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Geometry on an Ellipsoid. By Prof. CLIFFORD.

{Read December \2th, 1872.)

The metric properties of an ellipsoid are entirely determined by the
four points in which it is met by the imaginary circle at infinity. I
shall start, therefore, by assuming the existence of these four co-planar
points ou Oj, o3, o4, which, taken all together, I call the absolute.

1. To represent the ellipsoid on a plane we require also two fixed
points i, j ; the plane sections of the ellipsoid are then represented by
conios through these points, and the generating lines by lines on the
plane through them. In fact, if we take a fixed point a on the ellipsoid
E2, and draw a line through a and a variable point x on the ellipsoid,
this line will meet a plane L in. one point y, whioh is the representative
of x; the points i,j will then represent the generators through a. If
we take the points i, j to be the absolute of the plane L, then all the
plane sections will be represented by circles, the lines through i will
represent one system of generating lines, and the lines through j the
other. We shall have then, in addition, to consider the four points o;
and the geometry of the ellipsoid will be merely the geometry of the
plane considered in relation to these four points, which are concyclic.

2. We know, then, that the antipoints of the o lie upon three new cir-
cles, orthotomic of each other and of the first. These correspond to the
principal sections of the ellipsoid. The anfcipoints themselves represent
umbilici, four of which are real; I call these uu u2, «3) uit and we may
now take the points u as our absolute instead of the points o.

3. What now are the directions of tho lines of curvature at any point
x of the ellipsoid ? First, the indicatrix at x is represented by tho
point-circle at its corresponding point y, so that conjugate directions at
x correspond to rectangular directions at y. Next, tho tangent piano
at x meets the plane at infinity in a line, say /3. Through the points o
can be drawn two conies to tonch j3, say at p, q. The lines xp, a-j are
tangents to the lines of curvature at a?, since tho points p, q are conju-
gates both of the section of the ellipsoid at infinity and of the imaginary
circle. But now let 0i0a and o3r>i meet /3 in r, s respectively. Then
the involution made by rs and tho points where p* meets tho imaginary
circle have p, q for double points. The interpretation of this on tho
piano is, that the directions through y corresponding to xp, xq make
equal angles with the circles yoyo^ //o3r)4. Hence—

Tho lines of curvature of the ellipsoid arc represented by confocal
anallagmatics having tho u for foci.

Sections made by two conjugate planes of the ellipsoid are repre-
sented by orthotomic circles.
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4. A straight line y in space may be denoted by the two points c,, c2,
where it meets the ellipsoid. The sections drawn through this line will
be represented by the series of coaxal circles through ou c%. The sections
through <?, the polar of y, will therefore be represented by the series of
coaxal circles through du d2, the antipoints of Ci ca. Thus, a straight
line being represented by a pair of points, its polar is represented by
their antipoints, as is otherwise obvious.

I denote further the principal sections and the plane at infinity by
XYZU, which notation will serve also for the circles which represent
them. Now, in general, a section of Ea passing through a fixed point
of space is represented by a circle orthotomic of a fixed circle. In par-
ticular, the points oj o2, o3 04; Oj o3, o4 o2; ox o4, o2 os, correspond in this way
to the circles X YZ. I want now to find the interpretation on the plane
of the rectangularity of the lines y and 8. The planes joining them to
the point oxoz, ogot are harmonic of the lines 0i02, otot. Hence the cir-
cles C]C2X, rfi<ZgX are harmonic of the circles coaxal with them and
passing through 0,02, o,o4 respectively. This is to be true when X and
Y are interchanged: the conditions may finally be written

If now for d\t t?2 we may substitute cu c\ where c\ is indefinitely near
to c, in any direction, cxc3 represents the normal at cx.

5. A circle P, orthotomic of U, represents a diametral section. Let
the pole of this section be called p ; p is a point at infinity. We know
that it is always possible to find another point q at infinity, which is
conjugate to p with respect both to the ellipsoid and to the imaginary
circle. We may then endeavour to find the circle Q, of which q is the
pole. Further, lines X, /J. can be drawn through p, q respectively, which
are at right angles, and also conjugate polars of the ellipsoid. To
represent these we must find a pair of points on P which have their
antipoints on Q. These circles cut orthogonally; on each of them, then,
there is a singly infinite number of point-pairs representing axes of the
quadric, viz., the point-pairs determined by diameters of the other circle.
That is to say, any circle P, orthotomic of U, being given, there can
always be fouud a point </°, such that the lines through qa determine
on P point-pairs representing axes of the quadric.

The determination of °̂ depends on the position of the projecting-
point a. The generators through a meet the diametral section Q in
two points; the remaining generators through these intersect on tho
representative of q°.

('). I now proceed to construct Q when P is given. In the first place,
Q has to bo orthotomio of P and U. Next, if we draw through P and
Q two new circles, ono of which has Oi o2 for harmonics, and the other
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o8 04, these must be harmonics of P and Q. Bnt a circle orthotomic of
U and having Oj oa for harmonics, must have them for inverse points,
and therefore have its centre on o^ ot. Hence the line joining the centres
of P and Q is cut harmonically by the lines 0,0a, °tf>t- Similarly, it is
cut harmonically by OiO8, ofa and by oo4, o2oa. Hence the centres of
P and Q are polar opposites in regard to the quadrangle Oj o% o8 o4.

:

They are therefore conjugate points in regard to the circle U.
7. Intersections of the ellipsoid by spheres are represented by anal-

lagmatics jessing through the four points ou o2, o8, o*. There are two
systems of real circles passing through pairs of them; these repre-
sent the circular sections. Sphero-conics are represented by such
of these anallagmatics as have XYZU for focal circles. To find
the axes of any circle P of the U system we must then draw two such'
anallagraatics having double contact with P ; the point of contact in1

pairs will represent the axes of the corresponding section.
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