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sina
sing

sin & sin Ixz

= cos a tan 36 cos n ;
therefore cosa :cosB:cosy=1:tan36 cos{: tan 6 cos g
=1l:v:inu

Now, projecting the coordinates @, y, 2z, and then X, Y, Z of any point
P along 04, it follows that

zcosa+ycosf+zcos(m—vy) = X cosa+ Ycos (r—08) + Zcosy;
therefore zt+vy—pz = X—vY+uZ,
which is the first of equations (1).

- The second and third equations can be obtained in like manner.
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It has been shown by Professor Cayley that the orthogonal trans-
formation could be expressed thus

T =anhta,sYt .ty

ST ¢ O 1

&€, = )a,1y1+an,2yg+---+!'1:,.,,,y,.1 '
where L et (2),
O = ( )
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where A is the skew determinant

b1,1 bl,n

bu,l eer bn,n

in which b,y==b,, 7r5s.
but b,=1

and where £, is the co-factor of b;,,.
To see directly that this is orthogonal, it is necessary to show that
BrrtPost ot B = BB ceviivieeiniriennn (5),
&lld 2 (ﬂl.'pl,l"'ﬁﬂ,r ﬂ2,0+ eoe +ﬁn,rﬂu,1) =A (Br,g+ﬁ.,,) ...... (6).

As the latter equation includes the former, it is sufficient to prove it.

Let Aﬂ______ Cl 1 oes C)." .....---.....-..-..-..........(7),

Cuy «oo Cupn

where 6o = b1 D14 r g Dyat e b by by e e (8).

It should be noticed that ¢, , contains two terms from the diagonal
of 4, viz., b,, and b,, which occur in the terms b,,b,, and b,,b,,,
whose sum is equal to

b,,+0,,=0.

They may therefore be omitted or replaced by

Broy brat-Buw Buer,

which also vanishes.
Hence Cro =y, b1, 4Dy by st oo F b0 by (9)
If r =s, Cpy = b:‘1+b3.2+ ves +bf,n = bf,r+b:,r+--- +b:,r'

Also Cps =— Gy, -
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Multiply now the matrices

blll‘ .o b|’,, and‘ . b1,1 .ee bl,n"
br~\.l. s br-l,n o bn-l,l see ba-l,n
bhl,l eer brﬂ,u bul,l . bui,n
bn,l ceee bn,n ,e .. . bn,l soe bn,n

The product is €1,1 . evv Chamtg Caatg e Cln |y

cr—l,l‘ eve cr—l,a-l cr-l,ul sos c'-l,n

cnl,l eve cnl,i-lcnl,u-l--- 6r+l,n

cn,l eve cu,n-l cn,;nl wee Onyn
and is 8‘180 ('—1)'“ (Br,l B,‘,l +Br, P /;:,'z‘f' cee +Br,nBa.n)'

Aga'ini . A.ﬁr.l

= | b1 e b | [ B eee Brar by bl,;»l e bia
br-l.l wee br-l,a-l br—l,;br-l,l»l eoe br-l,n
0 .0 1-0 ..0
brfl,l .-‘-‘- b:l-‘+'l,u-.l br+1,;br+1,n+l vee bu-l,n

Y XY

b»,l see bn,;x bu,l (X bn,s—l bu,a bn,ul see bn,u

= 101,11 see Cppan bl,acl,rﬂ ves ClLa |

i

Cpt vod’ Cpyp bn,scu.rﬂ “ve cn,u

a4 is seen by multiplying rows by rows, and using (8).
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Also : - A.B,,

= bl,l ere bl,n-~ bl,) voe bl,r-l 0 bl,N-l e bl.'l
. bl-l,l voe b:-l,r—l 0 bl-l.f#l see bl-l,n
E 5 E bl,l oo bl,"-l 1 ba,rH see bl.n

b:'ﬁl,l ces bn-l,r—l 0 bu»l,r{»l e bul,n

bn,l (34 bu,u bu,l see bu,r—l O bu,r{rl oo b'l.n

= {ChL1 ser Opr-d b:',l'cx,&-u: e Cri |y

c,,', see Cpyrel b,’n G,,,,',l see Cnyn

a8 18 seen by multiplying columns by columns, and using (9).
Therefore - A(B,,,+8B...)

= cl,l ece Gl,r-l(bl,l+bl,l) cl,o-ol eoe cl,n
c:,l LR cn.r-l (b:,:"'b:,':) c:.ru -n.cl,n

.cu,l ses cn.r-l(bn,.l+bl,n)cn,rcl eee Gn,u

= (—1)".. 2 €11 ese Cleol Clpst oo Cin

cl—-l,l see cu-l.r-l Coclyrel oo c'—l,ﬁ

cu.l,l eee _cul,r,-lcu_l.ri-l see Yaat,n

Cn,1 ser Gyl Cnyral oen cn,n

=2 (81 Bort .. +Br,n Bin)-

3

Putting r =3, ﬁ':,l""ﬁr,z"‘ oee +ﬁi,n = Aﬂr,r,



1895.]  On Researches in the Oalculus of Variations. 345

and also by symmetry

2 (ﬂl,;‘ ﬁl,a +Bi,r 62,0 + ees +Bn,r Bn,a) = A (ﬁr,a+pn,r)9
ﬁr.r+ﬁ;,r+ e +ﬁi,r = ABr,r .

Researches in the Calculus of Variations.—Part VI., The Theory
of Discontinuous or Compounded Solutions. Dy E. P.
CuLverweL, M.A., Fellow of Trinity College, Dublin.
Communicated (with certain additional Critical Remarks)

May 10th, 1894.

In the following pages I hope to place the theory of dis-
-continuous, or as they may more appropriately be called com-
pounded, solutions in the calculus of variations on a satisfactory
basis. The theory also leads to a rule for ascertaining whether the
.continuous solution given by the ordinary equations of the calculus
is, or is not, the only possible solution.

1. Discontinuity presents itself in two ways in the calculus of

variations :— ’

(1) There may be stationary solutions, which involve discon-

tinuity of some fluxion of y at some point or points of the

integral.

(2) There may be maximum or minimum solutions, which are

not stationary, t.c., solutions in which U, as well as &U, is
capable of only one sign.

Solutions of this class appear to arise in two principal ways :—

(a) The region of integration may be restricted so that, along
a certain boundary, ¢y is not capable of either sign. The restric-
tion may either be explicit, as when we are asked to find the
shortest sea line from one bay to another, or Jmplicit, as in the
case of least action, where the fact that the values of the
variables must be real gives rise to a boundary. This class of
problem has been sufliciently treated of by Mr. Todhunter in his
Adams Prize Essay, entitled * Researches in the Calculus of
Variations,” and it will be unnecessary here to discuss it.



