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with deep sincerity for all his services rendered. . His extreme
modesty has always made him prefer to figure as if his work for us
were light and his mathematical distinction inconsiderable. But we
have known far better, in the one matter and the other. Mr. Tucker
remains to us, to begin his thirty-third year on the Council and his
thirty-second as Secretary. Nearly all the papers which the Society
has ever received have caused him correspondence. Sixteen Presi-
dents have, like myself, found their office free from anxiety because
of his and his colleague’s assiduity. There has been no limit to the
burdens he would willingly take upon himself in his absolutely un-
selfish devotion to the interests of the Society. Such a use of what
might have been the Yeisure of half a life-time has put mathematical
science under an obligation for which no gratitude would be excessive.
May he long be good enough, and have the health and strength, to
add to this load of obligation !

On the Functions Y and Z which satisfy the Identily
4(@—1)/(a—1) = Y p2", '
where p is a Prime of the Form 4k+1. By L. J. Rogers.
Received November 7th, 1898. Communicated November

10th, 1898.
§ L.
In Prof. Mathews’s Théory of Numbers, pp. 215-219, a very full
account is given of the resolution of 4X, = 4 (x?—1)/(z—1) into the
form Y?—e,pZ® where Y and Z are integral functions and

o = (=1po,
according to his notation on pp. 216 and 217.

On these latter pages a method is given for calculating successively
the several coefficients which occur in Y and Z, with a remark that
it would be desirable to discover a method of writing down their
general values, without having to calculate the preceding coefficients.
The object of this present paper is to show how this may be done,
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and to further point out certain properties of the functions ¥ and Z,
whereby the coefficients may be more easily deduced.

It is well known that
Y—vepZ =2 (@—1r")(z~1) } a
Y+ VepZ =2 (z—-1r) @=r")....

where 7 is any complex pt'h root of unity, and g is 8 primitive root
of p.

Denoting by Y and Z the functions %ml_f and 4z , we have

da

Y-VepZ__1 ', 1 1
Y-VepZ =1 g—1% "
Y+veps _ 1 LSS S

x—7 T—r

Y+vepZ T aw—r

whence, by subtraction,

2\/—" Y7i— YZ _ ="3 (h/p)
T 4x

het Z—7"

[where (h/p) is the usual Legendrian symbol]
= L3(ip)+ L3I+ 3Bl

Now  3(bfp)r=vep and 3(hp)r™ = (m/p)vep,

or, using the notation before referred to,

YZ-Y7 _ 1 e . & e
S + o + ?+ to infinity,
where e, = (m/p), when m>1 and prime to p, while e,,=0.
Thus . .
—-YZ 1 " -
Yzzx = gy @7 e ),
ie., z(2—1)(YZ—YZ) = 2 (2" +e2* 2+ ... 6,.12). (2)

It is, however, somewhat more convenient to reverse the
polynomials ¥ and Z so as to consider the successive coefficients of
ascending powers of r, and, in the infinite series which follow, to
suppose #<1. These reversed series will be denoted by y and 2z, with



1898.] (jyclotomic Identity‘ 4 (@"—1)/(e—1) = YixpZ* 25

the supposition that their leading terms are positive. By the known
‘reciprocal properties of ¥ and Z, we have then

y=e¢Y and z=272,

while 2 et = e (w+esw’+eaaza-f-... ep12”h).
Hence (2) becomes ‘
z(e=1)(Jz—yz) = 2 (z+e,2* +ega’ +...). 3)
Now let y=2+vXcos 0,} ) @)
vV —e,pz=2+~/Xsinf

so that (3) becotﬁes
—4Xz (z—1) 6 = 2V —ep (z+e, 2 +...), .
20 =/—ep (1+e,z+ )/ =27
=v =e,p (L +ez+e,a’+ ... to infinity),
and 90 =V e p (z+ieat +36d+ ), (5)

no constant being added, since, when 2 =0, =10, § = 0. Sub-
stituting in (4), we have
(1+1ep (w+,e2a, +..)

y=2(-o) A=)t +gr gpf et |
+..
(z+ie2*+...)

+1.3ap (z+ied+..)°

foa
tg 52

+...

\

z=1—2) Q=2
(w+%e,w’+_...)“

From these equations any coefficient in y or z can be calculated with-
out the knowledge of the preceding coefficients, and the results are the
same in form as those obtained in Prof. Mathews’s treatise, p. 217,
These formule are, however, extremely intricate, and, considering that
the coefficients reduce in all cases to integers, are remarkably frac- .
tional. Their ultimate simple form no doubt depends upon some
inherent property relating to the order of the quadratic residues of p, -
but it is not easy to see how such a reduction in general can be effected.

It may be interesting, then, to point out two other methods for
obtaining the required coefficients.
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§ 2.
Let U=1+42 (@+2"+2°+...),

where 1, a, 8 aré the quadratic residues of p which lie between
0 and p, so that the right-hand side of §1 (3), is 2 (U—X).

Now, when z=1", U=Venp, .
but, when z =17, =~ 1/8?2_0.
Again, when z=1", Y=+ ;Z—J Z,
but, when z=7 Y=- «/XEZ.

Hence UY—e¢,pZ and UZ~—Y are zero for all values of 7, and there-
fore contain X as a factor.
Moreover, both functions = 0 (mod 2), since

U=1 and Y=epZ=2
Let us write then UY—e,pZ = 2MX
UZ— Y = 2NX}
or, what is the same thing,
27 = MY—éleZ} @
2 =MZ—-NY

Similarly, if V = 2X—T, .., if § (V—1) be the sum of powers of
z whose indices are <p, and non-residues of p, then

; (Ly

VY+epZ may be written 2XM'} 3)
and VZ—-Y . 2XN'}’
so that M+M =17,
N+N =2,
2V = M'Y—e, pN'Z.
Now, if ¢, = —1, then p—1 is not a residue, so thét U is of lower

order than X. Consequently M is of lower order than Y, and N of
lower order than Z. On the other hand, if ¢, =1, then p—1 is a
residue, and V is of lower order than X. ‘In this case, M’, N are
respectively of lower order than Y, Z. '

In all ceses therefore it is possible to find numerically integral
polynomials in z, say u and v, such that

pZ—vY = 2,



1898.] ' Ouclotomic Identity 4 (2*—1)/(z—1) = Y& pZ". 27

Moreover, if YEand Z are known, M and N may be very easily
deduced by differentiation, for
2 (a—1)(YZ—Y%) = %, (T—X), by§l, (),
while (2—1)(YY—e,pZZ) = 2p—2X +%p (z—1) X,
by diﬁerentia,ting the identity -
Yi—e¢, pZ% = 4X.

Hence 4X» (z—1) ¥ = 2pY—22XY+2p (z—1) XY~ 2UZp +2X Zp,
4Xe (2—1) = PZ—2XZ+2 (z—1) XZ—2, Y (U—X).
Substituting for U, from (1), we have
20,1 = p (o-1) Z—sZ+6, Y—20 (a—1) 22
=p@—-1)Z+wZ+eY—2 g{; (z—=1) Z,

which is & form more adapted for the numerical calculation of M.

Similarly, - d
2pN =p (z—1) Y+a:Y+pZ——2m% (z—1)Y.

When ¢, = 1, it is better to use the equivalent equations

2e,M’ = — p (v—1) Z—wZ+e1Y+2a:§- (2—1) 7,
X

9N’ = —p (@—1) Y—a¥+pZ +22 £ @Y.
§ 8.
'We may combine the results of the previous section by writing'
2W = (U+V)—e (U+V),
O = (M+M)—e, (M—M),
_ % = (N+N') —e, (N—N),
so that W, p, v = U, M, N or V,. M', N’ according as ¢, = —1 or +1.
With this notation, § 2, (2) and (4) give us
QW = uY—epvZ
2=:Z—vllf }’ @

where p, v are integral and of lower order than ¥, Z respectively.
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Now let Z/Y be converted into a chain-fraction of the form

1 7y Ny ™ )
D2+ byt Tiage () F Moty () Tagn (@)
where the m’s and »’s are positive or negative integers, and the
leading coefficients in ¢, (z), ¢5 (%), &c., are all unity.
b B B
& Qe

numerical reduction from the equations

be the successive convergents, derived without

P, =m,¢,(2) Proyt+n,Prsy

Q. = m ¢, (2) Qrr+2. Qs
‘then, evidently, Q= mymy ... mY

Py = mgmy ... mpZ } |
Since, moreover, the fraction

a1 7 Np My Ny

M 191 () + mapa (a;) My 1mh¢n 1("’)+ ‘Ph ()’

it is obvious that we can with equal genera.hty suppose that m, =1,

so that
Q= mymy...my ¥

P;.=m3ms...m,,_,Z (3)
while Qh-l = MyMg ... My R

Py =mymg ..omy v

Again, by the laws of chain fractions, we have

ﬁ:Qh_‘!;—_-_ 1 L) )
Y Qs o4 (2) + o1 0ney (®) + "'Zm+b.’
Y P 1 7 g
Z b, ¢n (@) + mp_1941 (@) + 7 Mgy (@)’

Now consider the fraction

F 1 ki JRp— Gap L 1 ,
ox (@) + M paoy @)+ 2o+b,— 22+b+ Mgy (B)+ Pa (=)

]

which differs from —”1;‘, by eriting 2z +b,— 91{7@ instead of 22+ b, in
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deriving —"f from its two preceding convergents. Thus

_v.el’PZ .
F= d Y _uwY—eprZ W .
y_gapd Y'—epZ 2X°
1’

Hence, if —2—1/% be chain-fr@ctioﬁized, the converging denominators of

degree 3 (p—3) and % (p—1) will be numerically proportional to Z
and Y; while the corresponding numerators are multiples of u and ».
As an example we may put

} p =23,

‘W= U= 2(w18+a;16+a.13+w12+m0+®8+mﬂ+ml+w8+w3+w)+1,

U _ 1 4 2 1 32 1

2X T 24 +1—20248—-2— 1+ 2+ 7+ -5~ 2 —1—

8 23
22—1+ 22—14 """

whence p = 227 —ad— 4o’ — 4ot —5af + 22" + 102— 11,
and v =al—af—2a+ 1,

while the values of ¥ and Z agree with those given in Prof.
Mathews’s treatise, p. 218.

It is easy to see that, although we have a means of calculating ¥
and Z which is very simple in theory, yet in practice it involves
great labour, and work of such a kind as to give chances of numerical
errors. :

§ 4.

The most practical way of determining the coefficients of Y and
Z is derived from the equation (3) in §1, by eliminating 2.

‘We have, namely,

e, pz (2+e,a°+...)
= jap (8—1) (g7 —yz2)
= o (e—1) § (P'~4X) —}e (w—1) y (y9—2X)
=2 (1—a*) g~z (1—2) X .
But (Ql—2) X=X = — pxP=!,
so that 2z (1—-2)(1—2”) y—z (1—2”) y+pa* (1—2z) y
= ¢, pz (1 —2)(z+ega+e,a’+...). )
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Now, as we are only concerned with coefficients in y and z as far as
#}?-**%), we may neglect powers higher than this, and replace (1) by

2 (l—z) g—zy=e pz (1 —2) (a;w+eﬁa"+ .;,) (mod ”—1).
Similarly, 2 (1—a) é—ay =y (1—2)(z+62"+....
" If, then, y =2+ +e@’+egat+ ...,

z.=a+f 2’ +fat+ ...,
we get

@ (4¢,—3) + 2 (60,,—5::2) +at (Be,—"¢,) +..

. =ap@+fid+fid't. ){w+(e,—l>w+(ea—ew+ 3@
an :

2 +a* (4f,—8) +2* (6f,—5f)) +...

= (2+z+ert+od’+.) {2+ (g—1) 2"+ (6—0c;) 2*+...}. (3)
From these two equations we can very easily deduce ¢, fa Cor fir ---
successively, the advantages of the method resting on the integral
form of all the terms on the right-hand sides, while the necessarily

integral forms ultimately obtained for the ¢'s and f’s avoid the
possibility of numerical errors.

For instance, if p =67, ¢, =—1, and the quadratic residues as
far as 18 numerically are 1, —2, -3, 4, —5, 6, -7, —8§, 9, 10, —11,
—12, —13, 14, 15, 16, 17, —18, ..., so that '

z+ (e,—=1) 2 +...

= z— 22 + da* — 22 + 228 — 207 4 20° — 25" 4 22 —22M + ...,
v;hence, deducing ¢, = —~16, f, =0, &3 =9, f; = — 3, &c., we get
Y = 22% 42" —162" + 92™ + 33z™ — 442" — 182" + 792 — 392 — 482

+ 750% — 3528 —142™ + 69z — 89z + 102'° 4 10627 —
with the reciprocal terms — 10621 —105%—, )
7 = 4% — 3% 4 30 4 40%® — 827 + 2% + 9 — B £ VoM — Gt
'_ + 5a™ + 5 — 1448 4 82 +

with the reciprocal terms 8x'—14x®+ ... . »
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Thursday, December 8th, 1898.

Lt.-Col. CUNNINGHAM, R.E., Vice-President, in the Chair,

Fifteen members present.

The minutes of the last meeting were read and confirmed.

The following gentlemen were elected members :—Robert Judson
Aley, A.B.,, AM.,, Ph.D,, Professor of Mathematics, Indiana Uni-
versity, Bloomington, Indiana, U.S.A.; Erncst William Barnes, B.A.,
Fellow of Trinity College, Cambridge, R.M. Academy, Woolwich ;
John Hilton Grace, B.A., Fellow of St. Peter’s College, Cambridge ;
Frank Morley, Sc.D. Cambridge, Professor of Mathematics in
Haverford College, Pennsylvania, U.8.A.; Charles Almeric Rumsey,
B.A., formerly Scholar of Trinity College, Cambridge; John Thomas
Walley, M.A., Fellow of Jesus College, Cumbudoe, Assistant Pro-
fessor of Mathematics, Aberystwyth.

A letter from the Auditor, Mr. Gallop, announcing that he had
duly audited the accounts of the Society for the Session 1897-98,
was read. On the motion of Prof. Hudson, seconded by Mr. Berry,
a vote of thanks to the Auditor was carried unanimously.

Major MacMahon communicated a discovery he had recently made
in the Theory of Compound Partitions.

Mr. J. E. Campbell read a paper “On Simultaneous Par tml
Differential Equations.”

- Messrs. Hammond and Berry made remarks on the communica-
tions.

The following papers were communicated in abstract :—
On Hyperplane Coordinates: Mr. W. H. Young.

Two Problems of Wave Propagation at the Surface of an Elastic
Solid, and The Influence of Gravity on Waves in an Elastic
Solid, with especial reference. to the Earth: M. T. J.
Bromwich.

On a Theorem in Determinants allied to Laplace’s: Prof. W. H.
Metzler.
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Lt.-Col. Allan Cunningham, R.E. (Mr. Tucker, pro tem., in the
Chair), drew attention to the three following exceptionally high
numbers :—

N“ N, _ [2113 (2209:!: 1)s$(2211¥1)a] — (2210:,:1) (2110;!:1)3,
Ny = [ {(@%+1)'~2%(3.2%+ 1) '+ { (2% +1)*~2m(2% +3) }*]
=2 (2"+1)% ' '

The complete factorization of the numbers (2"°+1) being known
(see Lucas’s memoir Sur la Série récurrente de Fermat, Rome, 1879,
pp- 9, 10), the three large numbers (N) are also completely fuctorizable
tnto therr prime factors. The two N,, N, are of order 2%, and there-
fore contain 253 figures; whilst Ny is of order 2%, and therefore
containg 254 figures. The largest number hitherto completely
factorized into its prime factors (so far as known to the author) is
(2°41), which contains 64 figures.

The following presents were made to the Library :—

¢¢ Mathematical Questions with their Solutions from the ¢ Educational Times,’*’
Vol. 1x1x., 8vo; London, 1898.

Bashforth, F.—‘“Replica di Krupp alla protesta del Signor Bashforth,”
trauslated by F. Bashforth, B.D., 8vo; Cambridge, 1898.

¢¢ Procecdings of the Royal Society,”” Vol. Lx1v., No. 404.

¢ Bullctin of the American Mathematical Society,”” 2nd Series, Vol. v., No. 2,
November, 1898; New York.

« Transactions of the Ottawa Literary and Scientific Society,’” No. 1, 1897-8.

¢ Bulletin des Sciences Mathématiques,’”’ Tome xxi11., November, 1898 ; Puris.

“Tokyd Sugaku-Butsurignku Kwai Kiji,”” Maki No. vir., Dai 3.

¢¢ Atti della reale Accademia dei Lincei—Rendiconti,” Vol. vir., Fasc. 9, Sem. 2 ;
Roma, 1898. :

¢ Educational Times,"" Deccmber, 1898.

¢ Indian Engineering,’’ Vol. xx1v., Nos. 17-20; Oct. 22-Nov. 12, 1898.





