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( 1 / ( 0 ) = ^ ; 6 roots, v iz . -

1609-160 + 1 = 0 , in (2);
. 08 + 140+l = 0, in (3);

08-160+16 = O, inc6).
b . / (0) = -128 ; 12 roots, viz.—

(08-0+l)8+12808(0-l)8 = O, in (4) and (5).

E . / (0 ) = | ; 12 roots, viz,—

(4(j3_40_l)8 = o, in (2);
(02_60+ l)s = 0, in (3);.
(08+40-4)8 = 0, ,in(6).

3" 5* 58

Hence the roots of F(y, y) = 0 are 0, ' , each, once ; oo, — 27, gj,
2 2

bach twice; i.e.—
^ ! 8

The multiplicity of the roots of F (y, y) = 0 may be otherwise, and
more simply, determined as follows. The form of F (z, y) (see the
equation A, supra) shows that F (y, y) has one root equal to zero and
two roots equal to infinity; the multiplicities of the finite roots are
determined by the equation

J =24,,a-218.38.3i.,,a

Note on the Formula for the Multiplication of Four Theta Func-
tions. By HENRY J . STEPHEN SMITH, Savilian Professor of

Geometry in the University of Oxford.

[Read February.13th, 1879.]

The normal formula for the multiplication of four Theta Functions
is (" Proceedings of the London Mathematical Society," Vol. I., Part
viii., p. 4)

J-*

(1).. .
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In this formula we have .

(2) J „ , . • . .

(8)..;... $2* =

gr = e'"" being a constant of which the analytical modalas is inferior to
unity, and the indices /i, /*' being integral numbers, which render the
Bums 2a, 2a' even.

I.' The Meven Gases of the Formula.

Since

we need only attribute the values 1, 0 to the indices ft, fti We may
also permute the four arguments xlt set} xa, zt in any way wo please ; thus
the matrix filt fi^ /is, /i4 may have eleven different values, which

Hu / 4 A*s, hi
are enumerated in the following table:—

TABLE I .

A. a = Q, a'=0, mod. 2 : Cases i.—iv.
1 1 1 1
1 1 1 1

1 1 1 1
0 0 0 0

0 0 0 0
1 1 1 1

0 0 0 0
0 0 0 0

B. <r = 0, a = 1, mod. 2 : Cases v., vi.
1 1 1 1
1 1 0 0

0 0 0 0
1 1 0 0

C. a = 1, <r'= 0, mod. 2 : Cases vii., viii.
1 1 0 0 1, 1 1 1 0 0
1 1 1 1 I | 0 0 0 0

D. < r = l , <r' = l , mod. 2 : Cases ix.—xi.
1 1 1 0 0 1 , 1 1 1 0 0 , 1 1 1 0 0 1 .
I 1 1 0 0 I I 1 0 1 0 I 0 0 1 1 I

The formulae appertaining to these eleven cases are all different from
one another; i. e., none of them can be derived from any other by a
permutation of the four arguments x; we can, however, pass from any
one of them to any other by means of the formula which connects any
two different Theta functions; viz.,

(5) <W+,(«) =
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Using a notation with a single suffix, and writing

4nGO =.*.<•), 0i.i(») = *i(«).

- .8,.oOO =<*,(»). 0o#o(») = ^ ( » ) ,

we may exhibit the eleven formulae as follows.

TABLE I I . Formidos for the Multiplication of Four Theta Functions.

A . N

&1 x «9i x ijj x <Jj •+• «!TJ x *7j x $g x ^g

+ ^0X^0X^0X^0-^8X^,X^8X^8.

(ii.) 2^8X^8X^9X^9 =
*rj X v j X *» j X <!rj "y* <Jrj X Jrj X «!TJ X iJrj

(iii.)

(iv.)

B.

— "ir8 X «£r8 X ^Q X <irp + ^ Q X «JQ X ^ X <uTj

(vi.) 2^0x^X^8X^8=;

c.
(vii;) 2^x^xx^ox

(viii.) 2£2x38
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D.
(ix.) 2^x

[Feb 18,

(x.)

(xi.)

«JT8 X <UTQ X «Jrj X <uTj ~f" UQ X u'g X <JTJ X J j

"Jj X "wTj X "iTg X <LTQ — "ir̂  X "Jj X « Q X w'ji

For brevity, the arguments z^, xt, »8, xit and the arguments s—a>,, s—aj,,
'«•— ai8, s -a 4 are omitted in the left and right hand members respec-
tively.

It will be observed that of the 256 sets of values which may be
attributed to the constituents of the matrix

192 are excluded by the condition that 2cr and 2a' are even; of the
remaining 64, 4 are represented by the formula i.—iv., which are sym-
metrical with respect to all the arguments; 24 by the formula x.,
which is entirely unsymmetrical; and 6 by each of the formulae v.—ix.
and xi., which, are symmetrical with respect to the arguments taken in
pairs.

II . Application of the Formula to the Abelian Functions.

The Abelian functions are defined by the equations

(6)

Alo(x) =
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the constants K and t, being determined by the equations

V J ? - 2 2 + 2 2 *-2 2
9 +2 2

1 8 - . . .

The formulas of Table II. give rise to a corresponding system of for-
mulas for the multiplication of four Abelian functions. To obtain this
second system, we have only to express the Theta functions as Abelian
functions, and to attend to the equations

TABLE III. Formulae for the Multiplication of Four Abelian
Functions.

A.

(i.)

4- jp Al0 x Al0 x 4Z0 x Al0 - -^— Ala x Al& x Alt x

(ii.) 2AlixAlixAl3xAl% =

Al%xAl%xAl3xAl% -j- lc*
1 le*

+ ±Al3xAlixAlaxAl6 — ^j

(Hi.) 2Alox Alox Alox Al0 =

(iv.) 2AlixAlixAlixAli =

AlaxAltxAlixAli-\- Jc* AloxAloxAloxAla

+ k* Al% x Ak x Ak x Al% - VlflAlx x A\ x Alx x A\..
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B.
(v.) 2AlxxAllxAlixAli =

AlixAl%xAl1xAll+ 4Z1x421x4Z8x4Z,

+ - i - 4Z, x 4Z8 x 4Z0 x A \ - ^ 4J0 x A\ x 4Z, x Alv

(vi.) 24Z0 x Al0 x 4Z,, x 4Z8 =
4Z,, x 4Z8 x 4Z0 x 4Z0 + 4Zox4Zox4Z8x4Z8

+ &94Zax4Z,x4Z1x471-

C
(vii.) 2A\ xA\x A\ x Al0 —

A\x A\x Al^x Al^ — r^
K

(viii.) 2^1^ x All x A^ xAlt =
A\ xAli x AltX Alt — k* Al0 x

+ Ali x A^ x Ala x Al6 + k'iAllxAllx Al0 x Al0.

D,
(ix.) 2Al1xAllx AlB x A\ =

+ Al^ x Alt x Al^ x A\ •— Al0 x A\ x Al% x A\
+ All x All x Al9 x Al0 + Ali x A1^ x Alt x Alt.

(x.) 24^x418X^0X^8 =
AI^ x Al0 xAl%xAll + 4Z0 x 4Z, x A\ x 42,

+ All x Ali x AJ^ x 4Z0 — 4 ^ x Al% x Al0 x 4Z8

(xi.) 2Ali xAliX Al0 x Al0 =
. 4Z0 x Al0 x Ali x All ~ Al» x 4Zj x 42, x 4Z,

+ 4 ^ x A^ x All x All + Ah x 42j x 4Z0 x 420.

III . Oase when the Sum of the Four Arguments in zero.

Patting 8 = xx + 0!8+»,+xi = 0,

and attending to the eqnation

(10)';...;. e ^ C - a ) = ( - l^f l^yC-) ,

we find that in each of the formulas i.—xi., one of the terms on the
right-hand side cancels one of the two eqaal terms on the left, and that
the four formulas A., and the formulas of the three pairs B., C, D.»
ix. and xi., become respectively coincident; the formula D. x. remains
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eui generis. Introducing the elliptic functions

sn x = - >—/. en x = • dn x = ———*>

Al(x) Al(x) Al(x)

into the five formal© thus obtained, we arrive at the following
system:—

(i.) JWn.snas - fc ' I I . cna + I I . dnas—fĉ  = 0,

(ii.) k* sn x^ sn x3 en as, en ar4—&a en â  en a;, sn ajs sn aj4
—dn â  dn xt+dn a58 dn aj4 = 0,

(iii.) Jc* snxx sn aj,—A;'9 sn a;8 enaj4

-f dn a*, dn xt cna;8 en a:4—en xt cnjp8 dn aj8 dnaj4 =s 0,

( iv.) sn tfj sn OJ2 dn (B8 dn x4—dn â  dn x% sn xt sn *4

+ cn a;8 en a?4— en â  en x% = 0,
(v.) sn xx cn a;, dn as4+dn â  cn a;8 sn a!4

+ dn xt sn a;8 cn a54+cn a?x sn x% dn a;8 = 0.

The first of these, which alone is symmetrical with respect to the four
arguments, is the formula given by Professor Cayley ("Proceedings,"
p. 43). The formulas (ii.), (iii.), (iv.) are symmetrical with respect to
the two pairs xxx%i xsx^ and with respect to the two arguments of each
pair ; thus each of these formulas represents a set of three. Lastly, the
formula (v.) remains unchanged when any two of the arguments are
interchanged, provided that the other two are interchanged at the same
time ; i.e., there are six formulas of this type.

As a verification of these formulas in a particular case, let x4 = 0 ;
we find

(11) fii = h'\sit

(where we have written, for brevity, ^ = sn xu cx = cn xu dx = dn a*,;
SjCjd, and SGD having similar meanings with respect to the arguments
a?j and iTj + a-j = — #s) ; and these equations are easily shown to be true
by means of the formulas for the addition of elliptic functions.

VOL. X.—NO. 147.
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IV. Formula for the Multiplication of Four Multiple Theta
Functions.

We define a double Theta function by the equation

0 (,*,/; v, „'; x, y) = "'T " ^ " ( -
+ oo n •

t»a-0B tta-OD

m s * T
W a - C O It a -eb

(12)

where 0 is the quadratic form (a, 6, c) ; iva, iirj, tVc being the hyper-
bolic logarithms of A, B,0; and where the condition of convergence is
that the real part of i<p must be a negative form of negative deter-
minant. .

Considering four different Theta functions, and writing

, (13) J2or =A*l + /<3 + /'8 + ^, 2r =
(2<r' = /*i+^+/i8+/ii, 2 / =

' we have the formula

(14).. J = S ( -
(

the signs of multiplication II referring to the fonr values 1, 2, 8, 4 of
the index j , and the sign of summation 2 in the right-hand member
referring to the symbols a, a', jd, /3', each of which is to have the values
0, 1 ; BO that the right-hand member contains sixteen terms. The
formula may be demonstrated in the same manner as the corresponding
formula for the single Theta functions (see the note already cited,
" Proceedings," Vol. I., Part viii., Art. 2).

If, instead of a double Theta function, we consider a multiple Theta
function containing A arguments af, y, ..., and depending on X pairs of
indices ftp, vv, pp, ..., we have the equation of definition

• I -+CO fta+CD r "+OO .

,/*'!; 1*1) == 2 s s
*»•-•> » - - • r--a> .

(15)

where ^ is a quadratic form, containing X indeterminates, and such that
the real part of i<p is definite and negative; and we obtain a formula
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similar to (14) ; viz., taking four Theta functions, such that the sums
of the homologous indices are all even, we have

1 }

where the symbols | fi,, /*} | , | c—/^-fa, a— ft'j+a \

are placed by abbreviation for the X pairs

and iT-fij+a, </—f»j+a'i r—vj+ft, r—v'f

respectively; and the symbol | au'+ao' | represents the sum of the

X terms (a<r'+

Each of the 2X indices oa', /3/3', ...' is to receive successively the values
0, 1 ; aud the sign of summation 2 extends to every combination of
these values, so that the right-hand member consists of 2U products,
each affected with its proper sign, of four Theta functions.

The multiple Theta function (15) satisBes the equations

(18)

X0(O,O; 0,0; 0,0;

which correspond to the equations (4), (10), (5), relating to a Theta
function of one argument.

The equations (17) show that we need only attribute to the indices
the values 0, 1; thus, the formula (16) may be regarded as compre-
hending 1 lx different equations, if we regard two equations as identical
which may be deduced' from one another by permutation of the four

indices j ; or, as comprehending —' i *t> o \ different oqua-

tions, if we also regard as identical two equations whioh may be deduced
from one another by a simultaneous permutation of the X arguments,
and corresponding pairs of indices, in each of the Theta functions;
viz., counting the different equations on this principle, we have as

H 2
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many of them as there are X-corabinations, with repetition, of the
eleven matrices of Table I. But we can always pass from any one of
the equations (16) to any other by means of the formula (19), which
may be employed to express any one of the 4X Theta functions as a pro-
duct of any other by an exponential factor; although (for brevity) we
have supposed that the indices of one of the Theta functions compared
in that formula are all equal to zero.

Quaternion Proof of Minding'8 Theorem. By J . J . WALKER, M.A.

[Bead February Uth, 1879.]

At the conclusion of his very able paper on the Conditions of Astatio
Equilibrium (Proc. of Lond. Math. Soc, Vol. IX., pp. 116—118),
Professor Minchin has given a demonstration of this theorem,* in which
recourse has been had to Cartesian coordinates, whereby the unity of
treatment of the subject by Quaternions, elsewhere adopted throughout
the paper, and to the use of which it owes much of its interest, has
been marred. A short note, showing how the pure Quaternion proof
may be completed, may, perhaps, be thought worthy of insertion.

Starting with Professor Minchin's equation (32) of the line in which
the single resultant and Poinsot's axis combine, viz.,

a
with (31) SJk = SKj (31),

which give p = X*+ — (Jk—Kj) ($2),
Cb

wherein X is an arbitrary scalar, the problem is to find the vector of
the point in which that line meets the plane of IJ or IK.

Let t"= UI, / = UJ, k'= UK, while tt = TJ, ts - TK.
To determine the X of p in the plane I / ,

i.e.,

* Originally given in a paper which appeared in Crelle, Bd. XV. (1835), to which
notice appears to have been more recently drawn by Moigno, Mee. Anal., Cli. ix.
(1868).


