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The Reduction of a Linear Substitution to its Canonical Form.
By A. C. DIXON. Received June 5th, 1899. Read June
8th, 1899.

The following is another solution of the problem discussed by
Prof. Burnside (Proc. Lond. Math. 8oc, Vol. xxx., pp. 180-194),
namely, the reduction of a linear substitution to its canonical form.

Take the substitution 8 as at p. 183, namely,

x\ — %a,txt («, t ss 1, 2, ..», n).

Let 6W be a root of the characteristic equation

A = Bin = 0.

ln2> •••> a » > » — 0

Then at least one set of quantities

a?' (s = 1, 2, ..., n)
can be found such that

a ^ ^ ^ V (« = 1, 2, ..., n),

and at least one set y^ such that

Sa^j^eV (. = 1,2, ...,»).

Take one such set in each of the two cases, and write

*, = X.al1', ff.sZ^ + X. (« = 2, :..,»).

The equations of the substitution 8 then become
t "H

= 8 <Ci X i

4 We may suppose
variables a;.

0 ; if this is not so, ohange the order of the
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Xlx^ + x: *= X1Sa,<a£
)+ 2 a.tXt

2

= fl("»?lII +Za«Xt (*=2,3, ...,n);
2

whence X'. = 2 (a,« ^ alt) Xt.
2 \ j ^ ' /

It also follows that

Xizx, y, +2,X,y, = o JL^x, y, + 2, [AtZa,ty, j
2 «a •

There are now two cases according as 2a£l) y(," = 0 or not. Suppose,

first, S a i V ^ 0 . a n d w r i t e î f o r Xi^yP + iXty?, that is,

2 y?^., (. for X (« = 2, 3, ..., n). Thus

fi = 5/3-6 (•=2, ...,»),
8

where /3d = art--^-Tfr

that is, the substitution is broken up into two, one of which affects
only £i, and the other only the other »— 1 variables. The same pro-
cess of reduction may then be applied to this last substitution and
repeated until the canonical form is at last reached, unless at some
stage it happens that

S«?}y™=:0.

If 2afyil) = 0,

the functions £„ £2, ..., £„ as just given are not linearly independent.

We may, however, put*

t,=X, (s = 1, 2, ..., n-1);

* It is assumed that </̂  does not vanish.
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Thus £

The substitution has thus been transformed,* so that in the charac-
teristic determinant A the first column and last row contain zeros
only, except where they meet the dexter (or principal) diagonal, and
the two constituents at the ends of this are each 0(1)—0.

If we suppose £„ = 0, we have a linear substitution affecting
£2, £3, ..., £u_i only for which the characteristic determinant is formed
by striking out the fix^st and last rows and columns of the one just
arrived at. This substitution in n—2 variables can be further re-
duced by one of the two processes given, and the restoration of £„
will only affect the last column of the determinant A.

Thus by successive reduction the substitution is brought to a
form in which all constituents of the determinant below the dexter
diagonal vanish, and possibly some above it.

The next step is to destroy as many as possible of the constituents
above this diagonal.

The substitution may now be written

If an •=£ a22, we may destroy al!e by putting

Xx = xx-\ ^—a; , , X = x, (s = 2, .'.., n).
aa

Thus X[ = anxx + 5 (au + —v--2t- ) a-,
2 \ n u —a 2 3 /

= 0,,*,+3 (au+ -£»£*_W

X', — 2nltXt (s = 2, ..., n).

In this way any constituent just above the diagonal may be destroyed,

* By the substitution
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unless the adjacent constituents in the diagonal are identically equal,
that is, we may put

unless oM = a.+i,.+i-

In the same way, going on to the next line parallel to the diagonal
we may reduce j . . n

-> Of.j+2 tO U,

unless oM = a,+2)l+2,

and so on; so that ultimately we destroy

unless as$ — atf

Then, by changing the order of the variables, we may gather
together all the constituents in the diagonal that are identically the
same, and so divide the variables into sets

in such a way that each set is transformed independently of the
others, that is,

p
x't —kxt + 2 a,^, (s = l, 2, . . . ,#) ,

l

p*q
'P+. = pap+,+ S ap,,itxt (s = 1, 2, ..., q).

P> i

Each set may now be considered separately. Take, for instance,
xv x2, ..., xp. The first step is to bring any zeros there may be in the
line just above the diagonal to the lower end of that line, and, in
fact, to arrange that the number of zeros immediately following the
diagonal constituent in any row shall be at least as great as in the
row above, unless all the constituents of both rows vanish except,
those in the diagonal. It is the same thing to say that, if ait (t>i) is
the first constituent in the iih row not to vanish after the Ith, then

for some value of r < t, but > %•— 1.
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Suppose this not to be the case; then the equations of substitution
include P

. . p
x\ == Xx{ + 2

t

Put

X, = 2!, {Szfri— 1, t).

This transfonnation will not affect the rows below the &<th, and it will
reduce a,, to zero; by applying it successively, and always to the
lowest pair of rows in which the desired condition is not fulfilled, we
get the result. The transformation giving this result is not unique,
and, in fact, the arrangement will not be interfered with by any
transformation, such as

Suppose then, leaving out the diagonal, that the first constituent
not vanishing in the first row is the att, in the a"1 row the a'01, in the
a/at row the a//th, and so on. The series "1, a, a', a", ... will come to
an end, since it can contain no number >p.

Let b be the first number not included among 1, a, a', a", ..., and
let the first constituent not vanishing in the 6th row be the 6/th, in the >
6/th row the 6//th, and so on.

Let c be the first number not included among 1, a, a', ..., 6,6', 6",...,
and form with it another series c, c', c", ..., and so on until the
numbers 1, 2, ...tp are all exhausted.

Then the transformation

Xa = x[ —kt>\, Xv = x'b — \xb,

Xa> = A o — A A O , Xy =: Xp—XXt/,

XJI = Xa> — \Xa>,

&C,

reduces the substitution for x,, x3, ..., xp to its canonical form, except
for the order of suffixes.
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. As an example take the substitution 8 on p. 191,

x'i — ~2x1— a>2—

x'2 = — 4a;,-f- xi

a-3= # , + x3 —3a?4—2a?B,

x't — — 4a;,—2xi—xi + hxt -f a-6,

x'6— 4xx+ x%+Xs—3a:4.

The characteristic equation is

Take 6m = 2 ; then the five equations to be satisfied by a//', ajjl), a£\

a%\ x1" reduce to three only, namely,

— 4an— a?,— a;8+3a:4+2a;6 = 0,

a?,+ x%—2xs—r3a?4—2a;6 = 0,

—4a?,—2a?a— £8+3a;4+ a;6 = 0.

We may then put

a-(1) - - a;(1) = xm = 1 x{l) = x'l) - 0

In like manner, the equations for y1^ ... reduce to three only,

2/»=0, y4=0,

Now it is desirable that, if possible, Saj^yi1* should ,not vanish; we
therefore put

y[1J = 1 = y™, 7/j = ya = y4 = 0.

The first transformation is therefore

X, = xt+x6, Xa = a?2, X8 = a;8+a;,, X4 = xt—xu X6 = a%.

The substitution 5 as transformed is

x'2 = xt—a?8+3a?4 + 2«8,

+2a;4— a?B,

—3a;4.
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We now ignore xx and take the root r-1 of the characteristic equa-
tion. Then x^\ xl^\ x{^\ a;̂  satisfy the equations

3a;4 + x6 — 0 ;

BO that af = - af = 1,. af* = a™ = 0.

In like manner, yjl} = 1, $ = y4
1} = $ = 0.

The new substitution is then

X j = a ; , , X, = xiy X8 = aj4, X4 = a!j-|-a;6,

and 8 becomes, when transformed by it,

»i = 2a?,,

4—a;8,

£ C 3 = 2 o ; 8 — OJ4,

x\ = 2»4

Xt — — X6.

To reduce this finally, put .

X, = â , Xi=x3—xt—xi, X4 = — a;5, X8 = x$, X2 =

and it becomes

X\ = 2aj,, jBa =s 2a;s, a j = 2iX&-\-x^ xt = — x t , x& = — o?6

•which is the canonical form.

The successive transformations used are

X™ = xl+x6, X? = a* Zi0 = ^,+a;,, X4
1} = ^ - ^ Zj> = z

Y'-» _ v(D V ^ _ Y(1) Y<2> — vCl vl3' _ YW_l_ YW Yf2> —
A l — -^i > ^-j — A J » -̂ -g ~ ^ » A, - A, f A6 , Aj - A

V — Y<2> Y — Y(a) T — Y(2) T — Y(2) Y — X

the resultant transformation being

X, = a;,+a-6, X3 = —x3- .r6, X8 = xt—x» Xt — — a1,


