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Chap. v., p. 103), and probably by Hamilton, for matrices of the
third order. ‘ v

It is, of course, only necessary to show that the sum of the Ath
powers of the latent roots of mn [4.e., the sum of the latent roots of
(mn)*] is equal to the sum of the k™ powers of the latent roots of
am [1.e., the sum of the latent roots of (nm)*]. - But

8 (mn)t = 8.m (wm)*'o = 8.nmw (nm)*! = 8§ (nm)*.

Note.—By an oversight the word ‘involutant” has been used
above in §4 for ‘“square of the involutant.” Thus, the above
resultants I and J are the squares of the corresponding involutants.

On the Reversion of Partial Differential Expressions with two
Independent and two Dependent Variables. DBy E. B. ELLiorr.

[Read Dec. 11th, 1890.]

1. The theory of the interchange of the dependent and independent
variables, in functions of the derivatives of one variable with regard
to another of which it is by supposition a fuuction, has of lato years
been studied with great elaboration on the basis of Prof. Sylvester's
‘new discovery of reciprocants. 'The last five volumes of our Proceed-
ings abound in valuable contributions to the study.

Mr. A. Berry, in his paper on * Simultaneous Reciprocants’
. (Quarterly Journal, 1888, p. 260), has initiated an analogous theory
as to the reversion, by interchange of z and y and of 2" and y’, of
functions of the two sets of ordinary derivatives

ay By By W By By
de’ da®’ do®’"" dx” - dae® da™
his supposition being that @, y are connected by one relation, and
', ¥ by another.
It would appear that the theory of the interchange of the dependent
and independent pairs in functions of the partial derivatives of two
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variables with regard to two others, the four being connected by two
relations of perfectly arbitrary form, has not hitherto been dealt with
in the light of recent researches. It is on the development of this
theory that I now propose to embark.

2. Let @, y be two variables connected with two others ', y by

two relations . '
L@ y2,9)=0, fi(zy 2, y)=0,

whose form is immaterial and need not be known. We may regard
either , y as independent and ', ¥’ as functions of them, or ', 4 as
independent and #, y as dependent. It is required to investigate
connexions between the various partial derivatives in the one case,
and in the other. Two important branches of the investigation will be
the search for the invariants or reciprocants of the reversion,—i.e.,
functions of the derivatives which have the same form, but for a
simple factor in the two cases,—and the consideration of the reversion
of operators linear in symbols of partial differentiation with regard
to the partial derivatives.

Let us once for all denote, for zero and positive integral values of

r and s,
1 dr{-lm l dr+ly

rlel da"dy™ rls! dady”
l der' 1 druy'
ris! do'dy'’ r!s! da'dy”

by .., Y., %. 9. respectively. _

The values of either pair of first derivatives in terms of the other
pair follow at once by a well-known method from the identity of the
pair of equalities

dz = @,y da’ +an dy,
dy = yyda’+yo dy',
with the pair do’ = apdx +x5dy,
dy’ = yda+yady.
Woe are thus given that
mm”l'o"i‘wm'!/{o =1 ‘1
Tontaadn =01 s (),
Yoo+ Yoo =0
YoZatyaya=1
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8o that
To__Tn__Yo_Yn_, I S 2.
y;: 0 Yo @ 1wYn—Za Y = . 0 y A )

The successive derivation of expressions for higher derivatives Z,,,
Yun 18, by means of the operator equivalents,

L —— )-1{ Yo 2, —y ,‘i}
dz 1wYa—Tn Yo w G Y0 gy
d ) o (3),
dy = (0Yn—ZnYu) " { — %o T +w1o“7§,}
which follow from the facts,

d_ dwy)_ (Ao} 4y

dz d (=, y) a(, y) i@, y) )
du_ _d u,a;)=_{ d (2, y) }" d (u, w)J censeens (4).
dy d(z,y) d (@, y) d(a,y)

In this way, for instance, we obtain in the next place that

’

= (@Yn—%aYw) " ‘
X {“’m (y§. Yoo~ YnY¥u+ yfoyoa) —Ya ('!/:1 Zgo = Y Yo%+ ?/:owoz) }
e (8),
oy =— (zloyol—‘f’91ylo)-a{mol (Y2 Y —YaioT VioTu Yu+2Y010Y0)
— Yor (2o Zoo— FonZra F Fraor 21+ 2rs0) e v vvs e (6),
0= (ZuYa—%nl0) "’

) 2 2 3 3 -
X ,{zol (%o Y —T1 T1oY 1 + F10Yo3) — Yon (Zor%ay— a1y + 1oy ) }

Yo = (@Y —ZnY0) -

x {—y (y°ly20 YonY10Yn +YioYe) + Y10 (Y0120 — Yo Yo% + ynowoe)}
- ---(8),
yn = = (TuYa—2n o)~ { —Z.o(2yorwmym—m Yu+ 2Y10210%)
4 Y10 Q%0 P = Yor B0t YoFar Bt 2Wieig@s) } eeen (9),
Yo = (TpYa—TuY)™"
X { =210 (201 Y20 — T Tio¥1 + B0Yes) + Y10 (For T — B o2 +3xo%s)}

...(10).
YOL. XX11.—NO. 404. G
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The general formule are

(m+1)!n!a,,,, =0"0" { (a:,oym—a:o,ym)"ym}

m! (n+1)!a),,, =0"0" { — (@Yo —2u0) " % }

(m+1) U nl g, = 00" { — (@0Ya =%)"Y}

m! (n+1) Yo = 070" {  @y0Yn —TuY) T}

where 0, 0 are the two dexters of the equivalences (3). In these
identities (11), m and # may both or either be zero.

e (11),

3. A function of the unaccented derivatives whose equivalent in
terms of the accented is of exactly the same form, but for a sign
factor at most, is, in accordance with the nomenclature of analogous
theories, called an absolute reciprocant. A function whose equivalent
is of the same form, but for a power of the Jacobian

@10y~ %01 Yio
as factor, and also it may be by a sign factor, is called & reciprocant.
If there be a negative sign factor, a reciprocant is said to be of
negative character ; otherwise, of positive.

From the identities (2) we have at once the means of writing down
five fundamental absolute reciprocants of the first order, namely,

= 108 (@Y — D Y10) eveveseorrerensssaessorsesnes (12),

B= (XY —2u%0) 120 cereereecernecennnneenns (18),
= (@Y1 — L1 Y10) “HY10 eeveerersnansnnienrenne (14),
0= (1Yo =20 Y0) V(@ =Yu) «rerrierernnnes (15),
e= (Z10Yor— 20 Y1) " (@roF Yor) seveererererens (16),

whose characters, respectively, are
- = =, =, +.
The last four are connected by a relation, namely,
S ——4By = dieevnrerreneneneenenns (17).

Thus, in one sense, the four of negative character form a complete
. system of the first order. There must, however, be two not explicitly
known reciprocants whose Jacobian, namely,

CNSTAET NE7HY L RPNRPRIN ¢ 1)
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“is of the first order, to which order they must themselves be regarded
as prior, depending at any rate partly on the variables themselves,
and not on their derivatives only. Their product is

j j (210 Ya— “’mylo)’d“"dy' = j j (dady d;c'dy')'

= I[ (wfoy&—x&yfo)'dwdy ............. (19).

Their importance undoubtedly underlies the theory of the reciprocants
B, 7, 6, €, and all that can be deduced from them, just as the ordinary
reciprocant, [ ,/tdz, is of capital importance in Professor Sylvester’s
theory.

4. The following i3 the central theorem as to the eduction of
reciprocants of higher orders :—*If u, v, w are threc absolute recipro-

m4n

cants, then ¢Wd_?u" is another, m and n» ha.ving/ any positive integral
2

or zero values.”

This is clear, for 4 and 3 must be. reciprocant operators; or

dv dw

. 1 dm-o-n %
again, because ——
gatn, m!n! do™dw"

sion of an increment of « in terms of increments of v and w.

is the general coefficient in the expan-

Accordingly, since, as in (4),
do _  d(e, w) {d(v,w)}"
v d(,y) (d(,y)

dp __ d(¢,v) (d(v,w) )"
snd dw~  d(, y) {d(w', y’)} ’

it follows that

Gy Ga2y)

x {(‘i‘i dw _dw dv )" (;l_;’ %_%%) }"u ceeereeeennen (20)

d dy ~ dz’ dy
is the type of an infinite series of absolute reciprocants educed from u
by means of v and w.
If (—1)%, (—1)%, (—1)* be the characters of u, v, w, the character.
dm-l—u u . .
f — mk,nlk.-k,.
ardur = (71
2a
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5. A simpler form may be given to the aggregate (20) by aid of the
- theorem that the Jacobian of two absolute reciprocants is a recipro-
cant. This is clear, for

d(uv) _d@.y) d(u0),
d(zy) dy) dE,y)

8o that, bremembering the last equality in (2),

(@hoyar—zai0) ™ g‘g:-:;—)) = (@10Yo0r — T Y10) ™ g’%ﬁ% ------- . (21).
We may express this by saying that the. Jacobian of any two
absolute reciprocants is a reciprocant of index 3, the index being that
power of 2y, — &y, by which a reciprocant has to be divided to
make it absolute.
We have, hence, as the type of a system of absolute reciprocants,
equivalent in the aggregate to (20),

afdw 4 dw d m
{ (%10Y0 =21 Y10) L (“EU, ’( G —u‘: '—7) }

dy’ do’  da’ dy
afdv @ dv d\"
X {(“"noyol—‘%lyw) : (d_f,tl"d-_’c'_é@)} Beeeirrreranonns (22).

Again, we can use the absolute reciprocants (13) to (16) to produce
further apparent simplification. Thus, for instance, we may replace,
in (22),

(@Yo —2nY0)*
by Zoy Yo Tw—Ya OF ZyptYa-

There will, it is naturally to be expected, be pure reciprocants, i.e.,
reciprocants in which the first derivatives are absent and higher ones
alone occur. Theorems as to such will best follow the investigation

of the reversion of linear differential operators, to which we next
proceed.

6. The object now before us is to express such an operator as

a d a
P — +P,
+Py g+

" da,, " g

+.. +de +Qol +Q20d

supposed to act on any function of the unaccented derivatives, as a
snm of multiples of the symbols

4 4 a 4 d d
dzly  dag’ dw’ dyly dyy’ dyn ]

pperating on the equivalent function of the accented derivatives.
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Let & n, £, n" be possible simultaneous finite increments of @, y, 2/, y/.
The pair of relations connecting them may, by Taylor’s theorem, be
given the forms

E = alf+agn+ 2B+ ol + 2o’ e e (23),
7_1_'=?/l’oE+y;177+Z/2’o€‘+:’/l’15ﬂ+yén'lg+--- crresreveaes (24')s

or, again, the forms
E=a b +aun + 0l 2,8 F 20+ e i (25),
7= Y1oE + Yo+ Yo b+ YT+ Y+ e vl (26).

Now, the forms of the relations

h@ye,y) =0 fi(zy,9)=0,
which connect z, y, ', 3, being arbitrary, we may, if we please, look
upon
Ey 77, w;a; m(’)ls 1’;0, v ylo’ yt;h ?/;oy oo
as independent quantities,
and upon Evn'y @i Ty gy oo Y00 Yoo Yooy -+

as quantities dependent on them, and determinate in terins of them ;
the.first two by (23) and (24), and the rest by the equivalence of the
relations (25) and (26) with (23) and (24).

Of the quantities
w;o: Doty .- y;o; :’I{m .

keep, then, all constant except [, to which give an infinitesimal
variation éz,,. Moreover, keep £ and n constant. By (23) and (24),
we get under these circumstances

O = N 0Ty ceeeiiinreirnreeiienaeaeenns (27),

0 =0 ciiviirieiniiiinl (28)
and by (25) and (26),

dz,, dwy N ATy g i’b_,l Az }B ,
o.-{dw:‘md +Goors Sapr 4 Sngng oo

+ {“’10 : + 2008 +ayn’ + 3“‘so£" + 220, En 21y +.e } oF

+{ o’ Faul 4+ 200 +oyd 74 20,8 + Bwgen”? 4. }5'1
...(29);
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0_{d1/,oz+d1/m ’ 43/__54 d'/ug +g’/na +m}3¢:‘

d :‘ dz,, (Z.’B,,, Tra
+ {ym +2ygos’+yun +3yao$‘+ 2!/”5,77"*'?/0‘)"’, +... } 8:
+ { Yo +yuf+2yun Yl + 2080 + 3y + } o
..(30).

The two pairs of conditions must be identical. Expressing this
identity, we obtain the equivalences_

m E/ d»$m , ll’vm gg gﬂ +

)
T a" e

o
= {mw+2wm£'+wur;'+ Sy b+ Oy, £’ + g0 .. Yo'

_ _d¢ n .
gnd
o _ym ry QWo _L ‘k/_t_rg "
i T  a T al
=- {ylo+2?/ao£l+yn'l +3yd? + 2y En +yun” + ... } &'
=_
in wh1ch F is indicative of strictly partial differentiation of the
expressions for £, 5 in (25) and (26).

If to £ and g, in the right of these equnalities (31) and (32), we give
their expanded values from (25) and (26), and if we then expand
and arrange by powers and products of £’ and »’, the multipliers of
products obtained must of course be equal to those of the same pro-

ducts in the left-hand members of the equalities. Thus, we conclude
that, for any m and =,

B _ ¢ &™n™ in expansion of
da;,

’ . d 'y ) 5%
—m {?/105'+yom +2?/205’+~--}' ar {mloa +Znn +2mio£!+-"}"l
..(33),

dyu:n = co. £"" q’" in expa,nsion Of

(4]

~.r1 {mmﬁ""%m’*‘?“’mr""m}' :il_g’ {y;o£'+yom'+2yaoi"+---}"’
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We have thus the means of obtaining the partial differential
coefficient with regard to x;, of any function of the unaccented
derivatives. The conclusion is thrown into a very simple form, as
follows. Add (31) to A times (82), where A is perfectly arbitrary.
On the left wo thus get an expression in which, on substitution for

£, o My M, B AR, L B A L

o A4 44 4 d i 4 i
dwxo d./!l) d“’m dyol dwzo d?/zo dwll dyll Zon dynm
we obtain

Ly &y

dzy 4 dy, d  don 4 dyy d
dz;, dxyy  dz;, dyy,  day, doy  da), dyy

which is the equivalent of the operative symbol ‘-z-g-,- The same,

then, must be the case on the right. In other words, we obtain the
equivalence, in which on the left the operation is upon a function of
the accented, and on the right upon the equal function of the accented
variables,

4 =y { +xd£} ST .-}

dwrl

the notation on the right being symbolical, and the meaning being

that by aid of (25) and (26) the expansion as a sum of multiples of

products of powers of £ and n’ is to be effected, and that then, for

every product, £"n™, as it occurs linearly without a A factor, is to be
written -2 —, while, for every product, Af™n™ is to be written 4.
‘mn yll”l

In precisely the same way, by giving y/, instead of ], a variation

in (23) to (26), we arrive at
Ay

™ = co. £ ™ in expansion of
dyr,

r+1 {ylog+yol’1 + Y20l +. ..} {sz +2an +2587+ .. }'“
-(36),
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and %yf = co. £™n™ in expansion of
s+1 {zw£'+z°,r,’+zmg"+,,,}'c% {9108 +9un +yut+ ..}
..(87),

and at the general conclusion, symbolically written as in (35), that

4 g & n)
q == { G PN § e (38).

To obtain, then, the transformed linear operator equivalent to

3P+ 30

and A for all values of » and

it is effectual to put both f
it is effectual to put &' both for —- dw;, .

s involved, to then multiply the first sum by gé ZZ,, and the
second by — g—f;—, —-A %%, to expand the result in terms of ¢’ and 7’ by

(25) and (26), and finally in the expansion to put, for every A&™n™,
‘T‘;-;‘; , and for every £™n™ without a A, o~

7. With a view to the utilization of these formule now arrived at,
it is important to notice that, by first notions of partial differentiation,

dE d d ’ )

&—E_' . Eg + ——E-, . 3—2 =1

z_z_{.dr & _,

d¥ dn dn L . 39 ;
. ‘E. PPN E cereenenn(39) 5
dt " ¢ d'l' df

dn d¥ dﬂ

ot a=t

for, the derivatives ... Zr Yris Tras Yray oo+ being all regarded as con-
stant, (23) and (24) or (25) and (26) are merely two equatlons
connecting ¢ and n with § and 7',
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The same relations may also be written

/3 /3 dn dr
ar dr) df' dn

dy’ dE dn’ av

dn dq dt  diE
d¢ dyn dE dn

_ ' dr anar _ 1
- 1 ST ar & At (40).

dt " dn dn " dE

8. Let us now first apply what precedes to the reversion of
operators included in the form

3 (a+br+es) m"d:c' +3 (e’ +br+Cs)yn, :, cereeeenn(41),

r:

where the summations extend over all positive integral (and iero)
values of r and s for which r+45s>0.

The symbolical form of the reversed operator is, by § 6,

{aE'+bEdE, +en ZE’} (gﬁ— +)\d'E )

~ far +0EdL 4oy 22 TG )

which may be written

—o{eg e} -l i

ar ar dn’
_ bl faEdE | dn dE (_z dy , dn dn)}z
T\ et@awt\adata o
_c+d (d& d& | dn r_lE dt’ dn dn
2 \dn af Ty ar (d a dn)}"
dE db _ dn' d¢ dE dy _dn dn
2 dg df ~ @ dy *(Ed dt dn)}E
at’ d dn dn)

_c—c’ dE di /\(
2 \dng d& dv drl
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and, by (39) or (40), is consequently equal to

dy dn
d_‘{ dn | d& dy 2(11 dn

__b—b' dt’ dny’ dv, dr’ A dt dn
2 E_@g_dn a dv;+ 3 dn _dt dn
dE Ay’ dn df d§ dn’  dn’ d¥
odE db dE dn , dE dn
c—c¢ JE' dy’ A dsE dn dy’ di'
T V" T @ a & d &

df dn " dn &  df dy dq &

. (42).

The operators which in this multiply 2 (b—b") and 4 (¢—c) are 0
some complexity. The preceding terms, however, represent

—a{E Tl = +2 ry,,d }——a {2 STra 5= +2 Yra g d }

—3 (04+b) 3. 2, -2

d
—1(ct¢ L
da,, 2 (oo ) % Y dyn

Accordingly, putting ¢ = ¢’ and b = b’, we obtain the formula of
roversion

a%. -'vndd, +a'%. yr.d - +b3 {m. ; +7Yn d,}
+c3 {s:c' — +sy; —d—}
re d:v:, rs dy:.
=— . _‘L} —d { 2 i}
AT R e "'“’"dw,. T .

d

—-b03. @, — da',, —C3 . Yo ™

The operators, therefore, which multiply a, ', b, ¢ on the two sides of
this identity are equivalent in pairs.

Now, a function of either unaccented or accented derivatives can
have two kinds of homogencity—in suffixed z's and in suffixed y’'s.
It can also have four kinds of isobarism—in first and second suffixes
of #’s, and in first and second suffixes of y's. Denote by <(z), + (y),
w, (z), w;(x), w, (y), w; (y) the several degrees and weights of .a
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func{;ioﬁ of the unaccented derivatives, and let <(z"), < (y"), w, (=),
&c. have like meanings as to the expression in terms of accented
derivatives.- The facts now arrived at may, it will be seen, be stated

i (@) = —w (2)—w (y)
1.(y") = — wy (2) —w, ()
wy (2) +w, (¥) = —1i (2)
wy () +w, (') = —i(y)

the last two being the conjugates, and so affording verifications, of
the first two.

For instance, the meaning of the first equality is that a function of
the accented derivatives which is homogeneous in those of x has for
its reversion a function of the unaccented derivatives, throughout
which the sum of first suffixes is constant and equal to the negative
of the given degree. Similarly for the others. By addition of the
first two, we see that the reversion of a function which is homo-
geneous on the whole, is on the whole isobaric, and conversely.

9. Closely akin to the operators reversed in the last article are:
the two

, d
3. wn d_ljl ’ 3 *Yre d:v,','

The transformation of the former is

— 3. (d£ "d )

(& aadz)

dn
_d d
=—3 s, -3. 8y, ve. (45),.
] o d Ly 41,0-1 y dyrﬂ,n-l ( )
while that of 3.4/, - is
dE
- (% a T s)
== 3.10,5—— —3. 7Y, 4 cresseareeense.(46).
dmr-l,ul dyr =1,8+1
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10. A fanction of the second and higher without the first deriva-
tives is called a pure function. An aim in the sequel will be to
discover properties of & pure function P, of the unaccented deriva-
tives, which is such that, for some value of the comstant u, the

reversion of
@0 Yn—2uyn) ™ P

is a pure function of the accented derivatives.

Now, by (2),

1
ZrYa—2nYi = ___’___‘ﬁg = — 2_’01 -—— y&l: %_1

wxoyul"‘%l!ho ym Z0
‘Thus, - ¢_i—" {‘clo'.'lm"%lylo)"' P} =0
T1o
may be written

P} 0,
dwlo ‘.l/m

ie, (a: »P) =0, .

‘e, ‘113,- 420 P =0 oo
10

since, 88 will be seen in the next article,

Ay _ _ 3
dﬁ:;o - Zyo
. d
Again, o {(‘”wyol“"”mylo)wp} =0
Zo1
d - ———
means e (#2* P) =0,
i, ZP +pyP=0 ..
.since, as will be seen, dayy = —2ZpYho.
! dag

7
Once more, e {(z,oyo,—xo,y,o)'"P} =0

‘is the same as d —(e;* P) =0,
l

dP
i.e., Fa +pzg 0

XTI ITRYY

(47);

veeene(48) 5

e (49) 5
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for it will be seen that
dzyy _
d./m

= — 2y Tg-

d .
And lastly, . @z‘l {(wmyox_“’myw)_“P } =0

: ‘ mOI
s 4 ((2)"p) =0
d’ym { o)
. d - _
2.6,y —dy_él (Gl’m" P) = 0,
. : dP
€y —'—,'+ P=0 ccercrrreriecranrerecens
L dyo] Fyo]
since we shall see that
dzy, _ .
d_—‘ym = — Bn Y.

93

«.(50) ;

. 11. For settlement of the points here assumed, as well as for
future use, it is desirable to examine more closely, by separation of
the first and higher derivatives, the reversed operators which are

found, as in §6, as the equlva.lents of 4, 4 d 4

As the reversed equivalent of —-, ‘we have, by (35),

dzlo

d
el b7 “dz}

- {z108'+w01'7,+ (E_wlof'—‘wm'l')}

dmlo R—l’ ?dy—{o’ d—yé.°

{zm‘f‘k.'/lo'i" =z — zm’l)"f')‘dea (n— ?lloE —Yan )}

1.6, —zfor — &1 1 — T1oY1oAE — T YroAn’

- (E—sz'*zom')—y,ol (E—ng—%l ’l’) -

=&y {fl";‘;? (E"‘%of""”m 7") +A£’d%' (’l—yloz,"!lol"l,) }

-2y 17 i (E—2,8' —ay ') +7\n"-i, (1 =Y10€" —yun)
T T

-1

4 ’ ’ d ’ ’
a& (E—2yp 8’ =20 ) =\ (=218 —ayn )t-i? (=408 —Yan');
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that is to say, we have

""i’r‘ =- “":o‘_ —Z10%n E —Z10Y10 2 —""oli‘/mi
e dzy, day, diyro Yo

d d
o R T Y, R g

— %y 3 T8y dZ +9'?/u d }

r+s 42

— Ty E ;"’” '—d—+7'yN d }

s
reedd dzr-l,l-ﬂ dyr-l,nl

—33 {mm_,,"_, [w d:c:.l..,., +4n dy,.‘.i.l,..]} cerreseenrene(51),

the limits of the last summations with regard to m and » and r and
s being such as to allow the inclusion of all cases for which

740 and pm, s40 and Pn,
r+s4¢2 and pm+n—2, mgl, ng0.

In like manner, the equivalent of dd
To1

dE
+)t 72

- {3/105"*‘!/01'7"" (’l“?lloz"'i‘/ox'l.’)}
d ’ ’ d ’ U4
X {zxo"")".’/m"' c_l-E—'(E—w"’E —Znn )+>‘"z‘é7(’l—‘!hoz —Yat) } ’

£.6,, =218 ~ Zyo Yo~ yfo)‘gl—yloyol)‘-”l
—, (n _‘.'/105"%1'1') — Y1 (n— ylof""'!/mﬂ')

4 d ’ , ’ 4 4
~%o {E E’ (=2t _-"f'ox'l_)'i‘l\f Ed, ('7"’."/105 —Ya? )}

’ d ’ ra ’ U /'
—Ya {'7 ;i—é—' (E—218' —2un") + Ay a%; (=418 =Yan ) }

U , d : ’ ’ d ’
‘f('l"ﬁ‘hoe —Yan) ar E—2 & —zan’) -3\ ;l‘f_' (=9t =yun")";
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so'that

d 2 d d

d d
__mw,“z*z Yngo —Yu ”%u Yre d‘;

d d
“to 2 {0y}

d d
ym f'Eltz {m" dxr-l,lol + ry" dy r-1,8+1 }

_22{7‘?/,,,_,,,._, z,, d + Y d ]}

dzm-l, n dym ~1,

the limits of the last sammations being as in (51).

Once more, as the equivalent of Zli' we have
Y10

—e{# s},

2464, - {”loE' +agn + =zt —20 1) }

95

. (52),

d 4 d ’ ’”
x {2t Ng+ o (E=auf —zai) +A 2 (1= —yar) ],

\ 2 ,
L2 — @@y &' — Ty 1~ 2y Yy A — @y Yarn

=g (§= 218 =20 ) —yar (—x)8 — Zo 'I’),

d , , ' ,
—2, { Ed_rf (—a,t "%1'?_)"'7‘5' ;iér;' (=10t —Yan) }

—wo,{ Lt~z + M ———,(n ./mf'-yom)}

1

o

=2 ) =X (=8’ —200")(n —of ~Yan);
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so that
dylo 0 ald-ﬂ] 01 dwm 10401 d?/]o 01501 dym
d d
—mm ro?{} s ('E" ymﬂ—cz{ﬂm" d—y—,:

d d
- zlo'ﬂ% 3{“" dwr-rl,c-l +Yn dym..-x}

-2y 3 {sw,, ;Z%'—.+sy,, d—z;}

r+s 42

—22{“"""“" [w" dwuf,zn-l Yn dy:"-‘]}
- «.(538),

the limits of the last summations being as in (51), except for

mL0, ngl,

instead of m€l, no.
And lastly, since d, reverses into
dya
€
dr) +)‘d17 }
i.e., - {?/loE’+?/01"7'+ (n ._ymE,_ymn') }

{z01+xyol+ = (E—z, mon")'*"‘d,(" wa 3/01’7)}

1.6,y Ty ymE'—-mm Ym n— YYarl — yz. Ay’

=2y (1= — Y1) =YX (1=Y1d = Y1)

, d , ’ ,
"'?/lo{E Er? (E—z &'~z n) +AF a%, ('7—31105_'.‘/01’))}
’ l
"'Z/ul{’l d’—n-'(z-—m"’ “’m")'*"“l a7 ('l yIOE’ '.’/ol'l)}

— (=t — 3/01") (E z & "”01’7)—1)“1,(’7 Y& —yun’),
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we have

et 0/ .._LL—:U __(.l___." 1, _i—qz_d—
o n Y0 g n Yo oy 10Yn I Yo Ay

d d
—%n ‘2 ?/ud, ?/onn?‘“yr.@:

-1 3 8z,
Jw'“i‘l " dz, 41,4020

d
+ 8Yrs
¥ dg'*l.l-i}

~Yu > {sm,. -+ ‘l}

r+s4 2

_zz{sy,,,_,,,,_-, [a, dyj"_, gy "_J} e (58),

with limits of the last summations, as in (53).

12, As a first apphcatlon of this last article, notice that, as partially
used in § 10,. .

d d d d

N

3 —
=Ry == T T = — &% s Y= —Zplhe 5 Yo = —& I
da’llo 1 10 L"'m da ;u dwy,
= =~ St = Sy A = = o= =y
10— — 4100100 0= T ZpYuy 77 Y= 10 7 Jo = — JwJa
da?sl dwcln ul dwol
[N
— By = — By Y pA— dy—a:y ——dy—a'y
= Ty 77 b = T 2 Y= T %1l 0 = —Tnln
dyto "Iyl oy, dylo
—_—— d o d — d = 2
c—l'y'. By ==Y @é]“m— =& Yo O, Y1o= —Y10Yo0» 5373—1 Yoo =~ Yy J
(h 0 .

13. We can now exhibit in their full cogency the conditions of § 10,
that the reversion of ‘
(#1Ya —2a Y1) P

be independent of all the first dexivatives

.’ " ’ ’
Loy Toty Yin Yoro

For, upon inserting in (47) to (50) from (51) to 54), we get vanishing
expressions in which the tcrms free from first derivatives and the
terms multiplying

Ly do Yie Yo
VOL. XXII.—No. 405. 1
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must separately vanish, since no term of any one set can go out

against a term of any other.

The conclusions. are found to be that

the pure function P must be annihilated separately by each of the

twelve operators

E.w,,dm +3. M"d +3. e . T (56),

3. Yn d—;j;+2 Ty, ;l—g:+2.ry,, o—l%_p .. (87),

s .z, -2 dw,, +3 .0, L d 430y, l‘j —frerereenrene (58),

Sy TS s S s - e, (59),
dy, " da,, dy,,

S.a, zz’j;; .. (60),

S, E—l‘—:‘u o g s (62,

s su, dx”“_‘n Y tl,/.}n e (63),

33 {ﬂ.,.-, n- [ Lq,,fl_. - +7. fl,/,,t,l,,,,,] } ............ « (61),

s i'n B :r,, T U d’g’f_:,] ; .............. (65),

ss { STarmr, ns | e d“:’ —+9n -de n-_—] } .............. (66),

33 {81 v nes [w,, dav,f,.-.-'.y" dy,:,l,,_. } .............. (67)

The extent of every summation may be concisely expressed by

saying,

that both in the coefficients and the symbols of partial

differentintion none but second and higher derivatives occur, and that

no possible term, with such a limitation, is absent.
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Of the twelve annihilators it is not at once clear how many are
independent. The first four are equivalent to three only, since

- (56)—(57)—(58) +(59)
is identically zero:

14.. Most of these annihilators admit of ready interpretation.

The first four (three independent) express facts with regard to the
degrees and weights of P; namely, that throughout P the degree in
derivatives of z is equal to that in derivatives of y, that the sum of
first suffixes (of ='s and y's together) is equal to the sum of second
suffixes, and that the sum of either of the equal degree sums and
either of the equal weight sums is constant and equa,l to u. These
may be expressed

i (@) = 3 (y) = p—w, (&) —w, (y) = p—10, (¥) =10, (y) ... (68).

That these equal characteristics are all constant w ill be established

in the following article.
Again, (60) and (61) tell us that I’ is a function of the deter-
minants included in the system

Tagy Tyyy Ligy Ty Tggy Tpos Tygy <o “ (69) .
............... H

Yo Y11s Yo Yoo Yars Y1 Yoss -+

in other words, that P is unaltercd, but for a power of the modulus
by any linear transformation of the cogredient pairs of quantitics
Ty Y203 T11 Yuu 3 P Yoa; oo 5 that is to say, by such a substitution as

atpy’ +qy +r =1X+mY )
y+pa’+qy+ = UX+m'Y )
Once more, (62) and (63) require that P be a full invariant of the -
two systems of quantics

..(70).

(2 20> 2D (€5 ) (71)

(‘TSO' Tapy Tyg 'To-'iD (é/: '7’)" ................... i
&e. &e.

(?/;'ox Yo '_'jUD (&, 1")-.' g (70)

(‘7/30‘ Yavs Yy .1/035 (EI’ 7)’):‘ ................... &),

&C. &C.
w2
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Lastly, (64) to (67) are annihilators closely related to the
ganihilators

- d

V, = 22 TRy Ly, nes m:‘ ..................... (73),
= d

V,:EESQ),,CE,,.-,‘,,_, .............(74:),

T sessenes
dwm,ﬂ-l

of pure cyclicants or ternary reciprocants. A detailed study of this
connexion would undoubtedly be productive of valuable results.

15. It will now be established that the pure functions P and P’

which satisfy
(nYu—Tate) " P=TF.iiiiiiiiiiiiniinnn, (75),

which may also be written

(@10 Yn—TnY) ¥ P = (zhoga—aayo) ¥ P ... (76),
or, again, P = (zioyn—2aYio) P wovirrinnnn. 77),

maust be necessarily the same functions of the unaccented and accented
derivatives respectively; in other words, that such a Pis a pure
reciprocant in two independent and two dependent variables.

P must be homogeneous, and isobaric both in first and in second
suffixes, by the fact that it is an invariant of the system of quantics
(71) and (72). Moreover, by a particular case of the invariant pro-
perty for transformations (70), I’ is unaffected, except perhaps as to
sign, by the interchange of » and y. Thus the relations (68) may
be replaced by the far more stringent system

210, (@) = 20, (y) = 2, () = 2w, (1)
= p—1(2) = p—i(y) = constant ......... (78).

For exactly the same reasons, regarding (77) instead of its equivalent
(75), the like facts hold as to the charncteristics of P’; viz.,

2w, (') = 2w, (1) = 20, (&) = 210, (4)
=pu—1(2) = p—1 (¥’) = constant......... (79).

The constant degrees and weights of I’ must, moreover, be the sameo
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* a8 those of P. For, with regard to P,

i(2) = p—w, (&) —w, (¥)

= p+degree of (zioyn —ny) * P in suffixed a's,
by (44) and (77),
=p+i(a)—p,
where 7 (2") refers to P’,
T (@) cereeee e eee e eee e ee e et eeree e eee e e (80).

Thus, the equal constant characteristics in (78) and those in (79) ave
equal to the same constant. :

That P and P’ are of the same form may now be seen, as follows.
We observe that the equalities (5) to (10) may be expressed by
saying that, for the values 2,0; 1,1; 0, 2 of » and s,

X ’ d d v ’ d
rlsla], = (@Yo —Tnlo) """ (m ax —m dy’) (—l +l_ )

XTy=m2) coviiiiininiiiiiiiini o (81),

d d\" d d \*
tsly! = (2 _— —r=e=l (0 2 ._’_+_.
718 = (Zuln—TuY0) ( da’ " dy') ( t da’ ! dy')

X (I ME)  ceeereereerereeerrrenn . (82);

in which, after the operations are performed, I, I', m, m’ are given the
values 24, Zps Y100 You-
Tt is to be observed that the second-—i.e., (r4s)"—derivatives of
@ and y are involved linearly in these expressions, and that there is
no term free from them.
Now, referring to (3), @,1,4y ¥r41,s are derived from a;,, y,, by the
operator
e (T Yo Touthe) (J -y )
T+1 100 J o1 017 10. Old lndJl ’
and «,,1, ¥ ,,1 by the operator

1 d d
1 Gt (=2 o )
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By repetition of these processes of derivation we obtain, in the nota-
tion of (81) and (82), that for higher values than 2 of the sum »+s
the values of r!s!a, and »!sly/, consist of terms given by the ex-
pressions on the dexter of (81) and (82), which are accordingly
linear in the (r+s)™ derivatives and involve besides only first deri-
vatives, with the nddition of terms which are of higher degree than
the first in second and higher dervivatives.

Now, (i Yg—Tnthe) * 1L’ being a function equal to P’ and so homo-
geneous, and of degree ¢ say, in the values of @i, Ya, .. Zrey Yrey +ov
which is also homogeneous and of the same degree 7 in ay, ¥y, ...
Dyyy Yoy +--y 1t follows that the additional terms not written in (81) and
(82), as these could only give rise to terms of degree higher than 3,
must cancel. P will therefore be, but for a power of x,y,—2y,7, as
factor, the same function of

1 . d dyr d d y .

] (m o™ (l_lj—') (-—l P ;+1 ;l_/a) (y—m'e) ... (83),
1 , d d\r , d ay:

el (m Ty M 1117) (—l fi;?+l¢2?/') ( ly+m:‘a,) ...... (84),

for different values of » and s, as P’ is of @/, y,,, and the other corre-
sponding accented derivatives.

Baut, whatever z be,

;'1—3' (m'tTi? —m (—l'—;—)r (—- ’% +ld‘j )‘

= 1 {( 1) (r45)! m"lz,,,,0

r!

+(=1)* rhs=D1 1 (1

(l )(qn/,.LI,) Z,+,-],1
42 —9)! 91 A )
+(=1)"* (r4s=2)! 2! = ( dt’+ m ) (1) 2,4po0,2F . }
= co. &' in
Zppa,o (E=Un)"" 42,0 p0) (E—=Tn") > (= + 1)
F 2, s (WE Uy (—mE + )P+ ... ... (85).

Accordingly, restoring to I, I', m, m’ their values, we see that P is,
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but for a power of - z,)y, — 2, ¥y, 88 factor, the same function of the
various coefficients in the set of pairs of quantics
( Zon Y20 Yo1 20, @u Yu=Yuy, Tor ?/m—?/olﬂ’m)
X (?/m E—agn', '—?/mg + ﬂ"'lo’l')z
(_xmy-m'f"!/;o“’zn, —2ZpYn +Yi0Zns. —mlo?/oz'*‘ymme
X (Yo —2an’y —y10E +apn)?
( Zno—Yawy ToYa—YaZas  TaYe—Yudie LY Yns)
X (Yo & —Zan’y — 10 +z0n’)?

( — 2y Ys0F Y1oTa0y, — TyoYn + Yooy — LioYr2+ Y1o%ra, —XraYost+ ?/10“’0@5

X (Y&’ —aan's — Yok +z07)’ /

&e., &e.
.. (86),

as P’ is of those of the set of pairs of quantics
(m‘;m m;h m:rzD (u7 'U)ﬂ ]
(oo Yior Yo (1 0)?
T (- 1) ]
(m:;ls 33-;1, .’6;2,' afi’ﬂj (“7 'v)s
(:’/:;0) yél’ '.'/I"h :’/1115 (“: 'U)s
&e., &c.

We know, however, by the invariant property expressed by (62)
and (63), and by that expressed by (60) and (61) (¢f. § 14), that P is
the same function, but for a power of zy,yu—auyw as factor, of tho

" coefficients of the pairs of quantics
(‘l’m, X1y -"’mj (E',_ ’7’)2
(:’/20; Yy :’/w) (&, 7)?
. , crssansennes (88)
(m.’mv L1y Lrzy 33035 (E s 11’)_3 ’

(yau. Yy Yn2y ym) (&, 7l')3
&c., &c.

as it is of the pairs of quantics (86).
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Hence, finally, in (75), (76), or (77), P and P’ are the same
functions of the unaccented and accented second and higher deriva-
tives respectively.

16. Any discussion of the multiplicity of pure reciprocants P,
whose existence is here conditioned, must find place in a possible
future communication. The investigation will naturally be on the
lines, and by aid of the results, of my papers on pure cyclicants. I
here note only the first specimen, '

(@20Y1 =20 Y0) (@0 Yo —TnYu) — (9«'202/02 —'mmy'zo)‘I --------- (90),

the eliminant of the first pair of quantics in (88). It may also be
written

4 (B0 —320) (YaoY— 3901) — (@aoYor + B Yoo — 220y} wevene (91),

in which form its connexion with the first pure oyclicant mzowm—}:vf.
is exhibited.
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