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13.

NovaTheoremata de functionum Abelianarum cuiusque
ordinis valoribus quibus pro complementis argumento-

rum atque indicum dimidiis induuntur.
(Auct. F. Richelot, prof. math. ordin. in univ. Regiom.)

P ostquam ad instar funetionum ellipticarum, ab illustrissimis Jacobi et Abel
inventarum, ille vir celeberrimus inversis integralium Abelianorum functionibus,
quae plures variabiles involvunt, introductis analyseos fines amplius protulit, quae
in theoria ellipticarum soluta vident; eorum similia problemata de his functio-
nibus naturae multo sublimioris ac fere inauditae Geometris tractanda se offerunt.
Quae disquisitiones de functionibus Abelianis sive ultraellipticis novis quodam-
modo analyseos fundamentis superstruenda videntur. Qui enim per Theorema
Abelianum, quippe quod pro unico aditu aperto ad huius theoriae fundamenta
habent, calculo integrali adhibito penetrare velint in haec mysteria recondita,
ii maximi calculi impedimenta sibi obvenire videbunt. Quae quomodocunque
se habeant, in hac dissertatione unum e numero illorum problematum per cal-
culum algebraicum haud inelegantem, calculo integrali advocato, traclavimus.
Nimirum hic agitur de hoc problemate: Si e¢;= + 1 et brevitatis gratia ponitur:
dz = —(z—m)(—m,)....(8—my,,),
ubi differentiae:
My— My, My—Myy .« o o o Moy — My,
positivis valoribus gaudent, argumenta
u, w, 'y .... w7,
definiantur per aequationes has: .
e, d e, dy 1 / _6n d.?’ —_
/. V(dy); +f V(dy) —I o V) %,
% e, ydy e,ydy | ’ /y"M'=( /
'{1 Vdy) +/ vy T T rans 1’(43') il

x»yl -ld Y, n-ld en ’l'—ld - -\ |
_ay e,y Y .. eny 0¥ — oui-n_
4 Vi ~1) Vay T +f Vdy) 2
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atque introducantur functiones ,(u, w', u,.... u"™V), A, (u,u’,u’, .... u"=V)

etc. .... atque G'(u,uw’,u’,.... u") his aequationibus determinatae:
)‘1(“,“,“’/, sees u("_l)) —— (ml-—-)’l) (ml—'yg) v e e (ml—-y,,),
huu,u'y....u" M) = (m—y)(m—y) .... (my—Yy,),
honya (U 0y Uy o UOTY) = (Mg — Y1) My —Y2) -+« (Mani2—Y2)s

Gu, u',u’, . ... u"Y)

_ Dydy _ Oydy dy Dydy
—-[ ©la—y)V(dy) +{ 2(a—9)¥V(dy) T +-/ "(a—y) —y)Vdy)’

ubi &z denotat functionem rationalem ipsius = mtegram, et « quantitaiem
constantem. - Iam, si valores argumentorum u, ', u”, .... 4™ pro

Yi==My, Y,==My, Ys=Msgy . ... Y,=Mh,,
respective transeunt in M, M, M*, .... M®Y, quaeruntur et functionum:

ll(M u, M' u’ Mu n M(n—l)_u(n—l))’
i (M—u, M'— ', M — ", ... MO~ y=D),

Apjr(M—u, M'—u', M'"—u", .... M"~D — D),
GM—u M —uw,M'—u", .... M*~D—y"),
per ipsas quantitates y,, y2, .... y, expressiones, nec non valores ipsorum:

A (‘%M) %er e %M(n—”)’
LM, 1M, ... 1 MCY),

l2n+2 (’}'.‘Ms %MI! e ’5‘]"("—1))’
GUM, M, ... LMCY),
In his disquisitionibus versante me, illustrissimus Jacobi, ingenio augustis-
simo ductus, quas ipsas functiones Abelianas plures variabiles involventes olim
in Analysin introduxerat, e novis unius tantum variabilis functionibus theore-
matis Abeliani ope algebraice adnotavit componi (id quod in diario ab illu-
strissimo Liouville edito dec. 1843 pag. 505 invenis), ita ut in has simpliciores
functiones, quippe in quas ceterae reducantur, ante omnes inquirendum esse
videatur; tamen quin hanc elaborationem Geometris communicarem, haud du-
bitavi, et per se eorum attentione haud prorsus indignam, et ut singularem
theorematis Abeliani applicationem.
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1.

Initium, ut problematis natura melius perspiciatur, a casu simplicissimo
facere velimus » =1, ubi functio Au congruit cum ipso sin’am(w, ), aique
expressiones ipsorum: ‘

sin am (K —u), sin am 4 X,

determinandae sunt. Quem ad valorem notissimum eruendum, solvere placet
hoc generalius problema algebraicum:

Si differentiae: m, —m,, my—m,, m,—m;, positivis valoribus gaudent,

in expressione secundi ordinis:

1. c(z—'ms)(z“—m4)+(z_ml)(z;“m2)
quantitas ¢ ita est determinanda, ut ipsa fiat quadratum formae:
. (1+e)(g—x) = e(z—my)(2—m,)+ (3 —m)(2—m,)

ipsaque quantitas x, quaerenda est.

Quem ad finem in aequatione (2.) ipsiusque differentiali secundum ipsum
% sumto, si substituitur: 2 =a, prodeunt formulae:

c(x,—m;)(x,—m,) —|—(:v,-—m,)(w1-m,) = 0,
c[(zy—m;) | (@ — m)] - (2 —my) + (¢, —my) = 0,
et inde, ipso ¢ eliminato, aequatio ad ipsum z, determinandum

1 1 1 1
8. x,—m‘+xl—m, — x,——m,+.z',—m,’

quae docet alterum ipsius «; valorem
4. -’l«'l — myV[(m,—m,)(m, —m,)]—m, ‘/[(ms —m,)(m,—m,)]
Yim,—m,)(m, —m,)] — Vi(mg—m,)(ms—m,)]
in intervallo m,....m,, et alterum:
5 v __ My V(m,—m,) (m,—m,)] +m, V[(ms—m,)(m;—m,)]
! VIim,—m,)(m, —m,)] + V[(ms —m,)(ms—m,)]
in intervallo m;....m, contineri. Quantitas y/c in priori casu valore:

6 l/cl — V[(m‘s_ml)(ma—mz)]—V[(ms-"mﬂ)(md'_ml)]
' o m,— My . ’

in posteriorique valore: ‘ '
7. ye'= VI(ms —m,)(m,—m,)] +7/[(ms_m.z)(m’4—mn)]

m,— mg

induitur.
JIam vero aequationis quadraticae:

C(z—m,)(z—m;) “|" (8 —my)(z—m) = 0,
' 36 *
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radices sint -, et Y, , ita ut habeantur aequationes:

C()"l “””4)(3’1—'"'3) = — (y1—my) (yr—m),
C(Y. —mi)(Y—m3) = — (¥, —m,)(Y,—m,),
quibus logarithmice differentiatis, prodeunt formulae differentiales:
1 dC 1 1 t 1
C’ dy, _ (yy—m,) ‘ (71"‘”‘2)_ Yi—myg yi—m,’
1 dG 1 I S
CdY, — Y, —m, Y,—m, Y, —~my Y, —m, "’

Inde docemur quantitatem C, radicibus y;, et ¥, respective ab m, usque ad
x; et ab m, usque ad x] continuo progredientibus, ipsam a nihilo usque ad ¢’
continuo crescere, nec non brevitatis gratia posito:

A% = —(z—m)(z —m;)(z—m;)(z—m,)
simul haberi: ' '
' § - V(dy,) YY),
¢ — —
8 ]C (¥, —m;)(y,—m,) (Y, —mg)(Y,—m )’

aeque ac, dum radices y, et ¥, respectlve ab m; et m, usque ad x| continuo
pergant, 1psam C ab 1nﬁmto usque ad ¢’ continuo decrescere, simulque fore:

—_ V({dy,) - VdY,)
- VC o (?’_”‘ms)‘Aj’l—m‘;) - (Y mg) (Y, —m‘)'

Aequatio vero identica:
10.  C(z—m)(z—ms) (2"“”'2)(2—”'1) = (C+D)(z—y)(=— Y1),
has suppeditat:
(my—my) (my—m,) = (C+1)(y1—m)(¥,—m,),
11 (my —my)(my —m;) = (C41)(y;—m) (¥, —m,),
-’ C("'f—mz)(”‘é—mz) = (C+1)(y1—m) (¥, —m,),
C(m, —m,)(m; — m,) = (C“l’ D(yi— ml) (Y —m,),
unde prodeunt formulae: o '
12 (my—m,)(my—m,) — (mg—y,)(ms—¥,)
( ’ A(md.‘;-mﬂ)(ml_ml) ‘ (mc'_‘_‘]'l)(m'a—yl) ’
. YC = pf(fPa=ma)(my—m)) (7, —m,) (¥, —m,)
13. l/C T l/((m:_ml)(ms_ml)) l/((mc_yl)(mﬁ:‘—y—j)
Aequatione (10.) et aequatione utraque priori (11.) loganthmlce dlfferentmtls,
emanant hae formulae:

dC(z—m,)(z—m,) __dc __  dy, dY,
Ca—m)(z—ms)+z—my)(z—m,) 1+€C~ — z—y, 2—1,°
dc __ _dy, dY,
“14C. 7 mi—y, " m,—Y,’
a0 dy, | dY,

4+C " ms—y, ms-Yl;
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1
(z—m,)(m, —mg) VO
¢
(z—mg)(ms—m,)VC
additioneque facta, prodit haec denique aequatio:

dC
 VCICE—m)E—m,)+ (z —m,)(z—m,)}
dy, dY,
N DN TN AR ST BT AT
In altera huius aequationis parte loco ipsius yC introducantur valores e for-
mulis (8.) et (9.), atque in utraque integratio instituatur, quo facto habentur
formulae:

lmultiplic‘atis ,

quarum prima et secunda per

mhltiplicatis ,

prima et tertia per

__ dy, % 2 /Ca—my)am,)
" / =y V() Jr/ TRt = e e s,

2 C(z—mg)(z—m
" / (z-y,)»/(dy. +f z—?‘.)iw‘l’l): V—a= "0 '"8 = T
illa pro prioribus, haec pro posterioriblj:s limitibus antea propositis valens. Inter
limites utriusque aequationis y,, ¥, constat aequatio algebraica (12.), nec non
yC determinatur ope formulae (13)
Aequationis (14.) utroque termino secundum descéndentes ipsius = po-
testates evoluto prodeunt hae:

g dy Bdy ydy Yiydy “ ’
/ My) }/(Ay) iy ™. ) Vdy — 2are tangyC,
"dJ’ tyrdy L VG (z—ms)(z—m,)

vy T/ V(dy) L/(—Az) wotag RG]

nec non generallor :

/1] _ Pydy dy Dydy

} / (o —}') V(Ay) +/ (e—y)7Vdy)

' YC(z—my)(z3—m,)

= +2 l(z—a);f i) relang V(—sdzy ‘ ] 4

- Qo C my)(e—m,)

. ',( —Ja )arctang'/ (“V(:A(‘t) ‘(’

ubi ‘¢z functionem i‘psms 2 rationalem -integram, o quantitatem consiantem
quamlibet denotat, me¢ non denotatio’ ‘usitata pro coéfﬁclente evolutloms ad-
hibita est. :
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Exempli gratia posito:

1 =1 =0
m,=00, My=_3, MWMpy=1, M=0U,

l

dy — 92U,

24, /o VIy(—y)(1—=y)]

/ V[y(i——y)(l—— x*y)]

_ o o,
/ V[y(l——y)(i——n’y)] = 2K, y, = sin’amu, ¥, = sinamU,

/ " Y(A—xry)dy 2E(u), Ti x3(sinama cos ama Jama)y dy

Vlyd—yl — ) (A-x*sin*ama.y)yV[yT—y)1-2*y)] =211(u,a),

ex antecedentibus sequuntur formulae notissimae:

. cosamwu

sin am (K —u) = Y(—=x2sin*amu)’
. I 1
sinamd K — Sy

Eu)-|E(K—u)— E(K) = #*sin amu sinam(K —u),

. 1—%2 sinamw sin am (K—u) sin am ¢ sinam (K—a)
— —_ — 1
IT(wya)+ I (K-u,a)—IT(K,a) = }log (1+x’ sin am« sinam (K—w) sin ama sinam( K—a))’

VEGK) — E(K) = 1—n,

. - N 1—(1—x,) sin am a sin am (K — a)
UI(3K, a) _'H(K’a)'_‘%[og(l-}-(i——n,)sin am g sin am(K—a))’
sinam(} K+iK,) = V(lix v

ubi ponitur:

) ! dy -
=) = xSty =

2.

Easdem disquisitiones de Abelianis integralibus instituentibus nobis, pri-
mum problema simile algebraicum speciale solvere, atque deinde ad analyticum
generalius aggredi placet. Iam vero methodus illud solvendi, in articulo ante-
cedenti adhibita, quae hic ad aequationem quadraticam ducit, in simili problemate
ad integralia ultraelliptica pertinente, aequationem sublimioris gradus provocat,
quam ad systemata aequalionum  minoris gradus reducere convenit. Quam ob
causam extemplo alia via ad systemata haec ipsa pervenire malim eamque in
casu iam exposito simplicissimo persequi.

Al
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Posito:

17 Ms—2 — »* Mmg—m, __ _a mg —m,
’ - =M o Tm
4 2

m,—3z m,—m, = Th>
18.  y(e+1){p*(my—z,) —(ms— )} = U, ye.(my—my)v=17V,

aequatio identica:

¢ (2 —my) (2 —m;) - (z—m) (z—m) = (1+e)(z—x),
in hanc abit:

19.  (my—m,) (my—my) (V* —n?)(0* —n?) = U*— V72

Inde coniicis, quia U7 est functio par, et ¥V functio impar ipsius v, illa secundi,
haec primi gradus, fore:

0. U+ V=ctn)vtn), U—V=c@@—mn)(v—n)),
igiturque formulis (18.) advocatis:
=3¢ {(v‘{"]x)(”’{"’h) + (v—ﬂx)(v_nz)} == ]/(1+C) {v2 (my—x,) — (ma""wl)} ?
V = }e, {(v+n)(©+m)— (v—n)(v—1,)} = Y {my— ms} v.
Ibi posito v’ = o0, v*=1, prodeunt formulae:

Ye(m,—my) Y(14e)(m,—my)
1. ——F Y =c¢ 22. i
2 n,+7, v 14n,m,
nec non posito: v*=1n}, v* =17} post faciles reductiones:

= cl)

__m,—my
1+’71772
mg—mg Ny (0, +n,) m'a._ms 7, (1, +7,)
14+n,n," n;—1 T4m,my,° ni—1

E formulis (18.), (19.) et (20.), posito v =1, sequitur, valorem ipsius
U*—V? pro v=1 fore:

= (my—m;)* = (mg—my)(my—my)(L—n})(1—7n}) = e (1—n?)(1—n})
unde valor ipsius ¢,, quem, quia quantitates 7} et 7;, unitate minores sint,
positivum esse formula (22.) docet, deducitur:

m4
My = 1+n.m GG

m, — I,

23.

— Ty = 9 m—x =

m4
o= ] = Ym—m)m—m),
quo in formulis (21.) et (22.) substituto, habentur formulae:
24. ]/0 = M1+, 25. }/(1_{,_0) — 1+’71 Na

VIL—mn)(1—nd)}’
Quia igitur summa 7,-}-7,, nec non differentia:
n”—nt = (my,—my)(m, —m,)
! 2 (mg—m,)(my—m,)’

positivis valoribus gaudent, etiam differentia 7, —7,, simul cum ipso #, positiva

V[A—nhH(1—n]"
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sit necesse est. Itaque ponere licet:

= V(Z::Zi)’ +1/ m‘——m

Formulae (23.) vero docent, valorem &, pro superiori signo ipsius 7, in- inter-
vallo m; —m, contineri, pro inferiori in intervallo m, —m,, nec non fore:

mg+m, 7,7,
14+n,7,
quae formulae cum formulis (4.), (5.), (6.), (7.) optime congruunt.

T, =

Si expressionem:
c(g —my) (2 —my) 4 (8 —my) (2 —m,)
brevitatis gratia per (4,3), similiterque per (3,2), (2,1), (1,4), (4,2), (3,1)
designas expressiones similes, quarum prior terminus respective est:
c(z—ms)(z—mz), c(z—m,)(z—m,), ¢(2—my)(2—m,), c(z—m,)(2—m,),
c(z—ms)(2—my),
similem calculum in his quinque ceteris formis instituere superfluum esset.

Substitutionis enim linearis ope huius:

I—n
Z=ri—w
ubi quantitas s his respective satisfacit conditionibus:
my, > m = m;,
m; = m > m,, pn—m)=>0,
m, =>m = m,,

formae respective (3,2), (2,1), (1,4) ad formam fundamentalem (4,3) revo-
cantur. Nimirum hac substitutione habetur, si 4 quilibet numerorum 1
st, et ponitur:

7‘5 57

n—my,
M, = p m—my, °
Z—M ~
m, L = (mh m) Z—ph’

4Z __ pn—m) _ (Z—p)*
dz ~— (z—m)* = pn—m)’
Inde concluditur argumento = ab m usque ad —oo, et ab oo usque ad m
continuo pergente, argumentum Z ab oo usque ad p, et ab P usque ad — oo
continuo decrescere. Hinc patet, si fuerit:
m, > m = m;,

fore: A
;o MMM M,
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si fuerit:

my =>m=m,,
fore:
1M2>M1 >M4 > Msa
atque si fuerit:
m, =>m_=>m,,
fore:
Ml > M> M3 > Mz-

Unde sequitur formas (3,2), (2,1), (1,4), in novis signis forma (4, 3) indui. —
Formae denique (4,2) et (3,1) realem problematis solutionem non ad-
mittunt, quippe quae, si quanlilas ¢ realis est, duplici factore gaudere nequeunt.
Aequatio enim formae:
V .(43 =0
exempli gratia unam singulam habet radicem aut in intervallo m;—m, aut in
intervallo m, —m;, prout quantitas ¢ positivo vel negativo valore gaudet.

3.

Problema algebraicum simile, ad integralia Abeliana primi ordinis per-

tinens ita pronuntiatur.
" Si differentiae quantitatum realium m,, m,, ... m,
Mg— Mgy Mg— My, ... My— M,
positivae sunt, quantitates ¢, @, x,, x, ila sunt determinandae, ut expressio
biquadratica:
6.  ¢(2 - a)* (% — mi) (% — my) 4 (2 —m,) (2 —m;) (2 — m,)(%—m,),
formam :
= (e 1)(2 —x,) (2 —xo),

induat.

Expressione (26.) cum ipsius differentiali pro ¢ = x,, et 3 = =, eva-
nescente, habentur formulae:

2__1+1+1+1.__1«___1
r,—a  z,—m, ' xy—m, ' x,—my 2, —m,  x,—m,  x,—m’

2 1 1 1 1 1 1
T, —a~ z,—m, +x,——m, +x — My +.r,-—m‘ T x,—m, x,—m,
Posteriori a priori subtracta, divisioneque per (x, — @,) facta, haec prodlt signo
summatorio adhibito, formula: , .
2 }‘Jh( i : )__ 1 — 1
(z,—a)(x,—a) y &, —mn) (2, —mp) T —m Y my—my) (2,—m¢)(xr,—m,)
Crelle’s Journal f. d. M. Bd. XXIX. Heft 4. 37
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quae, quantitate @ ope formularum (27.) eliminata, hanc suppeditat aequationem:
I R e Al vl Fower) Ry

L \r,—my X,—mg x,—mg) U \r, —myp Ty—Mms  Ly—Mg

_22( 1 ) 5 2 _ 2

('rl_mh)(xg—'mh) l_ms)(xz-'ms) (xl_me)(xz_m’s).

Iam vero ex aequatione proposita:
29.  c(z—a)(z—mg) (% —my)- (2 — my) (% —my) (8 —my) (8 —my)
= (¢4 1)(z— ) (g — ),
emanal formula; _
Amg—my) (mg —m,) (Mg —my)(me—m,) —_— (mg '_'fz‘l)z (me—ay)?
(mg—m,)(mg—m,)(ms;—mg)(ms—m,) (mg—x,)*(mg—x,)*°

cuius ope ipso x, ex aequatione (28.) eliminato, aequatio sedecimi gradus ad
ipsum x, determinandum oritur. Haec in octo aequationes quadraticas discer-
pitur hoc modo. Ponatur:

| Mmy—2% o mg—my

a2
m—z_v’ m-—mh—“nﬁ’
ubi /2 est quilibet quatuor numerorum 1, 2, 3, 4. Inde prodeunt formulae pro

qualibet quantitate y valentes:

v (my—y) —(my—y) m __ Hmg—y)—(ms—y)
v —1 9 h }" _— "22——1 b

M. z—y =

nec non aequatio (29.) in hanc abit:
(me—my)(me—my)(mg— m3)(ms—m, )V — 1} (V' — 73 (' — 7 (' —7 ) =U*— V%,
ubi ponitur:
Y1+ e){v* (mg— ,) — (s — @)} {v* (g — ;) — (ms — @)} = U,
ye {v*(ms— a) — (m,— a)} (mg—m;)v = V.

Inde eodem modo ac antea coniicitur, fore:

‘ U+ V=u¢ (”+’71) (""I‘"Yz) (”+W3) (v+774),

U—V = e (v—n)(0—7)(0—n)(0—1),
nec non brevitatis gratia posito:
Y(=) = (z"I‘ ) (= ‘|"'72) (= ‘l"’?s) (= +774) ’
U= },(p(v)-+y(-v)) = Y(c+ 1){v*(me-2,)— (s, ) {v*(m6—22) — (my—)},
= (YO)—p(-v)= V¢ (e—me)9. {0 (ms—a) — (ms—a)}.

Inde, posito v*’=1, v*=o0, v*=0, prodeunt formulae:

33. yo = etV 84, y(14c) = pe,. UIVED

T me—mgt o

32.
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porro
85, (me—a) = S Mttt n, _ 20me—my) (1 d0at 1y F100)
S ve' s Ty —w(—D) ’
2(mg—my)*?

36, (o) (m—2) = i = S ey

; e & MMMy 1t 11
8T mi—a = 7/:' m’tsi‘;"s4 {771 +'72+’7s+’74}
__2(""6—’"5)’1.712’73774 _1_ __];_ _i i
(1) —y(—1) gm +n,'+ Ng er}’
. 2(my—mg)? 7,
38.  (my—a,) (ms—a,) = 7(-107——0—)'71?721737142 “"wf?i)w’i_”f)"’"‘v

posito vero v*=1;, hae formulae: ‘
1//(7211) Mg —mp

39, B R ¢
(my—,) (my—,) =y, . ;%fﬁ%—;
Ex aequationibus (33.) et (34.) sequitur fore:
(m’n —‘ms)4

o 02
(A=) (1—mn3)(1—n3) (1—n3)) 19

sive ope formularum (30.) posterioris:
¢l = (mg—my)(ms— m,) (m;— m;) (Mg —m,).
Iam vero formula (34.), quia quantitates % unitate minores sunt, docet quan-
litatem ¢, semper posilivam esse, quae cum ita sinf, erit:
40. ¢ = }/[(mﬁ”"ml)(ms—mz)(me_ms)(ms‘““m4)]v‘
quo valore in formulis (33.) et (34.) substituto, habentur formulae: -
Vimg—m,)(mg—m,)(m, — o —
Y(1te) = YL e ) "“”{w<1>+w<—1>},
V[(mg—m,)(m,~—m,) s)(mg—m,

Vc S [( ] oQ(maw(::) mi)( 6 )}{w(l) 1//(-—-1)}
in quibus simul cum formulis (35.), .... (39) prohlemaus propositi solutio.
continetur. Inde praeter determinationem quentitalum &, &, &,, functiones
2 —a, (¥—a,)(%—&,) mullis in formis exprimere licet, quarum principales hic
proponantur. Priori enim per P(2), puslenon per cp(z) denotata, e formulis
(31.) et (32.) prodeunt hae: ' «

41.

P (z)

e, w)—wv) | ,
ch(m,o_ms)‘ v(v’-——-i) wu) V’( 1){(2 ms)C1+(2—-m°)C}

P(2) =

svicra oy = wr e mP e 6mC
37
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ubi per C,, C,, C,, C, designantur respective summae unionum, hinionum,
ternionum, quaternionumque quantitatum 2,, 7,, 7;, 7, sine repetitione. Deinde,
si per b, et b, duas quaslibet quatuor quantitatum m,, m,, m;, m,, hiscum
cohaerentes ipsarum %, %%, %3, n? duas per 3% et 3} nec non productum:
(—0b)(z—0b,) = Fz,
denotamus, ex identicis aequationibus:
C(Px Pb, ] Pl,
42 Fz (6, ’—ba)(z_b ) ', '“‘bx)(z“'"bz)’

L —

Fz — 1T ——b,)(z—b R d_b 59
aequationibus (39.) advocatis has nanciscimur functionum Pz et ¢z formas:
P2=_(z_bl)(z—bl)zmo~bl.Qpﬂl. 1 m’o—bz. W”a. 1 }

y()—yp(—1) 6, —b," 8, 22— b,—b, " g, 3—b,)’
1

9% = (28 (v-b)+ G {"”‘F“ wﬂl (a— b2)+('"° m (z—by).

Jam igitur quantitas @ determinatur ut radix aequationis:

43. (2—m,)C,+(8—m;)C; = 0,

sive huius:

(mo—bl) "/’ﬂl Mg —1My 1#192 R
4. . a—b, 8. z=v, B, = 0,
atque @, x, ut radices aequationis quadraticae:
45. (2 —m) -+ (z—m;) (8 — mg) Co 4 (2 — mp)*C, =

vel huius:

— —b,)? 2
16, y()4y(—D+ Gemplt 2O i) ¥h

Adnotare adhuc placet, valores ¢b,, @b, etiam ut valores quantitatum incogni-
tarum systematis singularis duarum aequationum linearium dari. Si enim per
¢, et ¢, denotantur ceterae duae quantitatum quatuor m,, m,, m;, m,, ex-
ceptis b, et b,, atque per y?, ;3 iiscum cohaerentes quatuor quantitatum
Yy M3, M3, 13, ope formulae ex -aequationibus (39.) prodeuntis:
’ y(1 (—1 mp,
Py = — SIS e
e formulis identicis (42.) emanant hae aequatxones.

¥e, me—¢, Pb, + Mg —C,y . b, A
Fc, (mo_—bl)(cl——bl) .F'b ﬂx (m,—b,)(cl—b,) Fib, 8., ?
PCs __ Me—C, ) ‘Pb| + Mg —C,y @b, Y2
Fe, (mg—2b,)(e,—b,) F'b, (mg—by)(ca—0,) "Fb, p,°



13. Richelot, de functionibus Abelianis. 293

®e, @b,
Fe, — l—-’—cl—b F’b +cl-—b "F'b,?

¥e, 1 @b,
Fez - 1+ c,—b, 'F’bl+ c,—b2 “Fb,’

quibus apte collatis, ob formulam identicam:

my—m, = T,
prodit systema harum aequationum°

1

7l+ @b, 71+-_

1+ ﬂ + .82 p— 0’

(mc—'b )Fl 71+ﬂ1 (mo'—b:)Fl “ntb

1

7:‘!‘3‘1’ ®b, 1’z+ﬁ_

1+(me—bl)Fl C 726, (me—b,)F'b, ° 72+08: =0

Inde formularum (39.) secunda adhibita, sequitur si habeantur aequationes:

rt g "ty
‘T8 T8 __
a JTrTEs TR s T O
1 1
143 72 ﬁ'—-_*_z 9’1‘!‘3; — 0
ln?’z'f‘lgz 2 7a+8a 0
fore:
P 1—'19: ] 'p(ﬂl) p— ¢bl
48. ! ﬂ:—ﬂ: "P(l)"'tp(_l) (bx""bz)(ms’_bl)’
%, = 12"—13: Y(8.,) — @b,

=& v ty(—1) T (b, —b)m,—b,)’

vz = (2+4B)(E+F) (@ +y) (217

Id quod facilis calculus comprobat.

ubi ponitur:’

4.

JIam in naturam quantitatum ¢, a, x,, &, pro diversis quantitatum 7,,
Tay 73, 7, valoribus inquirere placet. Formularum (39.) prior docet, quanti-
tatem a realem, atque formulae (41.), ipsum ¢ adeo positivam esse. Inde iam
coniicis, radices duplices x,, @, aequationis:

A7, c(z—a) (3—me) (3—ms)+ (F—my) (—ms) (F—my) (3—my) = 0

imaginariis valoribus nisi coniugatis gaudere non posse. Si enim haberetur
® =m+ni, quia aequatio realibus coéfficientibus gaudet, z,=m—ni po-
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natur, necesse esset. Deinde patet valores ipsorum a, et z, in ullo inter-
vallorum horum : '
— 00 ... My Myee..Mzy  My....Mgy Mg....00,

contineri non posse, quippe pro eiusmodi valore ipsius 2 prior aequationis (29.)
terminus, semper posilivum valorem induens, evanescere nequit. Quantitatis
denique @ valor in nullo intervallorum horum:

m....m, my....m,,
contineri potest. Si enim exempli gratia prior casus locum haberet, ita ut
differentiae:

a—m, My —a

positivae essent, prior terminus aequationis (29.) pro 2=« negativo, posterior
vero positivo valore indueretur, id quod fieri nequit.

Quae considerationes ceteris articuli praecedentis formulis optime com-
probantur in diversis, quas facere licet de quantitatibus 7, suppositionibus. Quas
ut inveniamus, adnotetur, differentias

N =N  My—MN3s N5 —1,
ob ipsorum m,, m,, m;, m, naturam positivas esse, formulis (30.) comprobari.
Deinde e formularum (41.) secunda conditio inter quantitates 7, necessaria,
(1410 (1 Fm) (A F 7)1+ 22) — (L—=m) (1= ) (1—735) (1 — 1) = O,

emanat, quae quum, simul 7, cum —#,, 7, cum — 7,, 7 cum —;, 7,
cum — 7, commutatis, constare nequeat, harum quantitatum quod attinet ad signa,
nonnisi octo suppositiones constitui posse patet. Octo expressiones diversae
functionis ¢ 2 inde orientes tales erunt, ut, ipsarum producto posito = 0, aequatio
sedecimi gradus emergat, quam, in articulo 3. memoratam, hoc modo in octo
aequationes quadraticas resolutam videas.

Animadvertendum est, et ut in naturam octo classium penetrare liceat,
et quia in problemate analylico postea adhibetur, expressiones:
me—a, m;—a, m,—a, my—a, m—a, m—a,
respective simul eum expressmmbus

| :
T ’f‘%"l“’?: + s """71"72’73774( + + + ) ""?1772"]39 ""771’72"739 Ny — N
nec non eXpl'eSSlOlleS : .

Ppmg,  pmy, gpm;, Pms, @Pmy, PMm,
respective simul cum expressionibus: S

T, Mm%y MWy o MMy Nath, -1
posilivas vel negativas esse. Id quod hoc miodo demonstratur, ut in expres—
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sionibus (39.) quantitatis w7, factor quilibet

77h+77z
transformetur, prout lz§x est, in formas:

. "y i3
ﬂh(l"*";ﬁ') vel ﬂz(1+m)a
. N 2 Nh 3. . N . . . l
uae, cum respective (—) vel (—=) unitate minores sint, respective simu
1 ? Nh e ‘ ’

cum 7, vel 7, positivis negativisve valoribus gaudent. Quibus propositionibus
adiutus, in quibusnam intervallis pro octo diversis de quantitatibus 7, supposi-
tionibus, valores quantitatum @, x,, x,, contineantur concludis. Id qupd ex
hac tabula desumere licet.

Casus primus:

, ‘/ . (@s—m __‘/ m,—ms _____‘/(ms—m-‘)
h= m ——m ’ = me—my)? P \n, —my ’ = me—m,/’
a continetur in intervallo m, —m
39
‘1"1 - - - - - 1”1"_7'?2’
r, - - - - - ms _.m4

Casus secundus:

m——ﬂ/ 7]2=+]/ m-o m, )y M= +]/ ,m=+]/m“_m‘
ubi supenora vel inferiora signa simul ehgenda sunt ita ut differentia

(AFn) (A 4m) (Im) (A7) — (1 — m) (1 - 172) (1 —15)(1 —7s) posito valore
induatur;
a confinetur in intervallp m4 vers OO pro supermubus signis,

a - - - - = —o0...,m pro inferioribus signis,
-’L‘l - - - - - ml v e e e mz,
xg - - - - - m3 ¢ oo M4-

CaSIIS tertlus

~t :::"/ 7 1/ 5 ‘
— T - —
= m —m ) The m —-m, ? 7 m —m ’ *

a contmetur in mtervallo m,....m
.’L‘l - - - - - ml oo mg,
¥ ) - i - e I~~’:m5....m0-

Cass' (juartus :

mo—m m -—m O fma—m\  fimi—m
7?1'-'—,1'_‘/ s_ml 722\—+ m:___‘mz ﬂ3=+f(m:_m:)’, 1]4:—:—+V(m:-.—m:),
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ubi superiora vel inferiora signa simul ponenda, ita ut differentia:

(A1) (A4 1) (14 53) (A 4 70) — (A—5) (1—3) (1 —25) (1 — 1)

positiva sit;

a continetur in intervallo m; .... oo pro superioribus signis,
a4 - - - = - —oo....m pro inferioribus signis,
£y, - - - = = m....m,
T, - = = = =  mg....Mm.

Casus quintus :

z _ —ms 4/ (Ms— M,
77‘—'}/ m,—m ? 172_]/ me—m, ’ s = ‘/ me—mg 774“]/(,”:__”“),

a continetur in intervallo m, m,,
a‘l - - - - - m; .... my )
wg - - - - - m; e ”lﬁ .

Casus sextus:

n‘=]/m—m ’nQ_l/(m ——m) n3=1/m—m, T ==— ‘/(:%f_—-:_%:)’

a continetur in intervallo m, .... m,,
.’L‘l - - - - - m3 “ s e 7’)4 D)
Xy - - - - - m_-’ oo mﬁ.

Casus septimus:

m I — my—1m, . mg;—m
’h—-]/ 5_m: ’ ﬂz—V me__mz s M= ‘/(mw,—m,)’ Ny == (m*——:_m:)s

a continetur in intervallo m, .... m;,
x, et o, continentur utrumque in uno trium intervallorum m;, . ...m,, m;. ... m,,
m; —mg, aut gaudent valoribus imaginariis coniugatis.

Casus octavus:

ms——m.  /(ms— —m‘
Ny == N — s M3=— —5—3 Ny =
m —m, m —m, m, —m

a continetur in intervallo m; .... m,,
1'1 - - - - - m5 e a’
xg - - - - - a .... mG.

Sufficiat casum ultimum accuratius exponere, ubi @ ut radix aequationis (43.),
cuius prior terminus pro 2 =m; negativo, et pro = =m, positivo valore in-
duitur, in intervallo m; .... m; contineatur necesse est; nec non x, et x, ut
radices aequationis (45 .), cuius prior terminus pro T =—m; et T=—1m; positivis
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valoribus gaudet, nec non pro-2 = a valore hoc induitur negativo: -

(_“:C_,_W{C;-—CICQQJFCEQ},

respective in intervallis m;....a et a....m, iacent.

In antecedentibus completa continetur solutio problematls, expressio-
nem formae:

o(2 — @) (% — mg) (8 — )+ (2 — my) (5 — my) (5 — my) (% —my),
quam hic rursus per [6, 5] denotare placet, in formam:

(e+1)(2—x) (s —x2)
redigendi. Quinque expressionis fundamentalis formas, quae, simili denotatione
adhibita, erunt:
[5,4], [4,3], [3,2], [ 1], [1,6],

singulas similiter tractare licet, quippe quae similem redactionem admittunt.
Eandem vero ope substitutionis: '

z =p(r=2),

ubi quantitas m respective relationibus:
MM _=1M5, Mg>M "1y, WMy >M"";, Wy >m_"1m,,
my, = m —m,

salisfacit, nec non habetur: p(n—m)=>0, elfici posse patet, quae illas re-
spective formas ad formam [6, 5] pro argumento Z revocat.

Contra formas [6,4] cum quinque ipsi cognatls o

[5, 31, [4, 20, [3,1], [2,6], [1, 5]

atque [6,3] cum duabus [5,2], [4,1], quippe in quibus problemata similia
reali solutione carent, omittere placet. Si enim quantitates ¢ et @ reales sunt,
aequatio: ‘ |

[6, 4] =0 in intervallis m, — m,, vel m,—m;,
et aequatio [6, 3]==0 in intervallis m;—m,, vel m,—m;,
prout valor ipsius ¢ posilivus est vel negativus, impari numero radicum realium
gaudent. Id quod cum forma (¢ 1)(z —,)*(z — ) congruere neqult Idem
de formis his eognatis mutatis mutandis observatur. :

5.

Iam ad partem analyticam harum de integralibus functlombusque Abelianis
primi ordinis disquisitionum transeuntes ‘ponamus aequationem ejusdem formae
generalem:

1. C(z— Ay (z—mg)(x — 1w, ) +(z— m.;) (2 —my) (2 —my) (T —my) =0
Crelle’s Journal f. d. M. Bd. XXIX. Heft4. 38
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radices quatuor y,, y., ¥;, ¥, habere, ita ut aequatio veleat identica:
2.  C(z— A (z—my) (2 —m) -} (% —my)(g—ms) (5 —my) (2 —my)
= (C+ DE—y)E—y)(E— V) (— T
Sint quantitates e,, e,, H,, E,, tales unitates positivae vel negativae, ut ha-
beantur formulae ex aequatione (1.) ortae:
VC(y—A)= oo _e;n]:)((d;:'_)_mu) , YC(y:—A)= R __e,;,,:/)(é,).;zim& B

E,V(4Y,)
(Yz“'m’s)(Yz—m‘s) K

__ EydY, 4
VCX =) =ry =57, gy VO A=

ubi brevitatis gratia ponitur:

— (2 —m) (2 —my) (2 — m;) (T —my) (T —m;)(T—m;) = A%.
Iam secundum theorema Abeliunum inter quatuor quantitates y,, y., ¥,, ¥,,
quas duabus aequationibus algebraicis inter se coniungi patet, plures constant
aequationes transcendentes. Eas hoc loco sequenti methodo evolvere placet.
Aequatio (2.) has suppeditat formulas:
4. (A—m)(A—m,)(A—m;)(A—m))=(€1-1) (Ad—y) (A~y:)(4-Y,){4-Y.),
- 3. (mg—m)(mg—m, )(mg—ms )(mg—m,) = (C{' 1) (=Y Y=y X m— ¥ ;Y m— Y,),
6. (ms—m,)(ms—m,)(ms—ms)(m; ”h)——(c""l)(m sy (=Y 2)(ms— ¥ ,)(m;—Y,),
7. C(m,— AY(m, —mg) (m,—m;) =(CH1)m,~y)m,=y.)m~Y,)m,~Y,),
designante » indices 1, 2, 3, 4. Eadem aequatione (2.) identica secundum 2
dlﬂ‘erentlata, et deinde 2= A pos1to, formula (4.) advocata, plOdlt haec

8. A-m', +A—-m, +A—m3+A-—m4=A—y, +A——y2 T Ji— Y, T A_Y.,'
Iam vero e logarithmica differentiatione aequationum (4.), (5.), (6.), (2.) .
quantitatibus C, 4, y,, y,, ¥;, Y,, ut variabilibus assumtis, formulae (8.)
ope, prodeunt hae formulae differentiales:

46 dy, | dY, | dy. , dY,
O e = a—y, tamr T A=y A=

o ¢ dy, Yy, |, dy dy,
10. 1+C - mo _5,:+me__r;+ "3,6 ___zyz +m6‘___2r'27
ac dy, dY, dyz dY
11 1+(‘ o —N +m s— Y, s Y2 —}-ms“zy'z’
9. (Z—A)(z—m,) z—m,,){(z—A)d(' L9044 4
T (""‘A)‘(z'”' o) (3 — ms)"f'rz_m‘a)(z_ s)("“m’a)(z"‘ 1) 1+T/
- dy, . dY, . dy, _ dY, .

=

Iy, 3~ Yl =9, z—¥,"
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quarum postrema brevitatis gratia posito:
U — YOG A)a—m,)(—

V(—4%)
in hanc abit
13 ac dy, -~ dY,  dy, dY,
) 1+C = ~ z—y, 2—Y, z—y, z3—F,’
< . . 1
bumrr{a aequationum (9.) et (13.) per G A—m)d—m)yC"
. 1
o T (10) ot (13) per (2‘~m‘o)(me—m5)(mo—"A) 1/(7’
1

- - = = = (11.) et (13.) per

(z—mg)(ms— A)(m’s — M) 144
multiplicata, triumque horum productorum additione facta ob aequationem iden-
ticam:
1 1 1
A A—m )@=y T ame)my—my) (o) | o) Gy —A)(my—my)
1
T (3—A)(z—me)(z—m;)’

emanat haec denique formula:

2d.arc tang U
S V(=43
— dy, dY,
T VC(E—y) (= Ay, —me) (y,—my) Jr;/(,(d——Y,)(Y —A)(Y —mg) (Y, —m,)

dy, dY,
+l/C(:'_"J'2)()’z A (yy—me)(y z—m,)+;/(‘(z,—Y2)( —A)(Yz_me)(yz“_ms)’
quae, quatuor formulis (3.) adhibitis, integrationeque instituta inde a valoribus
respeclive:

v, i, ¥y, ., Y,
qu1 simul cum C°, A° cohaerentes quantitatum

v, v, Y, »n, Y, C, 4,
valores, aequationi (2.) satisfacientes sunt, suppedltat hanc relationem, pro
quohbet 1psms 2 valore comprobatam:

e dy __E, dy e, dy __E,dy
14. / G >) +/ E— ) +/ EE=— ) +/ Gy

2 ;/(‘o (2=A°)(z~mg)(3~ m‘,,) }’(’(;.—A)(@-m (w-ms)
= V) {arc tang - V(= d%) —.arce tang Vi-d%)
Utroque termino per z* multiplicato, in eVOlutmne secundum descendentes
ipsius = potestates facta, coéfficientem potestalis 2~' sumere, eamque, ut fieri
38 *
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solet, denotare placet; quo facto habetur altera relatio:

S S v e
[‘/( s )(arc tang U’ —arc tangU)] "
Inde deducis has aequationes:
16. 2/ =
17. = ’—%,%: 0,
18. Y:;('d;l)y_ 2 (arc tangyC" — arc tangy ('),

19. s/ er*dy

) = (my - my -} my - amy - my - my) (arc tang y C° — arc tang yC')

+ (my - my - m; 4 my— m; — mg) (Il/-]——% — %%)

9 ;AWCO _ 4 VC}
T UL FC T ey
Dy dy 20 ‘
20. Z[y e}/(zy)’ = I/(__;;)— (arc tang U" — arc tang U)]z_l ,
Y
Y e@ydy [ 2Pz 0_
21. ) — [(a_z) = dz)(arc tang U" — arc tang U )]z_l

+ %_(Dd—aa) (arc tang U) —arc tang U,)

ubi @y functionem rationalem integram ipsius y denotat, atque brevitatis gratia
formula summatoria:

2. Zefy = efy,+EfY \tefy.tEfY,
et denotationes:

U — VC(a—A)(@a—my)(@—m,) U’ — VCO(““AO)(““‘”"(;)(““M)_)
¢« V(—de) ’ © V(—4da)

adhibentur.

Iam restat relationes algebraicas inter quantitates y,, ¥, y2, Y, de-
terminare.. ; Si: quantitates y, et y, .una cum signis ¢, et ¢, ut datas, atque
ceteras Yiiet: Y, una eum K,, K,, C et A ut determinandas. consideras, e
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formulis (2.) et (3.) producis hanc, pro quolibet ipsius » valore,

i o eV Ay ) (w—y,) ey V(dy,)v—y,) .
23. (YI—DZ) ]/C('U A) T (ya—mg) (¥, —my) (y2—mg)(y,—my)’

unde has derivas:

‘ _ 1 e, ¥idy,) . e, V(dy,y)
2 0= (G s i)

925, A — ¢ VzV(JJ’l)(}"x me) (¥, — 's)'—ca)’i‘/(4.7’2)'()’|_mo)(.7|*ms)
e, V(dy,) .71-7"0)(): my)— e, T/(A)’a)(.? 1_me)(71"'m5),

quibus adhibitis, e formulis (5.), (6.), (7) formulae hae prodeunt:

(mg—m,)(mg—m,)(ms—my)(me—m,)
(mg—y,)(me—y,)
. (mg—m )(ms—m,)(ms— ma)(ms"‘“m4)
(mg—y,)(ms;—

20. ' — m,,—y.z mx—Yl »
:(m,— Y, )(m,—Y) :26! l/[é’)’.- i ] 1/[472 e % (mr ey
AT DA TR Cimg—y,) (me—y,) (my—y,)(mg—y,) YY)

_l__ { e Vidy,) _ 2 7/(472) %2
(Y1 =2 mg—y,)me—y,) (mg—y,)(meg—y,)

(mﬁ“ K)(’”o" 2)

:(m—Y \(m,—Y,)

i |

in quibus loco quantitatum y,, y,, ¥,, Y, etiam valores initiales y¢, y3,
Y?, Y? substituere licet. Ad computationem signorum K, et FE., adhibeantur

formulae ex (3.) et (23.) sponte prodeuntes:
)R- (Y, —me) (¥ ,—m,) {el V({dy ) (XY, —y,) & V("J'z)(Yl“')_’_n_)_}
Y1~ Y (y1—mg)(y—my) ly "‘me)(J’z“‘m )’
E — (Yy—mq)(¥Yy,—my) {en‘/(d}’n)(ya"}’z) e ¥(4y,) )}

) Yi—Y: (y1—mg)(y,—my) (32 o)()' "‘ms
Adiiciatur vero adhuc alia expressio’ functionis yC(v—A4) e formulis (5.)
et (7.) deducta, omnesque quatuor quantitates y,, y., ¥,, ¥, continens. Inde
enim, si » et A quilibet numerorum 1, 2, 3, 4 sunt, per ¢ et e® positiva
vel negativa denotatur unitas, atque brevitatis gratia ponitur:

[z = (x—my)(z—m) (z—m)(z—my),
Iz = (2—y)(#—Y)(&—Y.) (8 —Y)),
prodeunt formulae:

VO m—d) = o (fme) Y (G i )
Vc(ml —4) = e ‘/(I;Z:)‘/((me—mgm;—‘mz)’)"

7.
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nec. non inde haec:
28. yC(v—A)

/( ){ e /(IIm,,) v—my i e® y/(ITm;) v—m,
] lIm6 /(Mg—1M) (My—mye) mu—my | Y(mg—my)(my—my) mg—m’

Pro casu fundamentali hic eum assumere placet, ubi quantitates y, et y.
respective in intervallis m,....m, et m;....m, continentur. Quo posito
aequatio (2.) docet ipsum C positivo valore gaudere, quippe quod si esset ne-
gativum, prior eiusdem aequationis terminus pro 2 =1y,, evanescere non posset.
Hinc sequitur quantitatem ¥, in intervallo m, . ... m,, et quantitatem Y, in inter—

vallo m; . ... m, contineri. Deinde patel, si quantitas A in intervallo o, . ... m,
iacet, sive si habetur aeqnatio: e®e®=——1, fore: ¢, =—F,, ¢,=E,,

eodem modo, si habetur: ePe®—=_—1, fore: e,=E,, &= —KE,.
Contra si quantitas 4 nec in intervallo my.... m,, nec in intervallo m;....m,

" continetur, sive si habetur eV e¢® =1, e¥e® =1 erit: ¢,=EFE,, e,=E,.
Inverse e signis e,, €,, E,, E,, signa e, e®, ¢, ¢®, determinari possunt.

Deinde denotalis minori quantitatum y, et ¥, per v,,

maiori - - - - - - per v,
minori quantitatum y, et ¥, per v,,
maiori - - - - - - per v,

nec non signis e,, K, e,, K, iis correspondentibus per:
oy Ety &4 &,

habetur hoc lemma:

»»Si quatuor radices v,, v, v,, v; aequationis:

29.  C(z—A4)'(z—my)(3—ms) +(2—m)(2—m,) (2 —ms) (2 —my) = 0,
ex ordine scriptae tales sunt, ut differentiae:

Vy—y, My— Uy Vp——M5, My— Uy,
positivis valoribus gaudeant, aequationis eiusdem formae:

30. C'(z—A)(z—mg)(z—m;)+ (2—m,)(2—m;) (3—m,) (g —m,) = 0
radices quatuor v3, v, vg,'vg,' si € quanﬁtas positiva ipso C minor esl,
tales erunt, ut differentiae:

Vo—my. v, .-t-v"

N

o ___ O o 0
v" ms; . 'U »v,——v3, m4~—v3,

et ipsae’ positivae sint.” SRR

Vg0 )
v 1 Uy mM—Y,
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Demonstratio. Aequationis prior terminus:
pro z=m, posilivo valore,
- =2 =uv, negativo valore,
- =z =u, negativo valore,
- g =1, positivo valore,
- =z =n; positivo valore,
- =1, negalivo valore,
- % =—wv; negativo valore,
-' g=1m, positivo valore
gaudet, unde sequitur q. e. d.
Adiicere placet, posito:
Tz — (z—u) (2 — ) (5 —v2) (5 — v3),
Mz = (2—v8)(3—v)(z — v3)(z —v2),
pro quolibet ipsius C* valore positivo, ipsam C haud superante,
quantitates: I7,(v3) et IT,(v°) mnegativas el
quanlitates: IZ;(v]) et IT5(vy) positivas esse.
Inde deducitur hoc theorema: _
,,Quantitate C* a nihilo, usque ad valorem C talem, ut radices aequationis:
C(z — AP (2 — mg) (% — m;) (T —m,) (8 —my) (2 —my) (2 —m,) = 0,
Uy, Uy, in intervallo mm,....m,, atque v, et v; in intervallo ;. ... m, iaceant,
continuo crescente, simul radices aequationis:
C" (3 — A (x —mg) (5 — 1) + (2 — 1) (2 — m) (3 —my) (2 —m;) = 0,
ab m, usque ad v, crescendo, |

ab m, - - v, decrescendo,

" i
ab my - - v, crescendo,
ab m,’ - = v; decrescendo,

continuo progrediuntur.”

Demonstratio. Ipso C' ut variabili, et 2 loco radicis aequahoms (30)

assumtis habetur per differentiationem :
d (‘ o II; >
= O e e—ma =y
Iam igitur, ex antecedentlbus sequitur, valores ipsorum :
B S dCe dCo -
no dv® dv?
positivos - ﬁmtos, nec non ipsorum :
~ ace dC" 3

qv 0 dv?
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negativos finitos manere, quoad quantitas positiva C' a quantitate C” haud su-
peretur. Unde sequitur q. e. d. '

Quia expressiones quatuor:
dge  dco dG dee
dvi’  dv A A
dum quantitates C° a nihilo usque ad C pergit, signum non mutant, et hanc
ob rem, nec evanescere possunt, nec in infinitum abire, valor C talis sit necesse
est, ut ab omnibus expressionis:

_ (z.-m4)(z.—-m,)(z—-mi)(z_—‘m,)
(z—A)2(3—mg)(z—my)
maximis et minimis positivis superetur, si quantitas A constantem valorem
obtinet. At adeo, nihil impedit, quo minus, eadem quantilate simul cum C°
apte se variante, considerationes antecedentes de radicum quatuor continuitate
valeant. Assumantur enim hunc ad finem quantitatis variabilis C° valores su-
premi, ipsi variabiles et ita decrescentes, ut superent nullum maximorum mini-
morumve positivorum, quae functio:

(z3—m,)(z—mg) (3 —m,)(3—m,)
(z_: A)’ (Z _"m‘e)(z' —ms)

pro singulo quoque ipsius A4 valore, inter duos eiusdem limites iacente, asse-
quitur.  Adiiciendum est generaliter signa ¢, &, &, &, quantitatibus continuo
progredientibus v¢, v%, v, v, manere; misi quantitas 4 per valorem ullum
harum radicum permigrat. Id quod e formulis (3.) sponte prodit, nec nisi pro
C’=0 sive pro v®=m,, v} =m,, v]=m;, v)=m,, fieri potest. —

Quae cum ita sint, in aeQuationibus (16.), (17), (18.), (19), (20),
(21.) inferiores integralium limites apte commutari possunt cum ipsis: my, m,,
m,;, m,, unde emanent hae aequationes:

L to & dy dy &, dy e, dy &y dy
o ANzl _h/ V\/fy) +/ V(Ayl / Vidy) =0,

. " & rdy “ €|J’d}’ " & ydy 4 U edy,
32. / Ydy) +./ V{Ay) V(dy) . Y4y ,‘,O’.

ey Dydy e, Oy dy g, Oydy 2 ey Dy dy
33. /. V(dy) +/ V(dy)‘ +/ i 1/ (4)’) +/ 1’(4)’)
i g HG ’v DA
g.?l(' z'—A) ("-‘mo)(z'—ms)
. V(—4dz) -

QL,( (b arc tan
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&y Dydy | e Qydy | & Dydy [ & Dy dy
M. / V) +f C=t o +/ (7)) +/ (.,1,),/(4,)

1/(' V(@—A) (2 —mg)(z— ms)]

arc tang -

[(a—Z) V(= JZ)

V(—42)
5 __Po YO (a—A) (a~mg)(@=m})
21/( yr )arctang Y—da) °
ubi secundum formulam (28.) expressio yC (2 —A4) determinalur aequatione:

| YC(z—A) = L
V() {"“’V(<me-m'.’>?2:5—m;>> w1 V(<m,-m’$’<’3;—m,>),;:2'2

Ad formulas in articulo pra’ecedentx exposxtas in functiones, quas vocant,
Abelianas primi ordinis transferendas, eos cdsus pl‘o prmcrpahbus habere placet
ubi est L :

S0 ==8190 EB T,y :
in quos ob earundem functionum periadicitatem ceteros revocare licet. Quo posito
habentur aequationes: . ] ,
¢ —e®— ¢ —¢, 5 PIOJEPY S
Adiicere placet, duos priores casus articuli (4.) in his supposxtnombus modo
propositis  ipsos contmen, ita ut in prlom 1llorum casuum pom possit:

Vy==U, =Ty, vz_va__.rz, A.—a, C—ﬁc,
g=g==1,"" gf=—g=71,

atque in postenon , prout. superiora-vel inferiora signa ibi valent:~
' 0—51—+1 | 62——63=+1

Signa enim
e, ?, se@), e,
quibus " signa: et )
&y &1y E1y &
. aequalia sunt, congruuni respective cum signis ipsorum: . .
. . ’ . ]
=Ny Ny Ty e Ty : -
id quod in art. 4. demonstravimus. Quae cum ‘ia sint, emanant haec duo
theoremata. .» R SRR
o -‘Theorema I '

" &y ady e, ddy
/| Vi) *f. Yy = %

l""eoa’yd) / g ayd_y .
| “van V- )

Crelle’s Journal f d M. Bd XXIX. Heft 4, 39

., Si, posito:



306 13, Richelot, de functionibus Abelianis.

»ubi @ et a’ quantitates constantes quaelibet sunt, limites superiores v, et v,

ssconsiderantur ut functiones a‘rgum%entorum u et u’/, et brevitatis gratia haec

,»denotatio adhibetur . '
(my—vy) (M, — ) = M(u, u'),

»ipso % quemlibet numerorum 1, 2, 3, 4, 5, 6 denotante, nec non ponitur:

g, @ ’dy ¢, a &G a'yrdy p
/ (/Iy) +/ (Ay) = QEz(“r:(u)b ;

Yo 3°(I)yd}/ 262(1)},‘!1—_. ,
(a—)’)’/(d}’) +/ (e—y)V(dy) RG (u,u’),

ubi @'’ et o uantltates constantes uaelibet, et &y functio rationalis ipsius
” q q ’ Y psius y
pintegra est, si deinde argumenta » et u’, pro v,==m; et v,— m, transeunt
,»in valores M et M’, ita ut habeantur aequationes:

"™ &, ady ™eady .
an- ¥ Sy =

e aydy [T daydy ?
/. V(Ay) ) Yy M,
M(M,M’) = ,i , M(M’ M) = 0,
»hae formulae memorabiles habentur, ex antecedentibus sponte prodeuntes:
Ao (v, ) . Aoy (M—ve, M'—u") (m5—my )(mg—my) (Mg —m; )(g—1m,)
ths (wyu’). As (M—u, M'~u’) 2 (my—my )(ns—my )(ms—m; )(1ms—m,)
. p 1oy = (e V(A vy) (m—v,) & V(4v,)(m,—v N2 (my—m,)(mg—m,)
A, (1 u'). 3, (M, M) ’ { (ms—":)(mo“”o) (mu"'vz)(me—vz)} - (Vo—1,)?
. . £, V(dv,) &, V(4v,) 1
H e — e T
E,(u,v')+ E,(M—u, M'—u')— E,(M,M') =
(m'o 1)(’”0'”"2)(’”6‘""3)(’"0"””4 N (“sul)lx(M"“,M/‘“'))_s '/(ls(":“l)z's(M"“’M"“’))}
(m,-ml) Ag(u,u')hq( M"“sM"‘“') mq—m, Js—m, ? (mg—my) (m,—ms) /'
G (u, ’)—[—G’(M—u,M’—u')-——G(M My =
Dz VO (z-A)(z-m,)(z-m;) VG (a-A)(a-m)(a-m;)
‘“La-zm-dz) arc lang Y(—=dz) ] Ve )
»ubi ponitur:

arctang

arc tang (

1 '/[(m'"'ml)(mﬁ'mz)(mo‘ﬁs)wo‘m;)] (A (e, w) R (M=1e, M’~0') P
N my=m, " . V(Ag (uy1e') Ay (M-v,M'—u')) ‘ { bol/( (mo-ml)(ms_ml) ("'—7”3)

,_82‘/( Q(u,u)i. (M-u, M'-w’) (2= n1)} »

, ,(mo"ms) (mg-mg)
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- Theorema IIL
»,lisdem denotationibus adhibitis, nec non brevitatis gratia posito "

e = [o-ay/(2m)] [e-beo V()] [ (2o2e)] [oes (2]

»ubi signa &, & conditioni w(l) > w(—1) satisfaciunt: habentur relationes
,,memorabiles :

VWGM, M) y2 (me—ms)
YA (RM,EM)] 2 2 (me—m) ;f(“""‘-'"-ﬂmw—m.)(m...—msxms——m‘))

(mg—m,)(mg—m,) (mg—mg)(mg—m,)

Y[ (3M, )] f%**m’l/. (__54/(," “m, ) |
YA GMEM)] —: (mo—'-ms)]/ [’;"(’*’ 521/ m,-m,

.

AGHAM] e | (+..s(,1/ m.,—m))\

E e L =)
1 | Yl (1) +p(—1)1,

: QB (Y M, 5 My Ey (M, M*)
V[(mo”’m'l)(m’a 2)("’5—’”3)(”" _mt)] w(i)—w(_i)

(m‘ — )t 2
QG(,M,,M“)——G(M M)

_ (®(z)  arctang x(z) D@
- [(a'—z) . }/(—Az) S ;/( da )alc tang x (),

,»ubi ponitur:

= arc tang

1(%)=

V[(ms"”n)(mo‘mt)(m ‘m&)(mo"ma)]( ‘mn) ( __’ thy) (V ::::e ]/(;:::o
V(—4%) s '?'o’m . 5‘ ]/(;L:_:%

Ceteros casus §i.4.. s1m'hter ad formulas in articulo praecedenti expo-
sitas, quamquam in promplu esi "alio tamen loco una cum smnh mterpretatlone
apalytiea apphchre vehmus,- — ‘ '

)

Si in utroque theoremate antecedente loco quantntatum a, a, a" poni-
tur ymg, atque loco funchoms sﬁ(z)n vel ]lmﬁ(a—z) &, (%), vel Ymg Dy(2),
ubi &b,(2) et qbg(z) 1ngus z functlones rationales integrae sunt, illa ordinis
tertii, haec ordinis secundi, prb - valore ipsius m, in infinitum abeunte, haec
39 *
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de tribus functionum Abelianarum pr1m1 ordinis generibus theoremata
emanant. :

Theorema III
,»Si denotatio introducitur haec:
(y —my) (y —mo) (y — ms) (y — my) (y —m;) = Dy,

Vo 50 dy il__dy_ — u

V(DJ’) ViDy) — =7

e ydy f 2y dy g

Yoy T Sy =
,atque limites v,, v, considerantur ut functiones argumentorum w, u’ tales, ut

,»generaliter ponatur:

H(m, — vy) (M —vy) = A&, (u, W),

N @ K P, (ndy o, @, (dy . ‘
4 Ty +/ oy = B,
P (nNdy te, Dy(Ndy G ,
f @—)VDy) "‘/ ey — €%
»ubi per x quilibet numerorum l, 2y ....3, et per D,(y), P,(y) functio-
,,nes integrae rationales illa tertii, haec secundi ordinis designantur, habentur

., aequaliones: ‘
Astu, ') Ay (M—u, M'—u') = (m;— m,) (ms m,) (m,— ms) (m;— m,),
A, () A (M—u, M'—u') — (vzfv':’); {:n”*“_':* y(Dvy)— e — (D w) w,

Ew,u)EM—u,M'—u)— EM, M)
D ()3
= +[% e+ 255

Cw )4 6 (M, Mi— ) — G, My = 22 ¥y v lang (Y (—1) 7)

1 D, () 1—zxa
2 Yy Dea) lo (1+za)
,,ubl quanhtates M M f xz determmantur aequahomlms

VT "50 dJ’ €9 d}' —_ éﬂyd}’ ___ : 4

J Vi +/_ vy =) 1z +/ Yoy, = M
' ‘ ’ A (M —u, M—
1(29 L +m == 77)"‘)§*o(z*f'ﬂs)}/ }. (u u?mf—mu,‘ u))

SRR HETHIFRR TR )"—Gg(z_m )1/( (u,uﬂz (M—-u,M’—n’)z_,?.

SV g —mg

) oy .
[ " :h!';«l:,. iy [ ] R
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Theorema IV.
,,lisdem denotationibus adhibitis, nec non brevitatis gratia posito:
(z—& Y (ms—my)) (z-+ &y (ms—ma)) (248 (ms—m3)) (2 —& Y (m—m,)) = y(2),
. ubi signa &, & conditioni
| w(1) > p(—1)
,,satisfaciunt, valores functionum A(w,u’), E(u,u’), G(y,u’), pro u=tM,
» %' =4 M dantur his formulis:
LGM, M) = y{(m; —my)(m; —m,) (m; — ms) (m —my)}.
MEM, 3 M) = Yy (—&y(m;—my)),
LEM,EM) = Ly (ay(ms—ms),
LEM, M) = ty(ay(m—m,)),
LWGM, (M) = y(—ey(ms—my)),

QE(%M,_%M’)‘—E(M_,M’) = |5 @+ .-

WEEAM, (M) —-GM, M) — - 21())) arc tang (y(—1) x(a))
_ 1 O,ca 1—x(e)

= T T Ve 8T @’

,,ubi ponitur:

gz — G=me) (P Ve m )~y (Ve =mg),
V(—Dz) 2y (z—my) ?

,»ita ut exempli gratia, si quantitas 2 quantitatem m; superat, habeatur:

72 = el e me—m,) — y(me—m.)) — e (Y (mo—m) — y (me—m.))}
Z—m, ( & N &
T YD) \Ymy—m,)  V(m;—m,) .
= + V(m :_2_ m‘ )) Y (ms—m,)(ms—m, ) (ms—m;)(ms—m,).

“V(ms""ms )

6. S
In sequentibus easdem disquisitiones de integralibus atque functionibus
Abelianis generalis cuiuslibet ordinis instituturi, rursus initium.facere velimus
a problematis algebraici solutione. Quod problema generale hoc est:
Si quantltates datae m,, m,, .... m,, 42 tales sunt, ut differentiae m, —m,,
my—my, . ... m2,,+2~—m2,,+1, positivis valoribus 'gaudeant, -quantitates
€, @y Gy, Gy, . ... U, _,, ita sunt. determinandae, ut expressio:’
1. c(z-—a) (—a). (zwa,,_g)?(z m2n+2)(z—m,,,“)
*f (z — m2n> (z —Mypy) e (B — ml) 9
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functionis integrae determinandae

2. }/(1—}-c)(z——w)(z~—.z-2)(z—m4) e (B—Dyn),
quadratum fiat. '
Quod ad solvendum brevitatis gratia in_troducantur signa haec:
[(®) = (g—m)(z—m).... (3—m,,),
3. o(%) (g—a)(z—ay) .... (—a,_,),
P2) = (2—x) (F—&2) ... (T—&s0)s
ita ut habeatur aequatio identica:
4. c(0(2)(x — M) (8 — My n) (%) = (1+-0)(9(2))"
In cuius utroque termino earundem ipsius & potestatum coéfficientes comparando,
2n prodeunt aequationes inter 27 quantitates:
Cy @y Ay tyy oo Byny Ly Tyyooon Tonae
Unde docemur probléma propositum esse determinatum. Et adeo facillime de-

|

monstratur, quantitatem 1ic éequé ac omnes functionum ¢ (2) et g(2) coéffi-

cientes per radicem aequationis 2°"~'ti gradus rationaliter exprimi, cuius coéffi-
cientes functiones rationales quantitatum m, , m,, .... m,,, sunt; ita ut quantitates
a, a,.... a,_,radices aequationis simili natura gaudentis (n—1)2**~*ti gradus, et
quantitates @, x,, .... &,_, radices fiant aequationis similis n.2*~'ti gradus.

Nimirum in gequatione (4.} peosite 2 ==, , ubi % quemlibet demotat nu-
merorum 1, 2, .... 2n, prodeunt 2n aequationes formae:

5. (Marsa—mg) Mangs— ) (o (mp)) — (1) (g (my)y = 0

unde ceteras 2n— 1 coéfficientes rationaliter exprimere licet per ———11'0. Ex
2n aequationibus vero, ex aequationibus (5.) emanantibus, formae:

6. (L) pm) = (s —ms) oy —'m)) (o)

sive per eliminationem, sent pot’ms advocalo theoremate rwtrssnmo 1lfustnss1mn
Cuxchy, quo functio: : T
- l/(1+o Py ' b
' e®)

ex, 2n, lpsms valoribus, pro, totidem: xps}us = valoribus, determmatur, et quan-

titatis 1/(1—1:-) ot ceterarum 2m—1 eodfficietitium expressiones, 2n radicalia
1+4¢

involventes, prodeunt. Iam ipsius — expressio inde deducla, radicalium signa
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quomodocunque assumendo, nonnisi 2**~! valores diversos induens, aequationis
2*"=!ti gradus radix est, cuius aequationis coéfficientes radicalia non involvunt.
Simili natura ceterae coéfficientes gaudent, et adeo, quippe quae rationaliter

per ﬁ%’—‘: exprimuntur, ut functiones rationales radicis eiusdem illius aequationis

2>"='ti gradus determinantur.

Solutione problematis propositi, quae ex antecedentibus deducitur, for-
mulas perlongas atque impeditas suppeditante, e quibus de ipsius natura iudi-
cium repeti nequit, eas in alias elegantiores transmulare iuvat, quas sequenti
brevi methodo adipiscimur.

Denotationibus:
m —_3 Mo 41 —~m,
7. 2n+1—2% — ’U2, n4-1 h —_ ,'7’21,
mep42—3 M2pyp2—Mmp

introductis, pro quolibet quantitatis y° valore formulae habentur:

v? (mony2 —y)— (Manp1—y)

8. g—y = e >
9 (g2 —y) —(Man 1 —y)
T mp—y == ,7'2._1 9
10, 1—n = Denpe”Moni
’ h " Mgnys — mp

Ibi loco ipsius y quantitatem @ et omnes quantitates m substituendo, functio-
nes ¢(2), ¢ (=) et aequatio (4.) in has formas transmutantur:

11. o) =
{(mq,.+g~a)v’—(mq,.+,-a)}{(mg,.+2-a,)v —(mani1= @, )} {(M2nr2 = Bn2)V? —(M2n 41~ Gn—2)}
(v -ty | ’
12. ¢(®) =
{(man 12 --Z')v’-—(mzn+1-$)}{(mzn+z ~Z W2 —(Mn 1= g )} oo (Mg 2= T20-2) V3 — (M2 1~ X20-2)} ,
(vr—1)"

13. V' (flmnyq)) 1P(v) Y(~v) =
ubi brevitatis gratia ponitur:
V=y/¢(my, 2=, . JV{(t, . :— @YV —(M3 . x—@)}{ (M0 ,—B)V*~(1M2, 1 1—@))}...
{(m2u+2_'an—2)v —(Mapyy— a;._o)} .
U= ]/( 1 +0) {(mz,.p —) v— (m2n+l_w)} {m2n +2"“1'2) v— (m2n+1"‘1'2)}
' . {(m2n+2-w2n—2)v (M, 1— -71'2"_2)} ’

Y) = (v+m)(v+m)- SNCRR I

14.
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Hinc facile concluditur functiones U ét V his formis gaudere :
15, U= q¥Q3¥0 y 5 v0=—v(zY)

Quantitas constans ¢,, simul' cum ipso ¢ atque valoribus ©(my12), @ (Mynyy),
o(my), @(Mania)y @(Myyr), @(my) determinatur ponendo in utroque formu-
larum (11.) termino:

2 ___ 2
vi=m.

v—-‘—i V= 00 v—:l
“'._‘)' - b '—w)

Inde enim prodeunt formulae:

_ o y)—y(=1)
Ve T2 " (many2— mang)"’
- _ ¢ YWty
1. (. ]/(1+c) h— 2 (m2n+2"m2n+1)n 9

I T P e w2

18- 9 (m2n+2) = }/c ’ Map2 — M2n41 ’

16.

19, glm) = 7

. n=1C1 MiNge--- i ]
20, o(my) = (=)', ———mzm_mwjm T T

1. p(mynq) = <_l)nm‘_i'fz)"’h"]2-» <o N2ny

_ et €1 (Manga—mp)""t  (4(o)
22. o(m) = ( 1 2y¢ " (Meny2—Manyr)" ( nhh )’

Formulae (16.) et (17.), advocata formula (10.), suppeditant hunc ipsius ¢?
valorem: :

0: = (m2"+2——m1)(m2,,+1'—"m2)- . '(m2n+2—m2n) = f(m2n+ﬁ)
nec non formula (17.) docet, quia quantitates 77, unitate minores sunt, ipsum ¢,
esse positivum; quibus collatis hae denique emanant formulae elegantes, ad
determinationem ipsius ¢ atque functionum ¢z et ¢ utiles: -

24. ¢ }/(f (Man12))5
_ V() p()—p(—1)
2. ‘/l: : 2 + " (Mant2—mangr) °

26. Y1 4¢) = V(f(man+z)) (1) +yp(—1)

2 (m2n+2 - Wn+l)
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2nt2 — Man n—1
7. () = 2. (;; "'(j‘,)) {mtmte o mas

n— n42—Man n—1 1 1
2. plmyy )= (—1y 2B o o e

[ =

772?1} ’

1) —yp(-1)
c gyt (man+z—mh)" b ()
- elm) =D e
9. (manqo — Moy 1)?

() Fw(—1) °

—(—1)' 2 (m2n+2~—mm:+1)"
31. ([)(m2n+1)——( 1) 'P(1)+'4’( 1) M2 « Tan o

B2 gm) = (—ty Uiy,

Tam formulas (29.) et (32.) ex aequatione (4.) adhuc alio modo deducere
placet, nimirum systema peculiare aequationum linearium resolvendo. Aequatio
enim (6.) inde deducta, denotatione (7.) adhibita, in hanc abit:
_ 1+4e¢ @ (m3)
33.  o(m) = +)/(1L°)

" np (Many2 — my) °

30. @ (many2) =

ubi radicalium 7, signa talia assumantur, ut pro omnibus ipsius % valoribus
aut superius aut inferius signum valeat.

Sint n quantitates e numero 27 quantitatum
My, Mgy .« o oo My,
ex arbitrio electae:
bn bzv s b,,,
ceteraeque:
Ciy €y .o .. €,
atque denotentur generaliter expressioneS'

m2n+1 et m2n+l

nm+z —b ma,.+z — cz
per 3, et ¥;, ubi numerorum 1, 2, .... n quilibet designantur per x et i
Tam si in aequationibus identicis:

o _ s, 00) 1 P __ v Pb2) 1
S (65} 2 ) i=h° TFTa — !1TF '

ubi ponitur:
35- F(z) —_ (2-—-51)(2:—-52)....(2-—-6,,),

substituitur, & =¢;, formulae (33.) ope prodeunt aequationes:
Crelle’s Journal f. d. M. Bd. XXIX. Heft4. 40
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9@ _ Z,7 mu—a glb) 1
Fl(cl) o 1 ﬁx.mn-&—bx.F‘(bg)‘Cl—'b,’

o) Q) 1
P — ' TY PR b
quarum differentia, formula (10.) et sequentibus, quae inde derivantur

Many2—CL 1’_ﬂ: m2n+2-—b,‘¢ . 1 _7;
m2n+2—b,¢ — 1"—}’;, c1—by o ﬂ:—}'; ’
adhibitis, suppeditatur haec aequatio, pro A=1, A=2, .... A=mn valens:
ntg
0 = 1+2” ﬂx (P(b“)

L Vit Bx  (manja—by,) F/(b,)°
Quae cum ita sint, posito generaliter brevitatis gratia:

36- %, = ("’I/)n+2 —_ br) F (bx) ?

determinationem ipsius @&, reductam invenis ad resolutionem huius aequatio-
num linearium systematis:

71+B1_l 71"‘% 71+!§1:

0= 1+ 7116, zl_}— 71162 z2+ }_ 7116 Fn
oLt rtz nts

3%7. - ——l+mzl+mzz+..'.+}’,+ﬂn Lo
0— mt g mtg mtg

1 _I_mrzl+mz2+....+ 7’n+ﬂn 2.

Quae hoc modo instituitur. E systemate ipso sponte prodit expressionem:

1 1 1
z+3: IZ;-'—E 23+E
1+Z+ﬂ.z‘+z+ﬂz z2+""+z—|-p’n 2,
evanescere, pro: =1y, 2=, .... == ¥,, atque in infinitum
abire , pro: z:.—_—ﬁl’, B=—hy.... =—p3,, unde concludis ipsam

identicam ‘esse cum expressione:

. @E—=2)y—74) ... G—pn)
= Utatnt T2 T Th) . G T A

Utraque ipsius forma in fractiones simplices genuinas dissoluta, numeratores
denominatoris 2--/3, comparando nanciscimur formulam:

Ry
I T R
ot BB r) Bty Bit)
1— 2" (Br—Bx+1)(Bx — Brt2) e oo (Bax—P0n) (Bx — B2=1) (Bx—fr—2) a.. (8. —6,) °

-
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quae numeratore denominatoreque per:

(ﬁn—l’ ﬁx+1) (ﬂx +ﬂx+2) cee (ﬂx ’I"ﬂx-?) (ﬂx +ﬂx—l) e
multiplicatis, denotationeque
x(®) = (5—P)E—B)....(2—B7),
v(2) = +B)(E+B) .- F+B)E+7)E@+7) - (&7,

adhibita in hanc abit:

38, — Z — 1 Y@) 1
142,42+ 2n T‘Zl(ﬂ:) 146"

Si loco ipsius = hic ponitur ex ordine: 1, 2, .... n, atque expressiones inde
prodeuntes inter se et cum unitate additione coniunguntur,‘ habetur haec formula:

t — v, 1
39. 1+zx+za+“"+z" o 1+ 2 '(ﬂ’) 1—52

Iam vero expressione:

'i" W(z)"‘w(—z)
(2*—g)(z2—B3) ... (3*—fn)

in fractiones simplices resoluta, ac deinde posito z=1, patet fore:

1136 1yt

L 2B 1= z(1) ’
qua aequatione cum formulis (38.) et (39.) collata, emanat valor ipsius = quaesitus:
— z(1) YBe) 1
B 7 (V= = R 7 M B
Inde, revocato ipsius 2, valore (36.), ope formulae e (10.) derivatae:
1—4 — __ Many2—b,
19I ﬂ; bx’—bh ?

deducitur valor ipsius ¢b, cum ipso (32.) congruens

1 gb) = (—1y oy (s,)

¢(1)+¢( —1
Tam e formulis (33.) et (36.) sequitur haec:
49. P(b ) —l/ 1+
quae in aequatione identica:
o(b,)
> iy =1

introducta, formula (40.) advocata, hanc suppeditat:
i4-e z(1) Y (Bx) 1 1.
13. ]/( ¢ )W(i)'l'#’(—-i)? ( "(B2) ﬂx(l——ﬂ’)) +
40 *
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Expressione vero hac:
Y(2)—p(—3)
(@ =B —48) . ... (3> — )

in fractiones simplices resoluta, positoque = =1, prodit aequatio identica:

p(1)— (1) =, Y6 1

(=g —4)....(1—F) L 2(Bn) B(1—=52)°
cuius ope formula (43.) in hanc abit:
1+ec — w1 —1

w ) - gty
Hanc ob rem, si radicalia B,y ., .... Bus Yis Y2y -+ ¥n quae cum radi-
calibus #,, 7,,".... 7, congruunt, talia sunt, ut differentia w(1)—y(—1)
positivo valore gaudeat, in aequationibus (44.) et (33.) inferius signum eligen-
dum est, unde emanant formulae cum ipsis (25.), (26.) et (29.) congruentes.

Quia ad functionis ¢ (2) determinationem n, functionis ¢ (2) autem n--1
ipsarum valores pro datis ipsius = valoribus sufficiunt, e systemate formula-
rum (27.), . ... (32.) permultas harum functionum formas componere licet.
Quarum nonnisi principales hic proponere placet.

E formulis (11.), (12.), (14.), (15.) sponte prodeunt hae formae:
€y 1 Y)—y(—v)

2ye “magpa—mansr v(v3—1)"—1 07
& Y()+y(—v)
9(2) = 2/(1+¢)"  (@ri—1p

quae ope formularum (7.), (24.), (25.), (22.) in has abeunt:

o) =

45. o(2) =
-1)"12 -1 n-2
Q/)(L(l)-)-'l/}(fl) :<m°"+1 —2)"'C +(m2n+1"'z) (1”2n+2—z)03+ +('n2n+2—'2) Gy :
46. ¢(2) =

('1)"2 n n— n :
(1) Fy(-1)° {(7n2,,+1—-z) + (M1 —2)" (Mo 2—2) Co .. - (200 — 2) Cens,

ubi uniones, biniones, terniones etc. elementorum:

Ny M2y oo oo Tany
sine repetitione respective denotantur per:

CQ, C;, « o
Deinde ex aequationibus ldentlcxs (84.), formulis (29) et (32.) adhibitis has
earundem functionum formas derivamus:
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_ it FR) L w8 (map—b)t
0@ = 0 ey (Fre eh )

- (—=1) W(ﬁx) (M2np2— )"
¢(2) = F(=) {“F 1)+¢(_1)? (F'(b,‘) z— by )}
Quibus collatis patet quantitates @, «,, @, .... @,_, dari ut radlces aequatio-

nis (n —1)ti gradus hac forma indutae:

'/’{ mf2n+l“_z}__w{_ Mo g1 — } = 0,

ment2—>3 M2ang2 — 32

47.

sive eliam hac:

BV by g,

B.F (b,) z—b,
nec non quantitates x, &»,.... Za,., ut radices aequationis nti gradus, quae hac forma:
Man 41 Mony1—3)
¥ ngzn.;-z—-Z { m2n+2—z§ - 0’
sive hac: ‘
n ” 2n "‘bx "

WD)+ p(— D4 (— 13 Fi0 Gemnbl o,

gaudet.
7.

Iam transeamus ad naturam radicum:
a, @, . ... @_,,
Ly oy o o v o Lopgy
propius investigandam. Primum ex 2n aequationibus formae (6,) statim con-
cluditur, et ipsum ¢ et functionum @(2) et ¢(2) coéfficientes omnes reales
esse, quippe quod etiam formulis (45.) et (46.) comprobatur. Hanc ob cau-
sam nulla radicum @, «,, ..... a,_,, imaginaria esse potest, nisi alteram secum
fert sibi coniugatam; eademque natura gaudebunt radices: «, @, .... T2,.
Formula (26.) vero docet quantitatem ¢ adeo esse posilivam, id quod
etiam directe ex aequationibus formae (6.) concluditur. Quam ob causam, nec
ulla radicum:
T, Tyy oov. Toay
in ullo intervallorum:
—O. . My, My My My Mgy . Mgy Mgpygy Mppg ... O
continetur , quippe in quorum intervallorum aliquo versante %, aequationis (4.)
prior terminus positivo valore gaudet, "hancque ob causam evanescere nequit;

" nec ulla quantitatum:
a’ (ll, aQ, ....Aan..gg
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in ullo reliquorum intervallorum:

m....m,, ms.

oMy, ..

1n2n+1 e e 1n2n+2’

jacebit; in eiusmodi enim loco versante 2, prior aequationis (4.) pars negativo,
posterior positivo valore indueretur, id quod absurdum est.

Radicalia deinde:

Ms Ty
ob formulam (26.), conditioni:

MNan o

(A4m)(A4m) ..o (14m,) = (A=) (1—7n) . .. . (1= 7).
satisfaciant necesse est, unde sequitur, tantum 2*"~' systemata diversa signorum
horum radicalium assumi posse, totidlemque inde prodire et quantitatis ¢ et
functionum ¢ (2), ¢(2) expressiones diversas, de quibus in articulo praece-

denti sermo fuit. — Formulae denique (27.), .... (32.), quia fractio (171‘)2,

n;

si habetur x <74, unitatem haud aequat, docent expressiones binas:

0 (Many2)
(—1) " o(mappy)

(—1)"" o (my,)
(—1)""o(mz—y)
49, e e e
(—1)"o(my)
(— 1) o (myy—y)

(—1)y""o(my)
\(—1)"" ¢ (m,)
(- @ (7"2n+2)
(—1) (M2 1)
(—1)" ¢(m,,)
(—1)" ¢ (my,_y)
(— l)n ' (m2n—2)
50. Ce e
(—1) ¢ (my,_y)
(—1)" o (my,)

(—1yp@m)
| (—1) g m)

atque

IR R Y
1 1 1

7]1172"' '772n{n'—'l+n—2'+....+;7;; D)
Nitfa e oo e Non—y g
MmN2e oo e Nop—yy

NiTa oo Nahiy
N2 oo v Napeys
M1y
Myy

1, .

NiTaeoeNany

MM2eeeeNoyy

N2« Tapy

M2 e oo Nopny

M2 oo Mop—2s

M2« oo Napzy

M2y
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simul positivo vel negativo valore gaudere. Inde ducimur ad hanc distributio-
nem 2*~' casuum, quorum supra mentionem fecimus; nimirum si valores pro-
ductorum singulorum

51, MMy MMy - o o o Tana Tons -
quomodocunque vel positivi vel negativi assumuntur, inde 2" casus diversi pro-
deunt; si deinde in his singulis casibus.signa valorum produciorum:

52.  MMsy MMsy - - o - MiThar
quomodocunque assumuntur, pro singulis 2"~' suppositiones emanant.

E numero 2" casuum tales secernere placet, in quibus radices
93. x, 3, . ... Ty,

non modo semper reales sunt, sed adhuc singulae in singulis # horum n-- 1
intervallorum:

54. My....Myy Mz....¢0, . ... Wyyygeo-eMy o,
continentur, qui casus numero n-}-1 e serie (50.) facile desumuntur. Pro-
ducta enim seriei (51.) vel omnia negativos valores habent, in quo casu primo
radices (53.) singulae continentur in singulis # primis intervallorum (54.); vel
omnia uno excepto negativis valoribus gaudent, unde n reliqui casus prodeunt
tales, ut, generaliter in xto casu, ubi productum 7, ;7,_, illud unum positi-
vum est, radices (53.) singulae in n intervallis (54.), intervallo m,, 5.... My
exceplo, contineantur. Adiiciatur in casu primo quantitatum @, a@,, @, .... @, >
numerum parem vel imparem contineri in quocunque intervallo

My, oo Moy,
prout productum 7,,_;%,,,, negativo vel positivo valore gaudeat, idemque fieri
in casu xto, excepto intervallo m,, _,....m,,_,, in quo par vel impar numerus
earundem quantitatum iacebit prout productum :
. ) Nag—3 Mo

positivo vel negativo valore gaudebit.

Maiori tamen attentione digna videtur regula simplex, secundum quam
iudicare licet de signis quantitatum:

e(my), o(my), . ... @(y_y)....0(mMy,_,),
quae cum signis ipsarum:

o(my), o(my), . ... o(my)......0(my,),
convenire, e serie (49.), nec non cum signis quantitatum:

o(@), o(®@)y - .. @(Ty). ... 0(L2n2)s
ex considerationibus huius articuli sponte patet. Quam regulam in sequentibus
adhibebimus. Nimirum ex eadem serie (49.) concludere licet, signa illarum
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quantitatum in primo casu congruere cum signis quantitatum:

(=1 (=10 0 (‘—1)"-]'7]27:—17 SRR Nan—19
in secundo casu, cum signis quantitatum:
(_'1)"'—17713y (=1 sy e (=) gy e =Ty
in tertio casu cum signis quantitatum:
Dy (1), (1), .. (=" yy oo oo =Tty

nec non generaliter in xto casu signa binarum quantitatum:
0 (Myyons)y (=1 s
inter se congruere, aeque ac signa quantitatum binarum:
0(Mayiom_1)y (— 1)"'-2_}[“772”211_1 9
ubi littera x» designatur numerus quilibet integer unitate maior, numerum 7n--1
haud superans, atque per 4 quilibet numerorum:
0, 1,2, .o x—2,
nec non per H quilibet numerorum:
0,1,2,.... (n—zx)
denotatur.

Haec de natura radicum duplicium aequationis formae:
c{(z-a)z-ay)....(2=@, o} (2=My, ) By, 1) + (F=10,)(R=My). . . . (R=13,) = O
atque de quantitatibus ¢, «, a,, .... a,, attulisse sufficiat. Qua forma bre-

vitatis gratia denotata per:

2n+42, 2n4-1) = 0,
similique denotatione, si in priori aequationis termino factores (2 —m,,,.) atque
(8 — my,,,) cum aliis duobus quibuslibet e numero 2n factorum:

(2 —_— ml), (2’——- MQ)’ « e v e (z -——ﬂlg,,),
commutantur, adhibita, (2n-1) formas:
n+1,2n)=0, (2n,2n—1)=0, .... (2,1)=0, (1,2n+}+2)=0,

quae et ipsae similibus supposilionibus ad n reales radices duplices ducunt, ope
substitutionis :

n—zg
Z=rw=

ubi quantitas m respective conditionibus:
m2u+2>m;mzn+n m2n+1>mgm2n+29 . "‘2>m_2__m17
satisfacit, nec non habetur:
p(n—m) > Q,
ad illam formam (2n--2, 2n-}-1)=0, pro argumento Z revocare licet. Ce-
terarum vero omnium formarum naturam indagare hic non placet, quippe quae
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realem problematis algebraici solutionem haud admittunt. Facile enim demonstra-
tur, has formas, pro realibus ipsius ¢ et coéfficientium functionis ¢ (2) valoribus,
radicibus binis inter se aequalibus neutiquam gaudere posse.

8. _ ,
Problematis algebraici solutio in antecedentibus: exposita ut adhibeatur
in theoria integralium Abelianorum (n—1)ti ordinis, generaliores quasdam -de
his integralibus, quas adhuc pro theorematis Abeliani applicationibus habere licet,
propositiones hic peculiari methodo deducere velimus ex aequatione identica:
55.  C(P(2))(z —Mypya) (T — Monyn) (%) = (14 C)n(2) (),

ubi ponitur:

(z—my)(2—my) ....(8—m,,) = f(2),
e, ) @E—A)(E—4)....(z—4,) = P(2),
' . _:.yl)(z—y‘z)....(z-—y,,) = 7(%),

=Y)—-YY,)....—Y,) =IZ)),
ita ut quantitates: . - ;
| 57. %1y Yoy cevr ¥Yuy Yiy Yoo ool X,
radices sint aequationis 2mnti gradus:

58. C(P(2)*(2—Mypy2) (8 — Mo pn)+ f(2) =

Deinde per signa '

e, €,....¢,, E,E,...E,
tales positivae vel negativae denotentur unitates ut, littera » de51gnante quem-

libet numerorum 1, 2, .... m, generales habeantur formulae :
e, ¥(dy»)

59 }/C P(y») (m2 +2—7) (Mangp1—y») °
VC p( Yv) —_— E }/(JY,,)

(mani2—Y,) (M2 1—Y,)°
ubi brevitatis gratia ponitur: '
A% = —(F—m)(FT—Mmy) .. .. (F—Mijys).

Ex aequatione (55.) tria placet derivare systemata formularum. Primum enim
ibi posito: z=4A4,, T=my,,, =My ubi littera ,u‘ quemlibet numero-
rum 1, 2, .... n—1 denotat, prodeunt formulae numero n+1 hae:

60. f(4,) = (1+C)n(4,)II(4,),
61. f (mzn+2) = (1 ’I‘C) ﬂ(m2n+2> 7 (m2n+2)a
62. f(m2n+l) = 3(1.+C),“.(m2n+1) H(r’l'nhq-l) \

Crelle’s Journal f. d. M. Bd. XXIX. Heft 4, 41
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Deinde utriusque ipsius termini logarithmos, ipso = ut variabili assumto, dif-
ferentiando, positoque 2 ==A4,, emanant hae n—1 aequationes:
1 1 -1 < 1 1
0 gt gt o = 2 (Gt

Fiusdem denique aequationis et aequationum (60.), (61.), (62.) utramque partem
logarithmice differentiando, quantitatibus C, A,y Ay ... Ayy Y1y Y25 oo o Yy
Y,, Y,, .... ¥, pro variabilibus assumtis, si adhibetur aequatio (63.), nan-
ciscimur has s} 2 formulas differentiales: ‘

. C(Pz)?(z—mhny2)? (3—mhnt)?\ __ dC o (47 dY,
64. dlog (1— E )—1+(;‘“2 (z—-y,Jr?:r“)’

v

65. 1‘_’;} = ((Aj_yy)Jr Adfy )
66. I%_CC = %’ (mz"zfv_y,+m"ij—ﬁ)
67. T‘f{’,—; = 2 (mznilyf_,frmanif—r'y)'
Inde, eliminatione ipsius % facta, ducimur ad has n-} | aequationes:
dlog(l __ C(P2)? (z—m»;;z)’(z——mwrl)’)
= (4,—%) 2”{ __Ad‘}),zz_y,)—l— Y, /ﬁ{(z— v);’
= (4, -—z)z g dy” _yy)‘l“(y /;l;(z_ )}’
68. 1 - S
= (d,_1— z)2v{(yy_ f_yl;(z__},y) T +—A,._n)(z— ,)}
= (mz,,‘+2—-z)27 {(yy._.m:fi,:)(z——y,) + (Yy—m:'—i) (z—Y, v)z ’

— Y, dyy
Rl d o [ Ve e o1
quibus ex ordine multiplicans -per expressiones:
. -1 : 1
VO P'(4,)(4,—many2) (4, —M2nt1) ' z——Al ’
1 !

VO P(A,) (A, = many) (A — mianrs) 53— Ay °

Vc P (An;l) (An-l b m2n+2) (Ah—l ‘-mz,{..".l) ! XH— An_g 3
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1 1
VY C P(many2) (Mony2— Many1)  Z—manya’
1 1

VO P(many1) (M2np1—Mont2)  Z—mM2ngs’
quorum factorum summa secundum theorema notissimum transit in expressionem:

1
Y C P(3) (3 —Many2) (3—Mant1) °

additioneque instituta, prodit aequatio differentialis:

—d.log 1 — C(P(z)? (Z—mZ.;-2)2 (z'—mznﬂ)’}
}/C P(Z) (Z"_ m2n+2) (Z‘— m2,|+1) =

Env { dy, + dY )
y WO (=7) P(yy) (yy—meng2)(yy—mants) ' VOE=Y,) P(Y,)(Yy—mani2) (¥, —mgn 1)) 0
nec non post facilem reductionem, si in singulis secundae partis terminis e sin-
gulis aequationibus (59.) valores ipsius yC substituuntur, respective integratione
facta inde a valoribus

C, A2, A2, .... A2,, y' ydy ..oyl Y3, X3, . ... X2,
qui valores initiales quantitatum variabilium ’

C, 4,, 4,, .... A._yy Y15 Y2y oo+ Yny Y1, Yy ..., Y,

n

sunt, usque ad hos valores finales, haec elegans formula obtinetur:

. s edy _Edy |
69. = g[ G=7dy) +/ (z—y)/(dy)f

Yy

—_— CP —=2n — n
= — }/(—2 77) {arc tang VC P(z) (3 }/('_”_ ;;; (2—m2n 1)
— arclang VO P° (3)(3—man2) (Z——ma,,+1)}’

V(—4%)

ubi ponitur:
P(z) = (s —A) (g —A2)....(x —A2).

In hac formula continentur multae aliae quae per evolutionem secundum descen—

dentes ipsius 2 potestates inde derivantur, nimirum haec:

n Ve, ydy ”E YAdY
70. zv% T +f ~ar)

ubi littera w quilibet numerorum 0, 1, 2, .. .. n—1 denotatur, atque haec

Pro qualibet quantitate o valens, ubi denotatio pro coéfficiente evolutionis usi-

tata adhibetur, nec non @ (2) designat functionem integram ipsius = quamlibet
41 *

= 0,
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e, D(y)dy E, D(y)dy —
*/‘ (r—a)V(dy) +-/ (y——a)y/ (4y)
. = Y C(P(3)) (z=many2) (3~m2n1) ¥ C° (P°(2)) (3-many2) (3=M2ni1)
2[(z_a) V49 {arc tang V-d%) —arc tang VEd2) }]z_x
2 72 {arotang POEEE o) g Y0P D).
Aequationis (55.) forma falis est, ut #m relationes algebraicae inter 27
ipsius radices valeant, unde patet, n valores Y,, ¥,, .... ¥, algebraice eos—
que ut radices aequationis nti gradus determinari ex quantitatibus y,, y», . ... ¥a-
Quam determinationem, una cum computatione signorum E.E, ... E,
atque quantitatum in formulis integralibus involutarum C' et P(2), hoc modo
instituere placet.

E formulis (59.) sequitur haec: :
€y V(A)’v) 1 1 .
2. ‘/C P(z) - ﬂ(z) 2 ((m*?. nt2—Yy) (Mant1 —y) )’v) z —‘}'r)
unde cum ex aequatione (55.) posno % = my,, derivetur haec:
73, C(P(my)) (Moo —my) (Mo, —my) = (CH 1)n(my). II(my),
deducuntur hae relationes:

(Hm,,) L

" <:H(m2,,+1) _ :%Z_i% ) 2
11 (my,) : (rn2n+z—mh)("‘2n+1“"’h>“(m">{ (Mzn+2—3’f)y(:7/'ind£‘)y ) (yy) m"’i’ ’
(< 1 i1 { > o ;Q_ye:)z/n(ei:)—mn yv}Q

atque, quanlitatibus &,, &,, .... b, ut supra denotationeque (35.) introductis,

haec aequationis, radicibus Y“ Y,, .... Y, gaudentis, forma:
7/(4)7) n ﬂ(by) (mg,,+2——b (m2n+1“"b) e, (d)’,,) 1
5.1 e S —_
_H ) (m'2~+2—3’v)(m-2n+1—’)’v)”}’y} +E 2 (F'b "(Mang2—yy Ym2n1—y) T Yy (be—yy) ﬁ‘br)

‘ ,——-—O.

Signa E,, E,, .... K, deinde computantur ope formulae ex aequationibus
(59.) et (72) derivatae

%6. K, 6 — — ‘ev 1/(4}’ ”) 1
6 * .(m2’f+2 Y.) ('”2"“"1 Y ) 7( Y") 2 (Mani2—yy) Mon1—y) W (,) " ¥ —¥r

‘Iam adhuc aliam formam functionis ]/C. Pz proponere placet, ex omni-

bus radicibus aequationis (55.) compositam atque in formula (71.) substituendam.
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Nimirum valore ipsius 1 C ope formulae (61.) determinato, atque
in aequatione (73.) substituto, emanat haec

1 7t (my). LI (mp) f (m2n2)
7. C P(m;) = +
‘/ () = V(202 — mp) (Man .y —mp) 78 (Man+2) LL(M2n12) }’
unde loco ipsius mj, quantitatibus &,, b,, .... b, , atque loco signorum +1 re-
spective signis: e, e®, .... ™ introductis, haec deducitur formula:

8. yCP(z) =

. o (5, (b, f(mani2)\ 1
F&) 2 (565 vammme = | G T ) 5=5,)

9.
Casum ubi % quantitates datae:
Yis Y2y cove Yao
reales sunt et continentur respective in 7 intervallis:
9., my....my, Mmy....My, ... My_y....My,,
pro fundamentali hic habere placet, quippe in quo quantitatem C positivo valore
gaudere, nec non quantitates:

Y, Y, .... Y, _
reales esse atque in iisdem, singulas in smg'ulls, intervallis contineri, ex aequa-
tione (55.) extemplo concluditur.

Huius enim aequationis pars prior, si quantitas C negativa esset, loco
ipsius & valore radicis, quae in quolibet intervallorum (79.) continetur, sub-
stituto, ut aggregatum duorum terminorum negalivorum evanescere non posset,
eademque parte priori pro & ==m,,_, et pro £ = m,, positivis valoribus gau-
dente, radix y, in intervallo #m,,_,....m,, iacens, alteram in eodem intervallo
secum ferat necesse est.

Deinde patet, quamcunque e numero quantitatum:

4, Au ceen Ay,
quae in quolibet intervallorum (79.) . contineatur, etiam inter radices duas in
eodem intervallo iacentes contineri. . Sit enim hoc intervallum m,,_,....m,,,
atque radicum y,, ¥, minor v,, maior Y,. Iam si quaecunque quantitatum A4
in intervallo m,,_; .... v, vel in intervallo Y, .... m,, contineretur, etiam
radix alia aequationis (55.) in eodem intervallo versaretur, et hanc ob rem haec
ut tertia in intervallo m,,_,....m,, iaceret, id quod fieri nequit. Inde adhuc
sequitur, binas quantitates:

p(mzv—l) et P(v,)
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generaliter simul posilivas vel negativas esse, eademque natura binas quantitates
P(@m,,) e P®X,)
gaudere.
Quae cum ita sint, habetur haec propositio:
Si radices aequationis:
C(z—A) (3—A,)". ... (8—A,1)} (=13, 13)(F—M, 1) - (F—M)) (2—M3) . . .. (S—MMy,,)

=0
ex ordine scriptae:
vy iy vay Loy oot vay Ty
binae in singulis intervallis:
My .Myy My .Myy o o oo Myp_g.... My,

continentur, radices aequationis similis formae:
CO(2—A2 ) (2—A2) ... (2— A1) (8—My, 1) (=M i) + (2—m)(3—M).. . .(2—my,)
= 0,
ex ordine scriptae:
v, 19, vy, T2, .. .. v3, I}
tales functiones quantitatum C°, A°, A°, .... A? sunt, ut quaniitatibus A4°?,
A, .... A2, in certis quibusdam intervallis respective usque ad valores:
A, 4, .... A,_, '
continue progredientibus, nec non ipso C° simul a nihilo usque ad valorem C
apte crescente, ipsae continue pergant:
v ab m, usque ad v,,
T¢ ab m, usque ad Y,,
vy ab m; usque ad v,,
TS ab m, usque ad T,,
. Y3 ab m,, usque ad T,,
nec generaliter signa expressionum formae:
(vy —AY) (v; —A4)).... (v —4;_),
(Y2 —A) (Yo —A42).... (X2 —A2),
interea commutantur, nisi quantitatum A aliqua per aliquem valorum:
My, Myy ... My,
transmigrat.
Hac propositione, cuius demonstratione facili, quippe quam in casu spe-
ciali # =2 antea exposuimus, hic supersedemus, docemur quantitates:
Myy Myy ... MWy,
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in aequationibus integralibus (70.) et (71.) pro valoribus variabilium initialibus
y, ¥, ... Y

assumi posse, ideoque expressionem:

e, & ytdy a'y Gy dy
V(!ly) V(dy)
2)’- may
(ubi signa e, et K, ad v, et Y, respeclive pertinentia denotantur per ¢, et &,)

evanescere pro:
w=0, p=1, u=2, .... u=n—I1,
atque pro w == n fransire in expressionem:
e, V(dyy) 1
(many2—yy) (M2n11 —J’v) 7' (y») ’

nec non integralium aggregatum hoc
, e dy | 7 6P dy
. 2 g/ (r—a)¥Vdy) Jr«/g (r—a)Vdy)

congruere cum expressione, ope formulae (72.) composita:

81. —Q2arctang Ev

7(2) (3~Many2) (3=Mant1) "y eV (4y») 1 1

2[(“);/( az) " tang | V(=42) z ((mm-y,)(mm—yy)‘n’(yy)’z-yv)}]
D (a) 78 (@) (@~Ma2n42) (R=Many1) s, ey V(dy») 1 L

R V(—da) are tang{ V(-de) = ((m2n+2')'v)(m'2"+l‘y7) () @ ‘}’v)} '

Si contra formulam (78.) in aequatione (71.) substituere velimus, loco quan-
litatum, e numero 2n quantitatum:

My, My, .... My,
arbitrarie electarum, &,, &,, .... b,, positis

. ml, m3, ¢« s e mgn_l,

simul signa:

81y €y ... &,
ex antecedentibus congruere debent cum signis:

619 &9 ... &%
unde sequitur, expressionem (81.) adhuc commutari posse cum hac:

1 ( %t (may—1) I (mgy—1) (mg,,+2))>

T Vi ) M)
atque posito:

~2are tang {Z‘V

ffC P(z) =
1 “ ("Mw——l) I (m2y—1) f ('n‘ln-{-z) 1 )}
F I(may—l) l/{ (man+2"‘m27—1) (’Mn-i-l—‘m‘lv—l) } n (m2'l+2) 1 ("n"+2) ' Z—m2y-1 ?

ipsam (83.) cum hac: |

F(z) >: {
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: D(z) VYO P(2) (2 —mgnia) (3—Mans) |
’Ql(z—aw( Tz oretang V(—4%) ]z-l
TIPS (. fb(a) | are tang V€ P(a) (“'}/‘(ﬁhd+;;(“—m2n+l)
10.

Disquisitiones denique antecedentes de integralibus Abelianis (n — )ti
ordinis adhibere restat ad functiones Abelianas eiusdem ordinis. Ubi ut casum
principalem, ad quem ceteri ob earundem functionum periodicitatem revocantur,
ponamus hunc:

=0, =206y ... &=8&,
quippe qui cum casu primo problematis specialis in articulo 6. exposito con-
venit. Cum vero ibi signa quantitatum: '
P(my_y)y, Plmny, ), .... P(my), P(m),
congruentlum cum lpSlS : « >
0(Mypn)y (’(m"n—S)a e o(m;), o(m,),
eadem fuerint ac ipsorum:

Nan—19 = Noan—39 ¢+ o o o (—1)"‘2773, (_1)71-1,'7“
~ sequitur signa quantitatum:

Mans Nan-1s Man-29 Manze - ] | Nah o Moh—19 seee Ty My
aequalia esse ipsis: A '
—&,, +8n9 —I—sn_l, —&p 1y (—l)n-h-lé}, o ‘(—1‘)"-"51,, s ("-1)"—261 s ("“‘1‘)"—161.
Quae cum ita se habeant, ex articulis (9.), (8.), (7.), (6.) prodeunt haec de
functionibus Abelianis theoremata:

Theorema V.
o, Introducantur brevitatis gratia hae denotationes:

Az =—-(z——m,)(z—-m2)....(z—m2n+2),
[(2) = (@E—m)E—m)....(2—m,),
(%) = @F—v)E—wm)....(3—v,),

s»atque definiantur argumenta #, u, u'y ... Y his aequationibus:

sady '\ .
> (f vwf) = 2u,

m,

2 & a’yd}') o

</ iy )= 2

z & “"’“’r""dy) =t
(/ V(dy) W,

Moy—1
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»ubi a, @, .... a®Y quantitates quaelibet sunt. Iam horum integralium
,»limitibus :
‘Ul, vz, e 0 . 'U,,,
,tanquam functionibus argumentorum:
u, uw, .... ut?
,,consideratis, ponatur generaliter:

a(my) = A(u,uw,.... u"),

&P dy Y __ . , —
(f (}'-—a)]/d(y) - 2G(u’u,.... A ).

s Quibus statutis, si argumenta u, «’, .... 4" pro:

,,ec non:

UVp==lyy UV=Myy . ... U=y,
»respective valores M, M, .... M™" induunt, habentur formulae hae:
Ao (uyu’y ... uC ) Ay (M —u, M—u',. ... MO—D—y"-D)

lgn+1 (u, u’, e e o0 u(""l)). l?ll-*—l (M‘—' u, MI— u/, * e e M(ﬂ—-l)_ u("-l)),
Ay (u wy. ... 4 Y), 4 (M—u, M —u,.... MO—D— D),

|
= f(m2n+2)
: f (m2n+l)
. < &, Vd(v,) 1 2
’ (m2"+2 - mh) (m2"+ ! mh) & (”'h) { (m’l +2 ‘—vv) (m2n+l - vy) n (’U,,) mp— v, }
& Vd(vy) ?
1 + { 1 (m'2n+2—'vy) ('n'ln+l—" vr) n’ (vv);

,ubi A& quilibet est numerorum 1, 2, .... 2n; atque
Guu,... u)+GM—u M —u,... M) —y"-)—GM,M,.... M-Y)

_ (=) Y € P()(z-man42)(3-M2n+1) () A4 P(a)(a-ma.. 2)(a=m2n 1)
= [(z-a)y a(z) e tang T—d) ]-,+ J-ae) Pretang )

s ubi, posito:

F(2) = (g2—m)(x—m;) . ... (T —my,_,)
sexpressio yC.P(2) determinatur formula: '
—_ [ (m2n42)
VC. P(z) = F(2) ]/(lzn+z(u,u', ... uD) hn-}-z(’;‘f—— ;::MI_“/’ M- “(n-l)))

v &V [Ay—a(te,0y. ... u(D) 0y, (M—u, M'—w’,.... M("-D)—y(*-1))]
X 2 T .
(M2y—1) ¥ [(M20.42 — M2y—1) (M0 11— M2y1) ] (3 — M2yy)
Crelle’s Journal f. d. M. Bd. XXIX. Heft4, 42
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Theorema VI.

,,Tisdem denotationibus, ac in theoremate I., adhibitis, atque posito:

l,l/(Z): (2'——,19’l Many1—— Man_ ) ( l"sn—l M‘_MM—Q) .. .(z+(‘_~1),. g mg,,_*_,-—m,)

Mgn 42— Man Mo po—Man—2 Man2— M,

m —Mop— m “—Man— 4\n- Many1— M
(2—'-8 2n+1 2n 1) (z-——e,,_, 2n+4-1 21_3) o (z +(_l)n lsl n-4- l)’

Mman2 —Mop—1 M2n42—M2n-37. Maon 42— M,

»ubi signa &, &, .... & conditioni:

p() >p(=1)
satisfaciunt, habentur formulae .‘memorabiles‘: | '
Aoy (3M, M, . ... 1 MCY) 2 (mm_z — My )"
s (A M LM, . A MO :y/ (4(m;"+2 mz,,“)”‘ ;g’;“:))

pam— 2041 =— M2,
thy (M, LM 3 M) (Mg — Mgy )" W ((“"l)"—:?ﬂ*i 1n;+_1__71_2)

"V maqp2—ma,
: . . ' " . } : 2n 41— M2y~
Py (M, (M, .. : %M"—IA) o (Mg — Mg 1y)" Y (('_ (D & ::,1—;_1:_:—__"%__1)
-1 | () (—=1)

26 M, 1M, ... lM("—‘))—-G(M M,... .M

— (Z_a()b‘fz_)d() arc tangx(z)] {—‘/ A( o) ore tang x (o),

45 ubi ponitur; | -
T = e e
$(3) =2t (L2 Yy, ), = 2V 2=l

M2n 42 — M2 41 > —m2n+1

) BZ—M 2,42
Si in utroque theoremate ponitur & =— &' == y/a,,3, atque loco functio-
nis d(2) vel expressio: .Ymy,,,.(2— a)Dy(2) Vel Yilyuyo. P2(2), ubi P, (2)
- et d,(2) functiones integras denotant, quarum posterioris gradus numerum 7
haud superat, dum prioris gradus numerum 2n— 1 aequat, pro valore ipsius
My, infinite magno, prodeunt thegremata duo de tribus functionum Abelia-
narum (n—1)ti ordinis generibus pr,incli‘p?alibqisr .

A Theorema VIL
oy PoOSILO: ;
(7 “‘ml)()’*‘"mz) () ""‘m"'n+1) == D())a
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(/ ;bd;) — 2%,
(L) =

B[ gs) = e
%V (m/w-iyﬂf/lg(—&!}—' = 2B (u,u,....u""),
“;“V(mz _,(7'—%——%> = 2G'(u, u',....u""),

syintegralium limites v, , vy, .... v, argumentorum: u, w/, ....
sssunt, ut brevitatis gratia posito:

Ay(u 'y ... oY) = (m,—v)(m,—v,). ... (m
,»»ubi x denotat quemlibet numerorum 1, 2, . ...

x—vn),

331

u"-D tales functiones

2n — 1, habeantur hae formulae:

12,,.;.1(", u’, e 'lt("_l)) ).2,,_*_1 (M—- u, M — u” L M-y u(n—l))
= (Myppy—my) (M, — M) o ... (Mg —My,),
y(u, 'y ... w0 (M —u, M'—u',.... MO~D —qy=b)
2 &vVd(v,) 7t (mp)
= (My, g — My,) ¥ ( r . )
( 2n+1 h) N Mani1— U, n,(vy) (mh'—'vy) )

. quantitatibus M, M’, ....

» quibus ipsa pro:
V=M, V=10, UV, =My, ,

,gaudent; nec non hae aequationes memorabiles:

Ewy,.... u" )L EM—u, M'-w,....

e, (z) z(2)° | 2(z)® nt 2 (2"
—[V—I)(z)(’f(z)“ 3 'l' 51 TG
G(uu'y.... u" )+ G(M—u,M .. MOy —GM M, ...
= -+ i 'l()())arctangx(a),
,ubi functio (=) determinatur formula:
z(2) =

— (Zmany2) Fz) §

MO-D_y-0y _E(M, M, .... M

v D) gy (M-u, M-t ...

M®™=Y eos argumentorum valores designantibus,

(n-1)

9
=t

M@-D)

M("'l)_u(""l))) »

) 2.2,,_1(u,u’
V-D(z) ? ((z-mzv-l)F (mm'-l)]/

Mapt1— My

42 *
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Theorema VIII
,» lisdem denotationibus adhibitis nec non brevitalis gratia introducta
funclione:
Y(%)= (z —¢, ]/(mzn+1—'m°n D (z+€n—l ]/(1”2n+1_.m2n-2)) (2:—]-—(—-1 ) & 1/ (m"n+l—7n2))
X (a2 1= Moy 1) J(R— 801 Y (W03, +1—mn,,_3)) (1) gy Y (g, —my)),
,ubi signa &, &, .... & conditioni
w(1) > p(—1)
» satisfaciunt, habentur aequationes notatu dignae:
b (3 M, M, ... FMCY) = ]/f(’”zn+1)7
by (3M M o L MO7Y) = Ly ((—1)"" e, Y(myp—ms))
Ay 4 ( M, %M’; ceee %M(n_l)) = %";”((—‘l ), l/(mzn-q-l - mzy—x)) ’
QEAM, 1M, . AMOY —EM, M. ... M*Y)

}/I)D(Z)( ( ) x(v) l" .”__!_(___l)n-lj,;('z‘)?"—;)] .

26 (EM M, .. MY —G(M, MY, ... MOV = 4 7—7)———)&110 tang (),
,,ubi functio x(2) determinatur formula: ‘

L w 2=ty Y/ —1V(3—1m2011) =Y (—=V—1 V(3 —m2n 1))
x(z) = (=1 1’ I)(z; ’ 2}/+11’(”’—mﬂnu) *




