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disintegrate the molecule into positive and negative ions. The
apparent masses of the ions therefore depend on the ratio of
the electric force to the pressure.

10. The results of these experiments throw some light on
the constitution of molecules of gases. We are led to con-
clude that:—It is possible to detach a particle from the
molecule of a gas which is small, as regards mass and linear
dimensions, compared with the molecule of hydrogen, also
the particles produced from molecules of different gases are
identically the same.

The mass of the negative ion coming from a zinc plate was
previously shown by Professor Thomson* to be small com-
pared with the molecule of hydrogen. The method which
he adopted did not involve any of the principles underlying
the present investigations.

A considerable number of phenomena connected with the
electric discharge in gases may be explained in a general way
by taking into consideration the physical properties of these
negative jons. Thus some of the effects of variation of
pressure, electric force, and distance between the plates can
be accounted for. Alsothe high conductivity of gases under
rapidly alternating forces may be due to the fact that the
negative ions traverse a long distance before they are dis-
charged by the electrodes. There are, however, many
phenomena for which these physical properties supply no
explanations : such as the appearance, at the electrodes, of
the constituents of compound gases.

The experiments with ultra-violet light show thai in car-
bonic acid the conductivity may arise from the genesis of
small negative ions. Tam at present continuing the researches
with other gases and vapours, so as to obtain some additional
evidence on this point, as it is to be expected that similar
phenomena may occur with other compound gases.

LXVIL. On Vector Differentials.
By Fraxk Lavrex Hircrcock .

1. IN studying physical quantities we are led to make a

distinction between those which have by their very
nature a direction in space, aud those which, on the other
hand, may be thought of as mere numbers. Directed quan-
tities are conveniently called vectors, and non-directed ones
scalars.

* J. J. Thomson, Phil. Mag. December 1900.
t Communicated by the Author.
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The mathematical connexion between these two kinds of
magnitudes is extremely intimate: if we have any scalar
function continuously distributed through a portion of space,
there is a vector function immediately derivable from it by
the operator \/, which derived vector was called by Maxwell
the space-variation of the original scalar.

The object of the present paper is to study briefly the
differentiation of vectors, a subject inseparably bound up with
the quaternion operators \/ and ¢. I shall assume that the
reader has some slight acquaintance with the calculus of
Hamilton, and shall occasionally refer to Tait’s ¢ Quaternions,’
3rd edition, 1890.

2. From the definition

d(Fq)= Hmn { F (g + ‘%9) —Fq}

follows the very general proposition that a differential is a
linear function : both ¢ and Fg are, in general, quaternions;
but one or both habitually “degenerate” into vectors or
scalars. In any case d( I¢) is linear in dg.

It follows that if P is any scalar function of a point p, then
dP is linear in dp.

Now every possible scalar term linear in dp may, by very
elementary transformations, be put in the form S\dp, where
A i3 of course a vector function of p. If there are several
such terms we may assume that A= —5/P, where the minus
sign is introduced in order that our results may agree with
Hamilton’s original definition of §/. Therefore

dP=—S8dpVP, . . . . . . Q)

which is a fundamental equation.

From this, remembering that dp may, like any other vector,
be thought of as the product of a scalar and a unit-vector, we
have

dpP
EZ::_SEVP’ N )

by writing dp=edh and then dividing both sides by dh.
Here —;7& may be thought of as an operator. It signifies

differentiation with regard to any direction whatever in
space, and ¢ is the corresponding unit-vector, either a con-
stant or a function of p.
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We have also
dP = —S8dpVP
=+ Sdp(iSiVP +;§ VP + i34y P)

.dP .dP . dP
= —Sdp (7’(75 +_7@ +k EZ)’ by (2),

dpP dpP dP
because dz= —Sidp, &c.
From (1) it appears that if dP be given, VP can be written
by inspection.
3. Taking next ¢ any vector function of p, we have

do=d¢dp, . . .
where ¢ is a linear and vector function. And, directly,

do
dlc=¢€" N ()

For a fascinating account of the various types of these
functions, see the last chapter of Kelland and Tait’s ¢ Intro-
duction to Quaternions” The function ¢ is there considered
as a homogeneous strain, and it seems convenient so to speak
of it, evenin those cases where it could not exist in a physical
sense; for example, when the sum of the roots of the strain-
cubic is zero.

To show that Ve may be written by inspection when do is
given, we may put

g=idi +j )+ keph ;
and, if ¢ consists of several terms, we may consider each or
them as a separate linear and vector function, call them
&1, Po, &c.; to these will correspond ¢y, ¢y, ..., whose sum,
since ¢ is linear in ¢, must give the ¢ of the whole function ¢.

But Vo=g¢, by (4); thus we can write down o if we know
the part of ¢ contributed by each term of ¢.

Taking special cases, a term of the form 8SzA, which we
may call ¢;, and where A is any vector whatever, gives

q1=4B8ai +jBS2j + kBSak
=—af;
and ina similar manner the forms VaA, VaAg, and g\ give,
in order, 2a, SaB, and —3g. Any other terms that may

occur are to be treated in this way, and the sum of the results
taken.

3
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We have thus the means of finding the effect of ¥V on any
function, scalar or vector, by merely differentiating it.
4. The following useful formulze will be familiar to stadents
of Tait:—
d(FP
V(FP) = —————(dP )VP,

and
V(PP)=P,VP +PVP,
in which the order is not important, and also
V(Pa)=VP.c+PVo,

where the order is vital. Here P and P, are scalars, FP is a
scalar function of P, and ¢ is a vector.

To find the effect of 7 on the product of any two vectors
o and 7 we may adopt the notation do=¢dp and dr=~0dp ;
whence

d(or)=do.r+a.dr
=¢dp.7+ 0. Gdp.
From the scalar part of this differential we have

dSer=R8dp(d'T+ 6'3),
whence by (1),
VSer=—¢/r=0o;. . . . . 5)

and from the vector part,
dVar=Vobdp— Vrddp,

each term of which, by the last article, contributes its portion

of VVor. If we take ¢;=Va0, we have
@1=tVabi+jVolj+ kVabk
=—8.oVr—o8V1r—00, (Tait, §§ 89, 90)

by the ordinary transformations.
Similarly the part corresponding to — Vrédp is

+8.7Vo+18Vo + ¢
by adding the vector parts of these two quaternions we have
VVVor=18Ve—aSVr+¢7—00, . . . (6)
and by adding the scalar parts,
V(er =8 .Ve-8.¢Vr; . . . . (D
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we have thus the three parts of V(or). Combining them
gives
V(er)=78Vo+ (¢ —~¢)7+8.7Ve
—oSVr—{0+8)o—8 .oV7;
but we have, identically,

V.VWao.r=(p—¢)r, . . . . (8)
by Tait, § 186; accordingly the first three terms of V(o) re-

duce to Vo . 7, and the last three, similarly, to —o . V7—260;
whence, finally,

V(er)=Veo.r—oVr—=260. . . . . (9)

It may be noticed that — 8o is the same as SoV/. 7.
If r and ¢ are any two quaternion functions of p we have

V(gr)=Vq.r—qVr+28q.Vr+28(VgV)r, (10)

which follows on combining (9) with V(Pe), &c, and which
the reader may verify with ease.

5. It is convenient to classify vectors by the effect of V
upon them: if V{/o vanishes, o is derivable from a scalar
potential and its distribution is ¢rrotational ; if S\/o vanishes,
o is derivable from a vector potential, and its distribution is
solenoidal; while it both these conditions are fulfilled at once,
so that Vo=0, then the distribution is Laplacean. These
distinctions are of fundamental importance in Physics.

There are also vectors which, though they do not direcily
satisfy the equation V{Jo=0, yet do so when multiplied by
a variable scalar. Hamilton and Tait showed that we then
have SeVVo=0. The simplest example is a unit-vector
normal to a series of surfaces, and capable, therefore, of being
written UVP.

Taking the two vectors VP and UVP, we shall adopt the
notation :

dUVP =dv=ydp,
avPp =d(tv) =1[rdp;

the operators y and x are then vector differentials, functions
of p, and always linear in dp: their properties appear to be of
considerable interest.

If « and B are any two constant unit-vectors, we shall have

dP
d(d»};a )= —dSaVP, by (2),
= —8adVP, because « is constant,

= ~Sarrdp ;
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whence by putting Bdh, for dp,

d*P
G, =~ S —SBe, . . (D)

where « and B are perfectly interchangeable, because either
of them is any constant unit-vector whatever.
One consequence is that

dP d

VZJT.:‘PO‘: EZ,,VP’ A ¢ )
which may be extended to a vector by the usual method
(Tait, § 149). Thus the operators V and ‘%-e
tative, provided the direction % is constant. A single case of
the same kind will presently be exhibited where the direction

of differentiation is not constant.
6. The function x, found by differentiating UVP, or v,
owes most of its peculiarities to the fact that the differential

of a unit-vector is always at right angles to the unit-vector
itself (Tait, § 140, (2)); this is expressed by the equation

Svye=0,. . . . . . . (18)

where ¢ is any direction whatever. Thus the strain  turns
every vector into the tangent plane to the surface P=const.

If we form the strain-cubic in the usual manner we find
that the absolute term vanishes, so that

x (% —max +my) =0
for any direction whatever. Thus the cubic has a zero root;
for another way of finding it we have, Aand x being any
vectors whatever,
xVx'Mx'n=0, Tait, § 157, (2).
By interchanging x and ’ in this last equation we obtain
xv=0, . . . . . . . (14

for VyAyu is parallel to v, by (13). It appears from these

results that that direction for which =0 is at right angles

to the plane into which %/ turns every vector; and vice versd.
Whence, by taking a special case of (8),

(x=xWw=V(VVv)y,

the left side reduces to xv, that is, g—; ; and remembering

that v satisfies the equation 8¥Vy=0, we see that v, yv, and

are commu-
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VV/v are mutually at right angles, while Tyy=TVy/v. These
facts are expressed by the equation

vy=VVr. . . . . . . (15)
‘Writing, as above, Jd; for differentiation along the normal

to the surface P=const. we shall have

dP
d(%— = —d(SYVP)
= —Bwprdp— S (tv)xdp ;

the last term vanishes by (13), and 4 is self-conjugate by
(11), hence

dp d
Vi-=¥w=2VP . . . . . (16

an equation which should be compared with (5) and with
(12), from the former of which it may be deduced by
applying (14).

7. We are now able to examine the criterion that the
vector v shall, besides being derivable from a scalar potential
by means of a scalar factor, be derivable from one particular
scalar potential which shall satisfy Laplace’s equation ; to
find, in other words, the condition that a scalar ¢ can be found

such that 7 (tv) =P =0.
Remembering that % =t¢, we shall have
Ydp=d(tv)
=vdt + tdv
=—vSdpVt +txdp
= —18dp %P 1 1yip, by (16),

=— g%vSvdp —tvSyvdp + txdp

=— % wSvdp — txvSvdp + tx/dp,
where the last step follows because yr is self-conjugate.

By inspection of this result it is evident that, upon any
vector in the tangent plane, the strain yr has the same effect
as x/, with the sole difference that 4 allongates the vector by
the factor t. There are important geometrical applications of
this fact, some of which will be found in the examples at the
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end of this paper. But we are now concerned to get an
expression for §/(tv). It is proved above that

i
Ydp=— ?l?z vSvdp — tvSyvdp + tydp,

where, by Art. 3, the first two terms give — % and —tvyy,

and the last term gives ;\/v. Thus if P satisfies Laplace’s
equation, then
dt
=, v+ tVr=0;

the vector part gives an independent proof of (15); the scalar
part is

at

T =SV,

and since it has already been proved that, in general,

_d(tv) _ dt
Vi= an -vdn+txv,

we have, provided P satisfies Laplace’s equation,
Vi=t(SVr+yv). . . . . . (A7

The vector ¥SVv+xv may be written Vv.v; and because
V%t is a scalar,

VV(EVv.v)=0
=V .Vt(Vv.v) +VV(Tv . v);
which reduces at once to
VV({Vv.v)=0;
from (10), putting Vv for ¢ and v for r and taking vectors,
V(V%)V'—V(Vl’y +28Vv. VVy— 2xVVv= 0,
where the second and third terms destroy each other, so that
finally
ViV +2yVVr=0, . . . . (18a)
which is the required condition.
The same essential fact is expressed by saying that Vv .v

must be integrable without a factor, or that there must exist a
scalar—call it u—such that

u=v_1(Vv.v).. D (19)

8. To examine the properties of xVVv, we may write, as a
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special case of (8),

(x=X)V =0,
which means that o and its conjugate have the same effect
on V7v. But it was shown in Art. 6 that y turns every
vector into a certain plane, and ¢’ turns every vector into
another plane; hence xVy/» lies along the line of intersection

of these two planes.
If v/ be a unit-vector such that 1'=0, it follows that

xVVv=2Vw/;

to determine the unknown scalar x, take ¢ and % two unit-
vectors such that ye=ge and xyn=g\n; it may be easily
shown that e, , and v will then form a rectangular system
(see Ex. 2); and they may be taken so that ep=v. Itis

then legitimate to write @ in the following form (Tait,
§ 176): dn

Sw/. xv= —geSev' —gnSyv/;
operate by Vv,

SWVVv=—gnSeV + 9,689/,

and by using again the same form of y,
~xVVr= g—l’%{—eSm/-!-nSev’}

=V,

TS

where m is the coefficient of y in the strain-cubic. Thus if
I be the angle between v and ¥, the tensor of xyVVv is
ny tan l.

9. If, further, o be any vector in the tangent plane, so
that at all points Sov=0, then by (8)

(p—9 )+ VvVVe=0;
here ¢v may be written % ; by (5) we obtain
V8oy=0= —ylo—¢'v;
the values of ¢v and ¢'v give by substituting,—
%+X'+VVVV=O, e o (20

provided the operand be at right angles to .
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Operating on V{/v and substituting the result in (18a)
gives

l
V. /WSVr= (({/'n —x)VVV. ... (183)
Again, by using the value of VV» from (15),
d d*v
i =V, &Y
dn VVr=1 Van®
and this, combined with the result of the last article, gives
‘72
V. vVSVv:Vv(%nlz —7n1v’S‘1V’v). . . (18¢)

One other transformation is obtained from the yv of the
last article by putting wv' = — g19Sy' — geSev/, so that the com-
ponent of ¥ at right angles to v is S¥'v . @~ 1yv, and this gives,
by substituting in (18¢),—

2
Vv(%—mlw‘l% —-VSVV) =0; . . (18d)

that is, the vector in parentheses is mormal to the surface
P=const. Here it is noteworthy that both the vector
Vvi/SV/v and the linear and vector function m &= are nume-
rically determinate all over a given surface P=P, Thus
(18) shows the character of v, provided 7?P=0, in the
immediate neighbourhood of the given surface.

If v be so given as to satisfy (18), P may be written V-1(¢),
and is determined by (19), since u=log¢ by (17).

LEramples.

1. Give in terms of 7y the curvature of a normal section of
the surface P=const. (Tait, § 350, where v is the tv of this
paper.)

2. Show that two of the roots of the cubic in y correspond
to the sections of greatest and least curvature.

3. If ¥ correspond to the other root, show that if v, ' and
xv are coplanar, x’ is parallel to yv. Of what class of
surfaces is this a property ?

4. Show that if P is a homogeneous function of z, ¥,
and 2, any straight line through the origin cuts the surfaces
denoted by P at a constant angle.

5. Show that if P is a homogeneous spherical harmonie,

V1V v) =const. is the equation of a cone.
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6. For what class of surfaces may ' lie in the tangent
plane ?

7. For what class of surfaces is x self-conjugate ?  (Tait,
§ 332).

8. Discuss the pure and the rotational parts of the strain .

9. Prove the identities :—

(@) xv=V.ywxVVr—SVr.yw,
&) xXw=xv—v(x)".
10. Discuss the pure strain y+x'.
11, Tnterpret TVVy and S-UVoy. (Tait, §§ 299, 300)

12. Show by (11) of Art. 5 that ¥? is the negative of
Laplace’s operator.

d
dn dh

to P, h being parallel to V.
14. With everything asin Art. 4, prove

V(e7)=Vo .7—=YT.0—~ 200,

15. Show by (7) that VVxv lies in the tangent plane.
16. Use (6) of the same article to find Viz(¥SVv +xv).

13. Show that — and 4 are commutative when applied

LXVIIL. Some Ezperiments on Electric Waves in Short Wire
Systems, and on the Specific Inductive Capacity of a Specimen
of @lass. By J. A. PoLuock, Professor of Physics, and
0. U. VoxwiLLER, Deas- 1 homson Scholar in Physics in the
University of Sydney™®.

THE experiments described in the following paper include

observations of the waves along free wires, and also of
the vibrations in the two systems formed when the wires are
bridged at various points. In the former case it is shown,
that when the electrical vibrations of the wire system are
forced, they are in that mode whose free period is near to that
of the vibrator oscillation, and therefore the distance between
the nodes along the wires does not vary continuously with
change of the period of the condenser discharge In the
other case an explanation is found which accounts for the
varying heights of the maxima deflexions observed when
the bridge is moved along the wires. A method for finding
the specific inductive capacity of solid dielectrics with

* Communicated by the Authors.



