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Abstract

We generalize the convexity inequality “function above tangent” to
a class of functions that are convex in a pseudo-Riemannian sense. We
propose a new descent algorithm for such functions and provide a regret
analysis. Finally, we explain how to apply that method to design a 3-SAT
solver based on continuous relaxation.

Notations

e Interior of simplex: let
K
S = {q— (q0:---»qx) € (0, 1)FF Y gp = 1}.
k=0
e Shannon entropy: for q € S,
K
H(g) = — ) qrlog(ar)
k=0

e Kullback-Leibler divergence: for ¢, € S,

K
Diw(g|r) = Y, axlog (i:) = —H(q) — ), axlog(rs) -

k=0 k
[ —
cross-entropy

e Softargmax: let the softargmax o = (0y,...,0x) be defined for all £ =

(517...,51() ERK by

©) = —s & () = —— forke (1. K}
00(§) = ———— and ox(§) = ———— forke{l,...,K}.
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e Fisher information matrix: the Fisher information matrix I, of the family
of distributions {c(¢) : € € RE} is the K x K positive definite matrix given
by

| L,(€) = Diag(5()) — #(©)F(Q)T| with [ = (01,...,06) |

e Mirror map: let the Bregman generator function ¥ be defined for (z,&) €

R" x RE as
1 S
_ 2
¥(2,€) = 52| + log (HkZle )

softmax

and the mirror map

1 Pseudo-Riemannian convexity

1.1 Sum of log-concave functions

Let n > 1 and K > 0. Consider the optimization problem

zeR"

K
max Z pr(2)
k=0

where each pp : R" — (0,+o) is log-concave (e.g. product of softargmax
entries) and continuously differentiable. This is equivalent to

K
min — log (;Opk(2)> :

1.2 Belief state

If K = 0, then we have —log(pg) that is convex. But in general for K > 1,
our objective function is not convex. The naturaﬂ convex relaxation consists
in introducing a “belief state” parameter ¢ € RX through the following cross-
entropy regularized objective:

—lo S z Dk, | o pk(z)> ) H(o
g(?om )>+ ( (6)” (Zf—iopj(z) k + H(o(€))

K
=~ o3(€) log(pi(=))

k=0

which is obviously convex with respect to z.

see [Achabl [2023] for further motivation



1.3 Pseudo-Riemannian gradient

From now on, we assume that K > 1 and we seek to minimize

| F(2,6) = o()T0(z) | where 4 = —log(p)-

As we already saw, each ¢ is (by definition) convex and thus z — F(z,€) is
convex too. But in fact, we have a much stronger notion of joint convexity
in terms of the pair (z,&) living in the pseudo-Riemannian space (R"*X Q)
equipped with the metric tensor

Indeed, the pseudo-Riemannian gradient
VEF(2,6) = G(€)T'VF(2,¢€)
is a Bregman monotone operator, as shown in the next theoremﬂ
Hence, the function F' is convex in a pseudo-Riemannian sense!
Theorem 1 (Monotonicity). For all z,£,2',£,
(VEF(2,6) = VOF(Z,€), VU(z,6) — V(&) = 0.
Proof. Denoting { = ((71, . ,ZK) with
O =, — Lo,

and Jp the Jacobian matrix of £, our pseudo-Riemannian gradient can be rewrit-
ten as

Jo(2)To(E) o) = S
Z_Z(z) ) where  Jy(2) U(f)—I;OUk(f)ka(z)‘

By convexity, we have the inequalities

{a@w(z') —a(&)TU(2) = (&) TIe(2)(2 — 2)

VOF(z,€) = (

o(§)T(z) = o(&)TU(=") = (€))7 e(2) (2 — =)

that we sum to obtain
(oer-s0) - (“0E)
(e 3) ("7 )

which concludes the proof.

2originally proved in Proposition 5-(i) in [Achab [2024]



1.4 Generalized convexity inequality

Definition 2 (Hourglass gradient). Given z,{ and 2/, we define the z’-hourglass
gradient of F" at (z,£) as

0. F(2,¢) = < Je(2)To(§) > .

2§ Uz +7(2 — 2))dr — U(z)

Lemma 3. For all z,£,7',¢,

FEE) = F9 = (3. (56 T5) )

Proof. Let us introduce

VF(26) - (JAZ)(X(@)

which corresponds to the “natural gradient” (see |Amari| [2016]) of F' under the

Riemannian metric tensor (Ig I (2 §)> Let us consider the functio

fr) = F (2 +7(' =2),67(p(r)))  with (1) =5(&) +7(5(¢) = 5(8))-

reyte) =00~ o= (3760, (38 310))
f <VF (z+7(2 —2),5 1(¢(T)))—%F(2,g),T<&(£,):§(§)>>d7

><%F(z,§),<5(; ; >>+2J <€z+7,z—z) U2), 5(€) —&( >dT

where the inequality results from applying Theorem [I] inside the integral.

O
2 Hourglass Descent
2.1 Method
Given step-sizes A¢, B > 0, we define the Hourglass Descent iteration as,
2t 21 Ml, 0 t—1 pt—1
<£t> - <£t1> - ( 0 ﬁtIK 8th(Z 75 ) . (HD)
3Note that & is a bijection from R¥ to {q =(q1,..-,9x) € (0, )X : Zﬁil q; < 1} with

inverse 371 (q) = (log — ZK - > .
j=1% /1<k<K



Though z* appears on both sides of (HD)), we can decompose the update rule
explicitly as

Zt _ thl _ )\th(Ztil)TO' tfl)
g =71 = By (251 Bt = T )T dr — U= ))

2.2 Analysis
Assumption 4 (Smoothness). Every V¢ is L-Lipschitz,

Vz,2', [Ve(2) = VE()]| < Lz = 2.

Lemma 5. If Assumption[{] is satisfied, then for all 2,€,2, €',

F(,€) ~ F(.) - <62/F<z,5> , (a(;; - ;@)> <Ly

Proof. Since

we have by summing
<VGF(27£) - VGF(Z,vé-/) ) V\IJ(Z7€) - V\Il(zlvgl)> < LH’ZI - ZH2

Then, as in the proof of Lemma [3]
F(2,¢&) = F(2,§) — (0.,F(2,€), V¥(, &) - V¥(z,8))

= LO % <§F (z+7(z' —2),5 H@(r)) — 0 F(2,€), 7(VE(Z,€) — V(2 g))> dr
= JZO % <VGF (Z + T(Z/ _ z)’ 5’——1(('0(7_))) . VGF(z,é) 7 T(V\I/(Zl,f,) _ V\I/(Z,g))>d7—

L
<5l =2

O

Theorem 6 (Regrets). Under Assumption[{| and if |V (2)| < B (Vk, z), then
HD with constant learning rates Ay = X\, By = B > 0 satisfies

(I) for all z* such that |2* — z*| < D,

T ) )
1;1<0<§t) 5 K(Zt) - 5(z*)> < % + %)\ :



(II) for all &* such that Dy (o (E*)|o(£%) < D/,

T
Yol —al€¥), U(zY) <

%-FLBT —*EDKL (E)o(€1)).

Proof. (I). We follow the proof of Theorem 2.1 in |Bansal and Gupta|[2019] with
the potential function

1
d, = ﬁHzt e

By Lemma|3]

F(Zt7£t> - F(Z*7£t> < <J€(zt)TU(ft) ’ 2t — Z*>

t et % ot A INT (et (|2 AB?
(4,6 = F(5,6) + @01 — @, < S To€)]? < 25

Finally, by summing inequalities,

T
D? BT
; 28 <o+ 3

(IT). Let the potential function

B, = %DKLW*)Ha(é».

By Lemma applied to (271, £71) and (2%, &%), we obtain the descent property

P €0 = P e < (23 500) G ot

- 5 (Dra (€€ ) + D€ () (1)

and, by Lemma [3]

t—1 t
F tfl’ t=1y _ [ t7 * <<3zF 15717 t—1 7(~ Z_ —f >>
(2 §&) (2,€%) (2 &) U(ft 1)_0(5*)
Adding these two inequalities provides

F(:1,€) = P ET) + 8 = 0y < T8 — S Dalo(€)lole!™)

and we conclude by summing. O



3 Boolean satisfiability
3.1 Probabilistic 3-SAT

We consider a probabilistic 3-SAT problem over n independent Bernoulli random
variables X, ..., X, valued in {0, 1} and m clauses C1, ..., C,,. We assume that
every clause Cj is a disjunction of three literals:

3
U Xpy, =b with #;; € [n]:={1,...,n} and b, e {0,1}.

If all X}’s are deterministic, then maximizing [[/*, P(C;) over the 2™ possible
assignments (X1,...,X,) € {0,1}", namely

SAT(k,b) := ) €1{0,1},

m
[P
determlnlstlc Xk )1e{0,1}n o1

is exactly a standard 3-SAT problem in Conjunctive Normal Form (CNF). Al-
ternatively, we can consider the random setting with probability of success
parametrized as a sigmoid,

ecr

P(X=1)=c¢(z) := Tl

Clause probability. Let us assume that j # j' = k; ; # K;j. For i € [m],
we have:

B Z W Z n< (2y; — Dz, ), (2)

yeY(bi) J

log-concave

1-— bi,l

where Y(b;) = {0,1}3\{ [ 1 —b;2 | . Hence, the probability of each event C;
1-— bi’g

is a sum of 7 log-concave functions of z = (z1,..., 2p).

Regularized clause objective. From now on, we denote by o the softargmax
for K = 6. The negative log-likelihood of the i-th clause writes as

—log(P(C; —log (Z P; i( ) with P; , log-concave.

After regularization we obtain the objective function

Fi(2,Z) = 0(Z)7%(2) with Z;eR® and %, = —log(Pix).

~J



3.2 Loss function

We define the average loss function across all clauses as

Fsar(z % ;

where (z,E) lives in the pseudo-Riemannian space characterized by the metric
tenso

I, 0 0

0 —nL(E) - 0
G(E) = " :

0 0 - —EL(Ew)

The hourglass gradient vector admits the following expression:

717,21 1Zk 00k(E:) VL, (2)

0. Fsar(2,2) = 2S7‘=() -31 (2 +T(z. — 2))dT 731(2)

—~

20! Lz 4+ T( — 2))dT — L(2)
where, for .Z; ; associated to y € Y(b;),

3
Z 1- 2yj 2yj)zm.,j)em,j

with e; € R the [-th “one-hot” basis vector, for any [ € [n]. Furthermore, the

dilogarithm function Lis(v) = g M du allows to compute the integrated
losses:
1 . ! . _
J Cloge(e + r(a — ) dr — — 2= ,)+ 2(ze™) (3)
7=0 r =T
3.3 Infimum
The infimum value of Fgar is given by
inf Ft Z) = i f— <z 4
IZI}E sar(2,2) kl,...,k?nl,lel{lo G}HZI m Z bl (4)

If the ground-truth is SAT, then inf Fgar = 0. Otherwise, we have the following
lower bound.

4justifies by showing that the pseudo-Riemannian gradient of % >, Fi(2,5;) remains
Bregman monotone



Lemma 7. If the instance is inherently UNSAT (i.e. SAT(k,b) = 0), then
log 4

inf Foar >
Proof. If SAT(k,b) = 0, then for any choice of k1,...,ky,, € {0,...,6}, there is

at least an index k € [n] such that
1

m
> —log(c(zr)) — log(1 —<(zx)) > —log 7,

Y Lo (2)

which allows to conclude from Eq. .

3.4 SubZero algorithm

1. Initialization: Choose initial point (z, )
2. Hourglass Descent: Repeat T' times
z z A, 0 —
Q) (2 b Jornts
6
> ok(E)V-Lik(2)

i=1k=0

3>
NgE

with 2/ =2 —

3. (i) If Fsar(2,E) < 10%4 return ‘SAT’ and freeze assignment
(1 + sgn(z1)

: 1+ sgn(zn)>

ey 5

(ii) Else return ‘UNSAT’
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