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Abstract

We generalize the convexity inequality “function above tangent” to
a class of functions that are convex in a pseudo-Riemannian sense. We
propose a new descent algorithm for such functions and provide a regret
analysis. Finally, we explain how to apply that method to design a 3-SAT
solver based on continuous relaxation.

Notations

• Interior of simplex: let

S “

#

q “ pq0, . . . , qKq P p0, 1qK`1,
K
ÿ

k“0

qk “ 1

+

.

• Shannon entropy: for q P S,

Hpqq “ ´

K
ÿ

k“0

qk logpqkq .

• Kullback-Leibler divergence: for q, r P S,

DKLpq}rq “

K
ÿ

k“0

qk log

ˆ

qk
rk

˙

“ ´Hpqq ´
ÿ

k

qk logprkq

loooooooomoooooooon

cross-entropy

.

• Softargmax: let the softargmax σ “ pσ0, . . . , σKq be defined for all ξ “

pξ1, . . . , ξKq P RK by

σ0pξq “
1

1 `
řK

j“1 e
ξj

and σkpξq “
eξk

1 `
řK

j“1 e
ξj

for k P t1, . . . ,Ku.
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• Fisher information matrix: the Fisher information matrix Iσ of the family
of distributions tσpξq : ξ P RKu is the KˆK positive definite matrix given
by

Iσpξq “ Diagprσpξqq ´ rσpξqrσpξq⊺ with rσ “ pσ1, . . . , σKq .

• Mirror map: let the Bregman generator function Ψ be defined for pz, ξq P

Rn ˆ RK as

Ψpz, ξq “
1

2
}z}2 ` log

˜

1 `

K
ÿ

k“1

eξk

¸

loooooooooomoooooooooon

softmax

and the mirror map

∇Ψpz, ξq “

ˆ

z
rσpξq

˙

.

1 Pseudo-Riemannian convexity

1.1 Sum of log-concave functions

Let n ě 1 and K ě 0. Consider the optimization problem

max
zPRn

K
ÿ

k“0

pkpzq

where each pk : Rn Ñ p0,`8q is log-concave (e.g. product of softargmax
entries) and continuously differentiable. This is equivalent to

min
zPRn

´ log

˜

K
ÿ

k“0

pkpzq

¸

.

1.2 Belief state

If K “ 0, then we have ´ logpp0q that is convex. But in general for K ě 1,
our objective function is not convex. The natural1 convex relaxation consists
in introducing a “belief state” parameter ξ P RK through the following cross-
entropy regularized objective:

´ log

˜

K
ÿ

k“0

pkpzq

¸

` DKL

˜

σpξq

›

›

›

›

›

˜

pkpzq
řK

j“0 pjpzq

¸

k

¸

` Hpσpξqq

“ ´

K
ÿ

k“0

σkpξq logppkpzqq

which is obviously convex with respect to z.

1see Achab [2023] for further motivation
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1.3 Pseudo-Riemannian gradient

From now on, we assume that K ě 1 and we seek to minimize

F pz, ξq “ σpξq⊺ℓpzq where ℓk “ ´ logppkq.

As we already saw, each ℓk is (by definition) convex and thus z ÞÑ F pz, ξq is
convex too. But in fact, we have a much stronger notion of joint convexity
in terms of the pair pz, ξq living in the pseudo-Riemannian space pRn`K , Gq

equipped with the metric tensor

Gpξq “

ˆ

In 0
0 ´Iσpξq

˙

.

Indeed, the pseudo-Riemannian gradient

∇GF pz, ξq “ Gpξq´1∇F pz, ξq

is a Bregman monotone operator, as shown in the next theorem2.

Hence, the function F is convex in a pseudo-Riemannian sense!

Theorem 1 (Monotonicity). For all z, ξ, z1, ξ1,
@

∇GF pz, ξq ´ ∇GF pz1, ξ1q , ∇Ψpz, ξq ´ ∇Ψpz1, ξ1q
D

ě 0.

Proof. Denoting rℓ “ prℓ1, . . . , rℓKq with

rℓk “ ℓk ´ ℓ0,

and Jℓ the Jacobian matrix of ℓ, our pseudo-Riemannian gradient can be rewrit-
ten as

∇GF pz, ξq “

ˆ

Jℓpzq⊺σpξq

´rℓpzq

˙

where Jℓpzq⊺σpξq “

K
ÿ

k“0

σkpξq∇ℓkpzq.

By convexity, we have the inequalities
#

σpξq⊺ℓpz1q ´ σpξq⊺ℓpzq ě σpξq⊺Jℓpzqpz1 ´ zq

σpξ1q⊺ℓpzq ´ σpξ1q⊺ℓpz1q ě σpξ1q⊺Jℓpz
1qpz ´ z1q

that we sum to obtain
Bˆ

z1 ´ z
σpξ1q ´ σpξq

˙

,

ˆ

Jℓpz
1q⊺σpξ1q ´ Jℓpzq⊺σpξq

´ℓpz1q ` ℓpzq

˙F

“

Bˆ

z1 ´ z
rσpξ1q ´ rσpξq

˙

,

ˆ

Jℓpz
1q⊺σpξ1q ´ Jℓpzq⊺σpξq

´rℓpz1q ` rℓpzq

˙F

ě 0

which concludes the proof.

2originally proved in Proposition 5-(i) in Achab [2024]
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1.4 Generalized convexity inequality

Definition 2 (Hourglass gradient). Given z, ξ and z1, we define the z1-hourglass
gradient of F at pz, ξq as

ðz1F pz, ξq “

ˆ

Jℓpzq⊺σpξq

2
ş1

τ“0
rℓpz ` τpz1 ´ zqqdτ ´ rℓpzq

˙

.

Lemma 3. For all z, ξ, z1, ξ1,

F pz1, ξ1q ´ F pz, ξq ě

B

ðz1F pz, ξq ,

ˆ

z1 ´ z
rσpξ1q ´ rσpξq

˙F

.

Proof. Let us introduce

r∇F pz, ξq “

ˆ

Jℓpzq⊺σpξq

rℓpzq

˙

which corresponds to the “natural gradient” (see Amari [2016]) of F under the

Riemannian metric tensor

ˆ

In 0
0 Iσpξq

˙

. Let us consider the function3

fpτq “ F
`

z ` τpz1 ´ zq, rσ´1pφpτqq
˘

with φpτq “ rσpξq ` τprσpξ1q ´ rσpξqq.

Then,

F pz1, ξ1q´F pz, ξq “ fp1q´fp0q “

ż 1

τ“0

f 1pτqdτ “

B

r∇F pz, ξq ,

ˆ

z1 ´ z
rσpξ1q ´ rσpξq

˙F

`

ż 1

τ“0

1

τ

B

r∇F
`

z ` τpz1 ´ zq, rσ´1pφpτqq
˘

´ r∇F pz, ξq , τ

ˆ

z1 ´ z
rσpξ1q ´ rσpξq

˙F

dτ

ě

B

r∇F pz, ξq ,

ˆ

z1 ´ z
rσpξ1q ´ rσpξq

˙F

`2

ż 1

τ“0

A

rℓ
`

z ` τpz1 ´ zq
˘

´ rℓpzq , rσpξ1q ´ rσpξq

E

dτ,

where the inequality results from applying Theorem 1 inside the integral.

2 Hourglass Descent

2.1 Method

Given step-sizes λt, βt ą 0, we define the Hourglass Descent iteration as,
ˆ

zt

ξt

˙

“

ˆ

zt´1

ξt´1

˙

´

ˆ

λtIn 0
0 βtIK

˙

ðztF pzt´1, ξt´1q . (HD)

3Note that rσ is a bijection from RK to
!

q “ pq1, . . . , qKq P p0, 1qK :
řK

j“1 qj ă 1
)

with

inverse rσ´1pqq “

ˆ

log qk
1´

řK
j“1 qj

˙

1ďkďK

.
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Though zt appears on both sides of (HD), we can decompose the update rule
explicitly as

#

zt “ zt´1 ´ λtJℓpz
t´1q⊺σpξt´1q

ξt “ ξt´1 ´ βt

´

2
ş1

τ“0
rℓpzt´1 ´ τλtJℓpz

t´1q⊺σpξt´1qqdτ ´ rℓpzt´1q

¯ .

2.2 Analysis

Assumption 4 (Smoothness). Every ∇ℓk is L-Lipschitz,

@z, z1 , }∇ℓkpzq ´ ∇ℓkpz1q} ď L}z ´ z1}.

Lemma 5. If Assumption 4 is satisfied, then for all z, ξ, z1, ξ1,

F pz1, ξ1q ´ F pz, ξq ´

B

ðz1F pz, ξq ,

ˆ

z1 ´ z
rσpξ1q ´ rσpξq

˙F

ď
L

2

›

›z1 ´ z
›

›

2
.

Proof. Since

#

σpξq⊺ℓpz1q ´ σpξq⊺ℓpzq ´ σpξq⊺Jℓpzqpz1 ´ zq ď L
2 }z1 ´ z}2

σpξ1q⊺ℓpzq ´ σpξ1q⊺ℓpz1q ´ σpξ1q⊺Jℓpz
1qpz ´ z1q ď L

2 }z1 ´ z}2
,

we have by summing

@

∇GF pz, ξq ´ ∇GF pz1, ξ1q , ∇Ψpz, ξq ´ ∇Ψpz1, ξ1q
D

ď L}z1 ´ z}2.

Then, as in the proof of Lemma 3,

F pz1, ξ1q ´ F pz, ξq ´
@

ðz1F pz, ξq , ∇Ψpz1, ξ1q ´ ∇Ψpz, ξq
D

“

ż 1

τ“0

1

τ

A

r∇F
`

z ` τpz1 ´ zq, rσ´1pφpτqq
˘

´ ðz1F pz, ξq , τp∇Ψpz1, ξ1q ´ ∇Ψpz, ξqq

E

dτ

“

ż 1

τ“0

1

τ

@

∇GF
`

z ` τpz1 ´ zq, rσ´1pφpτqq
˘

´ ∇GF pz, ξq , τp∇Ψpz1, ξ1q ´ ∇Ψpz, ξqq
D

dτ

ď
L

2
}z1 ´ z}2.

Theorem 6 (Regrets). Under Assumption 4 and if }∇ℓkpzq} ď B (@k, z), then
HD with constant learning rates λt “ λ, βt “ β ą 0 satisfies

(I) for all z˚ such that }z1 ´ z˚} ď D,

T
ÿ

t“1

@

σpξtq , ℓpztq ´ ℓpz˚q
D

ď
D2

2λ
`

B2T

2
λ ;
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(II) for all ξ˚ such that DKLpσpξ˚q}σpξ0qq ď D1,

T
ÿ

t“1

@

σpξtq ´ σpξ˚q , ℓpztq
D

ď

D1

β
`

LB2T

2
λ2 ´

1

β

T
ÿ

t“1

DKLpσpξtq}σpξt´1qq.

Proof. (I). We follow the proof of Theorem 2.1 in Bansal and Gupta [2019] with
the potential function

Φt “
1

2λ
}zt ´ z˚}2.

By Lemma 3,

F pzt, ξtq ´ F pz˚, ξtq ď xJℓpz
tq⊺σpξtq , zt ´ z˚y

ñ F pzt, ξtq ´ F pz˚, ξtq ` Φt`1 ´ Φt ď
λ

2
}Jℓpz

tq⊺σpξtq}2 ď
λB2

2
.

Finally, by summing inequalities,

T
ÿ

t“1

F pzt, ξtq ´ F pz˚, ξtq ď
D2

2λ
`

B2T

2
λ.

(II). Let the potential function

Φt “
1

β
DKLpσpξ˚q}σpξtqq.

By Lemma 5 applied to pzt´1, ξt´1q and pzt, ξtq, we obtain the descent property

F pzt, ξtq ´ F pzt´1, ξt´1q ď

ˆ

´λ `
L

2
λ2

˙

}Jℓpz
t´1q⊺σpξt´1q}2

´
1

β

`

DKLpσpξtq}σpξt´1qq ` DKLpσpξt´1q}σpξtqq
˘

, (1)

and, by Lemma 3,

F pzt´1, ξt´1q ´ F pzt, ξ˚q ď

B

ðztF pzt´1, ξt´1q ,

ˆ

zt´1 ´ zt

rσpξt´1q ´ rσpξ˚q

˙F

.

Adding these two inequalities provides

F pzt, ξtq ´ F pzt, ξ˚q ` Φt ´ Φt´1 ď
L

2
λ2B2 ´

1

β
DKLpσpξtq}σpξt´1qq

and we conclude by summing.
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3 Boolean satisfiability

3.1 Probabilistic 3-SAT

We consider a probabilistic 3-SAT problem over n independent Bernoulli random
variablesX1, . . . , Xn valued in t0, 1u andm clauses C1, . . . , Cm. We assume that
every clause Ci is a disjunction of three literals:

Ci “

3
ď

j“1

`

Xκi,j
“ bi,j

˘

with κi,j P rns :“ t1, . . . , nu and bi,j P t0, 1u.

If all Xk’s are deterministic, then maximizing
śm

i“1 PpCiq over the 2n possible
assignments pX1, . . . , Xnq P t0, 1un, namely

SATpκ, bq :“ max
deterministic pXkqkPt0,1un

m
ź

i“1

PpCiq P t0, 1u ,

is exactly a standard 3-SAT problem in Conjunctive Normal Form (CNF). Al-
ternatively, we can consider the random setting with probability of success
parametrized as a sigmoid,

PpXk “ 1q “ ςpzkq :“
ezk

1 ` ezk
.

Clause probability. Let us assume that j ‰ j1 ñ κi,j ‰ κi,j1 . For i P rms,
we have:

PpCiq “ P

˜

3
ď

j“1

`

Xκi,j
“ bi,j

˘

¸

“ 1 ´

3
ź

j“1

ςpp1 ´ 2bi,jqzκi,j
q

“
ÿ

yPYpbiq

e
ř3

j“1 yj ¨zκi,j

ś3
j“1p1 ` ezκi,j q

“
ÿ

yPYpbiq

3
ź

j“1

ςpp2yj ´ 1qzκi,j q

loooooooooooomoooooooooooon

log-concave

, (2)

where Ypbiq “ t0, 1u3z

$

&

%

¨

˝

1 ´ bi,1
1 ´ bi,2
1 ´ bi,3

˛

‚

,

.

-

. Hence, the probability of each event Ci

is a sum of 7 log-concave functions of z “ pz1, . . . , znq.

Regularized clause objective. From now on, we denote by σ the softargmax
for K “ 6. The negative log-likelihood of the i-th clause writes as

´ logpPpCiqq “ ´ log

˜

6
ÿ

k“0

Pi,kpzq

¸

with Pi,k log-concave.

After regularization we obtain the objective function

Fipz,Ξiq “ σpΞiq
⊺Lipzq with Ξi P R6 and Li,k “ ´ logpPi,kq.
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3.2 Loss function

We define the average loss function across all clauses as

FSATpz,Ξq “
1

m

m
ÿ

i“1

Fipz,Ξiq

where pz,Ξq lives in the pseudo-Riemannian space characterized by the metric
tensor4

GpΞq “

¨

˚

˚

˚

˝

In 0 ¨ ¨ ¨ 0
0 ´ 1

mIσpΞ1q ¨ ¨ ¨ 0
...

...
. . .

...
0 0 ¨ ¨ ¨ ´ 1

mIσpΞmq

˛

‹

‹

‹

‚

.

The hourglass gradient vector admits the following expression:

ðz1FSATpz,Ξq “

¨

˚

˚

˚

˚

˝

1
m

řm
i“1

ř6
k“0 σkpΞiq∇Li,kpzq

2
ş1

τ“0
ĂL1pz ` τpz1 ´ zqqdτ ´ ĂL1pzq

...

2
ş1

τ“0
ĄLmpz ` τpz1 ´ zqqdτ ´ ĄLmpzq

˛

‹

‹

‹

‹

‚

where, for Li,k associated to y P Ypbiq,

∇Li,kpzq “

3
ÿ

j“1

p1 ´ 2yjqςpp1 ´ 2yjqzκi,j
qeκi,j

with el P Rn the l-th “one-hot” basis vector, for any l P rns. Furthermore, the

dilogarithm function Li2pvq “ ´
şv

0
logp1´uq

u du allows to compute the integrated
losses:

ż 1

τ“0

´ log ςpx ` τpx1 ´ xqq dτ “
´Li2p´e´x1

q ` Li2p´e´xq

x1 ´ x
. (3)

3.3 Infimum

The infimum value of FSAT is given by

inf
z,Ξ

FSATpz,Ξq “ min
k1,...,kmPt0,...,6u

inf
z

1

m

m
ÿ

i“1

Li,ki
pzq. (4)

If the ground-truth is SAT, then inf FSAT “ 0. Otherwise, we have the following
lower bound.

4justifies by showing that the pseudo-Riemannian gradient of 1
m

řm
i“1 Fipz,Ξiq remains

Bregman monotone
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Lemma 7. If the instance is inherently UNSAT (i.e. SATpκ, bq “ 0), then

inf FSAT ě
log 4

m
.

Proof. If SATpκ, bq “ 0, then for any choice of k1, . . . , km P t0, . . . , 6u, there is
at least an index k P rns such that

m
ÿ

i“1

Li,kipzq ě ´ logpςpzkqq ´ logp1 ´ ςpzkqq ě ´ log
1

4
,

which allows to conclude from Eq. (4).

3.4 SubZero algorithm

1. Initialization: Choose initial point pz,Ξq

2. Hourglass Descent: Repeat T times

ˆ

z
Ξ

˙

Ð

ˆ

z
Ξ

˙

´

ˆ

λIn 0
0 βI6m

˙

ðz1FSATpz,Ξq

with z1 “ z ´
λ

m

m
ÿ

i“1

6
ÿ

k“0

σkpΞiq∇Li,kpzq

3. (i) If FSATpz,Ξq ă
log 4
m return ‘SAT’ and freeze assignment

ˆ

1 ` sgnpz1q

2
, . . . ,

1 ` sgnpznq

2

˙

(ii) Else return ‘UNSAT’
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Sébastien Bubeck. Convex optimization: Algorithms and complexity. Founda-
tions and trends in Machine Learning, 8(3-4):231–357, 2015.
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