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1. Let APB connote a positive rotation from the direction P4 to tho

direction PB, so that P
APB+ BPA = 2x, e
If 4, B be points on an axis g A T
OI, I being at infinity, Fig. 1.

IBP—IAP = APB (Fig. 1),

or APB—2x (Fig. 2). ' )
Now, taking O as origin, P '
OI a8 axis of &, let 2, y be the

rectangular coordina‘es of I, Fig. 2,
and let a, b, ¢ be the absciss® of three points 4, B, C on Of. Then

cot AP =272, &e,
: y

therefore’ cot APB = (““Ez (2= )””", cot BPO = &e. ........(1).
—a

Let 6, ¢, ¥ denote the ungles BPC, CPA, APB respcctively, and A, p,
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» the cotangents of these angles ; then

6+¢+y=2m and w++lp=1 ..o (2).
The object of this paper is to ¢
exhibit results obtained by taking N
A, p, » as the coordinates of P. . 140
3 3 : ]
) 2. Solving for #*+4*, =, and v, 0o 3 s 7
in terms of A, p, ¥, Fig. .

al (c—b)' A + &o.

3 3
T = ety At e
_ @ (c=Db)* A+ &e.
2= (G—b)’ A+&c. : ...............(3).
— —(c=b) (a—c) (b—a)
y (c—b)* A+ &e.

And we notice that the degree of any locus in A, p, » is not higher
than its degree in z, y; but that curves passing through the circular
points at infinity will be represented by equations of lower degree in
A, p, v than in 2, y. On the other hand, we have one more coordinate,
and the relation pr+»A+Ap =1; perhaps, however, analogy-may
suggest properties of the surface @y +yz+22 =1.

8. The equation of the first degree,
AN+Bu+0v =D .iiiivniviinennennnnnnin(4),

represents in general a circle.

Butit 4 4+ B 4 C
[ a

5 a—c b—a

0, then (4) will represent a straight
line.

The guantities ¢—b, a—c, b—a,—that is, with the usuul sign-conven-
tion BC, OA, 4 B,—occurring frequently, it will be convenient to denote
them by ¢, ¢3, ¢ Thus, the condition that (4) should represent a

cﬂ S0 eevreeeereeeeerereeeee e (5).

straight line is 4 + B +
G C.

4. If AN+ Bu +0v = D ropresent a straight line PT cutting the
axis of 2 in T, and ITP = a,

A:B:0:D:: AT . i BT : ¢} OT: ¢,c3¢5cot a.........(6)
and this establishes a relation between A, u, v and line-coordinates
referred to the intercepts p, q, 7 from ordinates through 4, B, C, viz.,

A_ap B _.
D ae Do .7 SOOI ¢ ) B

Cor. 1.—The straight line is an ordinate to the axis if
D=0......ccececvirirrreenerannronnnan(8).
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Cog. 2.—Two straight lines,
AN+ Bu+COv = D,
AN+DBu+0v=D,
are parallel, if 4_,‘4' =8=F _ O—’O_' (9)

==
6 C %

The equation to the straight line joining two points (A, iy, 1), (Asy gy %y) i8
A, g v, =0 (10).
Apt By oMy 1 .
2:: i‘lv ‘iia 1)
@ at g’
The equation to a straight line through B is
QA=Y =€, C0t Auuinviiniiniininninneana. (11),
a relation enabling us to change from A, u, » to biangular coordinates.

The equation At utdry =D i (12)
represents the same as y= :‘%ﬂ,

1.0., a straight line parallel to axis of a.
IfD=0, y= o, thus
GAtGputagr=0...cciiiiinninninn.(13)

represents the straight line at infinity.
Again, acAtbgptedy=D.. s ...(14)
represents a straight line through O, and, in the case of D=0, it is the

axis of y.
The Circls.
A,B, 6O

5. When = 4 — 4 — is not zero, the equation
G Cy s

AN+ Bu+Cv =
represents a circle.

By considering the intersections T, 7" with OI, for which A, g, v each

= o, but are in the ratios —1— 1.
gin @ " sin ¢ sin

A .1 1
AT " ¢, TN ¢ CT
we find that 4: B: 0 :: {AT. AT : 6} BT. BT : ¢ OT.COT......(15).
Algo it may be shown that
A:D i GATl. A1 epegey 28 niiiiiinen.nn (16),

-——, Or as
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where /3 is the ordinate of the centre.
The coordinates a, 3 of the centre of the circle are

(b+0) —2—+&c. 1
2 (%4—&0.)

B= _A_D——— SRR ¢ t ) %
C 2 (-;;--i—&c.) |
VD4 A+ &c.—2B0— &e.

-2 (-f:+&c.)

and radius =

7

From the geometrical interpretations of AB(, we see that the equation
to any circle through Bis AA+0v-= D.............. PRI ¢ -)
also that, if this circle touch the axis at B, the equation becomes
LT UTUUPRIPRIIRPRRN ¢ 1) B
The equation to a circle through 4 and 0 is, of course,
The condition that the last-mentioned circles should touch is [remem-
bering that Av+u (A +») = 1]
B=41=kd) .ccorenrinincnireenenenn. 21D,
This conditior: leads to an easy proof of Feunerbach’s Theorem that
the nine-point circle touches the inscribed and escribed circles ;—at the
point of contact A = » (Wolstenholme, Prob. 43).

The equation A = 0, 6. cot @ =0, represents the circle on B0 as
diameter. :

6. The equation lo a circle having ils centre on the awis is

AN+DBu+0v = 0......... ..................(22).

This will reduce to a point-circle if
A'+ &e.—2B0—&o. = 0,

or VA+VB+ /O =0 ....cccvauennene, ....(29).
In particular, p+» = 0 represonts a point-circle at 4 ............ (24).
The equation Ao, v =00 0 (25)
Ab Pu "
Ay Mo Vs

represents the circle passing through the points (A, py, 1), Ay, pay )y
and haviug its centre on the axis 480,
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If P,, P, be these points, P;, P, their images with respect to the axis
ABQ, the circle passes through P, Py P; P;.

For brevity, such a circle will hereinafter be called the axial-circle
(P, B,), or simply (P, P,).

The Equation of the Second Degree.

7. The equation (4, B, (, D, F, G, H, L, M, N) (A, p, v, 1)* = 0
represents the general bicircular quartic.
In the present commaunication, the homogeneous equation

(4,B,0,F, G, H)A ty »)' = 0 cvervreeeeevenn(26)

only will be considered.
Its equivalent in @, % coordinates is

1(#*+ %)+ (mz+n) (B +9°) +pa* +gz+r = 0.........(27).

Thus it may represent a bicircular quartic with collinear foci, a circular
cubte, a conte, two circles, &e.

8. Considering the equnations (22) and (25), we see that the analytical
processes which demonstrate the non.metrical properties of the straight
line and conic, may be interpreted, nutalis mutandis, to give properties
of axial-circles and the curves represented by (26).

Ex. 1.—Two axial-circles may be drawn through any point P ina
plane to touch any such curve at @, R, say. The axial-circle (QR) may
be called the polar of P. Then, if I’ move on a fixed axial-circle, the
polur of P will pass through a fixed point (and its image).

Ex. 2.—From the analysis of Pascal’s Theorem, if P, Q, R, S, T, U
be points on a (A, p, v)? carve, the axial.circles (PQ) and (8T), (QR)
and (1T), (BS) and (UP) intersect in three points (and their images)
lying on an axial-civele. '

A closer study of the (A, p, ») system may, perhaps, show a connec-
tion between the metrical properties of conics and (A, g, »)* curves.

On the Generation of (N, p, ¥)" Curves.

_9. Let 4,, 4, be two fixed points in
the plane 2y, 0,, 0; two variable points
on the axis of z, P the intersection of
Ci4,, Cy4,; then, a suitabls (2, 2)
correspondence being found for 0, C,,
P may be made to describe any couic.

By analogy, if circles be described
with centres O, (,, passing through 4,,
4, respectively, and a suitalls (2, 2)
correspondeuce be found for C,, C,, the

YOL, XIL.—No. 176. M
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intersections @, @ of the circles will describe any given (A, p, »)*
curve.* ' '

10. If a,, a, be the distances of 0,, 0, from the intersection of 4,, 4,
with the axis of @, it will be found that the most general correspondence
which will make P describe a conio is.

Y
(lnn, per) (:11-, ;1;-, 1) =0 i (28).
Analogously, if a,, a; be the distances of O,, C, from the centre of the
axial circle (4, 4,), the same correspondence will make @,, @, describe
the general (A, u, »)* curve.

11. If we put 1 =0, m =0, we get a (1, 1) correspondence ; the
locus of P is either a conic passing through A,, 4, or a straight line,
and the locus of @, @ will be a (A, u, ¥)* curve passing through A,, 4.+

12. Now, let 4,, 4, be points of & (A, u, »)? curve lying on the azin
then the following apparatus will trace the carve—

Fig. 6.

Two strings fastened to a pencil at @ with a weight attached, pass
round O,, Cy, and are fastened to fixed pegs S,, S; in an axis. 0, 0,
being made to move on this axis homographically, Q@ describes one of
the (A, u, »)* curves (S,4,, S,4, are, of course, the lengths of the
strings).

. ® It is to be observed that the general (2, 2) correspondence between C; and Cy
would make P describe a quartic having 4, and 4, for double points. For such a
quartic would give a (2, 2) correspondence, and the degree n of the locus of P cannot
b:d greater than 4, because then 4,, 4, would be two multiple points of the (s —2)
order.

Aleo, a suitable (2, 2) correspondence will make P describe any given quartic
having 4,, 4, as double points. For eight other points completely determine the
quartic, and eight positions of the pair (), C; determine the (2, 2) correspondence.

t+ Such a correspondence may be B B
easily constructed practically. T *
Let F,, F; be the foci of the given
homogruphy, 1), I, the centres, i.e., . . F T~
the positions of €, and €, when €; 5 T \'\_/ 7 O

and ) uro at infinity. Draw ordie
nutcs 1y By, I, By 80 that
(L) = (LB =LA.LF,
Then, if P be any point on a circle Fig. 6.
described on By 1, us dismeter, By P,
B, P determine corresponding positions of €y, Ca; thus, if two rods rigidly attached at
right angles be made to move round fixed pegs (B, B,) suitably placed, they will deter-
miue any given homography on OI. .
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In particular, if 0,0, be a fized length, @ will desoribe a central conio,

, ﬁhose eccentricity o = \/2—0-‘2‘ veerereeteernssennseneenens(29).®
T TVAg

If 0,0,= A, 4,,6 =/2; and Q traces out a rectangular hyperbola.
In this case, the apparatus may be '
" simplified,for 0,Q=C, 4,= 0, 4,=0C,Q.
Thus, if one arm of a rigid right angle
0,MQ slide on a horizontal axis, and &’
weight Q, attached to a string which
passes over a pulley at 0, (moving i
with 0, M) and is fastened to a fixed c %
peg 8, in the axis, be allowed to fall
down M@ (vertical), @ will describe a
rectangular hyperbola.
~ If the pulley C, be fixed to the axis, Q
and 8, move with the rigid angle, @ ¥ig. 8
will trace out a parabola. - o

The (A, w, v)* Curve considered as an Envelope.

If Q, B be two points on fixed straight lines @, ay respectively, and
a suitable (2, 2) correspondence be established between @ and R, the
join QR will envelope a conic. )

Analogously, if @, R move on two fixed axial circles a,, ay, the axial
circle (QR) will, with a suitable (2, 2) correspondence, envelope a
(A, py ¥)? curve. ) ,

14. If we substitate a (1, 1).correspondence, the envelope will touch
a,, a, in'each case.

a R
Qq
Ly
0 7 A, I
Q
R .
Fig. 9.

One mode of establishing such a correspondence is as follows :—
Let tho radical axis of (QR) and a, cut -OI at L, and let M be the

_ * This theorem may be demonstrated geometrically at onco from the following,—
¢ If M be the middle point of any chord AQ, and from A perpondiculars he drawn
to the chord and the axis, meeting the axis respectively in G and N; then
CG = ¢3, CN, C being the centre.” 9

M
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corresponding point for ay; if I, M be homographically related, the

envelope of the circle QR will be a (A, p, »)? curve, touching a, and a,.
In particular, if LM be of constant length, the envelops will be a contc.
Io is remarkable that the eccentricity of this conic is

4,4,
\/2LM ........ everenees cereeraresenens (80),

where A,, 4, are the centres of a,, ay, %.6., the inverse of the form (29)
for the conic as a locus.
If the correspondence take the form
l m
AN
the circle (QR) will pass through a fixed point.

15. Again, let the circles be replaced
by two straight lines 4Q, BR perpen-

dicular to the axis O4B. Q

Then, & suitable (1, 1) correspondence 8 A
‘being established between AQ®= ()
and BR = i}, the axial circle (QR) wil @ 4 B

envelope a (A, p, v»)' curve touching Fig- 10.
AQ, BR. The general relation is between B, 17 and uot B, B,, be-
cause the axial circles pass through the images of @, I in the axis, and
are equally well determined by 4Q = — 3, BR = — f3,. '

(1f we consider anallagmatic surfaces instead of curves, ﬁ: , ﬁ: are
proportional to the areas of the traces made by a movable sphere on
two fixed planes.)

For the particular case I3} + mf; ==, the circle (QR) passes
‘threcugh two fixed points.

16. It may, however, be added that the correspondence I3, +mf,=n,
for which the straight line QR passes through a fixed point, gives a
circular cubic as the envelope of (QR). Inparticular, if A, f; = con-
stant, the envelope is an ellipse having AB for minor axis ; with npper
sign, the join QR passes throngh the focus, with lower sign, QR is
constant and equal to the major axis.

17. In order that the axial-circles should have a real envelope, con-
secutive members must intersect.

Lét a, a+da be the abscissm of the centres of axial-circles of radii
N, N+dN. By Euec. 1. 20, the condition of intersection is dN < da

numerically. In fact, N o cos Yeerrrrrenionns vrreseennnnen(81),

where | is the angle which N makes with OI.
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The Foci on the Axis.
18. The condition that the axial-circle
MWt+mp+nr =0
should touch (4, B,0,F, G H) (A, p, v)' =0,
.18 P(BO—F") + &o.+2mn (GH—AF)+&c. =0 ......... (82).
Now the condition that the circle should reduce to a point is
P+ &c.—2mn—&c. = 0.

The two relations give, in general, four values of the ratios I:m: n,
that is, there are four foci on the awis.

Oartesian Ovals.
19. If r,, r,, 7, be the distances of any point P from 4, B, 0, we find
sinf sing sind ceereenn-(38).
& 6 " o
Thus the equation - loy,7, +meyry+negry = 0

that Hingin

is equivalent to  lsin6+msin¢+nsiny =0

l m n
or + + ——==0.
VIHN  Vi4p VIS

But N4l =N4rp+rv4py = A +p) A+5).
Thus our equation is . .

Ivptr+mvVyv+A4+n VA4+p =0 ...............(84);

a8 we should expect, for the point-circles (u+») =0, »+X =0,
A+pu =0, at 4, B, 0, are foci. ’

It is easily shown that o, +mle+n% =0 ...ccvvvvirinveennnnne (35)
is the condition that the fourth focus should be at infinity.
With this condition, I +vp+r+&c. =0
l;epresents a Cartesian oval.
20. The condition that
p(u+n)+q(+N)+r(A+p) =0
should touch the Cartesian is

2 ”S
Lamye v .
s tety

Now, returning to z, y coordinates, we find that
ptviveEriAtp el {(z—a)’+y’}  &e.............(36).
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Therefore p (z+»)+&o. = 0 represents the circle
L (@*+y*'—2az+1) = 0,
~ where o} + g6 + 1 =L,
piia + &o. = Lua,
e} o’ + &e. = Lt

whence pol = L (be— b——a"’ qc’ &e

If we replace ¢ by o’—N?, N bemg the radius of the circle,
Py geyirey it (@=~d) (a—c)—N: &o.

Thus, if N be the length of a normal to a Cartesian drawn from the
point @ on the axis (0@ = a),

Pe, mPe,
(a—b) (a—¢)— —w (a—c) (a—a)—N?
or, since Mo, +mls+nlc = 0,

— _(a—a) (a—b) (a—0) .
N= Pebe+ mPeyeatnlcpab T (37).
Beya+mlcyb+ncyo
If the origin O be 8o chosen that
Pe,be+ &o. =0,

AQG.BQ. 0G A
en N'= 0G K (38)

For the determination of O, we get

T = —,—n—’ =-;1’— .'nu..--u-uuuu.n...(sg).

t.., it is the triple focus, and it is clearly the point in which the
asymptote to the evolute of the Cartesian tuls the axis.

+&. =0;

21. Since ‘_Zg_.: —cosy, ¥ -being' the angle the normal makes with

the axis of z, we get

%a—(a+b+0) + 2

— = = cevsevecscsnes. (40 ’
ey =2 \/@-b)(«—c}(«—a) (40)

which may be regarded as the tangential equation to the evolate of the
Cartesian.

22. A gimpler formula is obtainable from (88), if we take logarithms
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of both sides before differentiation, viz.,

2 =Ll41 1 1.
| - wCY=16% 51 e o6’
or, if T be the point at which the tangent corresponding to N meets
2 1,1 .1 1 '

tl.)e axis, 1-'—G=A—G .73—@-*'6’_64_@ I € )
and this is easily changed into
oT _ AT, BT CT .
—()_@_AG-*-BG'*-OG ........ erererenans (42).
Invérqioﬁ.

. The formul®e fer invefsion in A, g, » coordinates are very simple,
viz., if (X', ¢’, ¥) be the inverse of (A, p, v) with respect to any centre
O on the axis, the radius of inversion being taken =+/0A4. 00, then

K=
= (L= L
N = (_p 1) o
' = (Bl pt+ B
Y ( - 1) p+ - A
where p=c.04, r=¢.00
In particular, if 04: 00 ::¢}:¢] (or, which is the same . thing,
OB = 04.00), then o= p,
v =,

N=v».

Note on Apparatus for describing Oonics.
If 0,, 0, be made to move with uniform velocity u, then @ will have
a constant pa.rg.llel velocity = %‘-4! u, and therefore (Newton, Prop.
viii.) a vertical accelemtion-var;in’g inversely as the cube of the dis-

tance from 4, 4,. ,
It will be observed that only a part of the curve can be described,
the apparatus failing to work when the angle QC,C,, or Q0,0,, be-

® If C be taken ut infinity, the system of coordinates reduces to a form of biangular
coordinates: =P, p=w+a, and y =f—a. Also,sin0;sing :sinyg ;s —rglcy.
Thus equation (34) will ropresent the curve Ir,—smry+ney = 0. When Ao m®, this
represents a central conic ; the point O is at infinity, and equation (42) becomes
0= fWT} + %%, and expresses that the tangent and normal to a conic divide the line
joining the foci harmonically.
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comes a right angle. This remark does not apply to the modification
for the rectangular hyperbola or to the apparatus for the parabola.

Additional Note.

I have found, since writing the above, that the method of Art. 10,
as regards the (1, 1) correspondence, isnot new. It isusedin Dr. Casey’s
elegant memoir on * Bicircular Quartics,” Art. 10, and was originally
given by Chasles, * Comptes Rendus,” 1853. The extension, by using
curves of Index 1 in place of conies passing through four points, is due
to M. Terquein ; and not, as stated by Clebsch (p. 376, “ Vorlesungen
iber Geometrie”) to M. de Jonquitres. See * Théorémes segmen-
taires,” Nouvelles Annales, 1853, p. 858.

To prevent misconception I have to add, respecting the system of
coordinates, that [ had in the first instance reinvented Mr. Walton’s
“ Trigonic Coordinates,” Quarterly Journal, Vol. ix., p. 340. I sup-
pressed my paper on the subject, and went on with the work only on
perceiving the advantages mentioned in § 2.

On Spherical Quartics, with a Quadruple Cyclic Are, and a Triple
Focus. By Heney M. JErrFERY.

(Read June 9th, 1881.]

1. In general, quartics with quadruple cyclic arcs have also quadruple
foci in their quadrantal poles; but if & cyclic arc of the eatellite-conic
coincide with the quadraple cyclic arc of the quartic, its quadrantal
pole is a triple focus. (§ 11.)

‘Such a group of spherical quartics may be thus defined :

k= (14+dz)L+2+ )AL+ 4+ eneiinnnnn. (4),
if @, y denote by Gudermann’s system of spherical coordinates the
tangents of arcs, intercepted on the arcs of coordinates by great circles
drawn from their quadrantal pcles.®

These quartics are of the eighth class, if they are non-singular, and
may have five single foci, collinear with the triple focus. If the quartics
are nodal, two single foci unite, as in plano, at a node and disappear;
such quartics are of the sixth class (§12.)

If & < 1, there may be two cusped quartics in the group, pear-shaped
(Fig. 1), and cardioidal (Fig. 2); these are of the fifth class.

*® If a, 8 be arcs drawn perpendicularly from any point of a quartic to the cyclio
arcs, their geometrical relation is thus exprossed :

x(sina)t = sinaBinB+A ccviiiiiiiiiiiininniiie (A)



