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For the third degree wé should have, writing for brevity, 12 instead of u, »
Mp v A,y Apyv Ap,y 1,2
2,8,4 38,41 41,2 1,23
=( . AMN3H4+r424+1723)= . 34, -24,23=-1.2.8.4
(N84 . +A414A18) 34, . 14,31
(M244 2,41 . +A12) 24, —14, . 12
(M28+2,81+012 . ) -23,-381, —12, .
=(23.14+31.24+12. 84)°

From this it is easily seen that such a product can always be re-
duced to a skew symmetrical determinant ; and consequently that, when
the number () of columns is odd, the product will vanish. When the
number is even, the product will
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On the Transformation of Gauss’ Hypergeometric Series into a
Oontinued Fraction. By Tuomas Murr, M.A., F.R.S.E.
[Read 10tk February, 1876.]

Ganss, in his Disquisitio circa seriem inﬁnitami‘, viz., the series
s a(@t]) B(E+]) .
1.2 "y(r+ 1)
;alat]) (@+2) FE+D) (B+2) v,
1.2.3 “v(+1) (r+2)

or F (a, B3, v, %), established a simple proposition regarding it, and from
this was able to express

F(a B+l y+l,2), in the form
(av ﬁ,, Y z) 1_0123

1+ %

a®

1—.
where @y, a,, ... are functions of a, 3, v; and the continued fraction so
obtained for any particular series was found to be quite different in
form from that got by using the previously established general method
of Euler. The object of the present short paper is to place on as firm

i thdzca Abhandl. der Gétfing. Gesellsch. d. Wissensch. II., 1812, and Werke, t.
idi., p.
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8 basis the general theorem® (recently discovered by the author) of
which this is & case, that is to say, the theorem in which the series con-
cerned is any series with coefficients following no specified law.
Beginning with the series
B,+B,2+B;2’+ B2+ ..., or f,.
Co+Cio+C,2* +Cya* + ..., _or Jis

and subtracting C, times the first from B, times the second, and divid-
ing the result by #, we have

BB 4 | BB B, B,
G G, Co Cq Co Cs

Next, subtracting IBo B, | times the second series from C, times
: Co C]

o+

this third series, and dividing by 2, there results

B,B,B,|] |B,B, B, B, B, B,
0 GG |+]0 CGC;{z+]0 C,C;|2*+ wev.ey O fooo
1G,C G, C, C, G, C,C, C, '
Bo Bl Ba . B B
Again, subtracting | 0 ¢, ¢, | times the third series from | ° 7! ]
: 0 O G, C,
G C, Cg
times the fourth, and dividing by C, 2, we find
B,B,B,B;| |B,B,B,B, B, B, B, B,
0 B,B,B,| . |0 B,B, B, 0 B,B,B, _
0 GCG|T|ocac|® o oo |Zt o
G C, C; G| G, C, C; C, C G C G

for, performing the operations, except the division by Cyz, upon the
second terms of the series, we have

s T e
aol |9 &0 o laal=
CoC]Cs COCICE o
B,B,0 0 B, B,B,0 BB,
C,Co0 0G| {cco g, §°§‘ iy
which=| 0 B,B, B, By |2=| 0 B, B, B, B; |2 = C, 0 COCIICz
O Clo Co C2 O C,'O“CoC, C Co C Cﬂ
0GGCC, C, 00GGG G, e

aud the performance of the same operations upon the other terms of

® Vide Transactions of Roy. Soc. of Edin., 1875-76.
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the series differs from this only in there being higher suffizxes to the
letters of the last column of all the determinants, except of course those
which are the multipliers.

Continuing this process of deriving functions, the divisor next time

B | #, . we have

B,B,B,B,B,| |B,B B,B,B;| (BB B,B,B,

0 B,B,B,B,| |0 B,B, B,B, 0 B,B, B, B;

0 0 CoCCal+|/0 0 CC Clat |0 0 CC Cfle*+ ...yorfy
10 G, GGG [0 CC GO, 0 G, C,C,Cs

C G CCCi| |GG Cy G G Gy C C; G, G

and so on.

Hence, denoting the first terms of the series by 6, 6y, 6, ... respec-
tively, we have the following equations :—

bh—bifo=2f,
Ofi—hfi=afy,.
6, fi—0:f, = b2 f,,
O3 fi—0ufs = O, 2 fy,

on-lfn_eu n-l = on—_ah’f;nli

whence
1,
E« = 22 — .2'—- )
hH 6 n
S
]
o8 _ 8"
s 06 fi
Js
b 4
fi_6 _ 5
S 6 f
Ja
0»-2
fn-l _‘on—l ou ’
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and themforé

S |
Jo
6.
0

so that we have

Cy+Cis+Cl + ... _ 6,

By+Ba+Ba+ ...

where 6, = B,, 6, =C,, 6, =

_ 02

-e—lﬂ!
1,
8 _%
6, 0
8 0"
ﬂa 93
I
= ‘f: ;
Jn+l
Oz
0,—-=2___
b .08
2 —98_ .
‘e, _0,._3 0,,0
g1 On-92fnur
Bo Bl l : &o. fn

Putting By=1, B, = B,=...... =0, we find that

become

Co Clv

CO’ cl) O] C’

and denoting these by vo, 1 72 Y8 Yo Vs

we have

Co+ Cio+ 0y +C + ... =

Again, putting C,=.1,0 = C;=...... =0 in (1), we find, on

writing -

; Clcsl
’ Caca 3

Bh 9,, 08) Bh eﬂs 99, seecer

G C, C, G C, 0,
CiCiGCy|s |CGC s
C, G C, C; C. Gy

Y

.....
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eersaness(I1)
1_n®
Y®
[ y— 2
[ ._' .o Yn-92Yn+1%
Yn— o,
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B, B, B,
Bs, B Bsy ... .. for g‘ IB;I’ IE“B BBy B, |, v
e ’ B, B, B,
By+B, 2+ B2+ B@ + ... = By+ 2 - veveeenn (TIL),
2
a B2
Bl— B|B,4”
B— =2t
pa ar B _Bﬂ-iﬁnqw
ﬁn_ .

as is also easily seen from (IL.).

These results involve many interesting particular examples not
hitherto obtained, and some even of those which have been obtained it
is more simple to consider as cases of (1.), (IL.), or (TIIL), than to deal
‘with them as at present is commonly done,

Gauss’ proposition above referred to is

F(a,8+1,y+1,2)—F (a, B, 7,2) = ‘iv B F (a1, 41,y +2, 2)

G+ 5T )
and the result thence dedaced is
F(a,f+1,y+1,2) _
¥ (a, ‘3: 7, 2)
_r vereeren (A).
_a(y=B)=z_

y+1— (ﬁ+1)(7+1—a)z
yo(atl )(~/+1—ﬁ)=v
y+3— +2)(y+2 a)a:

y+d—
With this process ‘and result of Gauss the following may be pro-
fitably compared :—
Putting - F(a,B,7,2) =y,

the diﬁ'eljentia.l equation
-+ { ¥
3_ _ ay =
(z m)dz,+ (a+B+1)z—7y dz-}-aﬂy 0
is easily established’; and since

2= @+1,041,741,0)

: )
and dz == u";l(yi(ﬁ+] F(a+2,6+2,v+3, 2),
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it follows that .
(a+1) (B4+1) (#*~2) F (a+2, ﬁ+2,y+2 2)
+{(a+B+1)2—y} F(a+1,8+1,7+L,2)+y(v+1)F (a,8,7,2) =0

which, being like (1) a relation between three of the functions, we can
make use of in the same way. ‘The result is

Fa+1,8+1,y+1, m) veresens seneennn(B)
F (a,8,7,2)

= Y
y—(a+B8+1)2+

(a+1D) (B+1) (z—2")
y+l-(a+B+8)a +.,

4 (atn) (B4n) (2=2)
(r+7)-(a+B+2n+1)a+

(a+n+1) (ﬁ+n+1) (5*5’)
(7+n+l) "‘:

where F,,, stands for F (a+jt+1, ﬁ+-n,+1, 7+n+1,:¢).

The expressions transformed into continued fractions in (A) and (B)
are not the same, but, putting 8 = 0 in (A), we hava

Plo,l,y+L,2)= e (a);

ayz
l.(y+1-a)n
1-
vt y+2— (“+1!!Z+1!5
y+8— 2gy+2—azz

y+d—.

Y —_—

and, putting 8 =0 in (B), and then changing a+1 into a, we find the
same oxpression

=Y e o).

y—apt-1ra(@=2) B (et 1) "
a 2—2t
TH e (Dot .,

It is well known that the right-hand member of (A) may be con.
tinued ad infinitum, the correction to be added to any partial denomi.
nator in order to make the two numbers identical being of no account
in the limit. The same, however, cannot be said regarding (B), and
an instructive case worth noticing is where § ==y,

VOL. V1.—No. 96. I
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[Tt having been inadvertently stated, in the author’s absence from
the meeting at which the foregoing was read, that no law of formation
was apparent in the determinants made use of for the expression of the
continiied fraction found as the equivalent of

Co+ Cia+C,2°+Cya®+ ...
B°+B|W+B3Q7’+Baza+ s ?

the determinant of the ™ order, denoted by 6, in (I.), is herewith
given, viz. : :

B, B, B, B, ... B..:
0 . Bo B| Bg vecoes B"-g
0 0 B, B, ... B..s
0 0 C C ... C,-a
0 G C C; ...... C,,
G G C G ... Caa

where the number of rows of B's is the same as the number of rows of
C’s, or greater than it by one, according as # is even or odd.

It is also worth while to add another continued fraction for compari-
son and contrast with that given in (1) above. On using the method
of Undetermined Coefficients to find the expansion of

Co+Ci2+C,22+Cy2°+ ...
By,+B,2+B,2*+B;2* + ...

in ascending powers of @, the coefficients sought arise naturally as
determinants from the solution of the equations to which we are led.
Transforming this expansion into a -continued fraction by Euler's
method, we have

Co+Cz+0,2°+... _ &
B0+B|2+Bg:‘c2+... B, — angz

y— 2%
Boal'i'aﬁ—'———'——'Boalaaw S
B, 84 o — Dol
0T 8 B033+3.x -,

where 0, is the determinant . T

B, B B, B, ..... B..

‘0 B, B, B, ...... B..2

0 0 B, B ... B._s

0o .0 0 O ... B,

Co C| Cg Cs ...... Cu .1

22nd Bept., 1876.]





