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Applications of a Theorij of Permutations in Circular Procession

to the Theory of Numbers. By Major P. A. MACMAHON.

Received, and read, Thursday, May 12th, 1892.

1. In the Comples Bendus of the French Academy, 11th April, 1892,
there appeared a note by M. E. Jablonshi, presented by M. 0. Jordan,
on the subject of permutations in circular procession.

Also, in the Appendix to his " Thcorie des Nombres," t. 1, M. B.
Lucas gives a short investigation, which he attributes to M. Moreau.

Both investigators reach the same result, which, in a slightly
different notation, may be stated as follows:—

Let there be n things, of which a are of one kind, /3 of a second,
y of a third, aud so forth,

let .AT be the greatest common factor of the numbers o, ft, y, ..., and
write

further,

and

let

N- a _
a

LP

CP

= ft_ =
P

O.ft

(«, ft

y.

y.

y _
—7 — • • • i
y

denote respectively the numbers of permutations of the n things in
linear and in circular procession, so that

LP(a, ft y, ...) = _, . " ' , ,

and CP(a,/3, y ...)

is the number whose expression is sought.

If d bo any divisor of N, including N itself and unity, and ^ (d) the
totient of d (Sylvester's nomenclature for ihe numbers of integers
prime to and not superior to d), the result is

nCP(Na, Nft\ Ny't...) = 2? (d)LP (^a, £?, Ky\ .
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otherwise written

!\ a) -
(±L ' ) ] ( ± L 3 ' \ \ (±L ' i t

This theorem involves results of interest and importance in the pure
theory of numbers.

If n be prime, N is unity, and

and this is also true whenever, n being composite, a, /3, y, ... possess
no common factor greater than unity. Hence

Theorem.—The multinomial coefficient

TO!

a ! 0 ! y ! . . .

is divisible by «, provided tb.at the numbers a, /5, y, ... constitute a
prime assemblage.

The usual statement and proof in treatises is in reference to the
divisibility by n, when n is prime, of every coefficient of the multi-
nomial expansion except those attached to powers of single letters.
The theorem above is more general and shows the nature of the
quotient.

Next suppose N = n = a = Na ;

we find nCP (n) = 2$> ( i ) ,

and manifestly GP (?i) = 1;

therefore 5 <p (d) = n,

where d is any divisor of n, including n itself and unity; the well-
known tliioicm due to Gauss.

The complete theorem may be viewed as a generalization of that of
Gauss. The expression

( -
dN

gives, for every partition of n, a linear function of the totients of the
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divisors of n which is divisible by n. Moreover the quotient is

OP (Na, ff/T, Ny\ . . . ) .

It may be noted that, when N is a prime,

and then (afi'y'...) is any partition of -~ .

2. The next problem is with referenco to the permutations of p
different objects, n at a time, when repetitions of objects aro per-
missible.

The number of line permutations may be denoted by BLP (p, n),
and the number of circular permutations by HOP (p, n).

The value of BLP (p, n) is known to bo p".
In a circular permutation thero aro n objects which may be all

similar, or they may bo of one, two, &c. ...p different kinds.
A permutation which involves a, objects of one kind, a, of a second,

a8 of a third, &c, may be said to be of typo

where 0,4-0, + ... +ap = n,

and 1, 2, ... or p — 1 of the quantities a may be zero.

In order to placo in ovidence the existence of equalities amongst
the quantities a, it is convenient to consider the general type

(«? "a"«»'•••)»

wb oro K, + »r8 + cs + ... = p,

and <r,a, + kaa34-'>:3a3+... = n.

We have to find tho number of different combinations of objects
which come under a given typo. .

"Were the type (a,, «s, ... ap), with tho quantities o all different, the
number of different combinations would bo clearly pi.

Hence, for tlio general type, tho number ol: .different combinations
of tho objects must bo

l

x 2
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Ex. gr.t'if a permutation involves M—2 objects of one kind, one of a
second, and one of a third, the type is

( n - 2 , 19,O"-3),

and the number of different combinations of this type is

Denote by OP (a[\ a\\ a"a\ ...) the nnmber of circular permutations
of a set of objects of the type

then BCP (p, n) = 2 — f- v — CP (a'1 a? a?...).
K \ . « r 4 . ».*3. . ..

by the previous theorem, d denoting a divisor of the highest common
factor of the numbers a.

We can now express BCP (p, n) as a linear function of the ex-

pressions LP. Wo find that the coefficient of —<p (d) is
n

% 2 S d I \ dl \ d

and this series is manifestly tho value of

arrived at by summation in rogurd to types. Hence

BCP (p, ») = 1 2 0 (d) JiLP Ip, -n. ) ,

or BOP O, n) = — 20 (d) p"<\
n

the summation having rcforence to every divisor d of tho nnmber ».

Theorem. — Tho number of circular pormutations of p different
objects n together, repetitions permissible, is equal to
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where # (d) represents the totient of dt and the summation is for all
divisors d of the number n.

We have here another extension of Gauss's theorem concerning
totients. Corresponding to every integer p, we have a linear functiou
of the number <t> (d), d a divisor of n, which is divisible by n, and tho
theorem shows the nature of thu quotient.

Theorem.—If n and p be any positive integers, and d a divisor of
n, the sum _, .,. ,. _ .

' % <*> (d) p"ld = 0 modn,

and the quotient is equal to the number of circular permutations of
p different things n together, repetitions pormittod.

Gauss's theorom is given by p equal to unity.
The theorom is also a generalization of Format's theorem concern-,

ing the divisibility of pn~l — 1 by n, when n is a prime and p prime
to n.

For, since 2> $ (d) p"ld = 0 mod n,

if n be prime. pn+ (n—1) p = 0 mod n,

or p""1 —1=0 mod »,

if p be prime to n, and

( ^ ) ( p l ) ,
n p

showing the connexion between the quotient inTFermat's theorem and
the number HOP (p, n).

The usual extension of Ferinat's theorem asserts the congruence

p # W _ l = 0 modN,
when p is prime to .W.

To deduce this from the general formula, suppose N to involve tho
prime m to the power ft, and put

N=Nfm".

Consider the permutations iu circular procession of pf{!i') objects MI*
together, repetitions allowed.

By the formula established above

{p*(N'\ vi"}

) - 1 }
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or RGP {p*llf'\ m"}

where the number of terms on the dexter is ft + 1 .

Giving p successive integer values, we establish the congruence

2>*(A°-l = 0 mod??**,

and thence p*{N)—1 = 0 mod N.

To find the quotient of j / ( J V ) — 1 by W, write

EOP{iJ*{!f'\ m"} =11,,

BO that R, = P+P^, + P"1 ̂ , +... + P"'""1 ̂ ,

and henco •$„ = P-""1 (28^-!?„_,),

or 2_{^(.v)_i}

-2,-#w-")«'"1 [JiJCP {^w*"), 1M"} -.BOP { ^ w ^ m"-1} ]
Q

— " j , .

Lot now N = «i/N/iMi... m'*',

then 2 / _ _ ^ _ i - ^ i 5 t t : . . . 5 / l i f

leading to ? " ^ ~ = ( ^ . ^ »• ̂ . ) 1 / > N-<-*»,

giving tho compluto qnotiuiit.

Ex. <jr., JV=ir>, vil = ',i, in.i = 5, / I , = /J, = 1, « = 2,

J>M1 = .' /.7;/' ( I, r.) - I = ,-,, (!• +• I-') - 1 = f, 1,

-V = t\.ut.'/'(in,:{)--1 = ;„ (lt;:i + ii. Ki)-1 = «•"•;
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therefore O^/*.)1 #"* = ^51 ^85 -J-= = 17,
v 15

which is right.
3. To extend Ferraat's theorem in another direction, expand tho.

right-hand side of the formula

nUOP(p, n) = 3

according to powers of tho primo factors of n.
It is convenient to adopt a Rymbolic notation by which

As a simple case, put n = f)i,?n2mSl and wo havo

p'"'1"'"'" + (wi, - 1 ) p1""1"' + (w8—1) p""m* + (wi, - 1 ) pm'm'

being primo to n, a roarrangomont gives

sw, (p'""1-1) +mtmt (pCm'5-l)
= 0 mod ui^jtjMtg.

Now, by Format's theorem,

ĉ»'ii—x == 0 mod m,,

and, taking 7i tho product of two primus, a formula similar to tho
abovo shows tho congruence

i»>J-l) = 0 mod «»,«»,.

IJcnce tho congruence

(pr'»"]—1) (2/"'=*'—1) (2>Lm•' — 1) == 0 mod wtjiHjWj,

which is equivalent to
j/«.«<a«'»-l_j/»a'M.,-l_^«'.,>»,-1_p>»,l»i-l

- f - j V ' - ' - f - j ^ - ' - I - / ' 1 ' - 1 ^ 0 mod H/,»»,m8.
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To generalize this congruence write

according to the law of the totient formula

0 (mpmp ... <') = mf'-1 (m,-l) m^"1 (m3-l) ... m^"1 (m.-l).

The above-established congruence is then written

*p (m,?n8m8) = 0 mod mlm%ma.

"We can establish tho congruence

*,, (mf'roj9... wj1*) = 0 mod m^m^... mj4',

p being prime to m^1 ?»^8... w/4'.

If m"1m"3...m'' nnd m^rn^2... TO#' be conjugate divisors of

m^m^3... m^', wo may write

•whore

(j> (m/m. / . . . m/) = (m,1—m,1 Xm
t -*n? ) ••• (m, - « » / ) ;

therefore 2<p (m"1 m°a... m"')p^''"«'""* m«^ = 0 mod n.

On tho left-band side, expansion of

shows tliat the whole cocfTiciutit of ?n"' in"5... ?»"' is

p*- l a | J — « L l 2 J — « L i 2 ,

+£>L i 2 * J + p L l a 3

which is

that is, «!'„(»»J'wJ3... »»/").
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Hence 2m?1 m"»... m***,^mfa... mf1) = 0 mod n;

or, more briefly,

2,d*P(~) = 0 mod n,

which, is simply another form of the congruence

P"/d = 0 mod n.

The congruence 2d«t>p (-^) = 0 mod n

may be written 4»p (n) + 2§'d*p ( — ) = 0 mod n,

•wherein the summation sign 2' has reference to every divisor of
excluding unity.

Assuming tho truth of the congruence

for every divisor d of n which exceeds unity, manifestly

Zd<\>p(--\==QmadLn,

and hcnco *„ (n) = 0 mod n;

therefore by induction universally

% (it) = 0 mod n ;

or, otherwise, % (m^1 wĵ *2... mj1*) = 0 mod WJ{*1 mj*8... wj1';

and, since <I>i( (wiiw!, ...»»,) contama a luctor y IK ' - " , wo
havo finally

i*a;. grr., Take n

y-m,' ^,cml.]_1)i«l'ij (^ i - . i - l ) = o mod l

or p'-""a (p'"'""1*-1-;!"1'"-1—j)m''m»-| + 2»w'1-1) s 0 mod w'w2,

o r y«,"i»,-»i.»_^.i."-m.I_j,'«.i«'.-»'.I + l r= 0 fi
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The following presents to the Library were received during the
recess:—

"Imperial University of Japan," tho Calendars for 1890-91, and 1891-92.
11 Proceedings of tho Royal Society," Vol. L., NO. 307; Vol. LI. , 308-313.
" Journal of the Institute of Actuaries," Vol. xxx., Pt. n., No. 160; July, 1892.
11 Hoiblatter zu den Annalen dor Physik und Chemie," Band xvi., Stucke G,

7, 8, 9.
" Sitzungsborichte der Physikalisch-Medicinischen Societilt in Erlangen," 21

Heft; 1892.
11 Royal Irish Acadomy—Proceedings," Vol. n., No. 2; "Transactions," Vol.

xxix. , Parts 18, 19.
" Atti dol Rcale Institute Venoto di Scionzo, Lottoro, ed Arti ," Tomo xxxvm.,

Sorio 7, Tomo II . , Dispousa 10, und Tomo L., Scrio 7, Tomo in., Disponso 1, 2,
and 3.

" Jnhrbuch iibor dio Fortschritte dor Mathomatik," Band xxi., Iluft 2 ; 1892.
" Berichte iiber dio Vorhandluiigcti dor Koniglich Saohaischon Oesellschaft der

Wisscnschaftcn zu Leipzig," 1892, i. and n .
" Archives Necrlandai«es des Sciences Exactes ct Naturcllca," Tomo xxv., 6me

Livruison, ot Tomo xxvi., l e r and 2"1C Livraisons.
" Jornal do Scicnciiis Mntliematicas o Astronomicas," Vol. x., No. G.
" Rcndicojiti del Circolo Matomatioodi Palermo," Tomo vi., Fasc. 3, 4.
" Bullotta.: des Scionccs Muthumutiqui.'R," Tomo xvi., Mai-Sep., 1892; and

41 Tablo des Matitires ot Noms d'Autours."
" Bulletin do la Sooioto Matlieinatiquo do Franco," Tomo xx., Nos. 3, 4.
" New York Mathematical Society," Vol. i., Nos. 9, 10 ; 1892.
"New York Mathematical Society—List of Members, Constitution, and Byo-

Laws;" Juno, 1892.
11 Transactions of tho Canadian Inatituto," Vol. n. , Part n. , No. 4 ; Toronto.
"Annuul Archiuoloyical Koport of Canadian Inst i tute" (ISossion 1891);

Toronto.
"Journal of tho Collego of Suionco, Imporial University, Japan," Vol. v.,

Purts 1 and 2 ; 1892.
" Sitzungsberichto dor Koniglich-Proussischou Akadcmio der Wissonschafton

zu Berlin," 1S92, 1--25.
"At t i dolla Roalo Accadomia doi Lincei—Rondiconti," Vol. i., Fasc. 9-12,

1 Somcstro; Fasc. 1-5, "2 Somcstro.
" Rondiconto dell' Adunanza Soloune del 5 Quigno, 1892, onorata dolla Prosonza

di S. M. il Re," Roma, 1892.
" Acta Mathomatica," xvi., 1-3.
"Annals of Mathematics," Vol. vi., No. G; May, 1892. ^
"Annalcsdo la Faculte des Sciences do Toulouso," Tomo vi., Fasc. 2; Paris,

1892.
" Annali di Matematica," Tomo xx., Fasc. 1 ; Milano, 1892.
"Annalcs do l'Ecolo Polylcchniquo do Delft," Tomo VII., Livr. 2, 3 ; Leido,

1802.
" Rondiconti dell' Accadomia dcllo Scicnzo Fisicho o Mutcmuticho di Nnpoli,"

Vol. vi., Scrio 6, Fasc. 6; 1802.
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" Journal fur dio reine und angowandto Mathematik," Band ex., Heft I, 2.
"Educational Timos," July-Octobor, 1892.
" Viortoljahrschrift dor Naturforschenden GosellBchaft in Zurich," xxxvn.,

Hoft 1, 2; 1892.
D'Ocagne (M.).—" Sur la Construction do la Parabola Osculatrice en un point

d'une Courbe donn6e;" "Sur la Correlation entre lea Systomes de Coordonndea
ponctuolles ot les Systemes do CoordonnGos tangentielles;" "Sur une Courbe
definio par la Loi do sa Rectification;" " Determination du Rayon do Courbure on
Coordonnees parallclos ponctuellos:" 8vo pamphlets. "Sur 1'Application des
Coordonn6cs Purallcles a la Demonstration d'un Thuorcme de Chasles relatif aux
Surfaces Algobriquos;" "Sur la Liaison ontro los Expressions du Rayon de
Courburo en Coordonneos Ponctuollos et on Coordounces Tangontiolles:" pamphlets
R.8vo.

Lemoine (Emilo).—" Trois Thcoremos Bur la Gcomctrio du Trianglo;" 4to
pamphlet. "Sur uno Transformation relativo a la Geometrie du Trianglo;"
" Sur los Transformations Bystematiques des Formulas relatives au Trianglo—
Transformation Continue;" " Etudo snr uno nouvcllo Transformation dito Trans-
formation Continuo:" 8vo pamphlets.

"Papers of the Mathematical Tripos," May, 1892.
Marchand (Josoph).—" Sur la Rectification dos Arcs dos Courbcs ditos Lima90ns

do Pascal," 8vo pamphlet.
Graf (Dr. J. II.)—" Das Lobon und Wirkon des Physikora und Astronoraen

Johann Jakob Ilubor (1733-1798)," 8vo; Born, 1892.
Fleming (S.).—"An Appeul to tho Canadian Institute on the Rectification of

Parliament," 11. 8vo ; Toronto, 1892.
"Ruport of tho Supurintondcnt of tho U. S. Naval Obsorvatory, for the year

ending Juno 30, 1891 ;" Washington, 1891.
Mcrriman (M.).—" Final Formulas for tho Algobraio Solution of Quartio Equa-

tions," pamphlet, 8vo; Now York, 1892.
" Bollottino dollo Pubblicaziono Italiano," Nos. 156-162.
Hauled (W. G.), and Lindonborg (H.).—•' Eloktrischo Unterauchungen;"

pamphlet.
Bochor (Maximo).—"On some Applications of Besael's Functions with Pnro

Imaginary Indox," 4to pamphlet.
"Temi di Prcmio, proclamati dal Reale Instituto Veneto, nella solenne

aduniiu/.ii del 2\) Maggio, 18<J2 ;" Vunozia, 18<J2.
" Tho Benefactors of tho Toronto University," 8vo; Toronto, 1892.
"Smithsonian Report," 1887-1890, 8vo ; Washington.
Grconhill (A. G.).—" Applications of Elliptic Functions," 8vo; London, 1892.
Nixon (R. C. J.).—"Elementary Piano Trigonometry," 8vo; Oxford, 1892.
Miller (W. J. C.).—" Mathematical Questions and Solutions," Vol. LVII., 8VO;

London,1892.
Schwurz (II. A.).—" Mathomatischo Abhandlungon," 2 Vols., R. 8vo ; Borlin,

1890.
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The following is tho list of mathematical books bequeathed by the

lata Dr. Thomas Archer Hirst, F.R.S., &c, to the President and

Council, for the time being, of the Society* :—

Stoinor, J.—" Geometrische Geatalten." Berlin, J832.
Zeuthen, H. G. — " Grundriss einer Elementar - Geometrischen Kegel-

schnittslebre." Leipzig, 1882.
Goisor, C. F.—•" Synthetische Geometric." Leipzig, 18C9.
Weber, H.—" Bernhard Riemann'e Mathematische Werke." Leipzig, 1876.
Burg, A.—" Compendium der hoheren Mathematik." Vienna, 1836.
Lobatsehowaicy, N. I.—" Theorio dea Parallolos." Paria, 18G6.
Staudt, K. G. C—" Geometrie der Lage." Niirnberg, 1847.
Mobins, A. F.—" Barycentrische Calcul." Leipzig, 1827.
Cremona, Dr. L.—" Geometriacho Theorie der Ebenon Curvon, von Maximilian

Curtzo." Grciaswald, 1865.
Minding, F.—" Integraltafoln." Berlin, 1849.
Simpson, T.—" Essuys on Mixed Mathematics." London, 1740.
Simpson, T.—"Treatise on Fluxions." London, 1737.
Todhunter, I .—" Sphorical Trigonometry." Cambridge, 1869.
Joachimathal, F.—'• Gcomotrio lilementaire." Borlin, 1852.
Boolo, G.—" Differential Eqimtiona." London, 18G5. '
Todhuntor, I .—" Mensuration for Beginnora." London, 18C9.
Todhunter, I.—"Algobra." Second edition. London, 1800.
De Morgan, A.—" Arithmotic." Fifth edition. London, 1846.
Hay ward, It. 13.—" Solid Goomctry." London, 1890.

Boole, G.—" Calculua of Finito Diil'orcncea." London, 18C0.
Boole, G.—"Differential Equationa." Second edition. London, 186-5.

" Todhunter, I.—"Differential Calculua." Fourth edition. London, 1864.
Todhuntor, I.—" Integral Calculus." Third odition. London, 18(i8.
Todhunter, I .—" Theory of Equations." Second edition. London, 1867.
Salmon, Dr. G.—" Conic Sectiona." Fifth odition. London, 1869.
Wright, It. P.—"Plane Geomotry." London, 1868.
Poinaot, L.—"Elomona do Statiquo." Ninth edition. Paris, 1848.
Cremona.—" Goometiical Memoim" 18G1—1870.
PoinBot, M.—"Thdorio doa Nombros." Paria, 1845.
Newton, 1.—"Principal." Vola. i., II., ia . 1700.
IIula80, Dr. J . A.—" Mathematiacho Tafeln." Loipzig, 1849.
Schrbtor, Dr. I I .—" Theorie dor Ebonon Kurvon.'' Leipzig, 1888.
Hesse, Dr. O.—" Analytische Goometrio dea ltaumos." Leipzig, 1861.
Caporali, E.—" Momorio di Gcometria." Naples, 1888.
Stoinor, J .—" Synthotischo Geoinetrio." Loipzig, 1867. ^ One volume
Gciaor, Dr. C. F . — " Theorie dor Kegelschnitte." Leipzig, 1867.'
Jonquiuro8, E. do.—" Melanges de Goometrie Pure." Paris, 1856.
Poinaot, L .—" Rotation doa Corps." Paria, 1862.

* The list htia been vorllod and tho volumes placoi in tho Socicty'a Library by
Mr. Kalph Ilolmca, B.A.
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Cremona, L.—" Corso di Statica grafica," 1808.
Cremona, L.—" Elomonti di Goometria Projettiva." Rome, 1873.
Cayley.—" Geomotrical Memoirs." 1859-1871.
Cayloy.—" Quantics." 18o4-1874.
Cremona and othors.—" Geometrical Memoirs." Vols. i. and n .
Mannheim and others.—" Geometrical Memoirs."
Poinsot and others.—" Mathematical Memoirs." Vols. i., n . , m . , iv., v., vi.f TI I .
Gauss, C. F.—"Mathematical Troatiscs."
Monge, G.—" Gc'ome'trie Descriptive." Par M. Brisson. Edition IV. Paris,

1820.
llalphon, G. I I .—" Travaux Mathumatiques." Paris, 1885.
Gauss, 0 . F.-r-" ltecherches Arithtnctiquos." Traduites par Poullet-Delisle.

Paris, 1807.
Kummor, E. E.—" Strahlonsystemo." Berlin, 1807.
Jacobi, U. G. J .—" Funotionum Kllipticarum." 1829.
Cromona, L., and Boltrami, E.—" Collectanea Mathomatica." Naples, 1881.
Ciirnot, L. N. M.—" Mc'moiro sur la thoorio des Transvorsales." Paris, 1800.
Chasles, M.—" Histoiro des Scioncos." 18G7-18G9.
Chaslos, M.—" Truitc des Sections Coniqucs." Paris, 18G5.
CHHHIGH, M.—"Traitc do Goomctrio suporicuro." Paris, 1852.
Cluislos, M.—" Traito de Geomutrio sup6rieure." Second edition. Paris, 1880.
Mobius, A. F . — " Analytischcn Spharik."
Chasles, M.—"Porismes d'Eiiclido." Paris, I860.
Chasles, M.—''Geometrical Mumoirs." 1853-1871.
Cbasloa, M.—" Geometrio Snp6ricuro." Paris, 184G.
Chaslos, M.—" Cours d'Astronomie ot de G6odcsio." Ucolo Polytochnique, 1860.
Chaslos, M.—«' Cours de Machines." Ecole Polytechnique, 1848.
Fiodlor, Dr. W.—" Geometrie dor Lago." Leipzig, 1875.
Steinor, J .—" Gesammolto Worke." Vols. i., n . Dorlin, 1881.
Pluckor, Dr. J.—" Analytisch-Geomotrischo Entwicklungcn. 1828.
Plucker, Dr. J .—" Goomotrio des llaumos." Vols. i., n. Leipzig, 18G8.
Pliicker, Dr. J.—" Gcomotrio dos Raumos." Diisseldorf, 184G.
Pluckor, Dr. J .—" Analytischo Geometric." Berlin, 183").
Plucker, Dr. J .—" Theorie der Algobraischon Curvon." Bonn, 1839.
Schrotcr, Dr. H.—"Thoorio dor Oborfliichon zweitor Ordnung." Leipzig, 1880.
Mobius.—" Ubor dio Symmotrio dor Krystallo." Loip/.ig, 1S4G-18G5.
Sturm, Dr. 11.—" Fliichon drittor Ordnung." Leipzig, 18G7.
Joachimsthal, F .—" Klcjnento dor Analytischcn Geomotrio." Borlin, 18G3.
Stogmann, Dr. F . L. —"Lehrbuch des Variationsrechnung." 1854.
Hesse, Dr. Otto.—" Analytischon Goomotrio." Loipzig, 18G5.
Hoye, Dr. T .—" Geomotrio dnr Lago." Vols. i., n., in . Ilanovor, 1866,

1877, 1880.
Bruhns, Dr.—" Manual of Logarithms." Loipzig, 1870.
" Proceedings of tho London Mathematical Society." Vols. i.-xvni.
" Mathcmatischo Annalon." Vols. I.-XXXVII.
"Crollo's .Toiirnal." Vols. xix., xxx., XXXTI., xxxix., xi,iv.-cvn.
Mongo, G.—" Applicntion do l'Analyso i\ la Gcomc'trio." Fifth edition. Uy

M. Liouvillo. Paris, 1850.
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Jacobi, C.G. J.—"Mathematical Treatises."
Baltzcr, Dr. R.—" Theorio dor Doterminanton." Leipzig, 1867.
Poinsot, M.—" Rechcrchos sur l'Analyso des Sections Angulaires." Paris, 1825.
Cayley.—" Collocted Mathematical Papers." Vols. i., n. , in., iv. Cambridge.
Lagrange.—" Lcc,ons sur le Calcul des Fonctions." Paris, 1806.
De Morgan.—•' Trigonometry and Double Algebra." London, 1849.
Salmon.—" Higher Plane Curves." Second edition.
Salmon.—"Lossons on Higher Algobra." Third edition.
Salmon.—" Geometry of Threo Dimensions." Third odition.
Carnot, L. N. M.—" G6om6trie de Position." Paris, 1803.
Schubert, Dr. H .—" Kalkul der Abziihlondon Geomotrie." Leipzig, 1879.
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