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A bstract.

There are in the theory of projection many constructions for the
solution of a problem which contain one or more arbitrary elements. In
such cases interesting results are sometimes obtainable by a consideration
of the aggregate of all the possible solutions of a problem.

A simple example is the construction for determining the corre-
spondence of two homographic point rows when three points of the one
and the three corresponding points of the other are given.

In this case the line j aiinr two centres of projection, from which
both point rows may be project* I on to the same point row, touches ;i
conic.

The problem considered in this paper is the projection oi two iri
angles on to the same triangle, and the results which may be deduced
from a consideration of the aggregate of all the possible solutions.

We are not aware that the same problem has been dealt with by any
previous writer. Grassmann in the fourth section of his paper entitled
" Die stereometrischen Gleichungen dritten Grades, und die dadurch
erzeugten Oberflachen " (which section deals with the protective relation
between planes and pencils of rays in space) obtains incidentally a con-
struction for projecting any four points in one plane by three projections
and three sections on to any four points in another plane (no three of the
four points in either plane being in a straight line). Other writers, of
whom we believe the first was Seydewitz, discussed the distinct problem
of finding the number of ways in which a plane containing any four fixed
points can be moved in space and so placed on another plane that the
four fixed points are in perspective with four fixed points in the second
plane (no three of the four points in either plane being in a straight line).
The number of solutions turns out to be four, and is in contrast with the
number—six—of solutions of some of the problems which occur in this
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paper. But the problem discussed by Grassmann is of a higher order of
complexity than the one from which the present investigation arises.
The present investigation leads to a construction which solves Grassmann's
problem in a way which at one step is of a more general character than
that adopted by Grassmann; and its value consists in the light which, it
throws on that problem.

The first result that is here obtained is this :—The straight line joining
two points from which two triangles in space can be projected on to
the same triangle is a generator of the regulus of which the three directing
lines are the lines joining corresponding vertices of the triangles (Art. 1).

It is next shown that the two triangles can be projected into the same
triangle in any plane in space (Art. 2).

From this the construction for the solution of the problem considered
by Grassmann, and referred to above, follows easily (Art. 3).

It is then proved that the projective relation between the planes of the
two triangles is unaltered if the centres of projection be moved to other
positions on the same generator of the regulus referred to in the first
article (Art. 4), and in this case the plane on to which the two triangles
are projected passes through a fixed point on the line of intersection of the
planes of the two triangles. The fixed point is a self-corresponding point
of the planes of the two triangles (Art. 5).

A construction for the determination of this fixed point, when the
position of the generator of the regulus is known, is then given
(Art. 6).

The next two articles (7 and 8) deal with special positions of the plane
on to which the two triangles are projected, which are important for the
drawing of the figures required.

The regulus of Art. 1 meets each of the planes of the triangles in a
conic. The vertices of one triangle and the point in which the generator
joining the centres of projection meets one of the conies correspond to the
vertices of the other triangle and the point in which the generator joining
the centres of projection meets the other conic. In general no fifth point
of either conic can correspond to any point of the other conic. If any
fifth point on the first conic correspond to a point on the second conic,
then all the points on the first conic correspond to points on the second
conic, and the projective relation between the two planes is that which
is determined by making those points on the conies correspond which
lie on the same generator of the regulus (Art. 9).

It is next shown that, if three points Ax, Blt Cx in one plane correspond
to three points A2, B2, C2 on another plane, then, as the straight line join-
ing the centres of projection describes the regulus, the point D2 iQ ^ e
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second plane which corresponds to a fixed point Dx in the first plane
describes a nodal cubic passing through A2, B2i C2 (Arts. 10 and 11).

Arts. 12-14 are concerned with the construction of the node and the
drawing of the cubic, and the way in which the node arises is explained.

In the last article (15) it is shown that the least number of projections
and sections necessary to pass from one set of four points in a plane to
another set of four points in a second plane is in the geiural case three.
There are, of course, the special cases in which two or one of each are
sufficient.

It follows that Grassmann's solution is the simplest.

1. .If AXBXCX and A2B2C2 be two triangles situated anywhere in
space, and if Ox and O2 be two points such that Ox projects AlB1G1

and O2 projects A2B2C2 into the same triangle ABC, to prove that the
sole condition which must be satisfied by Ox and O2 is that OXO2 is a
generator of the regulus determined by the three directing lines AXA2,
BXB2, and CXC2.

Since OXAX meets O2A2 at A, therefore the points Ox, Ax> O2, A2, A
all lie in one plane.

Therefore OXO2 meets AXA2.
Similarly OXO2 meets BXB2 and CXC2.
Hence OiO2 is a generating line of the regulus of which AXA2, BXB2,

and Cx C2 are the directing lines.
Conversely, if Ox and O2 lie on a generating line of the regulus of

which AXA2, BXB2 and CXC2 are the directing lines, then OXO.A meets
AXA2, and therefore OXAX meets O2-42 in a point which may be called A ;
similarly OXBX meets O2B2 in a point which may be called B, and OXCX

meets O2C2 in a point which may be called C. Therefore Ox projects
AXBXCX and 02 projects A2B2C2 into the same triangle ABC.

Throughout this paper AXA2, BXB2, and CXC2 will be said to belong to
the first system of the generators of the hyperboloid on which the above
mentioned regulus lies; and Ox O2 will be said to belong to the second
system of generators, and will be sometimes denoted by the single letter g.
The intersection of the two planes AXBXCX and A2BnC2 will be called the
line i.

2. The triangles AXBXGX, A2B2C2 having any position in space, and
any plane ir being chosen arbitrarily, then it is in general possible to find
Ox and O2 so as to project AXBXCX and ^2J52C2 into a triangle ABC
situated in the plane -K.
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Let the straight lines BXCX, C1Al, AXBX, B^Gc,, C2A^, A2B2 meet the
plane -K in the points J",, Klt Lly Jo, K.2, L2 respectively. (See Fig. 1.)

PIG. 1.

The most general case is that in which each of these six points is a
single fully determined point and all the six points are distinct.

This case will be taken first.
The points Jv Klf Lx are collinear, because they lie on the intersection

of the planes AlB1Ci and IT.
Similarly J2, K2, L2 are collinear.
The straight lines JXKXLX and J2K^L2 are in general distinct.
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Since JXKXLX and J2K2L2 are in one plane -w, therefore KXK2 will
meet LXL2 in a point which may be called A.

Similarly let LXL2 meet JXJ2 at B, and let JXJ2 meet KXK2 at G.
Then BC is the line Jx J2, and therefore meets Bi Cx at Jv

Similarly CA meets C ^ at KX) and /li? meets AXBX at L^
Since J^ Kx, and L1 are collinear, therefore the triangles ABC and

AXBXCX are in perspective.
Therefore AAX, BBX) and CĈ  meet in some point Ox.
Similarly AA2, BB2, and CC2 meet in some point O2.
The positions of Ox and O2 have therefore been found which will

project AXBXGX and A2B2C2 into a triangle ABC in the plane TT.

3. The construction given in the last article renders it possible to
determine the projective relation between two planes when four points in
the one and the corresponding four points in the other are given. [It will
be supposed that no three of either set of four points lie on one straight
line.]

The construction about to be given is in the case of one step a little
more general than that given by Grassmann (Grelle, T. xiiix., S. 55)

Suppose that Ax, Bx, Cv Dx in the plane irx correspond to An, B2, G2, D2

in the plane TT.2.
Take any point O2 (distinct f* >)m Ax and A2) on the straight line AXA2.
Through Ax draw any plane . 3 (distinct from TTX).
From O2 project A2B2C2D2 into AXB8C3D3 on 7r3.*
Draw any plane x (distinct from irx and xg) through Ax. Then, by

means of Art. 2, find the centres 0, and 0'3 which will project BXCXDX and
BAC3D3 into the same triangle BCD in the plane TT.

Since the point Ax is common to the planes TTX, 7rs, and ir, it follows
that the projections from O\ and 0'3 will both leave it unaltered in position.

Thus O2 projects the points A9,B2,C.2,D2 situated on TT2 intc AX,BS,C3,D3

on 7r3.

Then 0'3 projects the points Ax, B3, Cs, D» situated on x8 into Ax, B, C, D
on TT.

Then O\ projects Ax, B, C, D on ir into Ax, Bx, C,, DL on TTX.
There are, therefore, three projections ai.«.d three sections, as in Grass-

mann's method, necessary to establish the projective relation between the
two planes when four points in one plane and the co?: -espondmg four
points in the other plane are given.

v GraHHiiiann's next 9tep is to draw a plane through AiBl. I t is possible, however, to
proceed more generally, UB in this paper, by drawing any plane through A\.
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4. The projective relation between the planes of the two triangles is
fully determined when the position of the generator g, on which Ox and Oa

lie, has been fixed; in other words, if Ox and O2 be moved to other
positions along g, the point E2 in the plane A2B2C2 which corresponds to
a fixed point Ex in the plane AXBXGX remains unaltered.

Let g meet the planes ABC, A1B1C1, and A2B2C2
 a* A A> a n ^ AJ

respectively. Then Ox projects Ax, Blt Gx, Dx into A, B, C, D, which are
projected from O2 on to A2, B2, C2, D2.

Hence Ax, Bx, Cv Dx in the one plane correspond to A2, B2, C2, Da in
the other plane for all positions of. Olt O2 on the same generator g. Now,
when four points in the one plane forming a quadrilateral and the cor-
responding points in the other plane are given, the projective relation
between the two planes is determined by the theorem of which a proof is
given in the preceding article.

Hence the point E2 in the plane A2B2C2 corresponding to a fixed point
Ex in the plane A1BlCl will not be altered if Ox and 0a are moved along
the fixed generator g.

[It must be noticed, however, that the plane ABC is altered in position
when Ox and O2 are moved along the fixed generator g.~\

5. To prove that, when Ox and O2 lie on a fixed generator g, the
plane ABC passes through a fixed point on the line of intersection of
the planes AXBXCX and A2B2C2, and that this is a self-corresponding
point of the two planes.

Suppose that, for some given positions of Ox and O2 on g, the straight
lines JXKXLX and J2K2L2, both of which lie in the plane ABC, meet
at P (see Fig. 1). Then P is the intersection of the three planes ABC,
A1BlCl, and -4a.B2C2.

Then Ox projects P in the plane AXBXCX into P in the plane ABC,
and then O2 projects P in the plane ABC into P in the plane A2B2C2.

Therefore P in the plane AXBXCX corresponds to P in the plane A2B2G2.
Now, when the generator g is fixed, the projective relation between the

two planes is determined.
Hence P in the plane AxB1Cl corresponds to P in the plane A2B2C2

for all positions of Ox and O2 on g.
Hence the plane ABC passes through the point P for all positions

of Ox and O2 on g.
The point P may be called the self-corresponding point of the two

planes when Ox and O2 lie on g.
The point P in the intersection of the planes AXBXCX and A2B2C2

will be said to correspond to the generator g.
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6. To show how to construct the position of P when that of g is known.
Let PAX meet BXCX at Qv (See Fig. 2.)
Let OXQX meet BC at Q.
Let O2Q meet B2C2 at Q2.
Then Qx in the plane AlB1C1 corresponds to Q2 in. the plane A^B^C*
Also OXQX and O2Q2 meet at Q. Therefore QXQ2 meets OXO.2.
Also ^ ! -4 2 meets O ^ .
Again, P , Qx, Ax correspond to P, Q2, A2 respectively.
Now P, Qv Ax are collinear ; therefore P , Q2) A2 are1 collinear.
Therefore AXA2 meets QXQ2.
We have also proved that AXA2 meets OXO2, and QXQ2 meets OXO2.

Fio. 2.

Hence there are two alternatives:—

(a) The three straight lines AXA2, OXO2, and QXQ2 all lie in one plane.
In this case P lies in the plane which contains O1O2AXA2.
Similarly it could be proved that P lies in the plane OXO2BXB2 and

in the plane OXO2CXC2.
But these planes meet in OXO2.
Hence P lies on OXO2, which cannot be generally true.
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(6) The lines AXA2, OXO2, and QXQ2 have one point in common.
This being the only alternative left, we take it to hold.
Let AXA2 meet O1O2 at As.
Therefore QXQ2 passes through A3.
The line A3QXQ2 meets OXO2, BXGX, and B2C2.
This gives the following construction for the point P :—

Let AXA2 meet the generator <7, i.e. OXO2, at As. Through A3 draw
the single straight line which meets both BXGX and B2G2. Let it meet
BxCx at Qv and B2C2 at Q2. Then AxQx and A2Q2 meet at P.

Hence A3QXQ.2 is a generator of the regulus which has BXGX, B2G2,
and AXA2 for directing lines.

Hence the range of As on AXA2 is projective to the range of Q2 on
B2C2.

Now project the range of Q.2 on B2G2 from ^ 2 on to the line of inter-
section of the planes AXBXGX and A2B2G2, i.e., on the line i.

Then the range of Q2 on B2C2 is projective with the range of P on
the line i.

Therefore the range of A3 (i.e., the point in which the selected
generator g is met by the fixed line AXA2) on the fixed line ArA2 is
projective with the range of P on the line i.

7. It is necessary now to return to the exceptional case mentioned
in Art. 2, viz., that in which the planes AXBXCX and A2B2C2 meet the
plane 7r in the same straight line, i.e., JXKXLX and J2K2L2 coincide. In
this case there are the following classes of cases :—

(a) Jx and J2 d° n°t coincide, Kx and K.2 do not coincide, and Lx and
L2 do not coincide.

This is the most general case of this kind, and it arises whenever
the plane ir is drawn through the intersection of the planes AXBXCX

and A2B2C2.
In this case the straight lines JXJ2, K^K2, and LXL2 coincide with

the line of intersection of the planes ; so that the triangle ABC
degenerates into a straight line coinciding with the line of intersection
of the two planes.

If in this case points Ox and O2 exist such that OXAX meets O2A2

at A, OXBX meets O2B2 at B, and OXCX meets O2C2 at C, where A, B, C
all lie on the line of intersection of the planes, then AXA lies in the
plane AXBXCX, and therefore Ot also lies in this plane.

Similarly O2 lies in the plane A2B2G2.
As in the general case, OXO2 meets AXA2, BXB2, and CXC2. Con-
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sequently OXO2 is a generator of the regulus determined by AXA.2, BXB2,
and CXC2.

Hence Ox is any point on the conic in which this regulus meets the
plane AlBlCl ; and O2 is the point in which the generator g of the
second system through Ol meets the plane A2B2C2.

Hence in this case the triangles can (in an infinite number of ways)
be projected into the same triad of points lying on the line of intersection
of the two planes.

[Although Oi is in the plane AXBXCX and O2 is in the plane AtiB2C2,
the points on the plane A1BlC1 correspond uniquely to the points on the
plane A2B2C2 ; because the projective relation between the planes is
the same as when Ox and O2 have any other positions on the generator g.]

(6) Let Jx and J2 coincide, say at J.
Let Kx and K2 not coincide, and let Lx and L2 not coincide. (See Fig. 3.)
In this case KXK2, which is AC, and LXL2, whu:h is AB, coincide with

the line i.
The point B is the intersection of JXJ2 with LXL2', hence it is at J.

FIG. 3.

The point C is the intersection of Jx </2 with Kx A'2; hence it also is at J.
The straight line BC, which is Jx J2, goes through J, but is not otherwise

limited ; but B and G are not separate points on it. They coincide at J.
In this case the straight lines BXCX and JB2C2 meet, viz., at J".
Hence BXB2 and CXC2 meet, and therefore in this case there is no

proper regulus* determined by AXA2, BXB2, and CXC2.
Again Ox lies on BBX, i.e., on JBX Cx.
Also O2 lies on BB2, i.e., on JB2C2.

• It degrades into a plane. All its generating lines lie in the plane J5,C1.#.,C'2 and pass
through the point in which AlA2 meets this plane. By taking Ox and O2 on any generating line
it is possible to project -4,5,(7, and AiB^C^ into the same triangle.
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Further OXO2 meets AXA2.
If, therefore, AXA2 meet the plane CXBXJB2C2 in M, and any line be

drawn through M in this plane meeting BXCX in Ox and B2C2 in 02,
we obtain positions of 0x, 02 which project A1B1Cl and A2B2C2 into
three points A, B, C on the line i ; but two of these points, B and C,
coincide with each other.

In this case there is no proper projection, i.e., so long as the plane
ABC is drawn through the line i.

(c) Jx and Ja coincide, say at J; Kx and 2f3 coincide, say at K; but
Lx and L2 do not coincide.

Then BC, which is JXJ2, goes through J", but is not otherwise limited.
Also AC, which is K1K2, goes throughK, but is not otherwise limited.
Whilst AB is the line LXL2, which is the same as JK.
Hence A is at Z, 5 is at / , and C is any point in the plane TT.

FIG. 4.

In this case AAV BBV and CCX meet at C .̂
Hence Ox is at C ,̂ and there is no proper projection of the plane

AXBXCX from 0^
Also AA2, BB2, and CC2 meet at C2. Hence 02 is at C2.
(d!) Jx and Ja coincide, ^ and K2 coincide, and Lx and L2 coincide.
In this case the triangles are in perspective, and the points Ox and

02 coincide at the centre of perspective.

8. It is necessary now to consider a particular case of another kind.
In the preceding cases the six points Jx, Kx, Lx, J2, K2, and L2 are

all fully determined. Let us now suppose that the straight lines JXKXLX

and J2K2L2 are distinct, but let the point J2 in which B2C2 meets the
plane -w be not fully determined.
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This is equivalent to the case in which the plane -K is drawn through
B2C2] and then J2 can be regarded as any point on B2C2. (See Fig. 5.)

Now C2A2 meets ir at K2. Therefore K2 is at C2.
Also A2B2 meets x at L2. Therefore L2 is at B2.
The lines AXA, BXB, CXG meet at Ox.
The lines A2A, B2B, C2C which meet at 02 are now A2A, L2B, K2C

respectively.
These lines meet at A ; therefore 02 is at A. But Ox is on AAX;

therefore OXAXO2 is a straight line; therefore the generator OXO2 passes
through Ax.

In this case there is no proper projection. For the plane ABC
passes through 02, which is at A.

FIG. 5.

The distinguishing feature of this case is that the generator g passes
through Av

Conversely, let g pass through Ax. Then the straight line OXAX is g.
In the general case OXAX meets O2A2 at A.

Hence in this special Case g meets O2A2 at A. But g meets
O2A2 at 02. Hence 02 coincides with A.

Now in the general case A2B2G2 is projected from 02 on to ABC.
But in this special case 02 is the point A in the plane ABC.
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In this case there is no proper projection.
Note that in this case, since BC projects into B2C2, the plane ABC

is the same as the plane O2B2C2, and it therefore passes through B2C2.
Those points of the plane A2B2C2 which are situated on £2C2 fti'e

projected on to BC, and thence on to BXGX.
This would result in making the point in which B2 C2 meets the line I

not a self-corresponding point unless J* is taken at that point. This will
therefore be supposed to be done in the rest of this section.

All points on the plane A2B2C2 not on 1?2C2 are projected from 0.,
(which is A) on to A, and thence from Ox on to Ax.

Hence when g passes through Ax all points on A2B2C2 which are not on
B2C2 correspond to Ax. The points on B2C2 correspond to points on Bx Cx.

It is required to determine the self-corresponding point when the
generator g passes through Ax.

The self-corresponding point is the intersection of JXKXLX and
J2K2L2. Now in this case J2K2L2 is B2G2. Hence the self-correspond-
ing point lies on J52 C2. It also lies on the intersection of the two planes
AXBXCX and A2B2C2. Hence it is the point in which B2C2 meets the
line of intersection of the two planes.

Hence, if the generator g pass through Ax, the self-corresponding
point P is the point in which JB2C2 meets the line of intersection of the
planes AXBXCX and ^2jB2C2.

It should be noticed that in this case the points Bv Cv and P which
are not in a straight line correspond to B2i C2, and P which are in
a straight line and all points on A2B2C2 which are not on JB2C2 correspond
to Ax. This confirms what was shown before, that there is no proper
projection in this case.

There are six cases of this class : viz., when g passes through Alf

Blt Cx, A2, B2, C2 the self-corresponding points are those in which the
line of intersection of the two planes meets the lines B2C2, C2A2, A2B2,
BiCx, CXAX, AXBX respectively.

Although in these six cases there is no proper projection, it is possible
to make the relation between the two planes quite definite in each case.
As the self-corresponding point P moves along the line of intersection
i of the two planes to each point Ex in one plane corresponds a definite
point E2 in the other plane for every position of P, except when it takes
up one of the six exceptional positions noted above. As P approaches
one of these exceptional positions E2 approaches a perfectly definite
position, and this definite position may be said to correspond to Ex when
P occupies the exceptional position. That this is so follows from Art. ] 0
below.
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9. The regulus whose directing lines are AXA2, BiB2, C^Ca cuts the
two planes AiBlCv A2B2C2 in two conies.

If g meet these planes at Dx and D2, then Av Bv Cv Dx on the one
conic correspond to A2, B2, C2, D2 respectively on the other conic.

It will now be proved :—

(i.) That in general no fifth point of the first conic can correspond
to a point on the second conic.

(ii.) That, if any fifth point on the first conic correspond to a point
on the second conic, then ail the points on the first conic correspond to
points on the second conic, and the protective relation between the two
planes is that which is determined by making those points on the conies
correspond which lie on the same generator of the regulus.

To prove (i.), suppose, if possible, that a point El of the first conic
corresponds to a point I?a of the second conic.

The most general supposition that can be made is that Ex and E2 are
distinct points. This will be taken first.

OxEl meets O2.E2 in a point E of the plane A BCD.
Hence EXE2 meets OXO2-
Hence EXE2 has in common with the hyperboloid three distinct points,

viz., Ev E2, and the point where EXE2 meets 0x02-
It must therefore be a generator of the same system as AXA2, BXB2,

and CXC2.
Now Ox projects AlBlCxDxEx and Oa projects A2B2C2D2E2 into

ABCDE.
Draw the conies through ABCDE, AlB1ClDlEl, and A2B2C2D2E2.
Take any point F on the conic ABCDE.
Let 01Fcut the first plane at Fx; then Fx is on the conic AXBXCXDXEV

Let 02F cut the second plane at F2 ; then F2 is on the conic
A ̂  B2 C2 -D«j E2.

Also Fx and F2 correspond to each other.
As F may be any point on the conic ABCDE, it follows that every

point on the first conic corresponds to a point on the second conic, and
the line joining two corresponding points is a generator of the first
system.

This conclusion is in the general case impossible, because DXD2,
which joins corresponding points, is a generator of the second system.

The exceptional cases are (a) when DXD2 is a generator of both systems,
i.e., the hyperboloid is a cone ; {b) when Dx and D2 coincide in one point,
so that Dx and D2 both lie on a generator of each system.

Putting aside for the present these exceptional cases, it follows that
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only the points A1BlCiD1 on the one conic correspond to points on the
other conic, viz., to A2B2C2D2.

In the exceptional case (a) the points Ox and O2 coincide "with the
vertex of the cone and the triangles AXBXCX and A2B2C2 are in perspective.

The second exceptional case (b) is important. It brings us, in fact,
to the case marked (ii.) above.

Suppose that the hyperboloid meets the line of intersection of the
two planes at the points T and U. Then T and U lie on both the conies.
Suppose that g is taken to pass through T. Then Dx and D2 coincide
at T. In this case AXBXCXT corresponds to A2B2C2T. Therefore the
projective relation between the two planes is fully determined. It will
now be proved that U corresponds to U. Let the rays of the regulus con-
taining AXA2, BXB2, and CXC2 which pass through T and U be called t
and u respectively. Then the points T, Ax, Bx, Cx on one conic fall on
the rays t, AXA2, BXB2, CXC2 of the regulus. The conic and the regulus
are therefore in perspective, each ray of the regulus cutting the conic in
the point corresponding to it.

In like manner the regulus and the second conic are in perspective.
Hence the point U of the first conic corresponds to the generator u of the
regulus, and this corresponds to the point U of the second conic. There-
fore U corresponds to U.

It remains only to find the position of the self-corresponding point
when g passes through T. It will be proved that this is at U.

For, if the plane ABC do not pass through U when g passes through
T, then U will not correspond to itself.

Hence, when g passes through T, the self-corresponding point is U.
Also, when g passes through U, the self-corresponding point is T.
Further, these two positions of g determine the same projective relation

between the two planes, viz., all the points on the first conic correspond
to points on the second conic, corresponding points lying on generators
of the first system.

10. Given that Ax, Bx, Gx correspond to A2, B2, C2, to prove that as g
describes the regulus the point D2 corresponding to a fixed point Dx in
the plane AXBXGX describes a cubic curve, having a double point and
passing through A2, B2, G2.

Suppose that, in one position of g, P is the self-corresponding point.
Let PAX meet BXCX at Qx; let PA2 meet B2C2 at Q2.
Then QXQ2 meets AXA2 at A3, where A3 is the point at which g meets AXA2.
Let PAX meet BXDX at Bx and CXDX at S,.
Since Ax, Bx, Cx, P correspond to A2, B<^ C2, P respectively, therefore
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AXP, BlCl correspond to A2P, B2C2 respectively ; therefore Qu the inter-
Rection of AXP, B1C1, corresponds to Q2, the intersection of A2P, B2C2.

Since Av Qv P correspond to A2, Q2, P, the ranges on AlQlP and
A^QsP are in perspective, and the centre is A3 (see Fig. 6).

Hence, to get the points corresponding to Rv Su it is only necessary
to make A3RX meet A2P at R2, and AaSt meet A2P at S2.

Then, since Dx is the intersection of B1Rl and GiSv therefore D2 is
the intersection of B2R2 and C2S2.

As P moves along the line of intersection of the two planes, Qlt Blt Ŝ
describe respectively the straight lines BXCX, BXDV and CiD^

Q2 describes the fixed line J?2C2.
Projecting from the fixed point Ax, {P)7\{Q^7\{.R^7\{S^*
Projecting from the fixed point A^ (P)7\(Qo); therefore (

FXQ. 6.

Hence QXQ% describes a regulus, having BxGlt B2Ct, and AXAU for
directing lines ; therefore (Qi)7\(Qz)7\(AJ ; therefore

* The symbol A is used to denote "projective with " and {P) 7\ (Q,) means "any four
positions of P are projootive with the four corresponding positions of Cj."

8ER. 2 . VOL. 3 . NO. 9 0 8 . ^ U
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Hence AaRx is a generator of a regulus having AXA2 and BlDl for
directing lines.

This regulus meets the plane AiBiC% in a conic on which Bq lies.
This conic passes through A2, because A2 is a possible position of Aa. It
also passes through the point where BlDl meets the line of intersection
of the two planes.

Similarly, (As) A(SI ) ; therefore AaSx is a generator of a regulus which
has AXA2 and CXDX for directing lines.

This regulus meets the plane A2B2C2 in a conic on which S2 lies.
This conic passes through A2. It also passes through the point where
C1Dl meets the line of intersection of the two planes.

There are, therefore, two conies in the plane A2B2C2, both passing
through A2. The points R2 and S2 on these conies are projectively related
by the lines drawn from A2. Each such line meets one conic in R2 and
the other in S2.

The point D2 is the intersection of B2R2 and C2S2.
If, now, we draw the sheaf of planes of the second order, whose centre

is B.2, and which passes through the generating lines A9RxR,if it is pro-
jective to the regulus generated by A3RXR2, and therefore to the points Rx.

Similarly, the sheaf of planes of the second order, whose centre is C2,
and which passes through the generating lines ASSXS2, is projective to the
regulus generated by A3SiS2i and therefore to the points Sv and therefore
to the points Rx, and therefore to the sheaf of planes of the second order
whose centre is B2 and which passes through the generating lines A3RlR2.

Now the surface generated by the intersections of corresponding planes
of two projective sheaves of planes of the second order is, in general, a
ruled surface of the fourth order having a nodal line, which is a curve in
space of the third order (Reye, Geornetrie der Lage (1886), Zweite
Abtheilung, Fiinfzehnter Vortrag, S. 115).

The section by any plane is, therefore, a curve of the fourth order
with three double points.

In this case, however, there is a simplification.
It will now be proved that the two projective sheaves of planes have a

self-corresponding plane. The ruled surface of the fourth order will then
reduce to this plane and a cubic surface of the third order.

Consider what happens when the self-corresponding point P is at the
point where B2C2 meets the line of intersection of the planes AXBXCX and
A2B2C2. Then (Art. 8) g passes through Av and therefore Aa is at Ax.
In this case both R2 and S2 coincide with P.* Thus the locus of R$ is a

* It should be observed that, when R^ and Sj coincide at the point where Sj(72 meets the line
of intersection of the two planes, it does not follow that Dt, which is the intersection of Ji.2Jl» and
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conic through A2 and the point where B2C2 meets the line of intersection
of the two planes. This is the point J2. In like manner the locus of »S'2
is a conic through A2 and J2. Since Bl is on AXP, both Bt and B2 are on
AXP, and therefore the plane B2BXB2 is the plane B2AXP which contains
Ca, since P is on J3a C2. It is therefore the plane AXB2C2. In like manner
the plane C2S1S2 is the plane AXB2O2. Hence the two sheaves of planes
of the second order B2BlB2 and C2SiS2 have a self-corresponding plane.

Hence the ruled surface of the fourth order reduces to this plane and
a cubic surface.

Hence the locus of the intersection of B2B2 and C2S2 is a cubic curve.
Since the locus of B2 is a conic through A2 and the locus of S2 a conic

through A2, therefore A2 is a point on the cubic locus.
By symmetry B2 and C2 lie on the cubic locus.
Hence the locus of D2 is a cubic curve through A2, B2, G2.
It has a double point at the point which corresponds to Dx when the

protective relation is that which is determined by making the regulus
containing AXA2, BXB2, C1C2 perspective to the two conies in which it
meets the two planes. For, if the regulus meet the line of intersection of
the two planes in T and U, then we get the same projective relation
between the planes when P is at T as we do when P is at U. Hence the
same point will correspond to D1 when P is at T as when P is at U. This
point will therefore be a double j oint on the cubic locus.

11. We might also have c mpleted the proof thus:—The conic
which is the locus of B2 and the conic which is the locus of S2 intersect
at A2. The straight line JB2C2 passes through one of the intersections
of these two conies, viz., the point J2. The points A2, B2, S2 are on a
straight line. Therefore B2 on its conic is projectively related to S.2 on
its conic. So the pencils B2B2 and C2S2 are projectively related, and
they have a self-corresponding ray, viz., B2C2 (for when P coincides
with the point in which B2C2 meet the line of intersection of the two
planes B2 and S2 coincide with P). Hence the locus of the intersection
of B2B2 and G2S2 is a cubic curve. Hence the locus of D2 is a cubic
curve. (Reye, Holgate's Translation, Art. 205; or the German edition,
Erste Abtheilung, S. 137.)

12. In order to draw the cubic, a further examination of the loci of
B2 and S2 is necessary.

It will be proved in the first place that the locus of xt2 touches the
locus of S2 at A 2.
C'oSj, also coincides with this point, for B^R^ and C26« have in this case the same direction, and
the limiting point of their intersection may be different from the point at which B.,^ meets the
line of intersection of the planes.

2 E 2
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The locus of B2 is the section of the hyperboloid generated by A3BXB9

by the plane A2B2C2.
The tangent plane to the hyperboloid at A2 is the plane which con-

tains AXA2 and the position of ASBXB2 when AB reaches A2.
But, when As is at A2, P is at the point where BXCX cuts the line i.

This is the point we have previously called Jx.
Hence Bx is at the intersection of AXJX and BXDX, say at B[.
Hence the tangent plane at A2 is the plane containing AXA2 and the

line joining A2 to the intersection of AXJX and BXDX. But this is the
plane AXA2JX.

Hence the tangent at Aa to the locus of B2 is A2JX.
By similar reasoning the tangent at A2 to the locus of S2 is also AtJx.
Hence the two conies touch at A9.

PlQ. 7.

The points in which B2C2 meets each conic will next be found.
Take P (see Fig. 7) where AXBX meets the line i, i.e., take P at Lx.
ThenPAX,i.e., AXLVmeetsBXGX at Qx,&ndBxDx at Rx in the general case.
Hence Qx and Bx coincide with Bx.
The point Q2 is the intersection of B2C2 and A2LX.
Hence QXQ2 is BXQ2, and this meets AXA2 in As.
Now ASRX meets A2P in B2 in general.
But Bx coincides with Qx.
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Consequently R2 coincides with Q2.
Hence one position of R2 is the intersection of A2LX and JB2Ca-
Similarly one position of Ŝ  is the intersection of A2Kl and B2C2.
The loci of R2 and S2 are now completely determined.

(1) Each locus passes through A2 (Art. 10).
(2) Each locus is touched by A2JX at A2 (Art. 12).
(8) Each locus passes through J2 (Art. 10).
(4) The locus of R2 passes through the intersection of BlDl and

the line i (Art. 10). Call this the point K. (See Fig. 8.)
The locus of S2 passes through the intersection of GXBX

and the line i (Art. 10). Call this the point L.
(5) The locus of R2 passes through the intersection of B2C2 and

A2LV Call this point M.
The locus of S2 passes through the intersection of B2C2 and

A2KX. Call this point N.

18. The conies are determined when the positions of Av Bv Cv Dlt

A.2, B2, C2 and the line i are given.
But the converse is not true.
The conies are determined when the positions of Jlf Kx, Lx on the

line i; the position of J2 on the line i ; the direction of the straight line
Bod through J2 (the positions of B2 and C2 on this line need not be
known); the position of A2 and the position of Dx are known.

If the positions of the points are assumed arbitrarily, it is often very
difficult to obtain a sufficient length of the cubic to show its characteristics.

It is, however, possible to construct the cubic in a convenient manner
by first drawing two conies having a real point of contact and two real
intersections, and then to construct positions of Alt Blt Clt Dlt A2, J52, Cit

and i which will lead to these two conies.
Draw two conies touching at A2 and having two real intersections.

Call either of these J2.
Draw two arbitrary lines through J2. Call one of these i, and the

other B2C2 (B2 and C2 may be anywhere on this line).
Let J2B2G2 meet the locus of R2 in M and the locus of S2 in N.
Let the line i meet the locus of R2 in K and the locus of S2 in L.

Then on referring to Art. 12 it is seen that it is necessary to take J\ at
the intersection of the common tangent at A2 to the conies with the line i,
K\ at the intersection of A2N with i, Lx at the intersection of A2M with i.

It is possible now to draw any three lines through Jv Kv Lv via.,
JjL',0,, KXCXAX, LXAXBV which will give the positions of Ax, Bv CV

Then Dx must be taken at the intersection of BXK and C^L.
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It will now be proved that the positions assigned to /llf Bu ClfD},
A2, the line i, and the line Z?2C2 lead uniquely to the conies selected.

For (1) both conies pass through A2;
(2) both conies touch A% Jx;
(3) both conies pass through J2;
(4) the locus of R2 passes through the point K, which is the in-

tersection of BXDX and i, and the locus of S2 passes through
the point L, which is the intersection of GlBl and i;

(5) the locus of R2 passes through the point M, which is the
intersection of B2C2 and A2LX; and the locus of S2 passes
through JV, which is the intersection of JS2C2 and A2.KX.

Hence the conies are uniquely determined by the positions assigned
to Ax, Bx, Cx, Dx, A2 and the lines B2C2 and i.

In order to draw the cubic, all that is necessary is to draw the conies ;
then any line through A2 meets the conies in corresponding points R2

and S2.
Then B2R2 and C2S2 meet on the cubic.

14. Construction for the Double Point of the Cubic.

Take any point R2 on the locus of R.2; let A2R2 cut the locus of -S'2 in S2.
Let B2R2 cut the locus of R2 in R'2, and let A2R'> cut the locus of S.2

in &.
Then, if S2S'2 passes through C2, the double point of the cubic is the

intersection of R2R2 and S2S2.
For call this point of intersection S. Then, when A2R2S2 occupies its

first position, B2R2 and C2S2 intersect at 8, and therefore 8 is a point on
the curve.

Now let A2R2S2 move into the position ^o-RoSo. Then B2R'.> and C^S'*
intersect at S, and therefore the curve passes a second time through S, and
therefore 8 is the double point of the cubic.

It is necessary to find a construction for the double point 8.
Draw any straight line through A2 meeting the conies at R2 and S2.

Then (E2)7^(S2).
Let JB2JB2 meet the locus of R2 in R'2. Then the points R2, R'z are

corresponding points of an involution on the locus of R2. Therefore
) ACRo).
Let A2R2 cut the locus of S2 in S'2. Then (R2) A (So). Therefore
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The points S<i are determined uniquely from the points S2, and the
construction is reversible.

Hence the points S2 and S2 form an involution on the conic.
Hence S2S2 always passes through a fixed point W. (See Fig. 9.)

\

- J - ^ V
FIG. 9.

Hence C2 W will meet the locus of S2 in corresponding points S2 and
S2, such that the line joining the corresponding positions of B3 and
M'i will pass through B2. Then JBai?2 meets C2W in the double
point <5.

This construction can be completed if C2 W meets the locus of Sa in
real points, but, if C2 W meets the locus of SaS<> in imaginary points, then
it is not immediately apparent how to construct the corresponding posi-
t ions H^, B>2-

It has, however, been shown that the double point 8 lies on the
straight line C2 W.

It is now possible to get another line which passes through 8 thus:—
Draw through C2 any straight line meeting the locus of Sa in S2, S'?.
Let ^2&2 a nd ^2^2 cut the locus of i?a in B2 and R'2. Then i2a, B'2 are
corresponding points of an involution on the locus of R2.

Therefore J?ai?2 passes through a fixed point X (see Fig. 9), and the
double point lies on B2X.

The double point is therefore the intersection of the fully determined
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straight lines B2X and C2W, and the construction is one which does not
fail when C2 W cuts the locus of S2 in imaginary points.

To find the position of W, take S2 at A2. Then B2 is also at A2.
Therefore B'2 is the other point in which A2B2 cuts the locus of B2,

and S'2 is the other point in which A2B2 cuts the locus of <S3. Hence in
this position S2S' coincides with AZBZ.

Hence W lies on A2B2.
Next take <S2 at J2. Then E2 is also at J2. Then R'2 is at the other

point in which J32«72, i.e., B2C2, cuts the locus of B2. Call this point M.
Then A2M cuts the locus of S2 in S'2. Call this point W. Then S2S2 is
now in the position J2M'. Hence W lies on J2M', and, as it also lies on
A2B2, it is fully determined.

Similarly X can be determined. In the first place, by taking JR2 at A2,
S2 coincides with A2. Therefore S'2 is the other point in which A2C2 cuts
the locus of S2> and B'2 is the other point in which A2C2 cuts the locus
of B2. Hence in this position B2B2 coincides with A2C2. Hence X lies
on A2C2'

Take B2 at the point J2 in which B2 C2 meets both conies. Then S2 is
also at J2. Then S'2 is at the other point where C2J2t i.e., B2C2, meets
the locus of S2. Call this point N. Then Bi is at the other point in
which A2Z meets the locus of B2. Call this point N'. Hence B2B-2 is
now J2N'. Hence X lies on J2N', and also on A2C2. It is therefore
fully determined.

15. It has been shown that the points Alt Bv Cx may be projected on
to the points A3, B3, Ca in an infinite number of ways by two projections
and two sections. The locus of the point D3 in the second plane corre-
sponding to a fixed point D1 in the first plane has been shown to be a
cubic.

Hence it is in general impossible to project four arbitrary points
Av Bv Cv Dx in one plane into four arbitrary points As> B3, C8, JD3 in
another plane by only two projections and two sections.

Hence it follows that the fewest number of projections and sections
necessary to project four arbitrary points Alt Blt Cv Dx in one plane on to
four arbitrary points Aa, B3, C8, D3 in another plane is three, which is
the number given by Grassmann.

Suppose now that a third plane is drawn, and on it three points
A2, B2, G2 are taken arbitrarily.

Now let AlB1C1 be projected by two projections and two sections on
to A2B2C2. Then the locus of the projection of Dx will be a cubic
through A2, B2, C2.
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Now let AaBaCa be projected by two projections and sections on to
A2B2C2. Then the locus of the projection of Da is another cubic through
A2, B2, C2. These two cubics intersect on A2B2C2 and six other points.

Let Z>2 be one of these six points. Then AlBlC1Dl are projected by
two projections and two sections into A2BtiGc,D2, and A2B2G2D2 are pro-
jected into AaBaCaDa in the same way.

Hence Alt Bv Cv Di can be projected into A3B9GaD9 by four projec-
tions and four sections in six ways, as there are six positions of D2.

This case is illustrated by a comparison of Figs. 8 and 10.
Fig. 8 shows the projection of Ax, Bx, Cv Dx on to A2, B2, C2, JD2;

whilst Fig. 10 shows the projection of Aa, Bat Ca, Da on to the same four
points A2, B2, C2, D2. There are then six points any one of which may
be taken as D2. These are marked on each figure by a circle, but are not
lettered, and the two figures 8 and 10, which are drawn separately, must be
superposed. The points Av B1} Gv Dv Jlf Klf Lx of Fig. 8 correspond to
Aa, B* C& A}> Ja> Ks> Ls of F ig- 1 0 respectively.

In Fig. 11 the position of the points is such that the cubic has a cusp.
This is due to the fact that corresponding positions of B2R2, C2S2 simul-
taneously touch the conies. This figure was constructed by drawing a
ray A2B,2Sz. Then tangents were drawn to the conies at i?2 and S2 to
meet the line taken for 2?2 Ca in B2, C-2. The intersection of the tangents
gives the cusp at 8.

fn Fig. 12 the position of the points is such that the cubic has an
acnode at S. The figure is obtained thus:—The conies and the positions
of J2 and -B2 are first selected. J2B2 meets the locus of R2 in M, A*M
meets the locus of So in M', J2M' meets A2B2 in W. Then C2 is so
chosen that d W does not cut the locus of & in real points. Then X
and therefore S are determined. T and U are conjugate imaginary points
on the line of intersection of the two planes.
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