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On a System of Coordinates. By Prof. GENESE, M.A.

[Head June 9th, 1881.]

1. Let APB connote a positive rotation from the direction PA to tho
direction PB, so that j>

APB+BPA = 2*.

If A, B be points on an axis Q
01, I being at infinity,

IBF-IAP = APB (Fig. 1), ^

or APB—2T (Fig. 2).

Now, takiug 0 as origin,
OI as axis of x, let x, y be the
rectangular coordina'es of P, Fig. 2,
and let a, b, c be the abscissas of three points A, B, 0 on 01. Then

= ^—. &c.,
y

therefore cot APB = ( a ; ~ a ^ <x-h)+v\ CotJ?PC= &c (1).
(b—a) y

Let d, <p, ^denote the angles BPC, CPA, APB respectively, nnd A, /<,
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v the cotangents of these angles ; then

= 2T, and

The object of this paper is to
exhibit results obtained by taking
X, /u, v as the coordinates of P.

2. Solving for x'+y\ as, and y,
in terms of X, /i, >>,

, , a V c - 6

(2).

-<x
F i g 3

q(c-6)'X+&c.
(6

And we notice that the degree of any locus in X, (j, v is not higher
than its degree in x, y; but that curves passing through the ch*cular
points at infinity will be represented by equations of lower degree in
X, fi, v than in x, y. On the other hand, we have one more coordinate,
and the relation /iv + vX-fX/z = 1; perhaps, however, analogy may
suggest properties of the Burface xy+yz+zx = 1.

3. The equation of the first degree,

A\+Bn + Ov = D (4),

represents in general a circle.

But if -=-=- H h T = 0, then (4) will represent a straight
c — b a—o o — a

line.
The quantities e—b, a—c, b—a,—that is, with the usual sign-conven-

tion BG, CA, AB,—occurring frequently, it will be convenient to denote
them by c^ ca, c8. Thus, the condition that (4) should represent a
straight line is A+J^+J^o (5).

B <h c, c8

4. If A\ 4- Bf* -f- Ov = D represent a straight line PT cutting the
axis of x in T, and ITP = «,

A: B : O:D :: c\AT \ c\BT : c\0T: 0,0,0, cot a (6);

and this establishes a relation between X, fi, v and line-coordinates
referred to the intercepts p, q, r from ordinates through. A, B, G, viz.,

•5-??- i = &° (7)-
COR. 1.—The straight line is an ordinate to the axis if

D = 0 (8).
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COB. 2.—Two straight lines,
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are parallel, if A-A' B-H O-C= =— (9).

The equation to the straight line joining two points (X1,/iu >'0,(X,,/is,v,) is

K h *, i =o a°)«
K hi, »» l
*J» ^1» v l » 1

A, i, i, o
The equation to a straight line through B is

(̂ X—cl»' = c, cota.

a relation enabling us to change from X, /*, v to biangular coordinates.

The equation c?X-fe*/*-f-c* v = D ...'. (12)

represents the same as y =
JL/

t.fl., a straight line parallel to axis of x.
If B = 0, J/ = oo, thus

cjX+<^/i+cJv= 0 (13)

represents the straight line at infinity.

Again, acjX-f&c'/i+cCj*' = D (14)

represents a straight line through 0, and, in the case of D=0 , it is the
axis of y.

The Circle.

5. When — -\ h — is not zero, the equation

represents a circle.
By consideriug the intersections T, T with 01, for which X, /J, V each

= oo, but are in the ratios ——- : —— : -—r, or as
sin $ sin 0 sin Uf

ClAT ' ctBT ' ctCT'

we find that A : B : 0 :: c\AT.AF: o\BT.Br: c\GT.CT (15).

Also it may be shown that

All) :: clAT.AT'iwci.Zt} (1G),
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whore ft is the ordinate of the centre.
The coordinates a, /3 of the centre of the circle are

2[ —

2 —

and radius =

.(17).

From the geometrical interpretations of ABO, we see that the equation

to any cirole through B is A\ + Gv = "D (18) ;

also that, if this circle touch the axis at B, the equation becomes

\ + v = k (19).

The equation to a circle through A and 0 is, of course,

H=d (20).

The condition that the last-mentioned circles should touch is [remem-
bering that \v+ft (X + K) = 1]

A» = 4 ( l - H ) (21).

This condition leads to an easy proof of Feuerbach's Theorem that
the nine-point circle touches the inscribed and escribed circles ;—at the
point of contact X = v (Wolstenholme, Prob. 43).

The equation X = 0, t,e. cot 0 = 0, represents the circle on BO as
diameter.

6. The equation to a circle having its centre on the axis is

A\ + Bn + Ct> s= 0 (22).

This will reduce to a point-circle if

Or v i l - p v **"r* v U —» U y&o).

In particular, /

The equation

= 0 represents a point-circle at A (24).

(25)
K
xt,

V = 0

represents the circle passing through the points (X,, //„ v j , (X,, /i,, »»,),
and liaviug its centre on the axis ABO.
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If Pv P, be these points, P\, Ft their images with respect to the axis
ABO, the circle passes through PlPiP'1P'i.

For brevity, such a circle will hereinafter be called the axial-circle
( ^ P , ) , or simply

The Eguation of the Second Degree.

7. The equation {A, B, 0, D, F, 0, H, L, if, N) (X, /i, v, I ) 1 = 0
represents the general bicircular quartic.

In the present communication, the homogeneous equation

(A,B, G, F, C D ^ M ^ O (26)

only will be considered.
Its equivalent in x, y coordinates is

I (xt+ytf+Onx + n) (x'+y*) +pz* + qz+r = 0 (27)!

Thus it may represent a bicircular quartic with collinear foci, a circular
cubic, a conic, two circles, &c.

8. Considering the equations (22) and (25), we see that the analytical
processes which demonstrate the non-metrical properties of the straight
line and conic, may be interpreted, mutatis mutandis, to give properties
of axial-circles and the curves represented by (26).

Ex. 1.—Two axial-circles may be drawn through any point P in a
plane to touch any such curve at Q, JR, 6ay. The axial-circle (QR) may
be called the polar of P. Then, if P move on a fixed axial-circle, the
polar of P will pass through a fixed point (and its image).

Ex. 2.—From the analysis of Pascal's Theorem, if P, Q, R, 8, T, XT
be points on a (\, ft, v)2 curve, the axial.circles (PQ.) and (8T), (QR)
and {TV), (RS) and (UP) intersect in three points (and their images)
lying on an axial-circle.

A closer study of the (X, /i, v) system may, perhaps, show a connec-
tion between the metrical properties of conies and (X, /i, v)1 curves.

On the Generation of (\, \i, v)* Curves.

9. Let Av A% be two fixed points in
the plane xy, Ov Ot two variable points
on the axis of *, P the intersection of
CXAV GtAt; then, a suitable (2, 2)
correspondence being found for Ov Gt1

P may be made to describe any couic.
By analogy, if circleH be described

with centres Ov 0,, passing through Alt

At respectively, and a suitable (2, 2)
correspondence be found for Gx, C«, the Fig. 4.

VOL. xii.—NO. 176. u
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intersections Q, Q' of the circles will describe any given (A, /i, v)f

curve.*
10. If a,, a, be the distances of Ov 0t from the intersection of A13 A%

with the axis of », it will be found that the most general correspondence
which will make P describe a conic is.

(lmn,pqr)(±, i-, l)'= 0 (28).

Analogously, if av a, be the distances of Ou Ct from the centre of the
axial circle (AlAi), the same correspondence will make Q,, Qt describe
the general (A, /*, v)* curve.

11. If we put 1=6, m = 0, we get a (1, 1) correspondence; the
locus of P is either a conic passing through Av Av or a straight line,
and the locus of Q, Q{ will be a (A, /ti, v)1 curve passing through Av Arf

12. Now, let Alt At be points of a (A,/*, v)8 curve lying on th$ axist
then the following apparatus will trace the curve—

Fig. 6.

Two strings fastened to a pencil at Q with a weight attached, pass
round Ov Ot, and are fastened to fixed pegs Sv S% in an axis. Ov Ot

being made to move on this axis homographically, Q describes one of
the (A,/u, ?)' curves (S1Alt StAt are, of course, the lengths of the
strings).

* It is to be observed that the general (2, 2) correspondence between Cx and Ct
would make P describe a quartic having Ax and At for double points. For such a
quartic would give a (2, 2) correspondence, and the degree n of the locus of P cannot
be greater than 4, because then Ax, At would be two multiple points of the (» — 2 ) u

order.
Also, a suitable (2, 2) correspondence will make P describe any given quartio

having Au At as double points. For eight other points completely determine the
quartic, and eight positions of the pair Cu C% determine the (2, 2) correspondence.

f Such a correspondence may bo
easily constructed practically.

Let Fx, Fs be the foci of the given
homogru])hy, Iu I. the centres, i.e.,
the positions of Ct and Ct when Ct
and 6| uro at iufinity. Draw ordi-
nates Ji-Ou I.B3 so that

Fig. 6.Then, if P be any point on a circle
described on li\li% us diameter, H\P,
Ji,P determine corresponding positions of C,, C3; thus, if two rod* rigidly attached at
right angles be made to move round fixed pegs (£it Hs) suitably placed, they will deter-
mine any givtn homograpby on 01.



1881.] Prof. Genese on a System of Coordinates. 163

In particular, if 0x0t be a fixed length, Q will describe a central conic,

whose eccentricity :

If (7, O| = AlAi, e = v^2; and Q traces out a rectangular hyperbola.
In this case, the apparatus may be

simplified,for OlQ—ClAl-OiAi=CiQ.
Thus, if one arm of a rigid right angle
OXMQ slide on a horizontal axis, and a
weight Q, attached to a string which
passes over a pulley at (7, (moving
with O1H) and is fastened to a fixed
peg #! in the axis, be allowed to fall
down MQ (vertical), Q will describe a
rectangular hyperbola.

If the pulley Gx be fixed to the axis,
and 8X move with the rigid angle, Q
will trace out a parabola.

Q

Fig. 8.

The (\, fi, v)' Curve considered as an Envelope,
If Q, B be two points on fixed straight lines Oj, a, respectively, and

a suitable (2, 2) correspondence be established between Q and R, the
join QB will envelope a conic.

Analogously, if Q, B move on two fixed axial circles av as, the axial
circle {QB) will, with a suitable (2, 2) correspondence, envelope a
(X, fj, f)1 curve.

14. If we substitute a (1, ^.correspondence, the envelope will touch
av a, in each case.

One mode of establishing such a correspondence is as follows :—
Let the radical nxis of (QB) and at cub 01 at L, and let M be the

* This theorem may be demonstrated geometrically at onco from the following,—
11 If M. be the middle point of any chord AQ,, and from M perpendiculars he drawn
to the chord and the axis, meeting the axis respectively in Q and N\ then
CG - «». CK, C being the centre."

M 2
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corresponding point for a,; if L, M be homographically related, the
envelope of the circle QB will be a (\, //, v)1 curve, touching a, and a,.

In particular, if LM be of constant length, the envelope will be a conic.
Ic is remarkable that the eccentricity of this conic is

where Alt At are the centres of Oj, a,, i.e., the inverse of the form (29)
for the conic as a locus.

If the correspondence take the form

the circle (QB) will pass through a fixed point.

15. Again, let the circles be replaced
by two straight lines AQ, BB perpen-
dicular to the axis OAB.

Then, a suitable (1,1) correspondence
being established between AQ* — (l\
and BB* — pi, the axial circle (QB) will
envelope a (X, /u, v)1 curve touching
AQ, BB. The general relation is between /3{, />' and not /3,, /3,, be-
cause the axial circles pass through the images of Q, B in the axis, and
are equally well determined by AQ = -— /3,, BB = — /?,.

(If we consider anallagmatic surfaces instead of curves, ft\, (i\ are
proportional to the areas of the traces made by a movable sphere on
two fixed planes.)

For the particular case Ifi] + mfi\ = n, the circle (QB) passes
thrcugh two fixed points.

16. It may, however, be added that the correspondence Z/3,-f m/3,=n,
for which the straight line QB passes through a fixed point, gives a
circular cubic as the envelope of (Q B). In particular, if flt ± /3X = con-
stant, the envelope is an ellipse having AB for minor axis ; with upper
sign, the join QB passes throngh the focus, with lower sign, QB is
constant and equal to the major axis.

17. In order that the axial-circles should have a real envelope, con-
secutive members must intersect.

Let a, a-f dn be the abscissro of the centres of axial-circles of radii
JV, N+dN. By Euc. I. 20, the condition of intersection is dN < da

numerically. In fact. -r—= —cosd* (31),
CIO

where \p is the angle which N makes with 01,
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The Foci on the Axis,
18. The condition that the axial-circle

IX+m/i+nv = 0

should touch (A, B, 0, F, Q, H) (X, p, v)> = 0,

is P(BO-F*) + &o.+2mn(GH-AF) + &o. = 0 (32).

Now the condition that the circle should reduce to a point is

P + &c.—2mn—&c. = 0.

The two relations give, in general, four values of the ratios I : m : n,
that is, there are four foci on the axis.

Cartesian Ovals.
19. If rlt r,, r, be the distances of any point P from A, B, 0, we find

•*,«>*• - • « . . * . . . 8 ^ p 0 . B J P 0 SJU ^ xqq\
tnat rx . rt. rt n . —*- : v."**̂ *

<H c, c,

Thus the equation fcj^+mcjrj+ncgr, = 0

is equivalent to Z sin 0 + m sin 0 + » sin ̂  = 0

or l | m + n - = n,
-/1 + A* -/1+/*' A/1 + K*

But X'+l = \*+\iJi+\y+nv as (\+/u) (X+v).

Thus our equation is .

I ^ + K + m ^ + H f l \/\+/n = 0 (34) ;
as we should expect, for the point-circles (/i + v) = 0, »» + X = 0,
X+/i = 0, at A, Bt Of are foci.

It is easily shown that Pcl+m*ct+n\ = Q (35)
is the condition that the fourth focus should be at infinity.

With this condition, I V /̂i + v-f &c. = 0

represents a Cartesian oval.

20. The condition that

p(n + y)+q(y+\)+r(\+n) = 0
should touch the Cartesian is

+ + o .
p q r

Now, returning to x, y coordinates, we find that
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Therefore p (/<+>')+Ac. = 0 represents the oirole

L ( » f +y l -2aa+0 = 0,

where p<% + qc\ + rc\ = L,

pc\ a + &o. = La,

jpcj a1 + &o. =zLt,

whence j L(bc-T+Za+t) ^ ^
—c%ct

If we replace < by a1—N*t N being the radius of the circle,

JHJ, : qcv '• rc% :: (a—6) (a-c)—^ 1 .* Ac.
Thus, if N be the length of a normal to a Cartesian drawn from the
point 0 on the axis {00 = a),

(a -6 ) ( a - c ) - i V 1 ^ (a-o) ( a - a ) - ^ l

or, since Vc^+m*o%+n*ct — 0,

?c, a+nt'c, 6+n*c,e
If the origin 0 be so chosen that

Pc1bc+&o. = 0 ,

then Ns = Ao.m.oa ( 8 8 )

For the determination of 0, we get

OA_OB _ 00 ,oQx
T " 1* —IF ^y;*

i.e., it is the triple focus, and it is clearly the point in which the
asymptote to the evolute of the Cartesian tuts tiie axis.

21. Since — = — cos yp> ^ being the angle the normal makes with
aa

the axis of s, we get

2 o-(a+&+(0+^
(40),

2 / ( « - 6 ) ( a - c ) ( a - a )

which may be regarded as the tangential equation to the evolute of the
Cartesian.

22. A simpler formula is obtainable from (38), if we take logarithms
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of both sides before differentiation, viz.,

2 / IN 1 , 1 . 1 1

¥ ( - C O S ^ ) = — + _ + _ - - ;
or, if T be the point at which the tangent corresponding to N meets

and this is easily changed into

OT^AT BT GT #
OG AG BG 00 K }

Inversion.

The formula for inversion in X, ft, v coordinates are very simple,
viz., if (X', ft, v) be the inverse of (X, ft, v) with respect to any centre
0 on the axis, the radius of inversion being taken = </QA. 00, then

where p = cj . 0-4, r = cj. 00 .

In particular, if OA : 0 0 :: cj : cj (or, which is the same thing,

OS1 = OA. 00), then ft' — //,
, ' = X,

V = v.

JVote 07i Apparatus for describing Oonics.

If 0}, 0t be made to move with uniform velocity u, then Q will have
A A'

a constant parallel velocity = -J-T^ U, and therefore (Newton, Prop.
O\ Ot

viii.) a vertical acceleration varying inversely as the cube of the dis-
tance from Ax At.

It will be observed that only a part of the curve can be described,
the apparatns failing to work when the angle OP^Ci, or Q0,0lt be-

• If C be taken at infinity, the system of coordinates reduces to a form of biangular
coordinates: 0=0, ^—ir + o, and î  = /3 — a. Also, sin 0 : sin^ : sin^ :: r. : — rt: e..
Thus equation (34) will ropresent the curve /r, —»nr2 + wcs — 0. When P «• tn-, this
represents a central conic ; the point 0 is at infinity, and equation (42) becomes

0 ~ -— + — , and expresses that the tangent and normal to a conic divide the line

joining the foci harmonically.
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comes a right angle. This remark does not apply to the modification
for the rectangular hyperbola or to the apparatus for the parabola.

Additional Note.

I have found, since writing the above, that the method of Art. 10,
as regards the (1, 1) correspondence, is not new. It is used in Dr. Casey's
elegant memoir on " Bicircular Quartics," Art. 10, and was originally
given by Chasles, " Comptes Rendus," 1853. The extension, by using
curves of Index 1 in place of conies passing through fonr points, is due
to M. Terquem ; and not, as stated by Clebsch (p. 376, " Vorlesungen
fiber Geometrie") to M. de Jonquieres. See " Theoremes segmen-
taires," Nouvelles Annales, 1853, p. 358.

To prevent misconception I have to add, respecting the system of
coordinates, that I had in the first instance reinvented Mr. Walton's
11 Trigonic Coordinates," Quarterly Journal, Vol. ix., p. 340. I sup-
pressed my paper on the subject, and went on with the work only on
perceiving the advantages mentioned in § 2.

On Spherical Quartics, with a Quadruple Gydic Arc, and a Triple
Focus. By HENRY M. JEFFERY.

[Bead Junt 9th, ISSl.]

1. In general, quartics with quadruple cyclic arcs have also quadruple
foci in their quadrantal poles; but if a cyclic arc of the satellite-conic
coincide with the quadruple cyclic arc of the quartic, its quadrantal
pole is a triple focus. (§11.)

Such a group of spherical quartics may be thus defined:
* = (l+dx)(l+x*+y')+\(l+x'+y*)* : (A),

if x, y denote by Gudermann's system of spherical coordinates the
tangents of arcs, intercepted on the arcs of coordinates by great circles
drawn from their quadrantal poles.*

These quartics are of the eighth class, if they are non-singular, and
may have five single foci, collinear with the triple focus. If the quartics
are nodal, two single foci nnite, as in piano, at a node and disappear;
such quartics are of the sixth class (§ 1*2.)

If cP < 1, there may be two cusped quartics in the group, pear-shaped
(Fig. 1), and cardioidal (Fig. 2) ; these are of the fifth class.

• If a, j3 be arcs drawn perpendicularly from any point of a quartic to the cyclic
arcs, their geometrical relation is thus expressed:

K (sin a)4 — 6ino8in/3 + A (A).


