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Note on Dirichlet's Formula for the Number of Glasses of Binary

Quadratic Forms for a Complex Determinant. By Professor

G. B. MATHEWS. Read January 14th, 1892. Received, in

amended form, February 15th, 1892.

In the memoir on binary quadratic forms with complex coefficients
(Crelle, xxiv., p. 291, or Werke, l., p. 612), Dirichlet has given a
formula for the number of classes for a given determinant D. In
the simplest casej when the determinant is not divisible by any
square, and D=*+fiit

with a = 1 (mod. 4), ft = 0 (mod. 2),

the formula in question reduces to

7rlogcr' \ m

where m = a"+/32, \I)\ = +</a*Tft\ (X a + v / 3 \ is a Legendrian
\ in )

symbol of reciprocity, and \, v assumo all real integral values, such
t h a t \ = l (mod4) , v=0(mod. 2).

Moreover, <r denotes the norm of (T-fc Uv'D), where (T, U) is the
fundamental solution of

Diriohlot observes that the value of h may be expressed in finite
terms by means of the elliptic functions of modulus y^ , and then
proceeds to say that although the result may bo obtained without any
difficulty, the appreciation of its true chai'acter depends upon the
algebraical theory of the division of the period for theso particular
transcendents, the discussion of which ho resorves for the second
part of the memoir. This second part was never published, if indeed
it was ever written; and I am not awaro that anything has been
done towards completing Dirichlet's investigation on the lines that
ho lias indicated. In the following note, the explicit valuo of It, in
terms of elliptic functions, is obtained by elementary methods for the
particular case above givon; there would bu no particular dilliculty
in treating the other cases in a similar manner.
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If r denotes e2"''"1, then, by a formula due to Gauss (Summatio
quarumdam serierum, &c),

) </m = 2 I — ) rlx*+">)",
/ V m /1

V m

[. = 1, 2,3. . . (m-1)],

with the convention that .(—) is to be put equal to zero, when k is

not prime to m.

Hence h = - / — S -^ e , . , , .
7T lOg ff \ «l / A1 + ^

and this is easily transformed into

.a cos cos—'-—
7 l o « / Jc_ \ ?n m

"" ^-logcr l^"J X«+V '

where X now assumes all positive odd values, and v all positive even'
Tallies; and it is understood that when v = 0, the corresponding term
of the series is multiplied by \ instead of 1.

Now consider the elliptic functions for which

then (Jacobi, Werke, I., p. 155),

n sinh fr 3sinh37r

Write successively

add ; thus log j an2JjL±M>£inH'LzS

4 cosh ^ o 4 cosh ^
i~~ '-L m « 2a7r m 6air .

= log*: H — cos h cos h...
BinhTr m .1 sinli .{TT m

"Changing ft into — /3, = ft' say, and making use of the formula

dn (u—iK') = — ^——,
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constant + log-I
2 (a+(3i) K 2 (a—Qi) K\

c n v ^^ f.— on — £-i—
JH

w ra
C/3'7r

4 cosh -£-— 4 cosh
i , , m 2et7r MI u«7r .

= log<H — cos + . cos + ....
sinh rr m o sinh on- ?w

Adding this to the previous formula, and writing, for convenience,

- I s \ cn u dn u
we have

"=C+ in in ) 2qir
-r-r; CO8—5-
sinu 7r m

where 0 is a constant.

Now (Todhunter 's Int. Gale, p. 300, 4th edition),

cosho(7r—ap+cosh ax _ 2 C 1 2 cos 2a; 2cos4a;
asinhaTr TT C a8

consequently

a; 2cos_4a;
4 » + a T

I 2cos^i- 2 cos 2 ^

0 12/37T 0 2 I / ?
2 cos - 2 cos - '

t5a7r
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Comparing this with the expression for h, and observing that, for a

complete set of residues, 21 — ) = 0, so that 0 need not be determined.

we find that

= S (j.) log i » f* (« + ft>
\ra/ ( \ m

0 = 1,2,3... (m-1)].
If a stands for a quadratic residue of m, and b for a non-residue, we

may write
/q(q + /3»)g\ ^ /o(a-j8i)JC\
\ m / \ «/ /

1

It is interesting to see that we thus obtain, in an elliptic function
form, an expression for

where (Thi Vh) is a solution of T*-DU* - 1.

Objections might no doubt be raised to the details of the preceding
analysis ; in fact, it cannot be said to be rigorous; still I believe the
result is correct, and that the process may be justified to some extent
by Observing that the transcendental series equated to each other
present exactly the same kind of discontinuities at the same critical
points.

It ought to be said that the series for h in its first form is similar
to those considered by Kronecker (Berlin Sitznngsber., July, 1885),
so that the result finally obtained ought to agree with his results
(I.e., p. 764) ; but, on account of tbe difference of notation, and the
fact that Dirichlet's X, v do not agree with Kronecker's mt n, the
identification is very troublesome.

Anyone who is inclined to undertake a numerical verification might
consult with advantage Schwering's memoir on the " Multiplication
of the Lemniscate Function " (Grelle, cvn., p. 196); it should be
observed, however, that Schwei'ing's sntt does not correspond to the
sntt of the present note, but is Gauss's sinlemn n.
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Thursday, February llth, 1892.

Professor GREEKTHILL, F.R.S., President, in the Chair.

Messrs. E. T. Dixon and R. Holmes were admitted into the
Society. Mr. James William Nicholson, M. A., President and Professor
of Mathematics, Louisiana State University, U.S.A., was elected a
member.

The following communications were made :—

On the Logical Foundations of Applied Mathematical Science:
Mr. Dixon.

Note on the inadmissibility of the usual reasoning' by which it
appears that, the Limiting Value of the Ratio of two Infinite
Functions is the same as the ratio of their first derived, with.
instances in which the result obtained by it is erroneous : Mr.
Culverwell.

On Saint-Venant's Torsion of Prisms : Mr. Basset.

The following presents were received :.—

"Proceedings of the Mathematical Socioty of Edinburgh," Vols. ii.', in., iv.,
V., VI., VIII., IX.

" Boibliitter zu den Annalen dor Physik und Chemie," 'Band xv., St. 12, 1891
Band xvi., St. 1, 1892.

" Eoyal Society—Proceedings," Vol. L., NO. 304, January, 1892.
" Nyt Tidsskrift for Mathematik," B. Anden Aargang, Nos. 2, 3, 4.
"Leipzig. Gesolls. der Wissonschaften— Berichte iiber die Verhandlnngen,"

Math. Phys. Classe,. 1891, m .
" Bulletin des Sciences Mathematiques," 2e Sdrie, Tome xv., December, 1891.
" Leipzig. Gesells. der Wisaenschaften—Ueber einon eigonthiiralichen Fall

Elektrodynamischer Induction," n .
" Educational Times," February, 1892.
"At t i della 11. Accad. dci Lincci—Rendiconti," Vol. vn., Fasc. 12, e Indico

dol Volume, 2° Scmestro, 1891 ; Roma.
" Cambridge Philosophical Society—Proceedings," Vol. vn., Pt. 6. ; "Trans-

actions," Vol. xv., Pt . 2.
" Toulouse—Annales do la Facultc des Sciences," Tome v., 1891, Fasc. 3, 4.
"Napoli—Rondiconto doll' Accademia dclle Scienzo Fisiche o Matematiche,"

Serie 2, Vol. v., Fasc. 1-12, 189.1.
"Survoyor," Vol. i., Nos. 1, 2, 3, 1892.
" (Euvrcs Completes do Christiaan Iluygens," Vol. iv. ; Lo Hayo, 1891.
"Royal Society's Catalogue of Scientific Papers," 1874-1883, Vol. ix.
•« Mondizfibul Tamborrcl («). do), Tables dos Logaritluncs," Taris, 1891.
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Thursday, March ]0th, 1892.

Professor GREENH1LL, F.R.S., President, in the Chair.

Abinas Chandra Basu, Professor of Mathematics, Agra College,
Agra, was elected a member.

The President and Mr. S. Roberts spoke of the services rendered
by the late Dr. Hirst to the Society, and npon the loss sustained by
the mathematical world in consequence of his decease.

The President announced that the Council had just selected the
six following mathematicians for the compliment of foreign member-
ship—viz., Messrs. Poincuro, Hertz, Mi ttag-Lc flier, Schwarz, Beltrami,
and Willanl Gibbs ; and, in accordance with Rule 20, ho nominated
them for election at this the first subsequent ordinary meeting, with
a view to their being ballotted for at the April meeting.

The following communications were made:—
The simplest Equivalent of a given Optical Path, and the

observations required to determine i t : Dr. J. Larmor.
On cases in which a Hyperelliptic Integral of the First Order can

be expressed as the sum of two Elliptic Iutegrals: Professor
W. Burnside.

On the Analytical Theory of the Congruency: Professor Cayley.
Notes on Dualistic Differential Transformations: Mr. E. B.

Elliott.
On certain Curves of the Fourth Order and the Porism of the

Inscribed and Circumscribed Polygon: Mr. R. A. Roberts.
Professor M. J. M. Hill made a few remarks on Singular

Solutions, and the President spoke on the Rectification of the
Cartesian Oval.

A Cabinet Likeness of Mr. S. Roberts was presented by that
gentleman to the Album.

The following presents were received : —
" BcibliLttor zu den Annalen dor Physik und Chonu'e," Band xvi., St. 2;

Leipzig, 1802.
" Actuaries—Journal of Institute of," Vol. xxix., Pt. 6, January, 1892.
" Juhrbuch iiber dio Fortschritto dor Matheinatik," Jahrgang 1889, Band xxi.,

Heft 1 ; Horlin, 1892.
"Niouw Archiov voor Wiakundo," Deol xix., St. 1-2 ; Amsterdam, 1892.
11 Jornnl do Scioncias Mathematicae o Astronomicas," Vol. x., No. 4 | Coimbra,

1892.
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" Bulletin des Sciences Math6matiques," 2nd Series, Tome iv i . , January, 1892.
•• Sitzungsberichte dor K. PreuBS. Akademie der Wiesenschaften zu Burljn,"

41-53, and Jahrgang 1891; Berlin, 1891.
" Atti dolla Reale Accademia dei Lincei—Rendiconti," Vol. i., Pasc. 1-2, Sem. 1;

Romn, 1892.
" Educational Times," March, 1892.
"Aunals of Mathematics," Vol. vi., No. 4; University of Virginia, January,

1892.
" Journal fur dio roino und angewandte Mnthematik," Band cix, H. 2.
" Bollettino dello Pubblicazione Italiano riccvuto per diritto di stampa," 1892,

No. 148, in duplicate ; Firenze.

The tiirrvplest Sjwcification of a giuen Optical Path, and the Obser-

vations required to determine it. By J . LARMOU. Read

March 10th, 1892.

1. The complete specification of an optical path through a hetero-
geneous medium like the atmosphere, or through a combination
of transparent substances which may form an optical instrument,
requires not merely the form of the curve which a narrow beam or
fil.'imont of light traverses, but also a statement of the character of the
modification impressed upon the filament by traversing that path.
The mode of division of a beam of light into filaments, or linear
elements of waves, in the way thus suggested, corresponds much more
closely to the physical reality than the more ordinary analysis which
splits these filaments up into the rays of which they are supposed
to bo constituted; and it is fortunate thai, by making use of thu
dioptrical methods introduced by Sir W. "R. Hamilton, and further
developed more recently by Maxwell, the consideration of filaments
leads to a doopor and moro coordinated analysis than that of rays.
That this is the case follows from tho fact that the effects impressed
upon all filaments by traversing a given path may bo determined in a
simple manner by observation or calculation relating to a few cases,
and may be considered as expressed in torms of certain optical
properties of tho path. Tn addition to the geometrical gain whirl)
results from recognising that tho treatment of a group of rays is
nearly as simplo as that of a singlo ray, there is the fact that all


