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Notes on the Normals of Conies. By SAMUEL ROBERTS, M.A.

[Read December 13, 1877.]

On a subject so well explored I do not venture to assert .that my
results are new. They are obtained by simple methods, and it may be
of some use if I bring together in a more or less consecutive way
theorems scattered in various repertories. At the same time, I am
inclined to think that a few of my conclusions are, if not altogether
novel, put in a somewhat new light.

I.
1. The poles of a rectangular pair of conjugate straight lines, with

a?1 v*respect to the conic —f + j j — 1 = 0, are connected by the equations
Cb 0

a* bl

If, therefore, one pole describes the curve F (as, y) = 0, the contra-
pole describes the curve

c'as y
In this and similar cases it seems unnecessary to specify character-

istics which may be derived from the theory of inversion and substi-
tution according to known rules.

If the lines a.i5 + /fy-f y = 0 ... (1), a'x+fi'y + y'= 0 ... (2) &r»
rectangular conjugates with respect to the same conic, we have

<m' _ Jj_ £ £ _ _ ! .
yy c" yy c*

When the' line (1) envelopes the class curve F (a, /3, y) = 0, the

line (2) envelopes the class curve F (—, :—-, c~ J = 0.

It follows from the forms of the expressions that con focal conies
have the same rectangular conjugates.

If (a;,, ?/j), the pole of (1), describes the curve F(x» y,, 1) = 0, the
normal conjugate (2) envelopes the class curve

/3 y

All the polars of a point (xu y,) with respect to a system of concen-
tric, coaxial, and similar conies have the snrao normal conjugate.

In virtue of the relation of pole and polar, if (zl} y,) describes the
curve F (x, y, 1) = 0, the line (1) will envelope the class curve
F(a*a, i'/3, - y ) = 0.
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2. In particular, if the line (1) envelope the point Aa+Bfl + Oy = 0,
the normal conjugate (2) will envelope the parabola

A B,c>0_()

(Chasles' " Coniques," p. 145), which remains the same for a confocal
system of conies.

Considering o* as a variable parameter, we have a system of conies
with three common tangents and a common point of contact, or four
common tangents, two of which are consecutive. The point-pair cr/3=0
consists of the poles of the axes. The other point-pair y (Afl —Ba) = 0
consists of the common centre and the point at infinity of the
parabolas.

For a given confocal system, the common tangents of the parabola
and the conies of the system determioe, at the points of contact with a
particular curve, the feet of normals concurrent at the given point.

The carve touches the polars of the point with respect to the system,

that is to say, the equation is satisfied by f -,—-, r-j—-, — 0).

This envelope, which is well known to be a parabola, has therefore
for its Cartesian equation

(xxl-\-yyl-a
t-liy+4i(a

lyyl+btxx1-a}bt) = 0,
obtained in the usual way from

JVL + JLi.y. - 1 = 0

The equation may be written

showing the focus and the directrix which passes through the centre.
The parabola can readily be drawn by points, for it touches the axis

of x, where the polar of the given point (xlt y,) with respect to the con-
centric circle through the real foci meets the axis; and it meets the
axis of y in a point similarly determined by the polar of the point
(—«„ —y,) relative to the same circle. This conic seems to be as
interesting in its geometrical relations as the perhaps more familiar

. , . Ac? , Bb* , „ . Ahyperbola 1 Y Cc% = 0 ,
a? y '

which remains the same for a similar system of conies, and passes
through the given point. It is the locus of the pole of the normal con*
jugate (2), that is to say, the reciprocal of the parabola relative to the
given conic.

3. In like manner, if (xu y,), the pole, of (1), describes the line
Ax + By + 0 = 0, the normal conjugate (2) envelopes the paraboja
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Aa* Bb% Cc%
 n . . , . .. - . e—. = 0, "which remains the same tor a system of concen-

« /> 7
trie, coaxial, and similar conies.

Aa* Bb*
This parabola and the corresponding hyperbola, -^ ^- + 0 = 0,

ex c ̂
are the same as before, but arranged in different systems.

4. Two rectangular conjugates, with the polar of their intersection
or apex, constitute a right-angled self-conjugate triangle. The coordi-
nates of the apex are '

x a *l ~

a-cx ft-cV,

We can, therefore, write down the equation of the locus of the poles
when that of (X, Y) is given.

If, as before, ax+fy + y = 0 ...(1), u'x+fiy + y = 0 ...(2) are
the equations of the rectangular conjugates, the coordinates of the
apex are

(

Thus, if Y=0, the conjugates envelope the foci y ± ca = 0, t. e., wo
have the theorem of De la Hire. The locus of each of the poles is a
directrix. The point /3=0 is the pole of the major axis.

The equation of the hypothenuse of the triangle, being the polar of
the apex, is

^ £ + /3>) = 0 ;
so that in general, if the conjugates envelope a curve of class u. the
hypothenuse envelopes a curve of class 3u. This class is; however,
reduced for special forms. If a conjugate envelopes a point-/3 = &y on
the minor axis, the envelope of the hypothenuse is a conic. The other
conjugate also envelopes a point on the minor axis, and the apex
describes a circle.

In fact, if the coordinates of the apex (X, Y) aro given, we get, to
determine (a',, ?/,), (xt, yt), the equations

<X«+rf + c9)+ "* = 0,
c J C
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We can therefore write down the equation of the locus of the apex,
when the locus of the middle point of the hypothenuse is given.

Thus, if £ (yi+ys) = k, which also implies that (&j,y,), (a,, yt) move
on lines parallel to the major axis, the locus of X, Y is a circle, viz.,

we have V (Xs + Y* - c1) + 2c*kY = 0.

The two normal conjugates envelope the extremities of the diameter
coincident with the minor axis. In general, if the locus of the middle
point is a line, the locus of (X, Y) is a circular cubic. The locus of
tho apex is, from the nature of the caso, the locus of the apex of a right
angle whose sides envelope certain curves. If one of the conjugates
envelopes a point, the locus of the apex is a pedal of the parabola
enveloped by the normal conjugate.

5. When the pole (a?,, yt) of (1) ncoves on a concentric and coaxial

conic, f+fj-1^.
the normal conjugate (2) envelopes the curve

This is the tangential equation of the evolute of

*
\

.. . s a]b\a*c* Jt a\bxb*e*

provlded a, = jrfrZT^h =
Hence, if the pole of a line moves on a concentric and coaxial conic,
the normal conjugates are normals to a third concentric and coaxial
conic.

We have also a, = -f-=, b, =
c ^ *

Hence the poles of the normal conjugates of the normals of a conio

4+£-1 = 0,
x* vs

with respect to the conic - . + -*js —1 = 0,
a b

c* a* c* b3

lie on the conic - ~ - »* + ~r v*—1 = 0;
c\ a* c\ b*

and the poles of the normals themselves with respect to the original
conic —=• + •?= —1 = 0 lie on the curve1 b1
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6. In like manner, if eur+jSy+y = 0 ...(1) envelopes the conic
whose tangential equation is

the corresponding normal conjugates will envelope
2 7* 4

which is the e volute of " ~a~+~r —1 = »̂
Oj a,

provided a* = -c
4 a*, if, = -7 b\;

the normal conjugates of (1) are therefore normals of a third concentric
and coaxial conic.

Without departing from the relation of special quadric inversion, we
might take the polar of a point (xlt r/j) with regard to

and its normal conjugate with regard to

a8 + V
The poles of the lines with respect to the first conic are connected by

4 i*

II.
7. If p is the perpendicnlar from the centre to the normal of

• I have been referred to a paper " On Normals to Conies : a New Treatment of
the Subject," by Professor Cremona ("Messenger of Mathematics," Vol. III.,
pp. 88-91, 1864). The author, in his usual luminous way, applies the quadrio
transformation in its geometrical form, when lines correspond to lines and points to
conies. The general correspondence and its special case are thus stated:—" Let
aa', bb\ ec' be the vertices of a quadrilateral whose diagonals aa', W, ctf form a
triangle a&y. Any line R intersects the diagonals in three points whose harmonic

with the imaginary circular points at infinity, the inscribed conies will form a system
of con focal conies: a, a' and b, b' being thoir common foci .(real and imaginary), and
7 their common centre." " Corresponding iines R, R' are now perpendicular to each
other, and divide harmonically the focal' segments aa\ b'V"
< What I have given is merely an analytical representation of this theory, and, as
euch, is perhaps worth retaining.
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wehavB , = c« sin' 8 cos' 9
r a' cos10 + b* sin' 0

where 8 is the angle which the.normal makes with the axis of x. The
equation, in fact, represents the pedal of the evolate with regard to tho
centre. If, then> xM—yL = 0 is a normal referred to axes parallel to
the principal axes of the conic, and X, Y are the coordinates of the

centre, (Xif- iL)> = - ^ L

We may interpret this result in several ways. If X, Y are considered
as current coordinates) and the origin is supposed to be at the centre,
the 'equation represents two parallel normals. If X, Y are variable co-
ordinates of tho centre, two parallel lines are represented along which
the centre of the conic must move, while the given line xM— yL = 0
remains normal, and the conic is simply translated. If we take L, M
as variable parameters, the equation represents (1) the four normals
which can be drawn to the conic for a given position of its centre;

X1 V1

(2) the four normals which can be drawn to the conic - i + ^ — 1 = 0

through a point (X, Y).
The expanded form is •

airL*-2a'XYLtAf+ (&»y+a'X'-c«) VMi-2biXYLMt+ 6»X*3f4 = 0.
For the parabola y* = px we get a corresponding equation,

M *p + 2 (p - 2X) VM+ 4is Y = 0.

8. If mv »n,, w,, n?4. fi are the tangents of the angles which the four
normals through (2C, Y) and the line joining (X, Y) to the centre make
with the axis of x,

•«i+»n,+w,-f-m4 = 2/i, — | 1 h — = —.
W , TO, TOg ?I74 fi

The quadratic and cubic invariants are

T = - -g\v {(aV+6V-c4)8 + 54aJ6'cV//V}.
The conic aix*+htyi—c* = 0 is the locus of points normals from

•which form an equi-anharmonic pencil, i. e., the value of the anhar-.
monic ratio is one of the imaginary cube roots of negative unity. The
conic is the reciprocal of the given conic with respect to either concen-
tric circle through two foci. In like manner, T — 0 (J. J. Walker,
"Educational Times," April, 1871) is the locus of points from which
the normals constitute an harmonic pencil, and generally for a constant
anharmonic ratio T* —fc*S3 = 0, or T±&/S* = 0, a locus consisting of
two curves of the sixth degree. In the case of the discriminant, these
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become the evolute and the axes and line at infinity twice over. For
shortness, I sometimes call the conic S* = 0 the conic of the cusps.
In the case of the evolute, it is touched by the eight tail gents at the
four double points. Several relations noticed by M. Laguerre (" Comptes
Rendus," Janvier, 1877) may be immediately obtained from the fore-
going equation of normals.

9. Consider ax+py + y = 0 as a chord of the conio

F(x,y) = aV + b'f + o' + 2fy + 2g'x+2 h'xy — 0.
To obtain the equation of the normal conjugates relative to

—j+-?x—1 = 0 of the polars of the intersections of the chord witha? b*
respect to the latter conic, we have

y = 0,

a?X

Let the elimination of yt from the first and second of these equations

give Lxi + Mxl+N= 0.

By the second and third of the equations,

t^axi — Pxx—a*yX = 0,

where P is written for aJaX+&*/3Y—c*y.

The required equation therefore is

U = (JaN + a'yLXy + (PL+c*aM) (PN- a'yMX) - 0.

We can get the coordinates of the intersection of these most readily

bymakingff=O, g = 0.
Thus we find

2NLP - a'yXML+c*aMN = 0,

-MLP+2atyLiX+c*a(2LN-Mi) = 0,

giving a*yLX+c*aN=0.
The Y coordinate is obtained by symmetry, and we have

fcV- 2h'a(3)'

Y= Miay +

Thus, when the locus of (X, Y) is given, we can write down the tan-
gential equation of the envelope of the chord. . . .
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10. In particular, if the conic F(x,y) is identical with

+ ^ 1 0

wehave

tf the intersection of the normals at the extremities of the chord

moves on a line, Ax+By + C = 0,

the chord envelopes the class cubic

-c*a (yf-/3W) A + c2/3 ( y ' - a V ) B + y.(i8l6J+aV) 0 = 0 .

It is easy to see, from the form of the equation and d priori, the prin-
cipal specialities of the curve, which has been found geometrically and
described at some length by Dr. Emil Weyr (" Schlomilch," Z. xvi.,
440-4). He has remarked that, if the given line is a normal, the above
curve breaks up into a parabola and the foot of the normal {A). In
fact, by comparing the equation with

(pu + j/3 + ry) (t(3y + way+va/5),

the equation of the parabola is obtained in the form

_L__L+.L-o
c*Aa C*BIVCY~ '

with the linear factor j + — + —,7 = 0,
J± Jo \j

the tangential equation of the foot of the fixed normal.
The Cartesian equation of the parabola in one form is

n» H II \ 4&1* 4/ '1*11
1_ / I if i l l * ' v i " l * * / ' f (\

where (xv yj is the foot, of the fixed normal. The focus is on the
tangent at (— xv —iji). The directrix passes through the centre, and
is parallel to the normal at (— y,, xx). The curve can be readily con-
structed by points. The locus of foci of the parabolas is the central
pedal of the conic (I?).*

• In a paper "On Normals to Conies and Qundrics," ("Quarterly Journal of
Mathematics," Vol. viii., p. 60, 1866,) Mr. Purser has given a number of interesting
theorems, depending, BO far as conies are concerned, on an identity which in its
homogeneous form is

Ax* + By* + Cz» + h {axy + byz + czx)
( e )

giving . act-A, j8j8'=.B, yy'=C.
, This the. Author applies to the chords joining the feet of concurrent normals.
Mr. Purser's results include (A) and (JS).
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11. Taking now, as previously, («„ y j for the pole of the chord, we

have a : 0 : y :: \ : -§- : -1.
ft 0

Consequently, if the intersection of the normals moves on the line
Ax+By + C = 0, the pole of the chord describes the cubic

«r,if ^+^-1=0-,

We know, by simple substitution of the coordinates of a centre of

curvature, that — A — ^ - B + 0 = 0 gives, by its intersections with

the conic, six points whose centres of curvature range on the line
Ax+By + C = 0.

12. If this directrix is a normal, we have, as before, a compound
locus consisting of the hyperbola

6*0!! a?yx , c'a?!^ _ n

and the line factor - ^ + ^ - ^ ,
J4 5 C

representing the tangent at the foot of the fixed normal.
The intersections, then, of the above hyperbola with the conic deter-

mine points whose centres of curvature lie on a normal, i. e., they are
the four simple intersections of a normal with the evolute.

When we write — + -̂ - + 1 for Ax+By + C = 0, the hyperbola in

question becomes identical with that which determines the feet of
normals concurrent at (a:,, y8).

Since the directrix line is also a normal, we have the further con-

dition, dxl + Wyl — c* = 0;

that is to say, the four simple intersections of a normal with the evo-
lute are the centres of curvature of points the normals at which meet
on the conic of the cusps.

The point (#s, ys) is formed by taking the intercepts of the directrix
normal on the axes from the centre in a sense of opposite sign for the
coordinates of the point. We thus have a construction by which, for a
given normal, we cau find the two real intersections with the evolute.
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We have to draw normals from (#„ y,). Their intersections with the
given normal are the points required, which are at the same time the
centres of curvature of the carve at their feet. There are some inte-
resting details with regard to this construction which I pass over.

13. In the case of the parabola, the conic of the cusps degenerates
into the principal ordinate through the centre of curvature of the
vertex and the line at infinity. To adapt the construction to this case,
we may make use of the angles with the principal axis formed by the
given normal and a right line joiniDg (a:,, y,) and the intersection of
the given normal with the axis. Let <j> be the first angle, and 0 the
second; then tan <f> = — 2 tan 0. Suppose that a normal p is drawn
to a parabola. Another normal q, having its angle 6 with the axis
determined by the foregoing equation (exhibiting a simple geometrical
relation), will intersect the first normal p at the centre of curvature
belonging to the foot of the secondary normal q. This construction
corresponds to an infinitely distant point (xit yt). But a normal will
intersect the principal ordinate through the centre of curvature of the
vertex (being the other line of the degenerate conic of the cusps) in a
finite point. In connection with this intersection, the intercept on the
normal between the ordinate and the axis is one-half of the intercept
between the axis and the centre of curvature. It will be seen now that
this is the construction given immediately by the equation of normals.
For a parabola we have ml-\-mt-\-mlz=. 0, and, making w, = m8, we
get ml = —2w?,.

In the case, of a central conic, we have, making mt = mt,

tan X = !"l+m* = 2 f=^- = 2 tan *,
* 1 l + T1

which is useful in some constructions. It thus appears that a normal
to the conic intercepts the conic of the cusps in two points, whose co-
ordinates, with their signs changed, determine the two normals which
can be drawn from the centre of curvature of the foot of the first
normal. We are thus led back to a tangential equation of the evolute,

aj1 y1

where x, y are now considered as tangential coordinates.

14. The four centres of curvature on normals meeting at a point
of the conic of the cusps lie on a linear transversal, and form an equi-
anharmonic range, since the four normals or tangents of the evolute
form an equi-anharmonic pencil. '

Again, with regard to the reciprocal quartic, if four tangents be
drawn from any point on the curve, they form an equi-anhannonio
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pencil. Moreover, they meet the qaartic again in points on a line
which form an equi-anharmonic range. It is a speciality of the reci-
procal uuicursal quartic that the tangents at the nodes are harmonic
conjugates to the adjacent nodal chords, a property which carries with
it other special singularities, and cannot be altered by projection. We
are, however, entitled to say that a unicnrsal quartic possessing those
singularities is such that tangents from a point on it form a pencil
whose anharmonic ratio is constant, and this is of some interest in con.
nection with the well-known corresponding property of cubic curves.

February 14th, 1878.

Lord RAYLEIGH, F . R . S , President, in the Chair, and subse-
quently C. W. MERRIFIELD, Esq., F.R.S., Vice-President.

The following communications were made to the Society:—
" On a General Method of Solving Partial Differential Equations :"

£rof. H. W. Lloyd Tanner.
" On the Conditions for Steady Motion of a Fluid :" Prof. H. Lamb,

Adelaide.
" On a property of the Four-piece Linkage," and " On a curious Locus

in Linkages :" Mr. A. B. Kempe.
" On Robert Flower's new Mode of Computing Logarithms:"

Mr. S. M. Drach.
" On the Pliickerian Characteristics of the Modular Equations:"

Prof. H. J. S. Smith, Vice-President.
Mr. Drach also exhibited a large collection of drawings of Tricircloids

made many years since for Mr. Perigal.

The following presents were received :—
" Nouveau Mode de Representation plane de Classes de Surfaces

re*glee*s " (29 Oct. 1877).
" Applications d'un Mode de Representation plane de Classes de

Surfaces re'glee's " (5 Nov. 1877).
" Nouvelles applications d'un Mode de Representation plane de Classes

de Surfaces regimes " (19 Nov. 1877) : par M. Mannheim.
Notes de M. Mannheim:—Premiere Note, " Sur le De* placement

infiniment petit d'un Diedre de grandeur invariable " (11 Juin 1877) :
Seconde Note," Sur les Courbes ayant les memes Normales principales,
et sur la Surface forme*e par ces Normales " (23 Juillet 1877)—from the
11 Comptes Rendus." From the Author.
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" Memoire de l'Equilibre Astatique, et sur Tefifet que peuvent produire
des forces de grandeurs et de directions constantes applique'es en des
points de'termine's d'un corps solide qnand ce corps change de position
dans l'espace," par GL Darboux; Bordeaux, 1877.

" Educational Times," March 1878.
" Monatsbericht," Nov. .1878 ; Berlin, 1878.
" Annali di Matematica," Serie^ iia, Tomo viii0, Fasc. 4°, Dicembre

1877.
" M^moires de la Socie'te' des Sciences Physiques et Nature lies de

Bordeaux," 2* Serie, Tome ii, 2e Cahier; Paris, 1878.
" Atti della R. Accademia dei Lincei . . . ." Serie terza; Transunti,

Vol. ii, Fasc. 1°, Dicembre 1877; Fasc. 2°, Gennaio, 1878; Roma,
1878.

On a General Method of Solving Partial Differential Equations.
By H. W. LLOYD TANNER, M.A.

[Read February 14, 1878.]

It is well known that the general method of solving a partial
differential equation of the first order consists in forming n equations,
including the given one, such as to render

dz— pldxl —...— pndxH = 0 (a)
an integrable equation. These equations are found by solving certain
partial differential equations usually written, for short,

[^,^]=0 (6).
The object of the following paper is to deduce a system equivalent

to (6) directly from the conditions of integrability of (a). Such a
system is, in fact, obtained, and precisely the same form of equation
serves to integrate equation's of the higher orders.

It is shown that only one system of the kind just mentioned has to
be integrated in order to get a final integral of an equation or system
of equations, although some of them may be of an order higher than
the first.

When we have to deal with equations of the second or higher orders,
we find it necessary to solve a second set of auxiliary equations which
have no analogue in the theory of equations of the first order. One
system of this kind must be solved before passing to the first integral,
another before we can get a second integral, and so on. No such
system has to be solved before passing from the penultimate integral
to the solution. -


