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C.f(@) = 8 ; 6 roots, viz.—
166°—160+1 =0, in (2);
P+140+1 =0, in (3);
—166+16 =0, in (6).
b. £ (6) = —128; 12 roots, viz.—
( ®-6+41)*4+1286°(6—1)* = 0, in (4) and (5).

3 12 roots, viz.—

(46°—46—1)* =0, in (2);
(6°—66+1)' =0, in (3);
(6+40—4)' = 0, .in (6).

Hence the roots of F (y,y) =0 are 0, 8

E. f(G)_

l\')\C-'v

2’ 23:

58
2" , each once; o, —
each twice; t.e.—

F(y,y) = -2“‘y( 332.58) (y—g;)’(yﬂ’)’-

The multiplicity of the roots of F (y, y) = 0 may be otherwise, and
more simply, determined as-follows. The form of F (z, y) (see the
equation A, supra) shows that F (y, y) has one root equal to zero and
two roots equal to infinity ; the multiplicities of the finite roots are
determined by the equation

2"[3&. +2x _—2x27]=2As,a=2“-3’-31-

Note on the Formula for the Multiplication of Four Theta Func-
tions. By Henry J. StepHEN Smitn, Savilian Professor of
Geometry in the University of Oxford.

[Read February 13th, 1879.]

The normal formula for the multiplication of four Theta Functions
is (* Proceedings of the London Mathematical Society,” Vol. 1., Part
viii,, p. 4) v

PnPl (zl) eﬁ;h' (z!) 6)0-. ny (zl) BP-. » (w‘)

J=d
@..4= H 0,.,,},.,-,,,(3 ;) +.E Or-pyo-wyr1 (3—2)

J=t
+ (—])’ JI-Il 6.-,.141, v'—p','(s—wl) + (“l)ml ';I_Ilvoo-»jﬂn'r‘-»}ol (3 - i)'
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In this formula we have
8, (z) = 2 (1) gtom+sr giiimep)a

2 ------ M= @
( ) =3 (_l)mp’ el(n(hup)‘ e‘(2m+p)a;
Ma-o
=a ¥+ 42,
@) ... 22” = pmtmtptu,
20'= pi+ it pstp

g = €' being a constant of which the analytical modulus is inferior to
unity, and the indices p, u’ being integral numbers, which render the
sums 20, 20’ even.

1. The Eleven Cuses of the Formula.

Sinc‘e (4’) . { opd,p’(”) = _(—1)”' or»»’(z))
61-,»'+2 (z) = on.»' (w)’
we need only attribute the values 1, 0 to the indices pu, p’. We may
also permute the four arguments ;, z,, 2,, 2, in any way wo please; thas
the matrix Hu Py My o | TBY have eleven diffsrent values, which

Fl) P B Ma
are enumerated in the following table :—

Taste I.
A, 06=0, ¢’=0, mod. 2: Cases i.—iv.
1111}, 1111|, |[0000)], JOOOO
1111 0000 1111 0000
B. ¢=0, ¢=1, mod. 2: Cases v., vi.
1111}, |[0000
1100 1100
C. ¢=1, ¢'=0, mod. 2: Cases vii., viii
1100, |[1100].
1111 0000
D. ¢=1, ¢=1, mod. 2: Cases ix.—xi.
1100 1100 1100
1100 1010 0011

The formule appertaining to these eleven cases are all different from
one another; ¢.e., none of them can be derived from any other by a
permutation of the four arguments #; we can, however, pass from any
one of them to any other by means of the formula which connects any
two different Theta functions; viz,,

(5) PEs s om'mwv (2) =e [' " ‘——] X ohﬂ [.B+ :’2L (Vw-{-y')}'
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_Using a notation with a single suffix, and writing

05,1 (2) = % (), 6,.(2) =3, (),
B,0(2) = % (z), 640 (@) = 34 (=),

we may exhibit the eleven formule as follows.

Tasie II. Formule for the Multiplication of Four Theta Functions.

A,
() 2% %x%5H%x%Hhx9 =
B XX XY A+ FyX Fy %I X Iy
F+ FXIX I XY — ;X Iy X I % Iy

(i) 2% XxHxH=
X I X I X3 + HXHhxHhxY
+ X I X I X Iy — X JyX I X Iy

(HiL)  23,xJXIx I =
G XXX Iy + FgX I X I X,y
+ $H XX XY — FXIxIHXS,

@v.))  2%xIXIxI=
I X I XX + X 3% I xS,
+ S’XSsx-s’xs’—slxslxslxsll

B.
(v.) 23 x$x%hx4h=
FxFHxHhxH + HhxI xIHx
— I XX I X Gy + Fx I x I x Iy

(vi) 29, X x FHx I, =
FeX Fy X Fy X g + X Iy X Iy x 4
— $ XXX + HxHxIxI,

C.
(vii) 2% xHxIxI =
I X I X H X + FxIHxIHxI
F HXHXIX I — Fyx Iy x Iy x Iy
(viil) 29, XX %X % =
FyX I X I X Iy + HXFxH XY
+ 9 X Fx I X Ty — 9, X X I x I,
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D.
(ix) 29 xHxHxy=
Fyx X H X I + Jx Iy X Fyx Iy
— F XX I, XY+ H XXX,

() 28 x{hxIxy=
I X I X I X + $HxIHxIxI,
+ I X XIXI, — I xIyxIx I,

(xi) 29x3x3x3 =
FeXF %I x Iy + FHXIHxHhx
— I XHXFX I + FxIxFHxS,

For brevity, the arguments z,, z;, «;, 2,, and the argnments s—a,, s—a2,,
8—uz,, 5§—a, aro omitted in the left and right hand members respec-
tively.

It will be observed that of the 256 sets of values which may be
attributed to the constituents of the matrix

M P B3 P
Y Vg vy ¥
192 are excluded by the condition that 20 -and 2¢’ are even; of the
remaining 64, 4 are represented by the formuls i.—iv., which are sym-
metrical with respect to all the arguments; 24 by the formula x.,
which is entirely unsymmetrical ; and 6 by each of the formule v.—izx.
and xi., which, are symmetrical with respect to the arguments taken in
pairs.

II. Application of the Formula to the Abelian Functions.
The Abelian functions are defined by the equations

A, = FE (&)

2 %0
= \* ‘98 E
) Als (21) = e_z(ﬁ) X —:’:(Tz%)—’

L)
Aly(2) = e"f(ﬁ).x ‘303(—(2(%2 ,

%(5%)
NON

| 4b(2) = G x
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the constants K and { being determined by the equations

...... \/ = 1429+2¢*+2¢°+2¢"°+...,

L-) S = 424991600+ ...
® = 1-2¢+2¢*—2¢° +2g‘°—.

The formuls of Table II. give rise to a corresponding system of for-
muls for the multiplication of four Abelian functions. To obtain this
second system, we have only to express the Theta fanctions as Abelian
fanctions, and to attend to the equations

=50 g %O

) ...... HOY %O’
il — ¢« %(0) 3,(0),
7z S (0 = 250

TasLe III. Formule for ‘the Multiplication of Four Abelian
Functions.

A,
(i) 24l x AL x Al x Al, =

AL x AL X AL x AL + 5 Al x Al x Al x Al

k'

o Al X Al X Al X Al — L Al X Alyx Al X Al

e
(i) 24l x Al x Al x Al, =
AL x AL X Al,x Aly + ¥ 4L x Al x AL, x 41,
% ]
+ & Al X Al X Al,x Aly — %,AloxdloxAloxAlo.

(i) 241 x Al x Al X 4], =
Al x 4 x Al x 4L, + 2 Al x Al x Al x 41,

+ P Al x Al x A1, x Al, —?Al,xAl,xAl,xAl,.

(iv.) 241, x Alyx Al,x Al =
Alyx Alyx Alyx Aly +  §* Al % Al x Al x Al,
+ M AL X Al X Al X Al, — BEP AL x Al, x 41, x AL,
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B.
(v)  24Lx AL x AL x Al =
Alyx Al x AL X AL+ AL x AL X Al x A}

+ -’:—,Al,xAlaxAloxAlo —~ %AloxAloxAl,xAl,.

(vi.) 241, x Al;x Alyx Aly =
Al X Alyx Al X Aly + Al x Alyx Alyx Al
+ BAlLx Al x Al x A, — B Al x Al x Al; x Al,.

C.
(vii) 24l x Al x Al,x Al, =
AloxAloxAZ,xAZ,-'—Z%Al,x.dl,xAl,xAl,

+ Al x AL X Al,x 41, + % Aly x Al x Al x Al

{(viii.) 24l x Al x Al x Aly =
Alyx Alyx Al x Aly — k® Al,x Al x Al x Al
+ Alyx Alyx Aly x Aly + k* Al x Al x Al x Al,

DI
(ix.) 245 X Al x Aly;x Aly =
+ Alyx Alyx Al x Al, — Al x Al x Al; x Al
+ Al x Al x Al x Al, + Al x Al x Alyx Al
(=) 241 x Al x Alyx Al, =
Alyx Alyx Al x AL + Al x Alyx A1, x Al
+ Alyx Al x Alyx Al — Al x Al x Alyx Al,
(zi.) Al x Al x Al x Al, = '
Al x Alyx Alyx Al, — Alyx Alyx AL x AL
+ Al x Al, x Alyx Al, + Al x Alyx Alyx Al

II1. Case when the Sum of the Four Arguments ¢s zero,
Patting 8 =2z, tayt+2+o,=0,
and attending to the equation
10) ...... 6, .. (—2) = (=1)*'0, . (),

we find that in each of the formul® i.—xi., one of the terms on the
right-hand side cancels one of the two equal terms on the left, and that
the four formulee A., and the formul® of the three pairs B., C., D.,
ix. and xi., become respectiyely coincident; the formula D. x. remains
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sut generis. Introducing the elliptic functions

41, (z) _ 4L (2) = A4
4@ PP Te BT (:)

sne =

into the five formule thus obtained, we arrive at the following
system:—

(i) ¥*II.snz—FI.cnz+ 1. dnz—k" = 0,

(ii.) ¥ sne, snz; cna, cnz,—A* cn®, cn, snz, sna,
—dng, doz,+dnz; dna, = 0,
iii. sna, snz,—k? snz, snz
i k” 1 ] k" 3 ) 4
+dna, dna,cnz, cnay—cna, cnay dnz, dnz, = 0,

(iv.) ena, sne; dney dnz,—dna, dn 2, snzy snz,
+cn2, cnz,—cna cnay = 0,
(v.) sn2, cnz; dnw+dne cna, sna,
+dna;snzycna,+cnz, snz;dnz, = 0.

The first of these, which alone is symmetrical with vespect to the four
arguments, is the formula given by Professor Cayley (* Proceedings,”
p- 43). The formulee (ii.), (iii)), (iv.) are symmetrical with respect to
the two pairs #,2y, %34, and with respect to the two arguments of each
pair ; thus euch of these formul® represents a set of three. Lastly, the
formula (v.) remains unchanged when any two of the arguments are
interchanged, provided that the other two are interchanged at the same
time ; %.e., there are six formule of this type.

As a verification of these formule in a particular case, let z,=0;

we find
Dd,dy—k'Ce,c, = k7,

D+ MCs,sy = dydy,
(1) ...... Deye—Cd,dy = k%3,
C+Ds,sy = c,64,
De,sy— Sdy = — 8,6,
(where we have written, for brevity, s, =sna, ¢,=c¢na, d, = doa;
8,6,d, and SCD having similar meanings with respect to the arguments

2, and 2,+a, = —2,) ; and these equations ave ensily shown to be true
by means of the formulw for the addition of elliptic functions.

VOL. X.—No. 147, H
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IV. Formula for the Multiplication of Four Multiple Theta
Functions.

We define a double Theta fanction by the equation

4 Nesd NetD

6 (u, ,4'; v, V3 2, = 32 3 (=1)m~

Me-~D fle-mo
X Ai(""w)' X Bl(MOr)(?n*') X Cl(’”*v)‘
(12) P X e(2m+p)i.n(2»n)o'y

- - ir
- m zwn u_zoo (- 1).”’n’e7‘(2m4p,hh}
maeo n.‘- -t
X gf(@m+p)n+d(Insr)y

\
where ¢ is the quadratic form (a, b, ¢) ; ¢ra, ¢rb, src being the hyper-
bolic logarithms of 4, B, 0; and where the condition of convergence is
that the real part of ¢ must be a negative form of negative deter-
minant.

Considering foar different Theta functions, and writing

2 = +oytzta, 2 =y tys+ystye
@18)....... 20 = ptpgtpptu, 2r= ntytyty,
20 = uytpatpatu, 2F = vttty

we have the formula

411. 0 (g 155 v vy5 @ Yy)
(14)...{= B (=1)rrreroreer
x I1.6 (c—py+a, "'—I“H"l’i '—"'J"'ﬁs ""‘“.'v"*'ﬁ'i 8~y t—1y)

the signs of multiplication II referring to the four valnes 1, 2, 8, 4 of
the index j, and the sign of summation 2 in the right-hand member
referring to the symbols a, @', B, B, each of which is to have the values
.0, 1; so that the right-hand member contains sixteen terms. The
formula may be demonstrated in the same manner as the corresponding
formula for the single Theta functions (see the note already cited,
“ Proceedings,” Vol. I., Part viii., Art. 2).

If, instead of a double Theta function, we consider & multiple Theta
function containing A arguments &, g, ..., and depending on A pairs of
‘indices py’, »¥, pp’, ..., we have the equation of definition

Metd Net+d Fot+d
0(lm Kl le)=_2 2 2 ..
Me-® pe-o Fo-

(15) ...... (—1)-"*“."”". % e‘T"(aan, M+r,2rep, .0)

X eﬂ(z-n,)u((z»") yri(2rep)se...

where ¢ is a quadratic form, containing A indeterminates, and such that
the real part of 7p is definite and negative; and we obtain a formula
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similar to (14) ; viz., taking four Theta functions, such that the sums
of the homologous indices are all even, we have

a6) ... {2‘11‘.6(“;,, wls lel) =
cosene }‘,(—1)""*"‘IXH.0(IG’—;A,-+¢1, a'_f‘_li'*'“"l; Is"’fjl)»

where the symbols |y, p; |, | o—p+a, '—pj+a’ |
are placed by abbreviation for the A pairs

Bis Bis ¥ Y e

and c—pta, owpta’y r—ydB F—r+ 65 .,
respectively ; and the symbol | as’+aa’| represents the sum of the
A terms (ad’+aa’y+(Br'+63) + ...

Each of the 2X indices aa’, 8f3, ... is to receive snccessively the values
0, 1; and the sign of summation 2 extends to every combination of
these values, so that the right-hand member consists of 2 products,
each affocted with its proper sign, of four Theta functions.

The multiple Theta function (15) satisfies the equations

an {B(,u+2, i zl)=(=D"0(u ;... 2...),
""" 0(p, +2; ...52..)=0(u, p's ...; 2..);

(8) .. v B(yp’s o5 —2 ) = (=1)"60(p p"5 5 00) 5
(0@, 1’3 »m Vs 005 oty gy 2.00)

i
. im0l % “(p.,,",:o...)

XO(O)O; Ol Oi Oo 0; ey, ylo “u--_-):
o Ay

z}=z+p’%+1fg. y,=y+r’~.§ L

4. dp

Lz, = a+e’-§-.+% '?1%’ ceeneny

which correspond to.the equations (4), (10), (5), relating to a Theta
function of one argument.

The equations (17) show that we need only attribute to the indices
the values 0, 1; thus, the formula (16) may be regarded as compre-
hending 11* different equations, if we regard two equations as identical
which may be deduced: from one another by permutation of the four
11.12.13 ... 10+4A.

1.2.8...A
tions, if we also regard as identical two equations which may be deduced
from one another by & gimultuneous permutation of the A arguments,
and corresponding pairs of indices, in each of the Theta functions;
‘yiz,, counting the different equntion; on this principle, we have as
H

indices §; or, as comprehending

different equa-
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many of them as there are A-combinations, with repetition, of the
eleven matrices of Table I. But we can always pass from any one of
the equations (16) to any other by means of the formula (19), which
may be employed to express any one of the 4* Theta functions as a pro-
duct of any other by an exponential factor; although (for brevity) we
have supposed that the indices of one of the Theta functions compared
in that formula are all equal to zero.

Quaternion Proof of Minding’s Theoréem. By J.J. WaLkeg, M.A,

[Read February 13th, 1879.]

At the conclusion of his very able paper on the Conditions of Astatic
Equilibrium (Proc. of Lond. Math. Soc., Vol. IX., pp. 116—118),
Professor Minchin has given a demonstration of this theorem,* in which
recourse has been had to Cartesian coordinates, whereby the unity of
treatment of the subject by Quaternions, elsewhere adopted thronghout
the paper, and to the use of which it owes much of its interest, has
been marred. A short note, showing how the pure Quaternion proof
may be completed, may, perhaps, be thought worthy of insertion.

Starting with Professor Minchin’s equation (32) of the line in which
the single resultaut and Poinsot’s axis combine, viz.,

0= M:+% V (Jh—Ej),
with (31) SIE = 8K oovveoevosrsreersreesseeseseseeseessens (31
which give L [ (32),

wherein A is an arbitrary scalar, the problem is to find the vector of
the point in which that line meets the plane of IJ or IK.

Let ¢=Ul, j= UJ, ¥= UK, while ¢, =TJ, t,=TK.

To determine the X of p in the plane 1J,

Spl= NS+ . gy,

ie, 0 = ASik — ia’- Sk,

* Originally given in a paper which appeared in Crellz, Bd. XV. (1836), to which
notice appears to have becn more recently drawn by Moigno, Meo. 4nal., Ch, ix,
(1868).



