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Applications of @ Theory of Permutations in Circular Procession
to the Theory of Numbers. By Major P. A. MacMawow.
Received, and read, Thursday, May 12th, 1892, ‘

1. In the Comptes Rendus of the French Acndemy,11th April, 1892,
there appeared a note by M. E. Jablonshi, presented by M. C. Jordan,
on the subject of permutations in ¢ircular procession.

Also, in the Appendix to his * Théorie des Nombres,” t. 1, M. E.
Lucas gives a short investigation, which he attributes to M. Moreau.

Both investigators reach the same result, which, in a slightly
different notation, may be stated as follows :—

Let there be n things, of which a are of one kind, S of & second,
v of a third, and so forth,
a+B+y+..=1n;

let N be the greatest common factor of the numbers a, 8, v, ..., and
write

= _B_ v _
N=f=g=T=0;
further, let LP (e, 3, v, ...)
and CP (a, 3, v, ..-)

denote respectively the numbers of permutations of the n things in
linear and in circular procession, so that

n!
LP (@ By ys o) = o
and CP (u’ B’ Y "')

is the number whose expresrion is sought.

If d be any divisor of N, including N itself and unity, and ¢ (d) the
totient of d (Sylvester’s nomenclature for the numbers of integers
prime to and not superior to d), the result is

N. N, N,

nCP (Nda', N3, Ny',...) = Eq)(d)LP(—J-a', S8 27, )

YOL. XXIl{.~—NO. 449,
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(3)! ,
(TN o)t (@)t

This theorem involves results of interest and importance in the pure
theory of numbers.

otherwise written

nCP (Na', N3', Ny, ...) = 3¢(d)

If # be prime, N is unity, and

]
nCP (a, B, 7, ...) = Fﬁ%l——’

and this is also trne whenever, # being composite, a, 3, ¥, ... possess
no common factor greater than unity. Hence

Theorem.—The multinomial coefficient

n!
al Bl ol ...

ig divisible by n, provided that the numbers a, §, v, ... constitute o
prime assemblage.

The usual statcment and proof in treatises is in reference to the
divisibility by 1, when 2 is prime, of cvery coeflicient of the multi-
nomial cxpansion except those attached to powers of single letters.
The theorem above is more general and shows the nature of the
quotient.

Next suppose N=n=a= Nd;
we find a0P (n) = 3¢ (d),
and manifestly CP(n)=1;
therefore 2¢ -(d) =,

where d is any divisor of #, including » itself and unity; the well-
known theorem due to Gauss.
The complete theorem may be viewed as a generalization of that of

Gauss. The expression
()
{
2¢ (d) i

RS IEGHEE

gives, for every partition of n, a linear function of the totients of the
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divisors of n which is divisible by n. Moreover the quotient is
OP (Na', Nf', NY, ...).

It may be noted that, when N is a prime,
| (3)!

o1 A1 1.0

PN N N n! —
nOP(Nd, N3, Ny'...) = AT T +(N-1)

"

and then («’8y’...) is any partition of ~

2. The next problem is with referenco to the permutations of p
different objects, # at a time, when repetitions of objects are per-
missible, .

The number of line permutations may be denoted by RLP (p, n),
and the number of civcular permutations by BOP (p, »).

The value of RLP (p, ») is known to be p".

In a circular pormutation there aro n objects which may be all
similar, or they may bo of one, two, &c. ... p different kinds.

A permutation which involves a, objects of one kind, a4 of a second,
a, of a third, &e., may be said to be of type °

(aya4 ... a,),
where aytag+...+a,=n,
and 1, 2, ... or p—1 of the quantities a may be zero.

In order to place in ovidence the existonce of cqualities amongst
the quantities «a, it is convenient to consider the genoral type

(«f azay' ),
where et =p,
and ko, +K,a+Kgagt ... = 0.

Wo have to find the number of different combinations of objects
which come under a given type. .
Were the type (a; ag, ... @,), with the quantitics a all different, the
number of different combinations would be clearly p!.
Hence, for tho general Lype, the number of dilferent combinations
of the objects must be |
’ ).
STl
X 2
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Ez. gr.,'if a permutation involves n—2 objects of one kind, one of &
secound, and one of a third, the type is

(n-2, 1%, 0°3),

and the number of different combinations of this type is
—r

112! (p=-3)1

Denote by OP (aj, a5, a7’ ...) the number of circular permutations
of a set of objects of the type

(all L "a .);
then RCP (p, n)_z--J’ CP (< aa?...).

‘k‘k‘. %

But 0P («% «*a®...) = 3¢ (d) LP { (-‘}l—) ( %) (%) } ,

by the previous theorem, d denoting a divisor of the highest common
factor of the numbers a.

‘We can now express CP (p, n) as a linear function of the ex-

pressions LP. Woe find that the coefficient of —}tp (d) is
3

oot nef ()" (2)" (%))
PR ._.I‘P (‘z) (d) d !
and this serics is manifestly tho value of

o (. ),

arrived at by summation in regard to types. Hence
1 n
b =— 1) RL -
LCP (p, n) " 2¢(¢)I?IP(p, d)'

or ROP (pyn) = % 3¢ () ™,

the summation having reforence to every divisor d of the number #.
Theorem, — Tho number of civcular permutations of p different

objects n together, repctitious permissible, is equal to

OP

N
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where ¢ (d) represents the totient of d, and the summation is for all
divisors d of the number n.
We have hcre another extension of Gauss’s theorem concerning
“totients. Corresponding to every integer p, we have & linear function
of the number ¢ (d), d a divisor of n, which is divisible by «, und the
thicorem shows the nature of the quoticut.

Theorem.—1f n and p be any positive integers, and d a divisor of -

the 8 «
™ Phe Bam 36 (d)p"™=0 mod n,
and the quotient is equal to the number of circular permutations of
p different things n together, repetitions pormitted.

Gauss's theorem is given by p equal to unity.

The theorom is also a generalization of Fermat’s theorem concern-,
ing the divisibility of p*'—1 by =, when % is a prime and p prime
to n.

For, since S¢(d)p™=0 mod n,
if n be prime, "+ (n—1) p=0 mod n,
or " '—1=0 mod #,

if p be prime to n, and

n

_!._(Pn-l__l) =‘—;-RGP (P, ")—]’

showing the connexion between the quotient in Fermat's theorem and
the number LLOP (p, =).
The usual extension of Fermat’s theorem asserts the congruence

p*M—1=0 mod N,
when p is prime to N.

To deduce this from the general formula, suppose N to involve the
prime m to tho power y, and put

N = N'm*.

Considor the permutations in circular procession of p*™ objects m”
together, repetitions allowed.

By the formula established above
w* ROD §p* ™), m*}
= pt @ty (112—1)17‘“‘"”"”-l + . (=) pt)
—_ pa(N')m“" {Pﬂ.-v'm“)__l} +mpo(~')m""" {Po(ﬂ'm"“)_l} Fo et
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or RCP {p*™), m*}
= (¥) $¥ (N'm) __ g (Nam ¢ (N'm*) _
4B =1} e {pr-1]

" m'")
+m+ﬂl__ {p“”’—l},

wm*

where the number of terms on the dexter is u+1.

Giving p successive integer values, we establish the congruence
M —1=0 mod m*,
and thence p*™M—1=0 mod N.
To find the quoticnt of p*™—1 by m*, write
ROP { p#™), mr} = L2,
7—1—, (-1} =3,

P =P,

8o that R, =P+PS,+P"%+...+P""'3,
and henco 3, =P (B,~F,.),

,l._ SN}
or wm* {P 1}

— p-m\r/m")m“‘1 [ RCP {pw\'/m“)’ ,m..} —RCP { pp(mm‘;’ m,.-:}]

=J,.
Let now N= m’l"m;“-’ oo mht,
$ (N __11
then "{L‘N“l = 3;4,-9;4: ver sp,,
. p“‘v)—- 1
leading to — = (91,90, ... 3y, N-te-lin)

giving tho complete quoticut.
Ee.gr.,, N=15, wy=3, my=9, p=pu=1, s=2,
Sy = 1RO (L D)—1 =, (14 1)—=1 =351,

Gy = RO G, 3) - L= 0 (1642, 16) =1 = 85
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therefore (3, 90,) N-d = /51 V85 —\711-5 =17,
which is right.

3. To extend Fermat's theorem in another direction, expand the.
right-hand side of the formula

nROP (p, n) = 3¢ (d) p"?,

according to powers of the prime factors of n.

It is convenient to adopt a symbolic notation by which

I =p*,
PPl || = plried = prbe-1,
As a simple case, put n = m mymy, nnd wo havo
A (my— 1) p™e - (my—1) p™™ 4 (mg—1) p™m
+ (m—1)(mg—1) p"*+ (my—1) (my—1) p™ + (ny—1) (m; —1) p™
+ (my—1)(my—1) (ng—1) p =0 mod m;mymy,;

p being prime to n, a rearrangement gives

(p"1=1) (p*2—=1) (p1—1)
oy (P =1)(p™ 1 —=1) -y (P~ 1) (pt™1—1)
sy (pI—1) (p"-1)
+mgmy (pI—1) +mgm, (p™— 1) +mym, (p"3—1)
+mymymy ==0 mod mymamy.
Now, by Fermat's theorem,
p"1—1 =0 mod m,,

and, taking » tho product of Lwo primes, a formula similar to the
above shows the congrucnco

(P =1)(p'"=1) = 0 mod nymy.
Honce tho congrucnce

(p"I—=1)(p"—=1)(p"—1) = 0 mod mymymy,

which is equivalent to

gy =1

l'lu,m,m"- 1 _1,m._|m.,-l —pm —p

gy~ 1

etk ptamtgpte el 25 0 mod my gy,
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To generalize this congruence write
8, (mirmir . miy = ol ] (g1 1y L (7] (glm -y,
according to the law of the totient formula
¢ (mlrmft .. k") = mt1™ 1 (my—1) mfs~ Y (my—1) ... ™Y (m,—1).
The above-established congruence is then written
O, (mymgmg) = 0 mod m,mym,.
‘We can establish tho congruence
o, (m‘:‘“m‘:’ oo m¥) =0 mod mF1mha .., mt,

p being prime to m{? mi? .., mf",

by B
and ml‘mz’...m

If mPmp?.. m> * be conjugate divisors of
mirmf? .. mb", we may write

I Dy
n2¢ (d) P"’d = 2¢ (m;" qn;l’ vee ’m.' pm m3 m. ,

where
-1 -1 -1
¢ ('m,:ll 'm.g" m':') = (mf‘—m?' )(m;"-- m:’ ). (m:"—'mf' )

a.)P[m:’I m;’ﬂ omble

therefore Z¢ ('m.:‘l m;" v =0 mod n.
On the left-hand side, expansion of

[ a. a
¢ (m'm,? ... m*)

. n a a, -
shows that the whole cocfficicnt of 22 m,? ... m," is
TP Uiy =10 b, by galig—1 VA
[m.l LOCRINE ] _ [mll mA..m '] [ml LOCRREN ]_ .
h=1, he— h Uy 4y 09—1,,hg—1 b
[m 1= .m '] [mtramda=lmds=t.. o l]
+p 102 3 o 14,

which is
(p[m""] _p[m’l""]]) (p[m;"-!] _ [mi’i‘l]) (P [ml"-'] _p[nx:"‘ll)’

. by hy l/
that is, B, (m) m,").
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Hence Sm{im ... f‘@,(m{‘ mf’ mf‘) =0 mod n;
or, more briefly,
n
3de, (7) =0 mod n,
which is simply another form of the congruence
S¢()p"=0 mod n

The congruence 3de®, (—::—) =0 mod n

may be written &, (n) +3'd®, (%) =0 mod n,

wherein the summation sign X' has reference to every divisor of
excluding unity.

Assuming the truth of the congruence
o ("-’—) = 2
A 0 mod 7
for every divisor d of » which exceeds unity, manifestly
oy 2\ =
3do, ( g ) =0 mod n,
and henco ®,(n) =0 mod n;

therefore by induction universally
®, (n) =0 mod n;
or, otherwise, ®,(m!{*mt? ... m!*) =0 mod mitmbs .. mk*;

!

' . 0o . . N(mygny ... m)—1
and, since @, (mf mh? ... k) containg o factor p [ .. m) =1

wo
havo finally

pl"N/(’"""’ s 10) @, (mhrmb2 . mi) = 0 mod mf* mf? ... mi2.
3
Lz, gr., Take n = my Ny,
3
p'l—m,' (p[m.‘)_P[m,"]) (me,]_l) = 0 mod my m”
or pl-m.“ (2)'"'”'""-1_]’”"“-1—])m,q m,-]+ Z,ml'-l) = 0 mod m": my,

or ])m.-‘m,-m," _Pm,“-m,‘_ljm,"m,-m,'_l_1 = 0 IIIO‘J. ,m:ll Ny
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The following presents to the Library were rcceived during the
recess :—

¢ Imperial University of Japan,” the Calendars for 1890-91, and 1891-92.

¢¢ Procoedings of tho Royal Society,’” Vol. r., No. 307; Vol. r1., 308-313.

¢ Journal of the Institute of Actuaries,”’ Vol. xxx., Pt. 11, No. 166; July, 1892,

“ Boiblitter zu den Annalen der Physik und Chemie,” Band xvi., Stiicke 6,
7,8, 9.

*¢ Sitzungsborichte der Physikalisch-Medicinischen Societiit in Erlangen,” 24
Helt; 1892.

4 Royal Irish Acadomy—Proccedings,” Vol. 1., No. 2; ¢ Transactions,’’ Vol,
XxXIX., Parts 18, 19.

¢ Atti del Reale Institnto Venoto di Scionzo, Letters, ed Arti,”’ ‘Tomo xxxvi1,,
Sorie 7, ‘T'omo 11., Disponss 10, und Tomo ., Scrio 7, Tvmo m1., Disponse 1, 2,
and 3.

¢ Juhrbuch iiber die Fortschritte dor Mathematilk,"” Band xxr., Heft 2; 1892,

* Berichte diber div Verhandlungen der Koniglich Siichsischen Gesellschuft der
‘Wissenschaften zu Leipzig,”” 1892, 1. and 11.

¢ Archives Néerlnndui-cs des Scionces Iixactes ¢t Naturelles,” Tomo xxv,, 6m®
Livraison, ot ‘l'omo xxvi., 1¢7 and 2me Livraisons.

¢t Jornal do Sciencins Muthematicas e Astronomicas,’”” Vol. x., No. 6.

‘¢ Rendiconti del Circolo Matomatico di Lalermo,’ I'omo vi., Fase. 3, 4.

* Bullotin " des Scioncos Mathématiques,' Tome xvi., Mai-Sep., 1892; and
¢ Tablo des Matitres ot Noms d’ Autonrs,’’

“ Bulletin do ln Socioté Mathémutique do Franee,’” Tome xx., Nos. 3, 4.

* New York Mathomaticnl Socioty,'’ Vol. 1., Nos. 9, 10 ; 1892,

“‘New York Mathomatical Sucioty—List of Members, Constitution, and Byo-
Laws;”’ Juno, 1892.

“ I'ransactions of tho Canadian Institute,” Vol. 1., Part 11., No. 4; Toronto.

‘¢ Annual Archwologicul Roport of Cuanadinn Institute’® (Scssion 1881);
Toronto, *

¢ Journal of tho College of Scionce, Imporinl University, Jupan,” Vol. v.,
Parts 1 and 2; 1892,

‘¢ Sitzungsberichte dor Koniglich-Proussischon Akademio der Wissonschafton
zu Berlin,” 1892, 1-.25.

¢ Atti della Roalo Accndemin doi Lincci—IRendiconti,”” Vol. 1., TFase. 9-12,
1 Semestro; Fasc. 1-3, 2 Scmestro,

*¢ Rondiconto dell' Adunanza Soleune del 3 Guigno, 1892, ounorata della Proscnza
di 8. M. il Re,” Roma, 1892.

‘¢ Acta Mathomaticn,”’ xvr., 1-3.

‘¢ Annals of Mathematics,”’ Vol v1., No. 6; Muay, 1892,

““ Annnles do la Fnculté des Sciences de '.loulouao," Tomo v1., Fusc. 2; Yuaris,
1892,

¢ Annali di Matematien,” Tomo xx., Fasc. 1; Miluno, 1892,

“ Annales do 'Ecolo Polytechnique do Delft,” ‘Lome vir., Livr. 2, 3; Leido,
1892,

‘ Rondiconti dell' Accademin delle Scienzo Fisicho o Mutematiche di Napoli,'’
Vol. vi., Sorio 6, Fasc. 6; 1892, . :
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¢¢ Journal {ar dio reine und angowandte Mathematik," Band cx., Heft 1, 2.

¢t Educational Times,”’ July-Octobor, 1892.

“ Viortoljuhrschrift der Nuturforschenden Gosellschaft in Ziirich,” xxxvir.,
Hoft 1, 2; 1892.

D’Ocagne (M.).—¢ Sur la Construction de la Parabole Osculatrice en un point
d’une Courbe donnée ;" *‘Sur la Corrélation entre les Systdmes de Coordonnées
ponctuclles ot les Bystémes de Coordonnéos tangentielles;’ ¢ Sur une Courbe
définic par la Loi do sa Rectification ;" ¢* Détormination du Rayon de Courbure on’
Coordonnées paralltlos ponctuellos:’ 8vo pamphlets.  *“ Sur I'Application des
Coordonnées Puralltles & la Démonstrution d’un Théordme de Chasles relatif aux
Surfaces Algébriques;’ “S8ur la Linison ontro les Expressions du Rayon de
Courbure en Coordonnées Ponctuclles et en Coordounées Tungonticlles:” pumphlets
R. 8vo.

Lemoine (Emile).—* Trois Théordmes sur la Géométrio du Triangle;’’ 4to
pnmphlet.  “Sur une Transformation relative d la Géométrie du Triangle;”
“Sur les Transformations systématiques des Formules relatives au ‘Irianglo—
Transformation Continue;” ‘¢ fitnde sur uno nouvello ‘T'ransformation dito ‘Crans-
formation Continuo:”’ 8vo pamphlots.

“Pupors of the Mathematical Tripos,’’ May, 1892,

Marchand (Josoph). —¢¢ Sur la Ructification des Arcs dos Courbes ditos Limagons
de Pascal,” 8vo pamphlet.

Graf (Dr. J. II.)—*¢Das Loben und Wirken des Physikors und Astronomen
Johana Jakob Hubor (1733-1798),”" 8vo; Bern, 1892.

Fleming (S.).—*“ An Appeul to tho Cunudian Institute on the Rectification of
Parliunent,”’ R. 8vo; Toronto, 1892.

“ Report of the Suporintendent of the U. 8. Naval Obsorvatory, for the year
onding Juno 30, 1891 ;" Washington, 1891.

Merriman (M.).—* Final Formulas for the Algebraic Sulution of Quartic Equa-
tions,”” pamphlet, 8vo; Now York, 1892,

¢ Bollottino dello Pubblicazione Italinne,’”” Nos. 166-162.

Huavkel (W. G.), and Lindenberg (I.).—*¢ Elektrischo Untersuchungen ;'
poamphlot.

Bochor (Maxime).—¢On some Applications of Bessel's Functions with Pure
Imuginary Indox,” 4to pamphlet.

“femi di Premio, proclamati dal Keale Imstituto Veneto, nella solenne
adunauza del 29 Maggio, 1892 ;" Vonezia, 1892,

¢ T'ho Benefactors of tho Toronto Univorsity,” 8vo; Toronto, 1892.

¢ Smithsonian Report,” 1887--1890, 8vo ; Washington,

Greenhill (A, G.).-—¢¢ Applications of Elliptic Functiens,’’ 8vo; London, 1892.

Nixon (RR. C. J.).—*¢ Klumontury Plane Trigonometry,"” 8vo; Oxford, 1892,

Miller (W. J. C.).—*¢ Muthematicul Quostions and Svlutions,”” Vol. Lviz., 8vo;
London, 1892,

Schwarz (H. A.).—* Mathemutische Abbhandlungen,’” 2 Vols., R. 8vo; Berlin,
1890,
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The following is tho list of mathematical books bequeathed by the
late Dr. Thomas Archer Hirst, F.R.S., &c., to the President and
Council, for the time being, of the Society® :—

Stoiner, J.—* Geometrische Gestalten.”” Berlin, 1832,
Zeouthen, H. &. — ¢‘ Grundriss einer Elementar - Goometrischen Kegel-

schnittslehre.”” Leipzig, 1882.

Goisor, C. F.—*¢ Synthetische Geometrie.” Leipzig, 1869.

Weber, H.—¢ Bernhard Riemann’s Mathematische Werke." " Leipaig, 1876.
Burg, A.—*¢Compendium der hiheren Mathematik.” Vienna, 1836,
Lobntschowsky, N. I.—¢¢ Théorio des Paralldles.”” Paris, 1866.

Staudt, K. G. C.—** Geometrie der Lage.”” Niirnberg, 1847.

Mubius, A. F,—* Barycentrische Calcul.”” = Leipzig, 1827.

Cremona, Dr, L.—* Geometrische Theorie der Ebenen Curven, von Muximilian

Curtze.”” Greisswnld, 1865.

Minding, F.—* Integraltafoln.”’ Berlin, 1849.

Simpson, I'.—*¢ Essays on Mixed Muthematics.”’ London, 1740,
Simpson, T.—*¢ T'reatiso on Fluxions.” London, 1737.
Todhunter, I. —¢ Sphorical I'rigonometry.” Cambridge, 1849.
Joachimsthal, F,— Géométrio lémentaire.”” Borlin, 1852.
Boole, G.—*¢ Differontial Equations.”” London, 1865.
Todhunter, I.—*¢ Mensnration for Beginners,””  London, 1869,
Todhuater, I.—¢¢ Algebra.” Second edition. London, 1860.
De Morgan, A.—¢¢ Arithmotic.”” TFifth edition, London, 1846.
Hayward, R. B.—* Solid Geometry.” London, 1890.

Boole, 4.—*¢ Culculus of L'inite Difforences.”” London, 1860.
Boole, G.—** Difforontial Equations.”” Second edition. London, 1865,

" Todhunter, I.—¢ Differential Calculns.”” Fourth edition. London, 1864.
Todhunter, I.—¢¢ Integral Caleulus,””  Third edition. London, 1868,
Todhunter, I.—* "Thoory of Fquations.”” Second edition. London, 1867.
Salmon, Dr. G.—* Conic Sections.”” Fifth edition. London, 1889.

‘Wright, R. P.—¢ Plune Geomotry.”” London, 1868,

Poinsot, L.—*¢ Elemons do Statiqne.” Ninth cdition. Paris, 1848,
Cremona.—*¢ Goumetrical Memoirs,” 1861-1870. '

I’oinsot, M.—¢* Théorie des Nombros.'” Puris, 1846.

Newton, L—¢ Principin.’”’  Vols. 1., 11, 1. 1766.

Hiilsso, Dr. J. A.—¢* Mathematische L'afeln,” Loipzig, 1849.

Schriter, Dr. 1I.—¢* T'heorie der Kbonen Kurven.” Leipzig, 1888.

Ilesse, Dr. O.—*¢ Anulytische Goometrie des Reumes.” Leipzig, 1861.
Cuporali, I&.—** Momorio di Geomotrin.’ Nuplos, 1888,

Steiner, J.—* Synthotischo Goomnetrio.” Loipzig, 1867.

Geiger, Dr. C. ¥F.—** Thoorie der Kegelschnitte." mezlg, 1867.
Jonquitroes, I, do.—¢* Mélanges de Géométrie Pure.”” Furis, 1866.
Poinsot, L.—*¢ Rotation dos Corps,” Paris, 1862.

’ One volume.

* 'I'he list has boen vorified und the volumes placed in the Socicty's Library by
Mr, Ralph Ilolings, I3.A,
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Cremona, L.—* Corso di Statica grafica,’”” 1868.

Cremona, L.—* Elemonti di Gcometria Projettiva.’”” Rome, 1873.

Cuyley.—¢¢ Geomotrical Memoirs."” 1859-1871.

Cayley.—‘¢ Quantics.”” 1834-1874.

Cremona and othors,—¢ Geometrical Memoirs.” Vols. 1. and 11.

Mannheim and others.—* Geometrical Memoirs,” )

Poinsot and others.—*¢ Mathematical Memoirs.”” Vols. 1., 11., 111., IV., V., VI,, VII.

Gauss, C. F.—¢ Mathomatical Troatises.”

Monge, G.—* Géométrie Descriptive.”’ Par M. Brisson. Edition IV. Paris,
1820,

Halphon, G. II.—* Travanx Mathématiques.”  Paris, 1885.

Gauss, 0. F.—**Recherches Arithmétiques.’”’ ‘I'raduites par Poullet-Delisle.
Puris, 1807.

Kummer, E. E.— Strahlensysteme.”’ Berlin, 1867.

Jacobi, C. G. J.—*¢ Functionum Ellipticarnm.”” 1829,

Cremona, L., and Beltrami, E.—¢ Collectunoa Mathomatica.’” Naples, 1881,

Carnot, L. N. M.-—~¢¢ Mémoiroe sur la théorie des I'ransvorsales.” Paris, 1806.

Chusles, M.—* Histoiro des Scionces.” 1867-1869.

Chasles, M.—*¢ 'Pruit¢ des Soctions Coniques.””  DParis, 1865.

Chasles, M.—¢"I'raité do Géométrio supéricuro.”  Paris, 1852,

Chasles, M.—* Traité de Géomdétrio supérieure.”” Second edition. Paris, 1880,

Mibius, A. F.—¢ Analytischen Sphirik.”

Chasles, M.—¢* Porismes d’Euclide.”” Paris, 1860.

Chaslos, M.—¢’ Geometrical Momoirs.” 1853-1871.

Chasles, M.—-¢¢ Géométrio Supérieure.” Daris, 1846.

Chaslos, M.—* Cours d' Astronomie st de Géodésie.” Iicolo Polytechnique, 1850.

Chnslos, M.—¢ Cours de Machines.”” Ticole Polytechnique, 1848.

Fiedler, Dr. W.—* Geometrie dor Lage.”” Leipzig, 1875.

Steinor, J.—* Gesanmmelte Worke.”” Vols. 1., 1.  Berlin, 1881.
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