206 Mr. E. T. Whittaker on the Solution of  [Nov. 14,

On the Solution of Dynamical Problems in terms of Trigonometric
Series. By E. T. Wurrraker. Received and read
.November 14th, 1901.

1. The solution of a dynamical problem depends on the in-
tegration of a system of ordinary differential equations, in which
the time is the independent variable. It is therefore always possible
to express the motion in terms of infinite series proceeding in
ascending powers of the time, and these series can easily be found ;
in fact, if the differential equations of the dynamical problem be
written in the canonical form

dq. _ oH ap, _ _ aH (r=
at ~ op, dt "~ 9q, -

then when H does not involve the time explicitly the solution is
given by 2u equations of the type

g = apt (t—t) (a, K) + (‘:,_"l ((w,, K), K)

+(‘ o) (((a, K), K), )+ (‘—tn) (0, K), K), K), I),
+.uy

where a,, ay, ..., a,, by, by, ..., b,, ¢ are the initial values of
Qi Qs +oos Qus Pyy P ooy P b, vespectively, and K is the same func-
tion of @), ay ..., u,, by, ..., b, that H is of ¢, qy ..oy @uy by ooy by,

and where
L (OF Co _ Of O
(fr9) = 2 (au al; ob, au,.).

This method can without much difficulty be gencralized to meet the
case in which H involves the time explicitly ; and, from the purely
theovetical point of view, the solution of any dynumical problem is
completely effected by these series together with the aggregate of
the series dervived from them by the process of analytic con-
tinnation,

The unsatisfactory nature of this result is, however, evident when
we consider that these expansions in 'geuneral converge only for very
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limited ranges of values of the time, and that the actual execution
of the process of analytic continnation is attended with great dif-
ficulties. Moreover, the series fail to give what is often most needed,
‘namely. a ready indication of the number and nature of the distinct
types of motion which are possible in the problem. They are, for
example, of no assistance to the investigator who aims at classifying
the different kinds of orbits described in (say) the problem of three
bodies, and determining the periodic and other remarkable solutions.

" It may be noticed that the necessity for analytic continuation can
be avoided by a change of the independent variable, as was shown by
Poincaré ;* the integral of the problem is then expressed in series
proceeding according to ascending powers of the new variable; but
this equally falls to overcome the second of the difficulties mentioned
above.

A method is given in this paper for the expression of the solution
of a dynamical problem in terms of trigonometric series. Each set of
series will represent a family of trajectories, the .limiting member
of the set representing a position of stable eguilibrium in the
dynamical system. The process adopted.may roughly be described
‘as that of working outwards from a position of stable equilibrinm;
when such a position has been found the equations ave transformed
by a change of variables, the new variables being such as would be
small if the system were merely describing small oscillations about
equilibrium ; after this the equations are again transformed by a
change of variables, the new variables being such as would change
but slowly if the sybtem were describing small oscillations ; and then
the equations are again repeatedly transformed by changes of the
variables, the result of each change being the destruction of one term
in the Hamiltonian function—the process in this respect resembling

“that which undeilies Delaunay’s lunar theory. When all periodic
terms of the Hamiltonian function have been destroyed the equations
can be integrated, and the final solution of the dynamical problem is
presented in the form of trigonometric series.

As an example of the results attained by this process, the problem
of the simple pendulum may be considered. The equations of motion
of the pendulum are

dg _OH dp_ _OH
at = ap ! g~ 8(, ’

#* Adcta Mathematica, Vol. 1v,, p. 211 (1884).
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where ¢ is the sine of half the anglé made by the pendulum with
the vertical, and '

H=§p' -4p'q"+ 2"
The form of the solution which is the goa,llof this paper is

_2ng dv (2“’2};‘ (b=t

LA e e

where K and £, are two arbitrary constants and

— p==K")IK
¢ = ¢! WK,

it being understood that K’ is the complete elliptic integral comple-
mentary to K. This expansion does, in fact, represent the solution
when the type of motion is oscillatory, i.e., the pendulum does not
make complete revolutions.

2. Consider then a dynamical problem, expressed by the differ-

entinl equations
OH  dp,_ _OH
dt ap' ,_ dt aq,

dq, _

WREre 4, @as «ovy Quy Pro Pay ooer Pu arve the generalized coordinates and
momentu, and H is a given function of these quantities, not involving
the time ¢ explicitly.

T'he algebraic solution of the 2n simultaneous equations

a—”: 0, -a-ﬁ = (=12 ...,u)
o, | .

will furnish in geueral one or more sets of values «ay, @, ..., «,,
by ..., b, for the qhnntities Qs Qs «ves @y Pry -0 Pus vespectively ; and
each of these sets of values will correspond to a form of equilibrium
or steady motion in the dynamical problem.

Take one of these sets of values a,, ay ..., a. by, ..oy by 1t is ve-
quired to find expressions which represent the solution of the
dynamical problem when the motion is of a type terminated by this
form of equilibrium or steady motion. Thus, if the dynamical
problem considered were that of the simple pendulum, and the form
of equilibrium chosen were that in which the pendulum haugs
vertically downwards at rest, our aim would be to find expressions
which represent the solution of the pendulum problem when the
motion is of the oscillatory type, ¢.e., when the pendulum does not
make complete revolutions in the vertical plane.
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Take then new variables qi, 3, ..., qu; D1, ..., pn defined by the
equations , ’
4 q. = a,+q, p=0b.+p, (r= 1,2, ..,%).
The equations become
dg: _OH  dp_ _OH (_y9 . w,
t dp’ dt Og
where H is supposed to be expressed in terms of the new variables.
For sufficiently small values of the variables g, g3, ..., pl, the
Hamiltonian function H can be expanded in a multiple power series
in the form H=H+H+H+H+...,

where H, denotes terms homogeneous of the k-th degree in
q1y Qs ---» Pny combined.

Now, since H, does not contain any of these variables, it exercises
uo influence on the differential equations, and so it can be omitted
altogether. Morveover, the fact that the differential equations ave
satisied when ¢f, gi, ..., p are put permancntly “equal to zero
requires that H, should vanish identically. The expansion of IT in
ascending powers of the new variables therefore begins with terms
involving their squares and products.

Henceforth we shall suppress the accents, there being no risk of
confusion with the old variables, and so the system of differential
equations of the problem can be written

dg, _ olf dp, _ _ OIT (r=1,2

2, ., mn),

At~ p,  db g,
where for sufliciently snm]l values of the varinbles I can be ex-
panded as 0=+ Hy+ 1 +...,
and II, can be written in the form

H, = 33 (4 20,0,0,) +230,,0, P+ 33 (G0 pit 20,0, D),
where Uy = Upyy Cpy= €, b, FD,,.
3. The uext step is to find a mnew set of variables which will

express H, in a simpler form ¥

¥ In obtaining the transformation of this article I use o wethod sugyested to me

by Mr. T.J. I’ A Bromwich, M.A., Fellow of St. John's Co.lege, Cumbn idge, which .

fleems dto furnish the trausformation more directly thun tho method T had wyself
evise

VOL. XXXIV.—No. 777. v



210 Mr. E. T. Whittaker on the Solution «f [Nov. 14,

For this purpose, consider the set of 2u equations
—Ay, = @y F vyt b+ 0yt .+ by, 1
)‘mr = bh'ﬂ-'l + b‘.’l'w-z + aee + bnrxu + Cp 3/; +... + Cm?/u J

(r=12, .., n).
On solving these, we obtain for X the equation

O = | ty, ceey Q5 - bn+xa “eey bln "

(U veey Uy I’nl! - sy blm+k

['II_A- cees "ul: (§TD) ceey G

) l‘lm eeey bnn—'h; Ciny evy Cun

Clearly, if A be a root of this equation, then —A is also a root.
Corvvesponding to cach root A thus furnished, there will be a set of
values for the vatios of the qnantities ay, &y, ..., 7, ..., y..  Let the
roots of the determinantal equation be Ay Ay, .. A, —A,, — A, .oy, =
let u set of values of wy, ay, ..., 7, corresponding to A, be denoted by .
1o veen uy ot ooy e s aud let a set covresponding to the root —X, be
denoted by 2, o, S Sy oo 2. Then we have
- Ar r:’/p = ”I’l Ay + e + Qpy .ﬂ'n+ bpl " + “ee + blvu r?/u ]
Aoy =by, o4 b, 2 e
Mulbtiply by e, and g, and add to the similar results for other
sullixes. Then

A" = (n‘l' N/t -'y) =l (l', S),

wheve the sunmnation is extended over all egual suflixes of =, ¥, and
where

(=) = ay ey oy Giegaryt ot @) + o0 Gy +20090) + e
wetenan
which is symmetrically velated to » and s,
hiterchanging rand 5, we have
N2 (e y—agy) =TI (rs).
Thus AN 2 (e y—ae ) =0.
So, unless A, +A, is zero, we have

3 (,."U YL .3/) = 01
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and consequently H(r,s)=0.
If A+A, =0,
we have L=, =LY

and therefore MNI(e_y—_2y) = H(r, —7).
1f then we make the substitutions expressed by the equations
¢ =t Qb Gt g i P L+ 2, P,
(r=12,..,2),

and p = a similar expression with ¥’s instead of @’s, it is clear that
the coeflicicnt of & Ap; in = (ég,0p,—Aqdp,), where 6 and A
denote any two independent modes of variation, is = (@ n—a,7),
which is zero when A +A, is not zero. Thus = (éq,dp,—Aq,dp,))
contains no terms except such as 3 (8¢, Ap,—Aq.épl), and the co-
efticient of this term is Z (s _y—_2 ). Now litherto the actual
values of ,z, .y have not been fixed, as only their ratios are determ-
ined from their equations of definition. 'We can therefore choose
their values so that »
S(roy—wy) =1

forr each value of +; and then we have .
2 (0g,.Ap,—Aq,8,) = 3 (Cy Apr—Agép).

Now this last equation expresses the coudition that a transformation
from the variables g,y ¢o, ..., (s p1s -, Py to the viriables gf, gl ..., g0
Phy ooy Py Shall be canonical, i.e., that it shall leave nnaltered the
Hamiltonian form of any system of Hamiltonian differential cqua-
tions in which these quantities ave the vaviables. Further, if in 4,
we substitute for the old vaviables gy, ¢y o0y quy P1 ooy Py Tn terus
of the new variables qi, ¢ ooy qur P15 -y poy We Obtain
Hy= = N, —r)qg pn,

n
r=1

or H, = ?n Ay

Thus, when this change of variables is made iu the differential equa-
tions of our dynamical problem, as given at the end of §2, the
differential equations take the form

A "i'qﬁ:-'@lly : 410'::-2)[! (r=12,..n)
dt E)p,’. di op; ’

p2
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where for sufficiently small values of the variables H can be ex- .
anded ns . '
P H=Hy+H+H+..,

in which I, is homogeneous of degrec k in qi, g2, ..., Gy Ply oory Dy
and H; can be written in the form

H,= il A.grpr.

4. To this system apply the further transformation from the

vavinbles g}, g ..., Guy Pty --o0 Pu to varviables q;, G vy Qus Dy ooy Py
defined by the equations

_ow ,_OW

L= ), = r=1,12, ..., n),
= P :

n , 1: 7)3 » "
where W=3% pq—3 3 ,\-'- —3 3 Mgl
ral [ » rel

I'vom the form of this transformation, it is known to be canonical,
and so the differential equations retain their Hamiltonian form.
Moveover, since the transformation is linear, the quantities H,, H, ...
will still be lhomogencons polynomials in the new variables
Tus Tis wer Qs Prr +oor Pus Al in particnlar it is easily seen that

=33 (pi—Nq).
ral

The quantities A,, which have been obtained as the roots of a determ-
inant, are constants, depending on the constitution of the dynamical
system whose motion we are considering; in a very large class of
eases, which for practical pnrposes is the most important class, they
ave purely imaginary, so that the quantities —A; are veal and posi-
tive; in this case the particnlar solntion of the dynamical problem
from which we start, and whicl is to be the limiting case of the
family of solutions we propose to find, may be called a position of
stable equilibrium ov steady motion. We shall confine our attention
to systems of this kind, and to indicate this we shall write A} for
—A!  Thus (summarizing the last three sections of this paper) the
equations of motion of the dynamical system have been brought to the
Jorm dg, _ 8H dp, __aH

= L R ok =1, 2, ..., n),
it al,r ] dt aq, (’ ) n)

where H=H,+HF,+H+...,
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in which H, is a homogeneous polynomial tn the variables ¢, qs ..., (s
Pis ooes Py and, tn particular,

H,=3% _E‘ (Pi+AgD),

where the quantities N, are supposed real.

It is clear that, in order to consider the small oscillations of the
system about the position which has been the starting-point of our
work, we should merely have to neglect altogether the part
Hy+ H,+H,+... of H, and that the variables g, g, ..., g. would
then be the “ principal coordinates ” for the small oscillations.

5. The system of differential equations which has been obtained
will now be further transformed by applying to it a transformation
from the variables q,, ¢y, ---s Quy P1s ..., Py t0 new variables qi, g3, ..., g
Pty ooy Py defined by the system of equations

. _OW _ow

=S, = — r=1,2, .., %),
P= "= ( )

where We=s [: csintt__Pr 4 Profo) ot 5]
| =3 Lo G on LM T}
From the form in which this transformation is expressed, it is clearly
canonical, and so will leave unaltered the Hamiltonian form of the

differential equations.
The equations connecting the old and new variables ave

.= (2A,g) sin p]
pr=ELoltsingl ) g9 W),
7. = (2¢;)' M4 cos p;
The differential equations now become
dy; _OH  dp;_ _OH
dt ~ op.'  dt 9
where H:R,q;+/\5q£+.-.+)\,.q,’.+1{3'+1{‘+...,

(r=172, .., ),

and now H, denotes an aggregate of terms which are honogeneous of

r . - )
degree — in the guantities g;, and homogeneous of degree + in the

2
quantities cos p;, 8in p;."
Since a product of powers of the quantities cos p;, sinp, can be
expressed as a sum of sines and cosines of angles of the form

Cayprd Pt ... 9t o,
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where n,, 1, ..., #, have integer or zero values, it follows that H, can
be expresserl as the sum of a finite number of terms, each of the form

Sy Mg M sin s ’ ’
(Il Qz cerlfn " cos ("1 m +"‘i 2 +... +"’n Pu),
-
where my+met ... 4w, = 9
and Jog | + || +ooo 4 [ 2] <7y
since we must have |n.] €2m, (r=1,2, .., %)

Tet all the quantities H, be transformed in this way, so that H is
expressed in the form

_ My, My, ooy My, 0y iy M, Sin
= 2‘471,, Ngy vy Wy, h o1 T cos

("'lP: + "-;P':‘{' A +"'n p:l)a
where for each term we have

[y ] + 1 mg] +.oo 4 |20 ] € 2 (my+my+ ... +m,),

and the sevies is clearly absolutely convergent -for all values of
Piy -y Doy provided g1, g3, ..., 7. do not exceed certain limits of
magnitude. From the absolute convergence it follows that the
order of the terms can be rearranged in any arbitrary way; we shall
suppose them so ordered that all the terms involving the same
argument u, pi+ ... +n, p, are collected together, and thus H can be
expressed in the form '

H= o, 0,0, ..., 0+2"’n|, na, ..., n, CO8 (nmpi+...+n,p)

+S’bu,, gy ey My sin (n pi+ ...+, 2),
where the quantities @ and b are functions of g, i, ..., s, and the
11 - : , ’ .
expansion of @, . OF Dy .. ..,n, in powers of qj, ..., g, contains

no terms of order lower than % {|n,|+|n,|+...+| 7. |} ; and where
the summations extend over all positive and negative integer and
zevo values of n,, ng, ..., n,, except the combination

n=n=..=mn,=0.
Moreover, the expa}nsion of ay,, .0 begins with the terms
MO HNGE N

and, when q1, ¢, ..., q, ave small, these are the most important terms
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in H, since they contribute terms independent of q;, ¢y, ..., .. to the
‘differential equations.

For convenience we shall often speak of ¢, ¢i, ..., q. as “small,” in
order to have a definite idea of the relative importance of the terms
which oceur. It will be understood that qi, ¢a, ..., g, ave not, how-
ever, infinitesimal, aud, in fact, ave not restricted at all in magnitude
except so far as is required to ensure the convergeuce of the various
series in which they occur.

To avoid unnecessary complexity, we shall ignore the tevms

) . , ,
Zb"l: ooyt SR (”11’l+ )

in H, as they are to be treated in the same way as the terms
N ’ ’
2“‘".1, Nay oy Ny, cos (nl})l + e +”152’n)1

and their presence complicates, but does not in any important respect
modify, the later developments.
The form to which the problem has now been brought may there-
-fore bhe stated as follows (suppressing the accents in the new
variables, as there is no longer any risk of confusion with the old
variables).

The equations of motion are

dg,. _ oH dp, _ OH

= = =1 92 ...
at ~ op,» dt g, (r=12,..,mn),

where H = g, 0,..,0F 2y ny, ., n, €0S (1 Pyt 0y Pyt .+, p),

and the quantities a arve functions of q,, qs Qg ...y 9 Only ; Moreover, the
periodic part of H is small compared with the non-periodic part ag,,.. 03
@ term which has for argument w, p,+ 1y py+ ... +n, p, has its coefficient
Qo g, .yn, Of least of the order § {|ng | +|n| +...4|n |} on the

small quantities q;, g, ..., §u; and the expansion of aye, ..o begins with
terms Nq+Aqs+ ...+ . :

It follows from.this that when the variables gq,, ¢,, ..., g, are small
they are nearly constavt, while the variables p,, p, ..., p, vary almost
proportionally to the time.. ‘

6. To the variables of this system of differential equations we
shall now apply a further transformation, the effect of which will be
the removal of one of the periodic terms in H; the aim being to
still further accentuate the feature already noted, namely, that the
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non-periodic part of H is much more important than the periodic
part.*
Let then one of the periodic terms in H be selected—say
@n,, g, ..., ny COS (ny o+ 0o+ ... +2,,).

Write H= g0, ..oty m,, ..,m, CO8 (n, py+ 20+ ... + 0, p0) + I,

so that R denotes the rest of the periodic terms of H. When we
wish to put in evidence the fact that a, ,, ., is & function of its
arguments, we shall write it @, ,,  » (qus Gay s ).

Now apply to the variables the transformation from g, g, ..., ¢u;
Dry s P 1O Gl @3y ooy Q3 Py ...y Pie definediby the equations

, &_)_W' _a_IZ (r=1,2, .., n),

P = aq"; L] q:~ - apr
where W =qip+@py+ ..+ gaputs (T ghr s @i 0)
and 0=np +mp+...+0,p,

We shall suppose that f is a function, as yet undetermined, of the
arguments indicated. The transformation is seen at once from its
form to be canonical; so the Hamiltonian form of the differential
equations will not be affected by it, and the problem is expressed by

the system dg. _ QH dp; _ oH =12, .., n),

at ~ op!’ at ~  9g’

where o« H = g,0,..,0 (q;+ulgg, ey gty %%)

., Of iy, Of ,
L (g.+1z,z—)‘§, . q,.+n,,5§) cos 0+ I,

and 6 and R are shpposed to be expressed in terms of the new
variables by means of the equations of transformation

pﬁ:j},.+5a£—:, g,=q$+n,.g—-z (r=12, ..,%2).

The function f is, as yet, undetermined and at our disposal. It will

¢ The analogy of this with the method of Delaunay’s lunar theory will be
noticed. Although the analysis is different from Delaunay’s, the idea is essentially
the same.
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be chosen so as to satisfy the condition that @ shall identically dis--
appear from the expression

@0, ..., 0 (91+n, gg, vy q,’,-}-n,.g{;)

of
vy Ny (7l+7 lag

so that this quantity is a function of a, @iy ---: Gm alone. Put it equal
to a5,,..,0, Where ag o, o is a function of g¢i, g, ..., g, a8 yet unde-
termined. Then the equation

., 0
+,n, . ey q..+n,.5§) cos §;

@, 0, ..., 0 (q{+nlg_2 9 qn+nu gl;)

+ @y gy m, (g{+n, gg, cees qntmy, gg) cos 8 = a0, .0
of

determines aé in terms of qi, 3, ..-; gny @0,0,..0 &nd cos §.

of

Suppose the solution of this equation for by is expressed in the

form of a series of cosines of multiples of 8 (which can be done, for
instance, by successive approximation), so that

af = co+ 2 ¢ cos k6,
06

where ¢, ¢, ¢, ... are known functions of ¢/, 1, ..., @, @00,0,.,0-

Now ajo,.,0 is as yet undetermined, and is at our disposal.
Impose the condition that ¢, is to be zero. This determines o, .0
as a function of qi, i, ..., ¢ ; and, on substituting its value in the

series for of , we have

oo
Q-f =3 cxcos k0,
9 k=l

where now ¢, ¢, ¢, ... are known functions of q;, g3, ..., qu.

Integrating this equation with respect to 6, and for our purpose:
taking the constant of integration to be zero, we have

f= § smw



218 Mr. E. T. Whittaker on the Solution of [Nov. 14,

The equations defining the transformation now become

P=p+ 3. 1 0g sin k6
k=1 }b aq
g (r=1,2, .., n).

g = qitn, kﬁ: ¢, cos ko

Multiply the first set of these equations by n,, n,, ..., n,, respectively,
and add them; writing

’LIP;+ug'p-§+ ...+n,,pf‘ =,

1 e de 3
1 ¢ =0+ . A, 44 ki
we have ’E i (n1 aq. ,a . n, aq,,) sin k6.

Reversing this series, we have
=06+ 3 dsinke,
k=1

where d,, dj, ... are known functions of g¢i, ¢3, ..., g». Substituting
this value of 6 in the equations of transformation, they become

pe=prt+ i ¢ sin k¢’
k=l
(r=1,2, .., n)
7. = g+, kEl gr cos k6

where all the quantities ,e, g, ave known functions of ¢, g3 ..., qn

Now, before the transformation, the quantity R consisted of an
aggregate of terms of the type

E= E“mI, M, .., My OO (m Pyt oo, ).

When the values just found for g, ..., gu, Py, ..., pu are substituted
in this expression, and the series is reduced by replacing powers and
products of trigonometrical functions of pi, pi, ..., p» by cosines of
multiples of pi, py, ..., ,, it is clear that R will consist of an aggreg-
:ate of terms of the type

’ ’ ’ ’
R = 2 am‘, My oy My, Cos ("nl Pl + 7’1’2 Pl‘l‘ e + m, pu)’

where the quantities a’ are known functions of g1, g3 ..., qn

We see therefore, omitting the accents of the new varia.bles, that,
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after the transformation has been effected, the dynamical problem s still

epressed by a system of equations of the form
dg, _OH  dp._ _OH

at = op,’ dt —  dq,

where H=uay,  otZay ., . w,c08(mp+...+a,p)

(r=12 ...,%),

-and where the coefficients a arc known functions of q,, qu -y qu-

7. Let us now review the whole effect of the transformation
described in the last article. The differential equations of motion
have the same general form as before: but one term, namely,

Cp,, g, ..., n, CO8 ("1}71 +... +'nuP..)',

has been transferred from the periodic part of H to its non-periodic
part; the periodic part of H is less important, in comparison with
the non-periodic part, than it was betore the trunsformation was
made.

8. Having now completed the absorption of this periodic term iito
the non-periodic part of H, we proceed to absorb one of the periodic
terms of the new expansion of H into the non-periodic part, by a
repetition of the same process. In this way we can continually
enrich the non-periodic part of H at the expense of the periodic
part, and ultimately, after a number of applications of the trans-
formation, the periodic part of H will become so insignificant that it
may be neglected: Let aj, ay, ..., a,; By, B, ..., 3, be the variables
at which we arrive as a result of the final transformation. Then
the equations of motion are

da, _ OH dB, __OH

at 98" dt Qa,

where H, consisting only of its non-periodic part, 1s a function of
a,, ay, ..., a, ouly. We have, therefore,

o_0, 8= —[g—gdt,
and so the quantities a, are constauts, while the quantities 8, are of
the form B, =, t+e, (r=1,2, .., »),
where pe=— 61_1 ;

a,
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the quantities ¢, are arbitrary constants, and the part of g, in-
dependent of uy, ay, ..., a, is —A,. :

9. Having now solved the equations of motion in their final form,
it remains only to express the original coordinates of the dynamical
problem in terms of the ultimate coordinates a,, «g ..., B.. - Re-
. membering that the product of any number of canonical transforma-
tions is a canonical transformation, it is easily seen that the variables
@1y Qs +++s Quy Pry ---» Pu used at the end of §5 can be expressed in
terms of a, a,, ..., a,, B, ..., B, by equations of the form

akﬁl m,
Br=p 43"

ey My

a:__ - gin (m, p,-i; ot p,)

q, = a,+ I, ku, m,, ..., m, €08 (i, p,+ ... +m,p,)

(r=1,2 ..., %),
or of the form

q = fr (“n Qg .oy @) +2ﬂm‘, My, ...y My, cos'(""’lﬂl“" v tmy, Bn) }

pr= B,+§ buy, ms, ..., m, sin (m, B+ ... +m,B,)
' (r= 1,'2, ey 1),y

where the quantities ¢ and b are functions of «,, «g, ..., «,.

From this it follows that the vaviables g, ¢, ..., qu, Py ..., pa Of
§1, in terms of which the dynamical problem was originally ex-
pressed, are obtained by the process of this paper in the form of
trigonometric series, proceeding in sines and cosines of sums of
multiples of the u angles #,, 3, ..., 8,. These angles are linear
functions of the time, of the form u.t4e¢,; the quantities e, are »
of the 2n arbitrary constants of the solution, while the quantities p,

are of the form - '
pe=A+ = altaoat

The coeflicients in the trigonometric servies ave functions of the
arbitrary constants a,, a,, ..., a, only.

The expansions thus found represent a family of solntious of the
dynamical problem, the limiting member of the family being
the position of equilibrium or steady moticn which was our starting
point.

If we were to consider those solutions which differ only slightly

from this terminal case, we might neglect all powers of a:,_a:, rry e



1901.] Dynamical Problems in terms of Trigonometric Series. 221

above the first, and then it is easily seen that the quantities
Hs Moy Py --oy 1 Would reduce to Ay, A, ..., A,, respectively, and so
the expansions would become the well-known formule which repre-
sent small oscillations of the dynamical system about the position of
equilibrium or steady motion,

In practice, the expansions can be carried as f&l as may be desired
by including the: requisite powers of g, g5 ..., g, and so of
ay, ag, ..., @,. As asimple example of this, it will be found by this
method that the dynamical system expressed by the differential

equations z_lg _ a E dp _ ?L;
a9’ dt o’

llkﬂ lSkﬂ

where H=3p'+ ~

possesses a family of solutions represented by the expansmn (re-
taining only terms of order less than a?)

—14308 (2 y

q= l+” (k) cos 3— k 2 cos 28,
— (1.4 Qu

where B= (L+ ~2l“) t+te,

and a and € are avbitrary constants.
This family of solutions is terminated by the equilibrium-solution

=1,

which corresponds to the value zero of a. The small oscillations of
tlie system about this equilibrinm-position would be derived by
neglecting all powers of « above a! in the above expansion, which gives

1=t () ot

where « and € are the arbitrary constants; a result in accord with
the customary form.
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Thursday, December 12th, 1901.
Major MACMAHON, R.A,, F.R.S,, Vice-President, in the Chair.

Ten members present.

The Chairman moved the adoption of the Treasurer’s report, after
reading the Auditor’s veport, and Prof. Alfred Lodge seconded
the motion, as well as votes of thanks to the Treasurer and the
Auditor. The votes were carried unanimously.

Messvs. G. Birtwistle, B.A., Fellow of Pembroke College, Cam-
bridge; and Augustus P. Thompson, B.A., Scholar of Pembroke
College, Cambridge ; and the Rev. J. Cullen, S.J., were elected men-
bers.

Myr. R. J. Dallas was admitted into the Society.

Prof. Love communicated a paper by My J. H. Michell, “ On the
Flexure of a Cn'culm' Plate.” Prof. Lamb spoke on the subject of
the papev.

The following presents were made to the Libravy :—

‘¢ Educational Times,”” December, 1901.

¢ Indian Engineering,’’ Vol. xxx., Nos. 17-20, Oct. 26-Nov. 16, 1901.

¢ Mathematical Gazette,”” Vol. 11., No. 30, 1901.

‘¢ Kansas University Quarterly,”” Vol. 11., No. 6 ; April, 1901.

‘‘ Supplemento al Perindico di Matematica,”” Anmno v., Fasc. 1, Nov., 1901 :

Livorno.
Frick, J.—¢¢On Lignid Air and its Aprlmntmn (Liquid Air Wells),”’ Svo;

London, 1901,

The following exchanges were received :—

‘¢ Proceedings of the Royal Society,”” Vol. Lxix., No. 452, 1901.
¢ Bulletin of the American Mathematical Socleq," Sevies 2, Vol. viir., No. 2
New York, 1901.
" . ¢ Jornal de Sciencins Mathematicas e Astronomicas,” Vol. x1v., No. 5 ; Coimbra,.
1901,
¢ Bulletin des Sciences Mathemuhqueq * Tome xxv., Oct., 1901 ; Paris.
¢ Annali di Matematica,”’ Scrie 8, Tomo vi., Fasc. 4 ; Milano, 1901.
¢« Archives Néevlandaizes,” Serie 2, Tome vI.; La Haye, 1901.
“ Atti della Reale Accademin dei Lincei—Rendicenti,”” Sem. 2, Vol. x.,
Fasc. 9; Roma, 1901.
¢ Annales de la Facnlté des Sciences de Marseille,”’ Tome x1., Fasc. 1-9 ; Paris,.
1901, .
 Proceedings of the Royal Irish Academy,” Vol. vi., Nos. 2, 3, Juan., Oct.,
1901 ; Dublin.





