B,, C, in one plane correspond
to three points A,, By, C, on another plane, then, as the straight line join-
ing the centres of projection describes the regulus, the point D, in the
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second plane which corresponds to a fixed point D, in the first plane
describes a nodal cubic passing through 4,, B, C, (Arts. 10 and 11).

Arts. 12-14 are concerned with the construction of the node and the
drawing of the cubic, and the way in which the node arises is explained.

In the last article (15) it is shown that the least number of projections
and sections necessary to pass from one set of four points in a plane to
another sef of four points in a second plane is in the general case three.
There are, of course, the special cases in which two or one of each are
sufficient.

It follows that Grassmann’s solution is the simplest.

1..If 4,B,C, and 4,B,C, be two triangles situated anywhere in
space, and if O, and O, be two points such that O, projects 4,B, C,
and O, projects A,B,C, into the same triangle 4BC, to.prove that the

sole condition which must be satisfied by O, and O, is that 0,0, is a
generator of the regulus determined by the three directing lines 4,4,

B, B,, and C, C,.

Since 0,4, meets Oy,4, at 4, therefore the points O,, 4,, Oy, 44, 4
all lie in one plane.

Therefore O, O, meets 4, 4,.

Similarly O, O, meets B, B, and C,C,.

Hence 0,0, is a generating line of the regulus of which 4,4,, B,B,,
and G, C, are the directing lines.

Conversely, if O, and O, lie on a generating line of the regulus of
which 4,4, B,B, and C,C, are the directing lines, then 0,0, meets
4,4, and therefore 0,4, meets O34, in a point which may be called 4 ;
similarly O, B, meets O3B, in a point which may be called B, and O,C,
meets O0yC, in a point which may be called C. Therefore O, projects
A4, B, C, and O, projects 4,B;C, into the same triangle 4 BC.

Throughout this paper 4, 4,, B, By, and C,C, will be said to belong to
the first system of the generators of the hyperboloid on which the above
mentioned regulus lies; and 0,0, will be said to belong to the second
system of generators, and will be sometimes denoted by the single letter g.
The intersection of the two planes 4,B,C, and 4,B,C, will be called the
line <.

2. The triangles 4,B,C,, 4,B;C, having any position in space, and
any plane = being chosen arbitrarily, then it is in general possible to find
0, and O, so as to project 4,B,C, and 4,B,C, into a triangle ABC
gituated in the plane . :
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Let the straight lines B, Cy, C,4,, 4,B,, ByCy, Cy Ay, Ay B, meet the
plane 7 in the points J,, K, L,, J,, K,, I, respectively. (See Fig. 1.)

Fia. 1.

The most general case is that in which each of these six points is a
single fully determined point and all the six points are distinct.

This case will be taken first.

The points J,, K,, L, are collinear, because they lie on the intersection
of the planes 4,B,C, and .

Similarly Jy, K,, L, are collinear.

The straight lines J, K, L, and J, K, L, are iu general distinet.
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Since J, K, L, and J,K,L, are in one plane . therefore K,K, will
meet L, Ly in a point which may be called 4.

Similarly let L, L, meet J,J, at B, and let J,J, meet K, I, at C.

Then BC is the line J, J,, and therefore meets B, C, at J;.

Similarly C4 meets C, 4, at K,, and AB meets 4,B, at L,.

Since J,, K,, and L; are collinear, therefore the triangles A BC and
A4,B, C, are in perspective.

Therefore 44,, BB,, and CC, meet in some point O,.

Similarly 44,, BB,, and CC, meet in some point O,.

The positions of O, and O, have therefore been found which will
project 4,B,C, and 4,B,C, into a triangle 4 BC in the plane .

3. The construction given in the last article renders it poesible to
determine the projective relation between two planes when four points in
the one and the corresponding four points in the other are giver.. [It will
be supposed that no three of either set of four points lie on one straight
line.]

The construction about to be given is in the case of one step a little
more general than that given by Grassmann (Crelle, T. xv1x., S.55)

Suppose that 4,, B,, C,. D, in the plane m, correspond to d., By, Cy, Dy
in the plane =,

Take any point O, (distinct f om A, and A4,) on the straight line A4, 4,.

Through 4, draw any plane - 4 (distinet from ).

From O, project d,B,Cy D, into A, B3Cy )5 on g *

Draw any plane = (distinet from m, and =g throngh 4,. Then, by
means of Art. 2, find the centres O) and O, which will project B,C,D, and
B,Cy Dy into the same triangle BCD in the plane =.

Since the point A, is common to the planes my, mg, and =, it follows
thut the projections from O, and Oj will hoth leave it unaltered iu position.

Thus O, projects the points d,, By, C,, Dy situated on my intc 4, By, Cy, Dy
on mg.

Then O projects the points 4,, B, Cs, D, situated on g into A,, B,C, D
on w.

Then Q) projects 4,, B, C, D on = into 4, By, C,, D; on .

There are, thereiore, three prejections and three sections, as in Grass-
mann’s method, necessary to establish the projective relat*on Lietween the
two planes when four points in one piane and the cox-esponding four
points in the other plane are given.

* Grassmaun’s next step is to draw a plane through A, B;,. It is possible, however, to
proceed more wenerally, us in this paper, by drawing any planc through 4,.
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4. The projective relation between the planes of the two triangles is
fully determined when the position of the generator g, on which 0, and O,
lie, has been fixed; in other words, if O, and O, be moved to other
positions along g, the point E, in the plane 44B;C, which corresponds to
a fixed point E, in the plane 4, B, C, remains unaltered.

Let ¢ meet the planes ABC, 4,B,C,, and 4,B,C; at D, D;, and D,
respectively. Then O, projects 4,, By, C,, D, into 4, B, C, D, which are
projected from O, on to 4,4, By, Cy, D,

Hence 4,, B, C,, D, in the one plane correspond to 4y, By, Cy, Dy in
the other plane for all positions of. 0,, O, on the same generator g. Now,
when four points in the one plane forming a quadrilateral and the cor-
responding points in the other plane are given, the projective relation
between the two plaues is determined by the theorem of which a proof is
given in the preceding article.

Hence the point E, in the plane 44B,C, corresponding to & fixed point
E, in the plane 4, B, C; will not be altered if O, and O, are moved along
the fixed generator g.

(It must be noticed, however, that the plane 4BC is altered in position
when O, and O, are moved along the fixed generator g.]

5. To prove that, when O, and O, lie on a fixed generator g, the
plane 4BC passes through a fixed point on the line of intersection of
the planes 4,B,C, and A4,B,C, and that this is & self-corresponding
point of the two planes.

Suppose that, for some given positions of O, and O, on g, the straight
lines J,K,L, and JyK,L, both of which lie in the plane 4BC, meet
at P (see Fig. 1). Then P is the intersection of the three planes 4BC,
A4,B,C,, and 43 B,C,.

Then O, projects P in the plane 4,B,C, into P in the plane 4BC,
and then Oy projects P in the plane 4 BC into P in the plane 4,B,C,.

Therefore P in the plane 4,B,C, corresponds to P in the plane 4,B,C,.

Now, when the generator g is fixed, the projective relation between the
two planes is determined.

Hence P in the plane 4, B, C, corresponds to P in the plane 4,B,C,
for all positions of O, and Oy on g.

Hence the plane 4BC passes through the point P for all positions
of O, and O, on g.

The point P may be called the self-corresponding point of the two
planes when O, and O, lie on g.

The point P in the intersection of the planes 4,B,C, and 4,B,C,
will be said to correspond to the generator g.
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6. To show how to construct the position of P when that of ¢ is known.
Let P4, meet B,C, at @,. (See Fig. 2.)

Let 0,Q, meet BC at Q.

Let 0,Q meet B,C, at Qo

Then @), in the plane 4, B, C, corresponds to @, in.the plane 4,B,Cs.
Also 0,Q, and 0,Q, meet at Q. Therefore Q,Q, meets 0,0,.

Also 4, 4, meets 0,0,.

Again, P, @,, 4, correspond to P, @, A, respectively:

Now P, @), 4, are collinear ; therefore P, Q,, 4, are collinear.
Therefore 4,4, meets Q,Qs-

We have also proved that 4, 4, meets 0,0,, and @,¢), meets O,0,.

Fie. 2.

Hence there are two alternatives :—

(@ The three straight lines 4,4,, 0,0, and @,@, all lie in one plane.

In this case P lies in the plane which contains 0,0,.4, 4,.

Similarly it could be proved that P lies in the plane 0,0,B,B, and
in the plane 0,0,C,C,.

But these planes meet in 0,0,.

"Hence P lies on 0,0,, which cannot be generally true.
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(b) The lines 4,4,, 0,0,, and @, Q, have one point in common.
This being the only alternative left, we take it to hold.

Let 4,4, meet 0,0, at A4,.

Therefore ), @, passes through Ag.

The line 43Q, @, meets O, 0,, B,C,, and B,C,.

This gives the following construction for the point P:—

Let 4,4, ineet the generator g, i.e. 0,0,, at 4, Through 4, draw
the single straight line which meets both B,C, and ByC,. Let it meet
B,C, at @,, and ByC; at @, Then 4,Q, and 4,0, meet at P.

Hence 43Q,Q, is a generator of the regulus which has B,C,, B,C,,
and 4, 4, for directing lines.

Hence the range of A5 on 4,4, is projective to the range of @, on
B, C,.

Now project the range of @, on B,C, from 4, on to the line of inter-
section of the planes 4, B, C, and 4,B,C,, i.c., on the line 7.

Then the range of @, on B,C, is projective with the range of P on
the line s.

Therefore the range of Ag (i.e., the point in which the selected
generator g is met by the fixed line 4,4,) on the fixed line 4,4, is
projective with the range of P on the line <.

7. It is necessary now to return to the exceptional case mentioned
in Art. 2, viz., that in which the planes 4,B,C, and 4,B,C, meet the
plane = in the same straight line, <.e., J, K, L, and J,K,;L, coincide. In
this case there are the following classes of cases :—

(@) J, and J, do not coincide, K, and K, do not coincide, and L, and
L, do not coincide.

This is the most general case of this kind, and it arises whenever
the plane = is drawn through the intersection of the planes A,B,C,
and 4,B,C,.

In this case the straight lines J,J, KK, and L,L, coincide with
the line of intersection of the planes; so that the triangle ABC
degenerates into a straight line coinciding with the line of intersection
of the two planes.

If in this case points O, and O, exist such that O,4, meets 0,4,
at 4, O, B, meets 0,5, at B, and O, C, meets 0,C, at C, where 4, B, C
all lie on the line of intersection of the planes. then 4,4 lies in the
plane 4,B,C,, and therefore O, also lies in this plane.

Similarly O, lies in the plane 43B,C,.

As in the general case, 0,0, meets 4,4, BB, and C,C,. Con-
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sequently O, O, is a generator of the regulus determined by 4,4,, B,B,,
and C,C,.

Hence O, is any point on the conic in which this regulus meets the
plane 4,B,C,; and O, is the point in which the generator g of the
second system through O, meets the plane 4, B, C,.

Hence in this case the triangles can (in an infinite number of ways)
be projected into the same triad of points lying on the line of intersection
of the two planes.

[Although O, is in the plane 4,B,C, and O, is in the plane 4,B,C,,
the points on the plane 4, B, C, correspond uniquely to the points on the
plane 4,B,C,; because the projective relation between the planes is
the same as when O, and O, have any other positions on the generator g.]

(b) Let J, and J, coincide, say at J.

Let K, and K, not coincide, and let L, and L, not coincide. (See Iig. 3.)

In this case K, K,, which is AC, and L, L,, which is 4B, coincide with
the line 7.

The point B is the intersection of .J,.7, with 7., L,; hence it is at .J.

A Ly Z K KL

"
c

Fio. 3.

A
7

The point C is the intersection of J,J, with A\ A,; hence it also is at J.

The straight line BC, which is J, J,, goes through J, but is not otherwise
limited ; but B and C are not separate points on it. They coincide at J.

In this case the straight lines B,C, and B,C, meet, viz., at J.

Hence B,B, and C,C, meet, and therefore in this case there is no
proper regulus* determined by 4, 4,, B, B,, and C,C,.

Again O, lies on BB,, t.e., on JB,C,.

Also O, lies on BB,, t.e., on JB,C,.

¢ It degrades intvo a plane. All its generating lines lie in the plane .5,(,38,C, and pass
through the point in which 4,4, meets this plane. By taking 0, and 0, on any generating line
it is possible to project 4,B,(, and 4,;B,C; into the same triangle.
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Further 0, 0, meets 4, 4,.

If, therefore, 4,4, meet the plane C,B,JB,C, in M, and any line be
drawn through M iu this plane meeting B,C; in O, and ByC, in O,
we obtain positions of 0,, O, which project 4,B,C; and 4,B,C, into
three points 4, B, C on the line ¢ ; but two of these points, B and C,
coincide with each other.

In this case there is no proper projection, i.e., so long as the plane
ABC is drawn through the line <.

(¢) J, and J, coincide, say at J; K, and K, coincide, say at K; but
L, and L, do not coincide.

Then BC, which is J,J,, goes through J, but is not otherwise limited.

Also AC, which is K, K,, goes through K, but is not otherwise limited.

Whilst 4B is the line L, L,, which is the same as JK.

Hence 4 is at K, B is at J, and C is any point in the plane .

In this case 44,, BB,, and CC, meet at C,.

Hence O, is at C,, and there is no proper projection of the plane
A,B,C, from O,.

Also AA,, BB,, and CC, meet at C,, Hence O, is at C,.

(d) J, and J, coincide, K, and K, coincide, and L, and L, coincide.

In this case the triangles are in perspective, and the points O, and
O, coincide at the centre of perspective.

8. It is necessary now to consider a particular case of another kind.

In the preceding cases the six points Jy, K;, L), Jy, K, and L, are
all fully determined. Let us now suppose that the straight lines J, K, L,
and J,K,L, are distinct, but let the point J, in which B,C, meets the
plane 7 be not fully determined.
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This is equivalent to the case in which the plane 7 is drawn through
B,C,; and then J, can be regarded as any point on B,C,. (See Fig. 5.)

Now C,4, meets 7 at K,. Therefore K, is at C,.

Also 4,B, meets = at L,. Therefore L, is at B,.

The lines 4,4, B, B, C,C meet at O,.

The lines 4,4, By B, C,C which meet at O, are now 4,4, L,B, K,C
respectively.

These lines meet at 4 ; therefore O, is at 4. But O, is on 44,;
therefore 0,4, 0, is a straight line; therefore the generator 0,0, passes
through 4,.

In this case there is no proper projection. For the plane ABC
passes through O,, which is at 4.

The distinguishing feature of this case is that the generator g passes
through 4,.

Conversely, let g pass through 4,. Then the straight line 0,4, is g.
In the general case 0,4, meets 0,4, at 4.

Hence in this special case g meets O,4, at 4. But g meets
0,4, at 0,. Hence O, coincides with 4.

Now in the general case 4,B,C, is projected from O, on to ABC.
But in this special case O, is the point 4 in the plane 4 BC.
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In this case there is no proper projection.

Note that in this case, since BC projects into B,C,, the plane AB(
is the same as the plane 0,B,C,, and it therefore passes through B,C,.

Those points of the plane 4,B,C, which are situated on B,C, are
projected on to BC, and thence on to B, C,.

This would result in making the point in which B;C; meets the line ¢
not & self-corresponding point unless J; is taken at that point. This will
thevefore be supposed to be done in the rest of this section.

All points on the plane 4,B,C, not on B,C, are projected from O,
(which is 4) on to 4, and thence from O, on to 4,.

Hence when g passes through 4, all points on 44 B, C,; which are not on
B, C, correspond to 4,. The points on B, C, correspond to points on B, C,.

It is required to determine the self-corresponding point when the
generator g passes through 4,.

The self-corresponding point is the intersection of J,K,L, and
JgKyLg, Now in this case Jy Ky Lg is B, C;. Hence the self-correspond-
ing point lies on B,C,. It also lies on the intersection of the two planes
A,B,C; and A43B,C,. Hence it is the point in which By(, meets the
line of intersection of the two planes.

Hence, if the generator g pass through A4,, the self-corresponding
point P is the point in which ByC, meets the line of interscction of the
planes 4, B, C, and 4 3B, C,.

It should be noticed that in this case the points B,, C), and P which
are not in a straight line correspond to B,, C, and P which are in
a straight line and all points on 4,8, C, which are not on B, C, correspond
to 4,. This confirms what was shown before, that there is no proper
projection in this case.

There are six cases of this class : viz.,, when g passes through A4,,
B, C,, 4, B, C, the self-corresponding points are those in which the
line of intersection of the two planes meets the lines By C,, Cyd,, AyB,,
B,C,, C,4,, 4B, respectively.

Although in these six cases there is no proper projection, it is possible
to make the relation between the two planes quite definite in each case.
As the self-corresponding point P moves along the line of intersection
i of the two planes to each point E, in one plane corresponds a definite
point E, in the other plane for every position of P, except when it takes
up one of the six exceptional positions noted above. As P approaches
one of these exceptional positions E; approaches a perfectly definite
position, and this definite position may be said to correspond to £, when
P occupies the exceptional position. That this i1s so follows from Art. 10
below.
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9. The regulus whose directing lines are 4,4, B,B, C,C, cuts the
two planes 4,B,C,, 4,B,C, in two conics.

If g meet these planes at D, and D,, then 4,, B,, C,, D, on the one
conic correspond to 4,, By, C,, D, respectively on the other conic.

It will now be proved :—

(i) That in general no fifth point of the first conic can correspond
to a point on the second conic.

(ii.) That, if any fifth point on the first conic correspond to a point
on the second conic, then all the points on the first conic correspond to
points on the second conic, and the projective relation between the two
planes is that which is determined by making those poirits on the conics
correspond which lie on the same generator of the regulus.

To prove (i.), suppose, if possible, that a point E, of the first conic
corresponds to a point E, of the second conic.

The most general supposition that can be made is that E, and E, are
distinet points. This will be taken firss.

0, E| meets O, E, in a point E of the plane ABCD.

Hence E, E, meets O, O,.

Hence E,E, has in common with the hyperboloid three distinet points,
viz., E|, E,, and the poiut where E, E, meets O, O,.

It must therefore be a generator of the same system as 4,4, B, B,
and C,C,.

Now O, projects A4,B,C,D,E, and O, projects A,B,CyDy,E, into
ABCDE.

Draw the conics through ABCDE, A4, B,C,D, E,, and 4,B,C; D, E,.

Take any point F on the conic ABCDE.

Let O, F cut the first plane at F,; then F, is on the conic 4,B,C, D, E,.

Let O,F cut the second plane at F,; then F, is on the conic
A4,B,Cy Dy E,.

Also F, and F, correspond to each other.

As F may be any point on the conic ABCDE, it follows that every
point on the first conic corresponds to a point on the second conmic, and
the line joining two corresponding points is a generator of the first
system.

This conclusion is in the general case impossible, because D,D,,
which joins corresponding points, is a generator of the second system.

The exceptional cases are (a) when D, D, is a generator of both systems,
i.e., the hyperboloid is a cone; (b) when D, and D, coincide in one point,
so that D, and D, both lie on a generator of each system.

Putting aside for the present these exceptional cases, it follows that
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only the points 4,B,C,D; on the one conic correspond to points on the
other conic, viz., to 4,B,C,D,.

In the exceptional case (@) the points O, and O, coincide with the
vertex of the cone and the triangles 4, B, C; and 4,B,;C, are in perspective.

The second exceptional case (b) is important. It brings us, in fact,
to the case marked (ii.) above.

Suppose that the hyperboloid meets the line of intersection of the
two planes at the points T and U. Then T and U lie on both the conics.
Suppose that g is taken to pass through 7. Then D; and D, coincide
at T. In this case 4,B,C,T corresponds to A,B,C;T. Therefore the
projective relation between the two planes is fully determined. It will
now be proved that U corresponds to U. Let the rays of the regulus con-
taining 4, 44, B, B, and C,C, which pass through T and U be called ¢
and  respectively. Then the points 7', 4,, B,, C, on one conic fall on
the rays ¢, 4,4,, B, B,, C,C, of the regulus. The conic and the regulus
are therefore in perspective, each ray of the regulus cutting the conic in
the point corresponding to it.

In like manner the regulus and the second conic are in perspective.
Hence the point U of the first conic corresponds to the generator w of the
regulus, and this corresponds to the point U of the second conic. There-
fore U corresponds to U.

It remains only to find the position of the self-corresponding point
when ¢ passes through T. It will be proved that this is at U.

For, if the plane ABC do not pass through U when g passes through
T, then U will not correspond to itself.

Hence, when ¢ passes through T, the self-corresponding point is U.

Also, when g passes through U, the self-corresponding point is 7'

Further, these two positions of g determine the same projective relation
between the two planes, viz., all the points on the first conic correspond
to points on the second conie, corresponding points lying on generators
of the first system.

10. Given that 4,, B,, C, correspond to A, By, C,, to prove that.as g
describes the regulus the point D, corresponding to a fixed point D, in
the plane 4,B;C,; describes a cubic curve, having a double point and
passing through 4,, B,, C,.

Suppose that, in one position of g, P is the self-corresponding point.

Let PA, meet B,C, at @, ; let PA, meet ByC, at Q.

Then @,Q, meets 4, A,at A4, where A4is the point at which g meets 4,4,.

Let P4, meet B, D, at R, and C,D, at S,.

Since 4,, B,, C,, P correspond to 4, B, C, P respectively, therefore
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A, P, B,C, correspond to 4,P, B,C, respectively ; therefore Q,, the inter-
section of A4, P, B,C,, corresponds to @,, the intersection of 4, P, B,C,.

Since 4,, @,, P correspond to 4, @, P, the ranges on 4,Q,P and
A,Q, P are in perspective, and the centre is 4, (see Fig. 6).

Hence, to get the points corresponding to R,, S, it is only necessary
to make Ay R, meet A, P at R,, and 43S, meet 4, P at S,.

Then, since D, is the intersection of B, R, and C,S,, therefore D, is
the intersection of By Ry and C, S,.

As P moves along the line of intersection of the two planes, @,, R,, S,
describe respectively the straight lines B, C,, B, D,, and C, D,.

@, describes the fixed line B,(,.

Projecting from the fixed point 4,, (P) X (@) A (B) ~(S)).*

Projecting from the fixed point 4,, (P)~ (@, ; therefore (@)~ (Qy).

Fia. 6.

Hence Q,Q; describes a regulus, having B,C,, B3Cq, and 4,4, for
directing lines ; therefore (Q,) & (Q,) A~ (dy ; therefore (dg = (&)

* The symbol 7N is used to denote ** projective with ’’ and (P) /N (@) means ‘‘any four
positions of P are projootive with the four corresponding positions of @."

SER. 2. VOL. 3. No. 908. 2 e



418 Pror. M. J. M. HiLr, DRr. L. N.G. Firon, anp Mr. H-W. CHAPMAN [Mar. Y,

Hence A4R, is a generator of a regulus having 4,4, and B,D, for
directing lines.

This regulus meets the plane 4,B,C; in a conic on which R, lies.
This conic passes through A4,, because 4, is a possible position of 4g. It
also passes through the point where B, D, meets the line of intersection
of the two planes.

Similarly, (4g) & (S,); therefore 448, is a generator of a regulus which
has 4,4, and C, D, for directing lines.

This regulus meets the plane 4,B,C; in a conic on which S, lies.
This conic passes through A, It also passes through the point where
C, D, meets the line of intersection of the two planes.

There are, therefore, two conics in the plane A4,B,C; both passing
through 4,. The points R; and S, on these conics are projectively related
by the lines drawn from 4,. Each such line meets one conic in R, and
the other in S,.

The point D, is the intersection of By R, and C, S,.

If, now, -we draw the sheaf of planes of the second order, whose centre
18 B,, and which passes through the generating lines dq By Iy, 1t 1s pro-
jective to the regulus generated by A, R, R,, and therefore to the points R,.

Similarly, the sheaf of planes of the second order, whose centre is C,,
and which passes through the generating lines 4,45, Sy, is projective to the
regulus generated by 435S, S,, and therefore to the points S, and therefore
to the points R,, and therefore to the sheaf of planes of the second order
whose centre is B, and which passes through the generating lines 44 R, R,.

Now the surface generated by the intersections of corresponding planes
of two projective sheaves of planes of the second order is, in general, a
ruled surface of the fourth order having a nodal line, which is a curve in
space of the third order (Reye, Geometrie der Lage (1886), Zweite
Abtheilung, Funfzehnter Vortrag, S. 115).

The section by any plane is, therefore, a curve of the fourth order
with three double points.

In this case, however, there is a simplification.

It will now be proved that the two projective sheaves of planes have u
self-corresponding plane. The ruled surface of the fourth order will then
reduce to this plane and a cubic surface of the third order.

Consider what happens when the self-corresponding point P is at the
point where B, C,; meets the line of intersection of the planes 4,B,C, and
A;B,C,. Then (Art. 8) g passes through 4,, and therefore 45 is at A,.
In this case both R, and S, coincide with P.* Thus the locus of £, is a

® It should be observed that, when &, and §; coincide at the point where BsC; meets the Jine
of intersection of the two plunes, it does not follow that D, which is the intersection of ¥, R, and
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conic through 4, and the point where B;C, meets the line of intersection
of the two planes. This is the point J,. In like manner the locus of S,
is a conic through 4, and J,. Since R, is on 4, P, both R, and R, are on
A, P, and therefore the plane B, R, R, is the plane B,4,P which contains
Cy, since P is on B,C,. It is therefore the plane 4,B,C,. In like manner
the plane C,S, S, is the plane 4,B,C,. Hence the two sheaves of planes
of the second order By R, R, and C,S, S, have a self-corresponding plane.

Hence the ruled surface of the fourth order reduces to this plane and
a cubic surface.

Hence the locus of the intersection of By R, and C, S, is a cubic curve.

Since the locus of R, is a conic through 4, and the locus of S, a conic
through 4,, therefore 4, is a point on the cubic locus.

By symmetry B, and C, lie on the cubic locus.

Hence the locus of D, is a cubic curve through 4,, B, C,.

It has a double point at the point which corresponds to D, when the
projective relation is that which is determined by making the regulus
containing 4, 4,, B,B,, C,C, perspective to the two conics in which it
meets the two planes. For, if the regulus meet the line of intersection of
the two planes in T and U, then we get the same projective relation
between the planes when P is at T' as we do when P is at U. Hence the
same point will correspond to D, when P is at T as when Pisat U. This
point will therefore be a double yoint on the cubic locus.

11. We might also have c mpleted the proof thus:—The conic
which is the locus of R, and the conic which is the locus of S, intersect
at 4,. The straight line B,C, passes through one of the intersections
of these two conics, viz., the point J,. The points 4,, Ry, S; are on a
straight line. Therefore R, on its conic is projectively related to S, on
its conic. So the pencils B,Ry, and C,S, are projectively related, and
they have a self-corresponding ray, viz., B,C, (for when P coincides
with the point in which B,C, meet the line of intersection of the two
planes R, and S, coincide with P). Hence the locus of the intersection
of ByR, and C,S, is a cubic curve. Hence the locus of D, is a cubic
curve. (Reye, Holgate’s Translation, Art. 205; or the German edition,
Erste Abtheilung, S. 137.)

12. In order to draw the cubie, a further examination of the loci of
B, and S, is necessary.

It will be proved in the first place that the locus of .2, touches the
locus of S, at 4,. ’

C. 85, also coincides with this poi-nt; for h:R, and (38, have in this case the same direction, and
the limiting point of their intersection may be different from the point at which B,C, meets the
line of intersection of the planes. -
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The locus of R, is the section of the hyperboloid generated by 43R, R,
by the plane 4,B,C,.

The tangent plane to the hyperboloid at A, is the plane which con-
tains 4, 4, and the position of 43R, R, when 4, reaches 4,.

But, when A4; is at 4,, P is at the point where B,C, cuts the line <.
This is the point we have previously called J,.

Hence R, is at the intersection of 4,J, and B, D,, say at R.

Hence the tangent plane at 4, is the plane containing 4,4, and the
line joining 4, to the intersection of 4,J, and B;D,. But this is the
plane 4,4,J,.

Hence the tangent at 4, to the locus of R, is 4,J).

By similar reasoning the tangent at 4, to the locus of S, is also 43J,.
Hence the two conics touch at 4,.

4

F1a. 1.

The points in which By C, meets each conic will next be found.

Take P (see Fig. 7) where 4, B, meets the line %, 7.¢., take P at L,.
Then PA4,,z.e.,4, L,,meets B, C, at @,,and B, D, at R, in the general case.
Hence @, and R, coincide with B,.

The point @, is the intersection of B,C; and 4,L,.

Hence @, Q, i8 B, @y, and this meets 4, 4, in A4,.

Now AgR, meets 4, P in R, in general.

But R, coincides with Q.



421

ProsecTION OF TWO TRIANGLES ON TO THE SAME TRIANGLE.

1905.]

‘gorg




422 Pror.M.J.M.HiLr, Dr.L.N.G. Fion, axp Mg. H-W. Crapuan [Mar. 9,

(onsequently R, coincides with @Q,.
Hence one position of R, is the intersection of 4L, and B,C,.
Similarly one position of S, is the intersection of 44K, and B,C,.
The loci of R, and S, are now completely determined.
(1) Each locus passes through 4, (Art. 10).
(2) Each locus is touched by 4,J, at 4, (Art. 12).
(8) Each locus passes through J, (Art. 10).
(4) The locus of R, passes through the intersection of B, D, and
the line 7 (Art. 10). Call this the point K. (See Fig. 8.)
The locus of S, passes through the intersection of C,D,
and the line 5 (Art. 10). Call this the point L.
(5) The locus of R, passes through the intersection of B,C, and
A,L,. Call this point M.
The locus of S; passes through the intersection of B,C; and
AyK,. Call this point N.

13. The conics are determined when the positions of 4,, B,, C,, D,,
4,. B,, C, and the line 7 are given.

But the converse is not true.

The conics are determined when the positions of J), K,;, L, on the
line ¢; the position of J, on the line 7; the direction of the straight line
B,(, through J, (the positions of B, and C; on this line need not be
known) ; the position of 4, and the position of D, are known.

If the positions of the points are assumed arbitrarily, it is often very
difticult to obtain a sufficient length of the cubic to show its characteristics.

It is, however, possible to construct the cubic in a convenient manner
by first drawing two conics having a real point of contact and two real
intersections, and then to construct positions of 4,, B,, C,, D,, 4, B,, C,,
and ¢ which will lead to these two conics.

Draw two conics touching at 4, and having two real intersections.
Call either of these J,.

Draw two arbitrary lines through J;. Call one of these ¢, and the
other B,C, (B, and C; may be anywhere on this line).

Let JB,C, meet the locus of R, in M and the locus of S; in N.

Let the line 7 meet the locus of B, in K and the locus of S, in L.
Then on referring to Art. 12 it is seen that it is necessary to take J, at
the intersection of the common tangent at 4, to the conies with the line <,
K, at the intersection of A, N with 2, L, at the intersection of 4,M with 2.

[t is possible now to draw any three lines through J,, K,, L,, vis.,
J,L,C,, K,C\A,, L4, B,, which will give the positions of 4,, B,, C,.

Then L, must be taken at the intersection of B, K and C,L.
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It will now be proved that the positions assigned to ,, B,, C,, D,,
A,, the line 7, and the line B,C, lead uniquely to the conics selected.

For (1) both conics pass through 4,;

(2) both conics touch 4,J,;

(8) both conics pass through J,;

(4) the locus of R, passes through the point K, which is the in-
tersection of B, D, and <, and the locus of S, passes through
the point L, which is the intersection of C, D, and ¢ ;

(5) the locus of R, passes through the point M, which is the
intersection of B,C, and 4,L,; and the locus of S, passes
through N, which is the intersection of B,C, and A4, K,.

Hence the conics are uniquely determined by the positions assigned
to 4,, B,, Cy, D,, 4, and the lines B,C, and 1.

In order to draw the cubic, all that is necessary is to draw the conics ;
then any line through A4, meets the conics in corresponding points R,
and S,.

Then B, R, and C, S, meet on the cubic.

14. Construction for the Double Point of the Cubic.

Take any point R, on the locus of R, ; let A, R, cut the locus of S;in S,.

Let B, R, cut the locus of B, in R;, and let 4, R, cut the locus of S,
in S;. .
Then, if S;8: passes through C,, the double point of the cubic is the
intersection of Ry R; and S, Ss.

For call this point of intersection 6. Then, when 4,R,S, occupies its
first position, By R, and C, S, intersect at 6, and therefore § is a point on
the curve.

Now let 43R, S, move into the position 42 R3S>. Then B, R, and C, S5
intersect at J, and therefore the curve passes a second time through 4, and
therefore ¢ is the double point of the cubic.

It is necessary to find a construction for the double point d.

Draw any straight line through 4, meeting the conics at B, and S,.
Then (R, & (Sy.

Let B, R, meet the locus of R, in R;. Then the points R, R; are
corresponding points of an involution on the locus of R,. Therefore
(Ry =~ (Ra.

Let 4,R; cut the locus of S, in S;. Then (RB.) & (S?). Therefore
(Sp 7~ (8.
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The points S; are determined uniquely from the points S,, and the
construetion is reversible. :

Hence the points S; and S; form an involution on the conie.

Hence S,S: always passes through a fixed point W. (See Fig. 9.)

Fi16. 9.

Hence Cy W will meet the locus of S, in corresponding points S, and
Sz, such that the line joiming the corresponding positions of R, and
R, will pass through B,, Then R;R; meets C,W in the double
point &.

This construction can be completed if C, W meets the locus of S; in
real points, but, i C, W meets the locus of S, S: in imaginary points, then
it is not immediately apparent how to construct the corresponding posi-
tions Ry, Rs.

It has, however, been shown that the double point & lies on the
straight line C, W.

Iv is now possible to get another line which passes through & thus:—
Draw through C, any straight line meeting the locus of S; in §,, S:.
Let A, S, and A, S; cut the locus of R, in By and R;. Then R, R; are
corresponding points of an involution on the locus of R,.

Therefore Ry R: passes through a fixed point X (see Fig. 9), and the
double point lies on By X.

The double point is therefore the intersection of the fully determined
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straight lines B, X and C, W, and the construction is one which does not
fail when C, W cuts the locus of S; in imaginary points.

To find the position of W, take S; at 4,. Then R, is also at 4,.

Therefore R, is the other point in which 4,B, cuts the locus of L,
and S: is the other point in which 4,B, cuts the locus of S;. Hence in
this position S, 8 coincides with 4,B,.

Hence W lies on 44B,.

Next take S, at J,. Then R, is also at J,. Then Rj is at the other
point in which ByJy, i.e., ByCy, cuts the locus of R, Call this point A,
Then 4, M cuts the locus of S;in S;. Call this point M’. Then S,S; is
now in the position JyM’'. Hence W lies on J,M', and, as it also lies on
A4 B,, it is fully determined.

Similarly X can be determined. In the first place, by taking R, at A,,
S, coincides with 4,. Therefore S; is the other point in which 4,C, cuts
the locus of S,, and R; is the other point in which 4,C, cuts the locus
of R, Hence in this position Ry R; coincides with 4,C,. Hence X lies
on 4,C,.

Take R, at the point J, in which B,C, meets both conics. Then S, is
also at J,. Then S; is at the other point where CyJ,, %.c., B4C,, meets
the locus of S,. Call this point N. Then R, is at the other point in
which 4,Z meets the locus of B, Call this point N’. Hence R,R: is
now JyN’. Hence X lies on JyN’, and also on 4,C,. It is therefore
fully determined.

15. It has been shown that the points 4,, By, C; may be projected on
to the points 44, By, Cy in an infinite number of ways by two projections
and two sections. The locus of the point Dg in the second plane corve-
sponding to a fixed point D, in the first plane has been shown to be a
cubic.

Hence it is in general impossible to project four arbitrary points
4,, By, C}, D, in one plane into four arbitrary points Ag B, Cg Dy in
another plane by only two projections and two sections.

Hence it follows that the fewest number of projections and sections
necessary to project four arbitrary points 4,, B;, C,, D, in one plane on to
four arbitrary points Ag, Bg, Cg, Dy in another plane is three, which is
the number given by Grassmann.

Suppose now that a third plane is drawn, and on it three points
Ay, B, C, are taken arbitrarily.

Now let 4,B,C, be projected by two projections and two sections on
to A3B,C;. Then the locus of the projection of D, will be a cnbic
through 4,, By, Cs.
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Now let A3B3Cy be projected by two projections and sections on to
A43B;C,.  Then the locus of the projection of Dy is another cubic through
Ag, By, Co. These two cubics intersect on 4,B,C, and six other points.

Let D, be one of these six points. Then 4,B,C,D, are projected by
two projections and two sections into 4,B,C,D,, and 4,B,Cy D, are pro-
jected into A3B3Cy Dy in the same way.

Hence 4,, B,, Cy, D\ can be projected into 43B3Cy.D; by four projec-
tions and four sections in six ways, as there are six positions of D,.

This case is illustrated by a comparison of Figs. 8 and 10.

Fig. 8 shows the projection of 4,, B,, C;, D, on to Ay, By, Cy, D,;
whilst Fig. 10 shows the projection of 44, B;, Cg, D3 on to the same four
points Ag, By, Cs, D;. There are then six points any one of which may
be taken as D,. These are marked on each figure by a circle, but are not
lettered, and the two figures 8 and 10, which are drawn separately, must be
superposed. The points 4,, B,, C,, D,, J,, K, L, of Fig. 8 correspond to
Ag, Bg, Cg, Dy, J3,. K, Lg of Fig. 10 respectively.

In Fig. 11 the position of the points is such that the cubic has a cusp.
This is due to the fact that corresponding positions of B;R,, C: S simul-
taneously touch the conies. This figure was constructed by drawing a
ray A R:Ss. Then tangents were drawn to the conics at R, and S, to
meet the line taken for B, C; in Bs, C.. The intersection of the tangents
gives the cusp at é.

[In Fig. 12 the position of the points is such that the cubic has an
acnode at 6. The figure is obtained thus :—The conics and the positions
of J, and B; are first selected. J,B. meets the locus of R, in M, A.M
meets the locus of S, in M', JyM' meets A;B; in W. Then C; is so
chosen that C, W does not cut the locus of S; in real points. Then X
and therefore ¢ are determined. T and U are conjugate imaginary points
on the line of intersection of the two planes.
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Fig. 11.
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