
80 Mr. E. W. Hobson on the [Jan. 12,

«• Bulletin de la SocietG Mathe'matique do France," Tome xx., No. 6; Paris,
1802.

" Bulletin des Scioncoa Mathe*matiquos," Tome xvi.; November, 1892.
" Transactions of the Texas Acadomy of Scionco," Vol. i., No. 1; November,

1892.
"At t i dellaRoale Accademia doi Lincei—Rendiconti," Vol. i., Fuse. 10, 11,

2« Som.
•• Educational Times,1' January, 1893.
" Journal fur die reine und angewandte Mathematity," Bd. ox., Heft iv,
" Annals of Mathematics," Vol. vu., No. 1; Virginia, November, 1892.
"Indian Engineering," Vol. xn., Nos. 21-25.
" The Stresses in Statistically Intermediate Structures " ; Reprint from "Indian

Engineering."
"Momoirs of tho National Acadomy of Sciences," Vol. v . ; 4to, Washington,

1891.
' ' Cayley'a Collected Mathematical Papers," Vol. v.; 4to, 1892. Two copios.

On the Evaluation of a certain Surface-Integral, and its applica~
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If Vbe any function of a, y, z, the coordinates of a point, the
function being finite and continuous throughout a sphere of radius iv
whose centre is the origin, it is known that

II vas =

the integration being taken over tho whole surfaco of the sphere, and
V-"Vhaving its value at the origin; V2 denotes Laplace's operator.
This theorem lias been applied by Mr. W. I). Nivon* to the evalua-
tion of a number of important definite integrals involving spherical
harmonics, and to the development, in series, of the potentials of a
uniform solid ellipsoid and of a honueoid.

I propose here £o investigate n more general surfaco-iutegral
theorem which includes tho above, and which also furnishes a proof

* nil. Tnna.t 1879.
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and an extension of an important surface-integral theorem due to
Maxwell. The theorem is thon applied to tho determination of the
expression for an external ellipsoidal harmonic in a series of spherical
harmonics. I have then shown how to obtain expansions of tho
potentials of ellipsoidal shells, solid ellipsoids, and elliptic discs of
variable density, the law of forco being any given function of the
distance.

The formulae given by most writers on the subject of tho attraction
of ellipsoids, express the potentials in the form of definite integrals;
such formulae have been given by Dr. Ferrers,* and recently in a
very elegant form by Mr. Dyson.f The formulae given in the
present communication are of such a character that approximate
values of the potentials may bo obtained by taking as many terms of
the series as may bo necessary, wliereas the definite integral formulae
do not lend themselves readily to such approximation.

1. It is knownj that the expansion of e""C0lt" in a series of zonal
harmonics PH (cos 6) is giveu by

NTo 3.5.7... (2i»-l)(. 2.2n + 3 2.4.2n + 3.2n+5 ' " )

xP,4(cos0) (1).

This expansion may be conveniently obtained as follows :—

The differential equation

54 + ̂ 7+^ = 0 (2)
3.r dif dz*

is satisfied by the expressions

r"» «/;,•, (r) 1\ (cos0), r"» Yltfi(r)l\ (cos 0),
where •71,+t (»•), YH+, (r) denote the two Bessel's functions of order
n+% ; the functions r~kJn^ and r"' Yu+i are of tho forms

,lr., d Binr „• ,_, jV'_ cosr
1 d{r*y r'"' d0*)a r *

respectively, A and B being constants. Now (2) is satisfied by

* Quarterly Journal, Vol. xiv.
• t Quarterly Journal, Vol. xxv.
t Soo Hoinu'a Kugclfunctiomn, Vol. j . , p. 82.
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V = e's = e""00"; thus, if e"'00*" be expanded in a series of the harmonics
P,, (cos 0), we should expect the general term to be

It is clear that we must have Bn = 0, as the expression must be
finite, when r == 0; thus

or e"c

Equating the coefficients of the term r" cos" 0 on both sides of the
equation, we have

i" r-1)"?,.! ( 2 H ) ! .
M! (2n + l)\ 2"«! « ! ' ' "

or zi = :
(2w + l ) ! " 3 .5 . . . (2»*-1)1

and thus the expansion (1) is proved. In (I), change r into — ip; we
thus obtain the expansion

,$.5 ... 2

2. Let Y,, (a;, ?/, z;) donoto a spherical harmonic of positive integral
degree nt and suppose it is required to evaluate

J] K J }

where dS is an element of surface of the sphere of radius 72, whose
centre is the origin, the iutegral being taken over tho whole surface
of the sphere. Using the expansion (3), wo have

3 7 5 ^ T J

where cos 6 = -—g_^X
H' + f
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If we substitute this expression in the definite integral, since

\\ Pm (cos 0)Y)t(r,y,z)dS

is zero, unless in = n, we have

trr+»+y>YH(x,y,z)d8

x [ j P,, (cos 6) Yn («, y, z) dS.

Now

denoting (a2-f j32 + y3)J; we thus obtain the expression

f f e.*+*m.- y(i ̂ } y t ^ dS

»n! ( JR

(2n + l)!C 2.2n +

xYn(«>/3, y)

+ T') ê* («8 + /38 + y3)a , ')
3 2.4.2» + 3.2n + 5 J

^ ji ^
Now put for a, /3, y the operators -~ , -—, ^- , respectively, and

dx0 dy0 dz0

let each side operate upon a function / (.r0, yn,s0), where f (x, y, z) is a
function which is finite and continuous throughout the volume of the
sphere, and where r»;0, y0, z0 are all pnt zero after the operations are
performed; then, since

J v^w .hi zo)

we have the following surface-integral theorem :—

Y,l(;t,y,z)f(x,y,z)dS

0 d

o 2
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where, on the right-hand side, x, ?/, z are all put equal to zero after
the operations have been performed, und Vs denotes the operator
pa 31 p)i
~- + —- + ~ . The only restriction to which the function /' (a?, «,s)
ox* oy% cz*
is subjcot, is that it must be finite and continuous throughout the
sphere.

3. I now proceed to consider some particular cases of the
theorem (5).

Putting n = 0, in which case we can put Y,,= l, the theorem
reduces to that employed by Mr. W. D. Niven,

a, y, z) dS = 4 r f J 1 + ^ + ̂  +... } f(x0, y0,

suppose that / (a, y, z) is a rational homogeneous function of
degree m ; in that case the integral vanishes, unless m—n is a positive
even< number; the theorem then becomes

\ 2

! ( m + n + i ) i

since all the other terms on the right hand vanish.

A particular case of (7) is

>.„•!» 2 "

where a-f/3 + y —?i is an even integer.
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In (7), put m = n ; we then have

This last theorem (9) includes, as a particular case, Maxwell's theorem,
giving the surface-integral of the product of two surface harmonics
of the same degree n. If A,, /t2... htl are the axes of YM we have*

W|_ multiple of Vs,

nnd thus (9) becomes, in the case in which /„ (x, y, z) is a spherieal
harmonic,

f | Y - ( a ! l **> ' " ̂  » • s ) " " lS££r !̂ 3ft,8;,!"...3t/"("-v'z)

(10),

which is Maxwell's theorem.f The theorem (9) is more general than
Maxwell's, since /„ (aj, y, z) is not restricted to being a spherical
harmonic, but may be any homogeneous function of degree n.

An important case of (5) is that in which / (x, y, z) is of the form
F(i — x, ti—y, K—z), where £, »j, £ are the coordinates of a point out-
side the sphere. In that case, we have

and, when x — 0, y = 0, z = 0, the expression on the right-hand side
becomes

* See my paper on " A Theorem in Differentiation," p. 68 of the prosent volume,
t See Electricity and Magnetism, second edition, Vol. i., p . 186.
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We thus obtain the following theorem :—

| [ Yn (x, y, z) F(t-x, n-y, l-z) dS

2" n I ( R?V2 7?,*^*A-.-nin+i / -\\n a "" \ i i __±___ L . . „_ j.

r)2 r)2

Va = ^ - + ~ -
de 9i|f

If p 3 =(^-a ; )
3 + (»?-j/

and! ^ ( f - w , rj-y, K-z) = <? (p),

we obtain the theorem

(12),
where ?t2 = ? + »?a + 4̂ .

This theorem can be applied to tho determination of the potential of
a surface distribution on the sphere at an external point, under nny
law of force; I shall however consider this application in the more
general case of a distribution on the surface of an ellipsoid.

If dv is an element of volume of a shell contained between the
spheres of radii B and R + dR, we have dv = dS.dR', hence (12)
may be written

j I Y,, (x, y, z) $ (p) dvj I

, 1 .

Multiply both sides by ip (12), and integrate with respect to B from
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B = 0 to B = a; we then obtain the formula

JJJ

This volume-integral can be used to obtain the potential of a solid
sphere of density 4> (12) Yn (x, y, z) at an external point, under any
given law of force.

4. In the fundamental formula (5), put R = 1, change x, y, z into

—' -̂ -, — respectively; then the surface integral will bo replaced by
a b c
one taken over the surface of the ellipsoid whose equation is

a;2 ? / z2

"^• + > + "cr==1;

instead ofd$, we must write , , where the new dS denotes an ele-
abc

ment of area of the ellipsoidal surface, and p is the perpendicular
from the centre upon the tangent plane containing the element. We
thus obtain the formula

(c y z
a 1 b' c

*. 1L
a' b}

or, changing/( — , ^ - , — ) into /(a-,, y, «),
\ a b c I

3 2.4.2n + 3.2n + 5

)x on oz,
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A* r}s cP
where D* denotes the operator a8 ~ + 6* ̂  +c* •^-; as in (5),

d-e3 (fy* oz*
JC, ?/, 2 are put equal to zero when the operations on the right-hand
side have been performed.

Corresponding to (11), we obtain, by putting

/ (« i y» z) = Ftf-Xt n — y, f—*)i

where {, JJ, f are the coordinates of an external point,

. ( a l , l l , e l ) f (£ , . , , i ) (15),

r)s 9* 9s

where D1 now denotes the operator a%~ +&9 r̂—He* ^ - .
o£* d/j3 of*

Corresponding to (12), we obtain

^ df, dq

where ps = ({-a;

In (16), change a, J, c into ea, eh, ec; then

~

is the element of volume of a shell bounded by the two ellipsoids
whose semi-axes arc ea, eb, tc and (e + (Ze)a, (e + de)b, (e + de)c
respectively. Multiplying both sides of the equation by c""1 ̂  (c) de,
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and integrating from e = 0 to e — 1, we obtain the formula

where the volume-integral is taken throughout the volume of the

(
2 3 _2 \ 1

~5 + TT + ~Y ) •a b c I

5. The first application that I shall make of the formulae of the
last section is to express an external ellipsoidal harmonic in a series
of spherical harmonics; I use throughout the notation in Mr. W. D<
Niven's memoir* on ellipsoidal harmonics, in which memoir the
expression is found by other methods.

At the surface of the ellipsoid, the ellipsoidal harmonic

O.fcy..) or j l y zx «
{ Z X1J

is equal to

a~yx b~lc~lyz \ t a be
b-'y c-la-lzx a-'b^c-'xyzi X I 1 b ca abc
c'xz a~xb~xxy ) I c ab

If f l|: 4. if 4-

{ a 6c "j

1 6 ca a&c [ll (-«) J/n (±, -f, l ) ,. \ a 6 c /
c ab J

where Hn (re, y, z) is a spherical harmonic.

* Philosophical Transactions, 1891.
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In (16), pa t Y,, = JET,,, <p (p) = —; we then have
P

D9

H ' In —

now H
/ 3 . d

n I a —, & r - ,

a be

1 b ca abc

c ab

and thus we have

j a.

where K denotes the bracket containing a, 6, c.

Now, if ©„ (|, JJ, f) = 0,, (£, v, 0 In (£, n, 0 denotes an external
harmonic, where JH is au integral of the form

e being the parameter of the confocal ellipsoid through the point
I, T), £, the surface density o- of a distribution on the ellipsoid which
will produce an external potential GJ,, (£, n, C), is given by

, 3©-, , r
 d G»

Of Ot>

where dv is an element of normal, and J,, has its value at the surface
of the ellipsoid ; we thus obtain
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and it is easily shown that — = 2p;
O

hence
2TT {

We obtain therefore the formula

(18),

which is Mr. Niven's expression for an external ellipsoidal harmonio
in a series of spherical harmonics. It will be observed that in the
above proof the distance of the point £, >j, £ from the origin is not
necessarily greater than the greatest semi-axis of the ellipsoid, for,
since (12) holds for all points external to the sphere, it follows that
(16) and consequently (18) holds for all points external to the
ellipsoid.

6 When it is required to find the potentials of ellipsoidal shells or
of solid ellipsoids of variable density, at an external point, it is in
ordinary cases better not to use the ellipsoidal harmonics, but to use
the theorems (16) and (17), The formula (16) gives an expression
for the potential of a surface distribution of which the density is

pYu(—, -^-, - j , when the law of force is — d>'(p) ; in order to find
\ a 6 c /

the potential of a surface distribution of density pF(x, y, z), it is
necessary to express F(x, ?/, z) as the sum of a number of functions

of the form Y,, f —, •?-, - V
\ a b c I

The formula (17) gives the potential, at an external point., of a solid
ellipsoid whose density is

\ a b c I

and thus, as iu the case of a shell, the potential of an ellipsoid whose
density is
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can be found, the law of attraction being —$' (p). I shall obtain, the
formulae for the potential in one or two simple cases, as an example
of the general method.

(a) To fiud the potential of a homeoid whose density is pxyz, the
law of force being that of the inverse square: in this case xyz is a
harmonio of degree n = 3; we thus obtain, from (16),

F - - *™?&JjA (, / £
" 105 I + 2 9105 I + 2.9 2.4.9.11

(b) To find the potential of a solid gravitating ellipsoid whose

*<*•*•*>••
where mis any positive quantity : in this case wo write pz% in the form

8 Uc ' o1

;82«* a;8 vs

the quantity - ; 5- — -rr being of the form
c* a* b*

x y z\
T' T1 T)'

The required potential is the sum of the potentials of the ellipsoids

whose densities are ^~ \—r i— -£r) e
2'", and -—e2'"*"; we thus

3 \ c a b / 3

obtain, from (17), for the potential required,

F=*ir1 ' *" l

^ - - a ' | - -

(0) To find the potential of a solid gravitating ellipsoid whose
rty b ^ S . .. . .
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where m is a positive quantity : we have

( 1 O d

so that the required potential is

7. I shall now proceed to modify the foi'mula (17), so that it may
be adapted to the case in whioh the ellipsoid becomes an elliptio disc;
we put c = 0, and in this case we must suppose that Ylt (x, y, z) does
not contain z, or that Yn (as, y) is one of the harmonics

The muss of a prismatic section of the ellipsoid of whioh the base
is the element dxdy, is

y I' *£>i *,
J. v e ' - a "

where «3 = '-v
a*

If we put x («) for the value of the definite integral, we find, on
dividing both sides of the equation (17) by 2c,

where £>8 - a" ̂ - + i3 | 1 .

This formula gives thu potential of an elliptic disc of density

(~zk* -*H x ( \ / ~ r "*" T7) u t a n external point, the law of force

being - $>' (p).
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As an example of the use of (19), suppose

then 7
V e3 — a*

Changing the variable in the integration to v, where

we have x («) = I ( l - a s ) " ' P w'""4 (1—w)'1 dv,
Jo

a..

Putting n = 0, in (19) we find, for the potential of an elliptic disc of
1—• ~ — 1 ^ \ t the value

a o* /

As another example, suppose it is required to find the potential of a

disc of density ^ xy I 1 — -^— ^,1 ; in this case we put n = 2, since
\ Qt Of

xy is a harmonic of the second degree; The values of \p (e) and \ (")
are the same as before; we have therefore

(2m)! o! <-o Jo

t.o t\(t+m

8. A line-integral round the circumference of a circle, analogous to
the surface integral in (•!•), may be found.
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We have e*008* = JQ (p) + 2 2 t"/,, (p) cos n<p,

where /„ (p) = Jfl [ l - 2 £ + 2 + ̂ -^-^-^-... };

thence we have

where a?+j^ = B\ and cos^ = - ^ - ± ^ = = cos (0-/3),
E/a' + p'

whore x = E cos 0, y —T& sin 0, cos j3 = —— " — , sin (i = .

The value of the integral eol!+^l'(a;±<y)" ds, taken round the circum-

ference of a circle of radius It, whose centre is at the origin, is easily

seen to be

As before, we obtain from this result the theorem

= 2»JP-*» - M l

5)"/ (*»> (20)'
where, on the right-hand side, x and y are put equal to zero after the
operations are performed; f(x,y) must bo finite and continuous
within the circle, and

dx> dy''



90 On the Evaluation of a certain Surface-Inteijral, 8fc. [Jan. 12,

where £, q, f are the coordinates of an external point, (20) becomes

d1 3 a

where v * = ^ + 2".>

a? tin1

The theorem for the ellipse which can be derived from (20), is

X5*! . __ £ ! _ + P*.

whore Ds = a 8 " ,

and, as before, the value of the expression ou the right-hand side is
taken at the origin. In the special case

/ ( » . y ) =i(I(£-a'>, v - y , O»

this becomes If ® ±« ~ j F (£—a:, »;—T/,

+ +

where D3 = a8 f" +/3

9
We might proceed to obtain, from these last results,integrals taken

over the area of the ellipse : such integrals wo have, however, obtained
as a special case of tho ellipsoidal volume-integrals; it is therefore
unnecessary to proceed further in this direction.


