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1. Let H be a sub-group of order »” in a finite Abelian group G whose
order is p* (p prime). Let ¢, of the invariants of H be 1, t, be 2, ..., ¢,
be m. Let u, of the invariants of G be 1, u, be 2, ..., %, be m. The
quantities ¢, ¢y, &, ..., w4y, Uy, Ug, ... &Y€ ZEros Or positive integers (u. > 0).

Then a = uy+2uy+3us+ ..., r=t,+2t,+3+...;
let U= Uy+uy 1+ .., t=t+t+t+. ...

We first find the number (X) of ways in which a base [g,, gg, 95, -..] can
he chosen for a sub-group of G of the same type as H.

Let (7, kg, hy, ...] be & base of G. Then G contains (p"~—1)p°>~*»
elements of order p™; namely, 728 748 /5 ..., where at least one of
By By ..., Bu, is prime to p.*  Therefore g, can be chosen in
(p'»—1) p*~*" ways.

When g, is chosen [gy, iy, /g, ...] may be taken as a base of G. Then
G contains (p—1) p*~ "= elements of order p™ whose p™~'-th powers are
in {g,}; namely, g# 2518 ..., where By, B, ..., B, are multiples of p,
@3, is prime to p, and B, 1, Bu,+2 ... are any integers. Therefore G con-

tai . : )
alns [(p“m__1)_(2)_1)qu-u,,, — kpu.,,.-l._]_)pl-ﬁ-a—u.,.

) * See Netto's Alyebre, Vol. 11., p. 246.
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elements of order p™ whose p™~'-th powers are not in {g,}; %.e., g, may
be chosen in (p""—1) p'**~"» ways when g, is given. .

Again, when g, and g, are chosen [g,, gg hg, 2y, ...] may be taken as
a base of G. Then G contains (p*—1) p*~*» elements of order p™ whose
p"l-th powers are in {g,, g,}; namely, gfgfhfohf .., where
Bs B ..., By, are multiples of p, B, or B, is prime to p, and
Bu,+1 Bu, +2: ... are any integers. Therefore G contains

[(pu,,._ 1) — (pﬁ_ 1)] pa—u,,, — (pu,,,-z__ l')p2+afu.,.

elements of order p™ whose p™!-th powers are not in {gy, ga}; %.¢., gy
may be chosen in (p*+~2—1) p***~*» ways when g, and g, are given.
This reasoning may be continued to show that the first ¢, generators of

the base may be chosen in f—(—uf(u;—n)t) plr@-untitatn=1) ways: where f(k)
denotes (p*—1)(p*'—1)... (p*—1)(p—1) and f(0) = 1.
Now, when [k, hy, kg, ...] is a base of G every element of order p

in G is contained in the group whose base is

» P P
U, Ty ooy Ty 1y Tewyi2y -

m

m—1

and conversely. Hence, by reasoning precisely similar to that used above,
(+ contains (p*»tte-1—1) p*~tm-1=2n elegments of order p™~', and the
prith powers of (ptn—1)p*~w-1=2w  of these elements are in
‘91 92 --» ;- Hence, as before, g; .1 can be chosen in

(pum +up-1—t, 1) ptm +a—py-1~2Uy
ways when gy, gy, ..., g:, are given.
Proceeding as before, we see that g, .. can be chosen in

(pu,,,+u,,, 1=bu=1__ 1)p1+t,,.+a—u»,,,_|-—2u,,,
ways when gy, gy, --., §1,,+1 are given. Thus we show that the first
tn+itn_1 generators of the base may be chosen in
f(um) v f("fn1+l¢'.,;—l_tnn)
f(um—tm) f(um+'u'm—l—tm_ tm—l)

xplm (a=w,)+¢t, (@~ _ l_2unx)+é [ (=D +ta (b =1)] 42,8, )

ways.
Proceeding in this way, we get

X = f(um) f(um FUn—1— bw)
f(um —tn) f(“'m+ Um—1— b= Cn—1)

A‘f(1llm+'um_1+um_2—’tm._tm—l) .
J @t tmF e — bt tmo1—tm-2)

[c = 3¢ (t—1) +1t, (E— t) +ugd 2t — ty— 9t) +1ug (Bt — tg— 23— Bt + ...

C

r
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To find the number (Y) of distinet bases of any sub-group of G of the

same type as H we put u, = ¢, ug =15 w3 =1, ... in X. The total
number (N) of sub-groups of G of the same type as H is then
X S @n) S n 1 —tw)
Y f(tm)f(um m.) f(tm-l) f(um+um—l_tm_tm—l)
f(um'l'um 1+um-—‘2 m tm—l) pd

. f(tm Z)f("'m+um 1FUns—tn—tn_1—tn-2)
(0= (ty— ) (E— &) - (ttg— ) (2 — ty— D)+ (stg— £ (B¢ — tg— 2, — Bt + ... ]

The above reasoning shows that the necessary and sufficient conditions
for the existence of sub-groups such as H are

um+um—l+ +um—q+l tm+tm 1+ +t'm. —q+1 (q - 1 2 2] m) 5

1.e., the k-th invariant of H is not greater than the %-th invariant of G
k=123, ..)*

2. To find the total number (M) of sub-groups of order p” in G, we
have only to find every set of values of ¢,, ¢y, 3, ... satisfying the relations

“m+um—l+--- +um—q-+l > t~m+t —1+---+tm—q+l
and r= t,+2t,+8%+....

Then M is the sum of the corresponding values of N. A general formula
giving M for every value of » would probably be somewhat complicated.
We can, however, find the simple expression .%;:11)) for M when
r < the smallest invariant of G. In this case

Uy =— U, Un-1 = Um-2 — Up-3 — ... = 0

for every sub-group considered, while

_ J ()
N= o rarm P

[d = w@r—t)—rt+ G+ b+ 28) byt (g + Bty +82) tg+...].

flutr— 1) _

the sum being taken for all positive integral or zero values of ¢, &, ¢, ...

We have to prove

* In the notation of Burnside’s Zheory of Groups, § 47, ne < me. Since the above was
written Prof. Burnside has informed me that this corrected form of his result was communicated
to him by Prof. E: H. Moore, of Chicago, in 1899.
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b th
sueh that 4 o bttt 4. <u 28t =1

This 1s obviously true when « = 1. We assume it true for all values of u

less than the one considered, and use induction to prove the theorem true
in general.

y Jutr=1
f ) flu—1)

= the coefficient of 2" in p~# "+ (1 4pz)(1+p*2) ... (1+p*+ '),
2.€., 1n
P YL (14 pz) (1 4p%) ... (L4p"2) A +p.p'o) 142 p*2) ... (1+p L. p¥2)

= p T D @) __ r-ourae=no-t4n __fo=1

f@ fla—10 f—0fit—1)"

But, by our assumption,

_fe=1 f® »*
For=0FG—=1)  ~Flt—7 f(r) fiza ...

e = tr—t—n—(r—t) T4+ 11+ (rp+271) T3+ g+ 27+ 87) 74+ ...]

for all integral values of T, 75, Ty, ... such that

T=7t+n+n+ < G T+ 2143+ ... = r—1t.

t4

But, if we put t—7=¢, 1, =18, 1, =1, 3=14, ..., we have
t=t+t,+t+. .. L+ 26436+, =1
Hence fludr—1) fw) p’

f 7)f(u—1) f(u,—t)f(tl)f
f=et+Or—tut} {t(t+1)+(7‘—t)(i‘—t+1J—7‘ r+1}]

for all values of ¢, ¢, &, ... such that

t = tl+t2+t3+ 'lt t1+2t2+3t3+... =T
We readily verify f = d, which completes the proof.

3. We may illustrate the result of § 1 by finding an expression for
the number of normal (self-conjugate) sub-groups of index p? in any
group G. Let H,, Hy, Hg, ... be these normal sub-groups, and let D be
their greatest common sub-group. Since G/H,, G/H, G/Hg, ... are
Abelian (being of order p?), the commutant of G 1is contained in
H,, H,, H,, ..., and is therefore contained in D. Hence I' = G/D is
Abelian. Moreover, the p-th power of every element of G is in
H, H, H,, ..., and is thereforg in D. Hence the p’-th power of every
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element of I' = 1. It follows that I' is an Abelian group of the type
222, ...,1,1,1, ..)[y 2s and z 1's] whose order is a power of p.*
The number of normal sub-groups of index p® in G is the same as the
number of sub-groups of index p* in T'.
fl&)

f @ fe—27
@
f@fy—2

. . Lo y) f (z41) N .
2 and 242 invariants 1; (iii.) f(1)}_cf({)}}(y Wie )py with y—1 in-

variants 2 and z invariants 1. The factor-group of I' with respect to

Now, by §1, I' contains (i.) p* sub-groups with y in-

variants 2 and 2—2 nvariants 1; (i1.) with #—2 invariants

.)Wé%—)f(—l_) p?**7! of the sub.groups (iii.) is cyelic; the factor-group of

I" with respect to the remaining j@‘)%zyi—:)z-———ﬁ) sub-groups of index p? is
non-cyclic. This is readily proved directly or by considering the reciprocal
sub-groups.*
Hence the factor-group of G with respect to IAC) ¥+£=1 normal
Bronp Pt ® ro—n7m?
sub-groups of index p? is cyclic, and the factor-group with respect to the
remaining m%%f) normal sub-groups of index p* is non-cyelic.
The total number of normal sub-groups of index p® in G is therefore

(By“_l) (PW-Z.‘I_D .p”—]- my+z=1 . . syr
=1 =D + 1 Pp¥**7!, where y and z are zero or positive

integers. As an example we may take the group

o= .2
" =P =1, ab = ba*t? ",

for which y =2z = 1.

* See M. Bauer, Nouv. Ann. Math. [3], Vol. x1x. (1900), p. 508.
t Weber's digebra, Vol. 1., p. 56.



