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Introduction.

The present memoir is devoted to the discussion of a problem which
was considered at some length in a paper which appeared in these
Proceedings some- months ago.

The problem in question is to determine a function ¢(¢) so that, for
a given range of values of s, we may have

f) = Lx(s, t) p()dt

where it is supposed that the path. of integration and the functions f(s)
and «(s, &) are known.

Equations of this type occur in potential problems in which the value
of the potential function is given at points on a curve or surface. . On
this account alone they are worthy of close attention; but there is
another object which a systematic theory of these equations would
accomplish—it would group together the innumerable isolated results in
the subject of definite integrals, thus giving us a means of classifying
them, besides  indicating the fundamental principles upon which the
formule depend.

* This paper is an elaboration of one which was presented to the Society on May 9th, and
afterwards withdrawn, as the subsequent researches of the author required that it should be
remodelled.
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With this object in view, I have attempted in § 2 to classify the
integral equations themselves according to what may be called the
fundamental formule on which the solution depends. A practical method
of finding the inversion formula depending on the use of a differential
equation is then suggested, and is employed to obtain the solutions of
a number of particular equations. ‘I am unable, however, to give
a rigorous investigation of the theory of this method.

A second method, which also depends upon the use of linear differ-
ential equations, is indicated in §8; it seems to be full of possibilities,
and throws some light upon the theory of a certain type of partial
differential equation.

§ 10 consists of an extension of the general method which was given
by the author,* and an attempt is made to obtain an existence theorem.

1. The Integral Equation considered as the Limat of a System of
Linear Equations.
The integral equation

S = J

"kls, 0 ¢ (8) dt $)

[l

is in many respects analogous to the system of linear equations
_fa = t§l Ks,¢¢¢ (S = 1; 27 seey 7"’)’ (2)

and can, in fact, be obtained from it by a limiting process in which » and
2 are finally made infinite. The important point is that in this process
of passing to the limit many of the properties of the system of linear
equations are preserved.

Now the properties of a system of linear equations depend upon the
relation between the number of equations and the number of unknown
quantities.

(1) If m>mn, we shall be able to construct a number of relations of

the form m
52:11 AsKsp — 07

which are satisfied for all values of ¢, and then the equations (2) will be
inconsistent urless the quantities f satisfy linear relations of the same type

m

h21 asf; = 0.

* Proc. London Math. Soc., Ser. 2, Vol. 4, Part 2 (1906).
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In passing to the limit, a relation of this type may take several forms,
such as ' "
: 5 a(s) f(s)ds =.0,

¢

dr .
[z4.%]_ =o

S B.fls) =0;

-or it may be expressible as a linear combination of such forms.

" In any case the corresponding property possessed by the integral
equation ig that in general a necessary condition that a function f(s) may
be expressed in the form (1) is that it should satisfy all the linear relations
that are satisfied by «(s, ¢) for all 'values of ¢£. This condition is only
necessary 80 long as the function ¢(f) is restricted to be such that the
operation of forming the linear relation may be interchanged with that of
integration in equation (1). We cannot say at present whether it is
sufficient or not, because the conditions which are to be laid on ¢ () have
not been determined, and it has been found that in certain cases a
function represented by equation (1) satisfies linear conditions (such as
continuity*) which the function x(s, £) does not.

(2) If m =n, there is in general a unique set of quantities ¢, and
these are determined by a set of linear equations of the form

"

¢ =2 kafe (E=1,...,n), (8)

provided no relation of the form
2 Ay Kyt = 0
is satisfied for all values of ¢.

(8) If m <mn, there are an infinite number of sets of solutions, but we
may single out one set by imposing m—m linear conditions on the
quantities ¢.

We conclude from this, that, in general, the solution of equation (1)
will not be unique, but that it may be rendered unique by imposing
a number of linear conditions upon the function ¢(¢). The whole question
depends, of course, upon .the range of values for which f(s) is given:+

* The condition of continuity must be regarded as being equivalent to a number of linear
conditions. '

t+ In some cases f(3) may only be given for an enumerable set of values of s; but, by
properly choosing the conditions to be satisfied by ¢, we can make the solution unique, as, for
instance, in Stieltjes’ problem of the moments. (Annales de la Faculté des Sciences de Toulouse,
t. vox., 1894.)
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for one range of values the function ¢(f) msay.'be uniquely determinate,
while for a smaller range this will, in general, not be the case, and it
may be necessary to restrict ¢(f) to be zero for a certain portion of the
range of integration in order to render the solution unique under the
new conditions.

Supposing, then, that conditions have been chosen which will make
the solution of (1) unique, we shall expect, in analogy to (8), to obtain an
expression for ¢ (¢) of the form ‘

¢(®) = L f (D) (€Y
where L, denotes a linear operator which may be built up of terms of
the types &f
p0 2L, eta, [ 60 s0a

It frequently happens that the inversion formula takes the simple form

o) = j 9 f6)ds; (5)

but it is to be remarked that ‘this integral is in general of & different
character from that which occurs in equation (1). .

This may be seen by considering a particular example in wh1ch the
limits « and b are finite and the function «(s,?) remains finite and con-
tinuous within the range.” By choosing a particular function ¢(¢) which
experiences a sudden change of value at a point z within the range of
integration, we obtain a continuous function f(s). The integral in equation
(5), on the other hand, must represent a discontinuous function, and this
can only be the case if the integral is an improper one.

The exceptional character of the integral in equation (5) may either be
due to the limits being infinite or to-a disconﬁinuity in the function « (¢, 5).

When the solutlon of the. equatlon

6 = w6, 01400t
is given by & formula of the type
80 = | %9705,

in which the path L does not depend upon the value of {, we can, in
general, assert that the solution of the associated equation. '

x(t) = L (s, ) Y (s)ds
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i8, under suitable conditions, given by the formula

b _
V (s) =S x(t, 5) x () dt.

For we have

Lf(s)\p(s)ds = L Ex(s, Y (s) p()dsdi
= Ex(t) p)dt = r L x(t, 5) x () f (s)dtds

and f(s) is arbitrary; hence we must have

b _
Y (s) =j x(t, s) x (B dt.

2. The Cla.ssiﬁcation of Integral Equations of the First Kind.

Integral equations of the first kind may be classified according to the
principles on which their inversion formule depend.*

The method which we adopt to ascertain the nature of an equation is
as follows :— '

Let «(s,7) be substituted for f(s) in the inversion formula with
the view of obtaining, if possible, a function ¢(f) = A(¢,7) which will give
a representation of «(s,7) in the form

b
k(s,7r) = j (s, .t) h(t, r)dt ©6)

for values of r lying between a and .

Now, although the function «(s, r) satisfies all the linear relations that;
are satisfied by «(s, ¢), it can, in general, only be expressed in this form
if the integral is an improper one. For we know that, in the case of
a proper integral, the equation t

b
V() =s V(&) h(t,Ndt

is only satisfied for a finite number of functions - if at all; whereas,
by giving different values to s in equation (6), we shall obtain an infinite
number of linearly independent functions -, unless it happens that the
function «(s, t) can be expressed as a finite sum of the form

m

k(s,8) = Z ¢nls) Prald).

When «(s, 7) 18 substituted for f (s) in the inversiom formula it fre-
quently happens that the result takes the form of a divergent definite

* An integral equation is regarded here as consisting of thé equation itself plus a number of
conditions which will render the solution unique.
+ Fredholm, dcta Math., Vol. xxv. (1903).

SER. 2. VOL. 4. No. 941. 2 =
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integral or series, in this case we associate a value with it by applying
one of the known methods of summation such as Borel’s exponential
method. *

If this method is applied to all the equations for which the formuls
for inversion are known, it will be found that the function A (¢, 7) takes
one of a limited number of distinct forms; and so the equations may
be classified accordingly.

In equations of type 1 the function A(¢, ») is zero, except in the

vicinity of ¢ =7. As an example of an equation of this type, we may
take Hilbert’s equation '

fo) = j; k(5,8 p(Hdt

where k(s, t) =s(1—9), s<t; =tl—s), s>t
the solution of which is given by

o) =_% 1.
d o — —_
Now ' (e} = 1—r for tLr

<
= —r for t>,

and so 1s discontinuous at the point ¢=7; but for any other point we
may differentiate again, obtaining

hit,r) = — c% e, =o0.t

The equations of the first type form a very large class; other types
depend on the following forms of formula (6) :—

@ fon =g | Bl

(3a) ks, 1) = % S:, ks, 8 Sﬂ’t(_-t—)“l) dt.
(4a) c(s,7) = S: (s, &) ht, 7)dt

where h(t,7r) = tS: Jo(tz) Jy(rz)z dz,

the numbers being chosen as above because the types (1), (2), (8), and (4)

* This method is applied to definite integrals in a paper by G. H. Hardy, Quarterly Journal,
Vol. xxxv., p. 22.

+ [Note added December 11th.—~When, however, the solution of the integral equation is not
unique the function A4 (¢, r) may differ from one of the forms given below by a multiple of a
function ¢ (¢) which makes the definite integral zero.]
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are connected in some way with the differential equations

=0 T+Si=o0 Ti+fiifh v,
and daz+daz+daz+fz+v’—0
respectively.

It is exceedingly probable that the equations of other types may be
made to depend eventually upon what may be called the fundamental
formula of type 1, and so we proceed to consider this formula in detail.

8. The Fundamental Formula for Integral Equations of the First Type.

The equation which I have referred to as the fundamental formula
for integral equations of the first type is strictly not a mathematical
equation at all, and cannot be used in a rigorous demonstration until it
has been rendered more precise by a determination of the class of
functions to which it is applicable and of the necessary and sufficient
conditions to be satisfied in order that operations such as differentiation
and integration under the integral sign may be performed upon it.

These the present writer does not feel competent to give, but some
justification of our employing it to attain the ends we have in view may
be derived from the following considerations :—

Let f(¢) be a function which possesses a continuous derivative for all
values of ¢ within the range (a, b), and let F(z, t) be a function which is
defined as follows :—

Fl,t) =—1 (t<z)1
=+1 (¢>a)

then rF(a;, t) f(®dt = £+ f(@)—2f @).

; (M

Now let us suppose, for the moment, that we can integrate this
equation by parts; then we shall have, by the ordinary rule,

5:17’(2, 8 f(&dt = fO)+f(a)— S aat F(z, t) f(Hdt. ®
Accordingly, if the improper integral
,F 2 B f0d
be defined by this equation, we have

f@) = %j ~ Fl(z, {) f (@) dt, 9)
212
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and this is the fundamental formula to which I have referred. It is
clear that the limits @ and b can be made infinite and the function F(z, f)
replaced by F(z, t)+ () without altering the argument; but it is not
clear whether this formula can be considered to hold when f(x) does not
possess & continuous derivative.

A geometrical interpretation of the formula may be obtained by

writing F(z, ¢) = ? where 6 is the angle which the radius vector, from

the point z to the point ¢, makes with the line through z perpendicular
to the axis. If the point z is excluded from the range of integration
by a small semi-circle of radius ¢, the formula may be written
1 © 06 1 i 1(6—hnm)
fa==+[ 3 roa=1 Lﬂ Floted@]ap,

and this is easily seen to be true if f(z+ %) can be expanded in a Taylor’s
series.
Now let us consider an integral equation of the first type

b
70 = [ xts. 0 01,

for which the inversion formula is

(O = L <(t,9)f (5)ds.
Then, by hypothesis, the function
hit, ) = 3% a—atF('r, t)
is obtained when « (s, 7) is substituted for f(s), 1.e.,
3 aé Fr,t) = j «(t, 8) (s, 1) ds ?, (10)
t L

the sign =? being used to denote that the integral may be divergent,

in which case %B%F(Ar, ) is the value associated with the divergent
integral.

Accordingly, if we wish to find the inversion formula, we must look
for a relation of the form (10): i.e., if the path L is known, we must
solve the integral equation

3

Pl = | x@ «,0ds,
L

2_’| %)

for x(s).

[ shall indicate later a method depending on the theory of linear
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differential equations by which relations of the form (10) may be con-
structed. For the present I shall content myself by showing that
the relation (9) may be considered to be connected with many of the
well known representations of a function.

In the case of Fourier’s double integral

f@) = 1 r Sw coss(x—1t) f(t)dsdt
T Jo »

the equation (10) has the form
) 1 ("
3 ~a—F(:c, t) = —\ coss(z—t)ds ?,
t T Jo

the representation for F(z, ) being the exact equation

Fmoz—%jﬂﬂﬁﬁ@

0 S

and the limits @ and b being + © respectively.
The representation of a function as a series of Legendre polynomials
may be considered to be based on the exact equation *

Fiz, ) = Py()) @+ 2 [Prr(0—Pucs (0] Pu@ ;

the relation corresponding to (10) is

0 © m+1
1 — 9.
25 F(z,t) = ? 5 P,(z) P,(t) ?;
and the limits are a =+ 1, b = — 1.

4. Study of a particular Equation.
‘We shall now consider the integral equation
+1
_ ¢ (t)dt
S ) 5_1 A—2is 15 (v > 0). (11)

If | s| <1 and f(s) satisfies certain conditions, it will be shown that
the inversion formula is

2p-d (T
P = —(—1—_;‘?_—)-— jﬂ [vf @)+ zf (z)]sin* ! ada (12)

where z = s4+14/1—s?cos a.

* The necessary aud sufficient conditions that a function satisfying the conditions laid down
in Dirichlet’s proof of Fourier’s theorem may be expanded in a series of Legendre polynomials
are given by Darboux, ‘¢ Approximation des Fonctions de grands Nombres,’”” Liouville's
Journal (3e série), t. 1v., p. 393 (1878). The function F(z, ¢) satirfies these conditions, and ro
may be expanded in the abuve form.
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1
1—2zr+4zd*

¢(t) = h(t, r) = (1 _,:_Z)v—& j;r (1 _v;;:;)?)vﬂ sin?-! ada

Substituting f(z) = according to the rule, we obtain

where z = t4+i4/1—8cosa

v jt+i+/(1—-t’) (1 —.’1}2) (1 — 2tx+x2)v-—l
t—iva-m  (1—2tz4z?"+!

1 YJrW(l_t’)L_d_ {(1_2t$+x2)v}dz

-27;_77 t—iv(1-13) r—t dx 1 1—21‘2:-1-:02

or hit,r) = dz

Y

= 0, unless r=1¢

The integral equation is thus seen to be of the first type.
We can also show that A(f,7) is the derivative of a discontinuous
function of the type required, for
1 t+iv(1-12) l_xﬂ (1—2t$+$2)v_1
h(t, = —
S trdr =5 L_w(l_t., z (1=2rz+2y
and this integral is discontinuous at ¢ =7. To determine the change of
value, we write it in the form

1 [ 2(r—x) A4(t—1)
27@511 gr:c+a:2+ +(1 Arx+z2)?

+ higher powers of (¢—7)} d

dz,

t+iv(1—19)

=— % [log (z—r—iV1—7) (z—r+iv1 ——?3]
v
Let the path of integration be the straight line joining the two points

¢t + :v/1—2£, then we have the two figures

(r>¢) L (r<i?)
¢+iv1-1t-

t—-iv(1—1)

t+ivl—g2

r+iv/1—92 r4+iv 1—93

Y

r—iv/1—12 r—iv1—13

t—iv1—1¢2 t—i/IE

The only part of I which is discontinuous at ¢ =17 is the first term,
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and this is equal to +6/= if »>¢ and —¢/r if »r <¢: Hence, since
0+¢ =, I will suddenly increase by +1 as » increases through the
value ¢; accordingly, if we write

F,r) = 2] h(t, v) dr,
the formula (9) will give

+1
o) = Ll h(t, ) p(r)yadr

) tmivi—ny (1—2rz 42"+

and, if we assume that the order of integration can be changed, we may
write this :

y [tHiva-m
S 1—2tz+ %! x(2)dz, (12)

T Jt—iv(1—13)

+1 _
x(w>=j (—{—{Ef_—g—)‘f—i—l f@+ 2 r@

+1 Ydr
where f@) = j_l (T:%lﬁ

The formula (12)' is easily seen to be equivalent to (12) when the
substitution
z = t+iv/1—Fcosa

is made; accordingly the inversion formula can actually be constructed
by means of equation (9), and so the integral equation is proved to be
of the first type.

We may find a sufficient set of conditions to be satisfied by f(s) in
order that it may be represented in the form (11) by using Dini’s method
of expansion, that is, by representing the function «(s, f) in the form

k(s, f) = Eau\/’n(s) en(t)-

In the present case we use the expansion
1=2st+s)™ = Z s"Cu®) (Is| < D). (13)

The properties of the polynomials C;(¢) are fairly well known, but
it will be convenient to furnish proofs of the different relations that
will be required, as I do not know exactly where some of them are to
be found.
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Lemma I—The functions C,(¢) satisfy the integral relations

1 .
f (L= CLO O dt = 0 m - )
-1

_ T T'@a+2) _
= F ot Do ™= 19

To prove these, we observe first of all that the function
V=(Q1—2—s)""
satisfies the partial differential equation

&

(#—1) V—{-(Zu-{-l)t 12~i{szv+nél’},

Replacing ¥ by the series and equating coefficients of s*, we find that
C(?) satisfies the differential equation

(- ‘“/ L@+l ——n(n+2u)y =0
Writing the equations satisfied by the two functions C,,(¢), Cr.(¢) in the form

dt[(t2 2 Cn(t):l—n(n—}-2u)(t2 4020,

e [(t2 1)"+é——0m(t)] m(m4-2) (B—1)-3 Cu(8),

multiplying the first by Cn(¢), the second by C.(#), and subtracting, we
obtain

ar [ £—1y+3 {Cv & == C" &) —CL(?) T C" (t)}]
= (m—m) (n+m~+2v) (E—1)""2CL(). Co(b).

Now Cr.(?) is a polynomial in ¢ and so remains finite when ¢ = +1;
accordingly the quantity inside the square bracket vanishes for these
values of ¢, and so, if % 55 m, we have

+1
j l(l—tz)"‘*C;(t) Cn(t)dt = 0.

To find the value of the integral when m = n, we require the recurrence
formula satisfied by C3 (%), viz.,
n+1)Cr1—2(0+1)tCp+(n+2—1)Cry = 0. (15)
To prove this, we differentiate equation (13) with regard-to s, obtaining

Q(t—s) (1 —2ts+sH) " = Zus*" ' Cr(d),
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and compare with the former expansion, whence we get the relation
(1—2st+sHZns" 1 Cr(t) = 2w(t—s) =™ Cr (D),

from which the recurrence formula is obtained by equating coefficients

of s". Multiplying (15) by (1—¢)""*C,,1(9)d¢ and integrating, we obtain

the relation

+1 +1
(n+1)s A=y} Crn @)} ?dt = 2(71+V)J' t(1—)2CL(Y) Crn(d)dt.
=1 -1
Similarly, multiplying by (1—¢)*"3¥C,_,()d¢ and integrating, we
obtain
+1
(n-f—2u—1)5 A=} Cn_ ()} 2dt
~1
(+

1
= 2(n+u)J lt<1—t2)"-*c"u(t) Cr-a(t)at.

Changing ~ into n+1 and comparing with the last equation, we find that

+1 _
I =J’ (A—E OB}t = (rt) (n+20)

v+ D ot D ™

Now Cy(¢) = 1, and, if we put « = g in the integral

+1
I, = 5 11— 2qt,

-1

) o (L _ ., L2v+3)

—_ O2v v—4 -2 S x 2
it becomes I,=2 50 i (1—x)*dx = 2 I‘_('Zu D
Hence the relation I = (o) (n+ 20)

T v+ +1) "

v 1 2043 Tt
ntv n! L@+ L2

This expression may be simplified by using the relation®
' Te+d = Ql-2v /. T(Qv),

. _a T+
and we finally obtain I, = ) T2 nl

will give I, =2

The solution of the integral equation for f(s) = s* may now be
obtained, for, if we multiply the expansion (13) by (1—¢3)*"2C,()d¢ and
_integrate between —1 and 41, we obtain

j A= eudt . wst T42) .
o1 (1=8st46) — 2% Yty 1%@)n!’

® Whittaker’s cnulysis, p. 1580.
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so that the corresponding function ¢, (%) is given by

$u(t) = 2—)"_—1 (n+) rr( (:)L’;  (L—rica .
By giving n different values, we see that the solution for
f) =Za,s"
should be d(t) = Za, pa(?).

Now, in order to establish the inversion formula, we must prove first
of all that

CL() = L' (1 +2v) S{t+i«/1—-—t—2cosa}"sin2”“ada. (16)

If we call the right-hand side F, and substitute in the recurrence formula.
(15), we find that

(”+1)—Fn+1_2(n+l’) t Fu+(n+ 2V—1)F1L—l

_ Tty vE=1
22-1T2(,) 1

j (t+1v/1T—2 cos @) (2v sin®~'a cos ada)
- 5 n(t+iv/1—Ecos a)* 144/ 1—¢ Sin2"+1ada]..
0
But, on integrating the first integral by parts, we find that the

quantity under the square brackets is zero; hence F, satisfies the same
recurrence formula as C,(f). Also, when » = 0, we have

F, = ,v]zl(gfg( ) j sin®*tada =1,
I'(2v+1) v—1
F, = 2"“’+1“2(u) j (t+i/1—2 cos ) sin® 'ada = 2,

and so the first two values of F, coincide with those of Cn(f); therefore.
F, is equal to C.(?) for all positive integral values of 7.
We are now in a position to prove the following theorem :—

TreoreM.—If f(s) 98 @ function which can be expanded in a power
series o
f(s) = Zans"
which converges within the unit circle wn such a way that the series

2| (n+v) aa|
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is convergent, then f(s) can be expressed by means of the definite integral

(tydt

£ = j 0 sl< D,

and the function ¢ is given by the formula
o) = (1_—’:2)%& j‘" f @+zf (z)]sin* ' ada,
0

where z = t+ivV1I—2£cosa
Since 1—2ts+sH) 5= (1—se¥) " (1—se ),

we find, on expanding both factors and calculating the coefficient of s",
that
Cr(t) = Ay cosng+An_zcos(n—2)p+...
where the coefficients A, are all positive ; for all the coefficients in
(1—a)~" are all positive.
The modulus of Cr(#) will therefore certainly be less than its value
when ¢ =0, .., when ¢ =1, and then we have

T + 2v)

Cu() = F(2u)9z‘ )

Now we saw that for f(s) = %ola.ns“ we had the formal solution

- I? T @) n! n! o "
P() = % - (n+v) F( +2) 11— ~*a.Cr(),

and, if we take out the factor (1—#)*% we shall have & series which

is absolutely and uniformly convergent for |Ci(f)| < %—z%%‘;—), and by

hypothesis the series Z|(z—+v)a,| is convergent.

To show that when this series is substituted for ¢(¢) in the integral
it can be integrated term by term, we employ the rule given by
G. H. Hardy,* viz.: If ¢ = Z¢(f) is uniformly convergent throughout
(@, A—e), however small be the positive quantity e, f(f) is continuous

4 _
throughout (a, 4), and J ¢(f) is convergent where
a

then L pf(t) = EL oo f dt.

* Mess. of Muth., Vol. xxxv., No. 8, p. 126.
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1
(1—2st+s¥"
dition is satisfied ; hence, on integration, we shall obtain the series for
/, and the first part of the theorem is proved.
Next, to prove that the function ¢ is actually given by the inversion
formula, we again apply Hardy’s rule; observing that

vi@+zf (x) = Zn+v)a,x",

|z] = Veos*a+ ¢ sin’ q,

Taking f = , it is easily seen that, if |s| < 1, the con-

we see that, if é = | (n+v) anz" sin®al,

T

then J’ ¢da is convergent, and so the integration term by term may be
0

effected.

The formula (12) is thus proved for any function which satisfies the
conditions laid down; these conditions are sufficient, but not necessary.
It is important to notice that they are satisfied in the case of a function
f(s) which can be expanded in a power series whose radius of convergence
is greater than unity.

The solution of the integral equation for the case in which [s]|> 1

may be deduced from the inversion formula by writing s = %-

5. Applications of the preceding Formula.

If in equations (11) and (12) we write v =1, the results may be
expressed in a simpler form ; for we have

2 = = [af@ ]

17
+1
_ () dt
f& = 5—1 1—2ts+s* (18)
Writing s = u+ivV1—u?
we have sFE) =V =3 S“ %ﬂif. (19)
-1 -

The function y(u) is, in general, a many-valued function of u, and there
are two values of s corresponding to each value of u. The inversion
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formula may be written *

$ = Tt [y (a—ie) = (utia), (20)

thus allowing for the multiformity of the function .
In particular, it ¢(8) = P,(f), we have Yrw) = @Qn(u), and the formula

Quw) = 3P,(w) log (i—”—_rﬁ) + R @1)

where R,(u) is single valued shows at once once how formula (20) will
give the correct value of ¢.

Again, if f(s) = 222

, we find that ¢(f) = 72; cos nt sinh n v/1—£;
and so we have the formula

sin'ns=_2_5’rl sinh n4//1— & cos nt at
s T J_, 1—2¢ts4s* ’

(22)
which gives for s =0
1
r sinh (/1 — &) cos ntdt = %r
-1

Next let us consider the equation associated with equation (18), viz.,

+1
— ) dt 23
s Ll—zst-{-t?’ (23)
~ To obtain a solution of this, we determine a function % (r, s) such
that 1 _ ‘rl h(r, s)ds (| < 1);
1—2tr4* "~ ) 1—2st4¢ ’

then we shall have

S“ _p@dt 5“ 5“ hir, s) p(t)dsdt
a1=2047 o 1—2st4+¢

= S“ h(r,s) f(s)ds = (r) (say),

and so the funetion ¢(¢) will be determined by solving the equation +

+1
N p(H)dt
Vo) = j_l 1—2tr 1%

* The sign to be chosen is obtained by considering « particular function. This formula is
[ (w)du
s+u

l'w -~ ¥

similar to the one given by Stieltjes for the integral I'(s) = l : See Borel's Legons sur
Jo

les Séries divergentes, p. 69.

t The method adupted here is capable of more general application.
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Applying the inversion formula (17), we find

hr, §) = i[ s+iv1—5 _ s—iv1—¢
’ i L1472 —2r(s+i4/1—=5) 142 —2r(s—i1—5)
— 2 VI=Sa+7r)
T Q=2+ +4201 -

Hence the inversion formula for the equation

+1
— (t)ydt
fo=|" 20, (s1<

is $(0) = = [F(t+iv T—B—F ((—iv I= )

_2 +1 FE)V1—sds
where Fn = - (1479 J'_l 14672+ — s (147"

1

If we substitute fO)=1%a7=

(24)

in this, we find pt) =0 (tF2;

accordingly, this integral equation is also of the first type.
When v =4, we may write equations (11) and (12) in the form

w=roruro = AZ0HE @
-1

o) = L jm x(E+24/1—¢ cos a) da, (26)
271’ 0
which shows at once that they arise from & potential problem.:
For we know that

V= H” X (z4ivZ g cos o) da @7

represents & potential function symmetrical about the axis, and, since
(26) gives us the values of this function at points on the sphere
z*4y*+2* = 1, the values at all other points, and in particular those
on the axis, may be determined by Green’s formula

_ 1 oG
V—EijEds,

which is equivalent to (25), but formula (27) gives V = x(2) on the axis.
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6. The Determination of the Inversion Formula by means of a Linear
Differential Equation.

We shall now consider the case in which the funection «(s,?) in an
integral equation of the first type satisfies a linear differential equation
of the form

P,(w)+(s) Q. () = 0, (28)

where P;(x) and @);(«) are used to denote the expressions
d"u dru
Do(®) ar +p,(®) ar-T +...

d™u

and qo(® T

d"u
respectively.

The adjoint linear differential equation will clearly be of the same
form, and may be written

Piu)+ () Q) = O. (29)

The quantity « (s, t), being a solution of the original equation, will be an
integrating factor of the above expression.
Now let u (r, £) be a solution of the equation

P+ Qw) = 0;

then we have

[ —yv M1, t) Qlulr, ] = «(s, t) [Prud+4(5) Q. ()] = %’t‘-’ ;
* “ A ' _ _Y¥'® 4
therefore S:o k(s, ) Q[ulr, )Y () dt = A E— [W]l“. (80)

Now, let the limits be chosen so that W takes the same value (usually
zero) at both; then we shall have

¥ () j:K(s, )Q: [u(,t)]dt =0 (@ £s). (31)

If the limits cannot be thus chosen, we try to determine them so that the
quantity W oscillates very rapidly in their vicinity ; we can then write

[W]i; =07?
and W' (D j" (s, 8) O [u(r, ]dt =02 (= 9. 81y
t

* The factor §'(r) is inserted purposely, as it appears later in the inversion formula.
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In either case we have a function of the type required for formula (9),
provided that we can show that the function obtained by integrating with
regard to » has a discontinuity at the point r =s. The above equation
will then give us the inversion formula for one or both of the integral

equations ’ \

[ = le(s, ) ¢ () dt

. (82)
) =4 [ Q.[u(r, 0] () f()dr

To illustrate the method we shall take the following examples :—
(1) If x(s, t) = J, (st), the differential equation is

d <tdv

2
T Zi—t) — n%v-}-sntv =0,

which 18 éelf-adjoint. Hence, if w = J,(rt), we have

LT (o 8)] = g
(Zt[tvdt udt = (s°—7°) tuv.

Now the quantity within the square brackets is zero when {= 0 and
oscillates very rapidly near £ = ® ; for we have approximately

In(z) = \/% cos {z—(m-i-%) —; } ;
hence we may write
his,)=1r 5: In(@$t)Jn () tdt =02 (r=£s),
and we are led to consider the possibility of an equation of the form
f(s) = E E I (88) T (rt) tr f(r) dr d. _ (88)

The actual formula is well known and was given by Hankel* in 1875. We
shall not stop to verify that (s, ») is the derivafive of a discontinuous
function.

Q) If V=010—2st+8)"1 =«(s, t), we have the differential equation
(1—2st+8) &7 —26—1)t—9) V =0,
which is adjoint to '
1+8 X ou—os [t 2y m] =o0.

* Math. Ann., Bd. v, p. 482.
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Here ur, t) = 1—2rt 5,

Cal— @f (1—v
Q;[l&(?,t)]—-—t v = = T=oir o+

20 —5) Qu[ulr, H]x(s, §) = (% [(L—9st+ & ulr, ]

and the quantity under the square brackets vanishes if

=s+ivV1—s
Hence we have
s+iv(1-53) | : _a-
Jy o A e et =0 (0,

which leads us to the equation considered in § 4.

(8) Consider the equation
fs) = j Jo(st) Ky(st) ¢ ¢ (1) dt, (33)
0

where J,(z) and K,(2), the two solutions of Bessel’s equation of order zero,
are so defined that their approximate values for large positive values of z

are 9 ,
— cos (-Z— —_ ) and \/— sin (— —4>
T .
respectively.
The function k (s, t) = tJ,(st) K, (s, ?) satisfies the self-adjoint differential
equation &P N d
d—tf;+(4sz+ tz)(—v—z—t =0,

of which another solution is &J;(s?).
If, then, wu(r, t) = tJ;(rt), we have .
- oo du _ d [, du_ dodu [ ) 7
- 4 '«)Uﬂ Todt dt"' dt dt o iae +(4 te N

v belng written for « (s, #).
The quantity inside the square braciets is zero when ¢ =0, and
oscillates very rapidly when ¢ = = ; hence, since in this case

Q=32
we have 7'5 Jo(st) K, (St)((i—it {tTort)} tdt =02 (r 5 9),
1]

SER. 2. VOL. 4. No. 942, 21
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and we are led to consider an inversion formula of the form

$t) = 4 r dit 18200} rf @) dr.
0

We may verify by means of the equations

7o 22) = F’ a

e {zJ; (x sin ) } sin § d6,
0

—721 Jo(et) Ky(at) = j Jo(22t cosh u) du,
0
and Hankel’s inversion formula given in (1) that this inversion formula is
correct if 4 = 27 : but the formula was discovered originally from the
differential equation.
The formula that we have just obtained, viz.,

el

76 = L To (s K, (s t (0t |
~ , (36)

o) = 975 & 11700} 1f 0)dr
o @t
is analogous to Hankel’s formula
Vi) = r Tm(st)t ¢ () dt l
' : 87)

o) = r Jm ) 1 () dr J
0

in one respect: either of the functions f(s) or ¢ () may be taken to be zero
for values of s or ¢ greater than a given quantity a. The solution of the
integral equation with finite limits is then given by a definite integral with
an infinite limit.

The method which we have just explained does not apply to all func-
tions, because, In general, it is not possible to construct a linear differential
equation of the required form which is sacisiied by «(s, 7)) for all values
of . It can, however, be exiended a litsie by tne introduction of mixed
linear equations in which definite integrals and finite aiiferences can also
oceur. '

For this purpose we require the equation adjomnt to a mixed linear
equation, and this may be obtained by writing down the adjoint ex-
pressions of its various constituenis, the expression adjoint to

-
I = S Kk (s, ) Yr(t) dt—xN(s) Yr(s) .
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being understood to be

. 4
Jx) = J Kk (s, &) x () ds—«A (t) x (1) ;
for, if x(s) is a function satisfying the equation J(x) = 0, we have
(/] h b b
j x@®I)ds = j X(s)dsj « (s, c)\//(t)dt—j A(s) Y (s) x(s)ds = 0.

The theory of mixed linear equations is rather difficult; so we shall not
pursue these enquiries any further in the present paper; we may mention,
however, that one of the chief difficulties we are faced with is that of
determining whether our equations can be satisfied for a continuum of
values of the arbitrary parameter or only for an enumerable set of values.

7. Equations of Type 3a.
The fundamental formula upon which the inversion formula of integral
equations of this type depend is the following :—

1 (° sin(r—t) .
fo) = - j —;Tt—f(t)dt' (38

It is at once evident that this formula is not satisfied by a perfectly
arbitrary function: we must therefore find a convenient description of a
class.of functions to which the formula is applicable.

sin (r—t)

Now the function can be written in the form

+1 .
:]‘;j e““"‘ Cl,u..
-1

Accordingly, if the order of integration can be changed, we shall have

J0) = J e\l (u) ds (A)
-1
where Yw) = %T r e~ £ (t) dt. (B

We shall therefore assume that f(») is a function defined by means of a
definite integral of the form (A), and is such that the integral (B) is
uniformly convergent for the range mu = (—1, 1); so that the order of
integration in our double integral can be changed.

212
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Now, in order to use this formula to solve integral equations, we must
sin (r—1)
—t
The method to be adopted is similar to that used in § 6, and is best
illustrated by means of an example.
The function J(z—?) satisfies the differential equation

(z— )d21;+ +(a:—t)u=0

express the function as a definite integral of the required type.

also v = Jy(z—s) is an integrating factor of the equation with s written
instead of ¢; therefore we have

Lo (2] =o-e[ S s]

Now for large real values of z we have approximately

2 cos (-[ —a:+t>

4
Jy(z—t) = I —
o V2 (x—10)
. am
d Zsm<j4— —:c+t) .
and —Jylz—08) = —_—
dz Vo (z—1)

hence for z = o the quantity under the square brackets becomes equal to

2 sin (¢—3s),
™

and for x = s it is zero.
Further, we have

d‘zu 1 Jy(z—1)
wtTi == o =0 =50,
therefore the equa,tlon gives
| Taa—e) Dz gp = 2 500D, (39)
T s—t

Combining this with the fundamental formula, we obtain
j j Jyz—s) L 1(” ‘) Fdedt = 2% (), (40)
an equation which can, in general be written in the form

¢(z)=5 LE=0 fwa, |
~ (41)

fls) = :};E Jo(s—2z) ¢ (@) dz
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This relation can be verified directly if we assume for ¢(z) an expression
of the form '

b) = j 6% () du,

1

in which y-(u) is finite and continuous along the path of integration.
The method which we have just explained is only applicable to
functions «(s,t) which oscillate near s = © and which admit an asym-
ptotic representation involving a circular function, so that the term
~ sin(¢—7) can appear. A similar method can be used for equations of
type 2; for it is easy to see that, if [WW] is a constant instead of zero,

we shall obtain a definite integral of the required form equal to é

8. The Problem of solving a Linear Differential Equation by
means of a Defintte Integral of a given Type.

We shall now consider the case in which the function f(s) is not
explicitly given, but is to be derived from a given linear differential or
integral equation L(f) = 0. 49)

We shall suppose that f(s) satisfies a set of linear conditions which
are sufficient to distinguish it from other solutions of equation (42), and
that these conditions are included in or are the same as those to be
satisfied by f(s) in order that it may be represented in the form

b
fls) = L k(s, ) p(d)dt. (48)

The success of the method to be adopted depends upon the possibility
of finding a relation of the form

Lsix(s, )} = M (s, )} (44)
Wﬁere M, is an operator of the form
o) St pu) T
For, if ¢(¢) is an integrating factor of the expression M;(v), we shall have
L,(f) = SZL,{x(s, O} p)dt = F Mh(s, t)} p@®)dt = S: dR, (45)

provided the interchange of operations in the first line is permissible.
There will, in general, be more than one integrating factor of M,(v):

we choose one so that B takes the same value (usually zero) at a and b

or at two points a and B within the range (e, b). The function ¢ is thus



486 Mr. H. BateMan [Nov. 8,

a solution of the linear differential equation adjoint to M,(v) = 0, and
the above requirement may suffice to distinguish it from other solutions
of this equation. If the points a and B8 (which must be independent
of s) are different from @ and b, we reduce the range of integration to
(a, B) by defining the function ¢(f) to be zero outside this range and
equal to the given integrating factor inside.

We have seen that the solution of the integral equation is often given
by a formula of the same type

d _
P = L xk(s, £) f(s)ds.

Now, according to the previous work, ¢(#) should satisfy the equation
adjoint to M;(w) = 0, which we may write

M) = 0.

Consequently, if the same kind of analysis applies for this integral
equation as for the previous one, we shall expect to have an identical
relation of the form

M{«(t, 9} = Lo{h(t, 9} (46)

We shall now simplify matters by assuming that the functions «(s, £)
and %(s, #) are the same and that the corresponding functions « and % are
also the same; in this way we may lose a certain amount of generality,
but the analysis becomes more manageable.

The functions «(s, &) and (s, ) then satisfy the partial differential

equations Lw) = M,(w)

5 B 47)
and La(U) = Mg(i))
respectively.

Now thas is an vmportant fact, because, if we know the solutions of
the integral equation

(]
fl) = L x(s, 2) p(t) dt

corresponding to a few particular forms of f(s), we may be able to
determine a number of partial differential equations of the form

L,(w) = M(u)

which are satisfied by «(s,t). If, then, the integral equation s amenable
to this treatment, the corresponding partial differential equations

L,0w) = M)
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will all be satisfied by the function x(s,8) ; and so the. problem is reduced
to that of finding the common solution of a number of partial differential
equations.

Thus, for example,* if the quantities a.., are quite arbitrary and
ds™’
ag’

L= E%ﬁams“

Z‘It (u) = % % Anm, tm
the partial differential equation
L,(w) = M,

is always satisfied by % = x(s, t) = €*.
The adjoint expressions are
T m _CE_ n
Ls(v) — 22(_1) Qpm dsm (S D),
M, = Z2(—1)"a 4 (t")
t\Y) nm dt«n ’
N . _mili N,=—8ty =— (___ u_d_“ m ,— st
and, since (—1) 7 e %) = (—1) 7 (tme~*),

the corresponding partial differential equation

L,w) = M,(v)

is always satisfied by v=k(s5t) =e

This example corresponds to Pincherle’s well known formula

——— 1 st
f) = é;lj e o (t)dt,

-]

() =j e~ £(5)ds.

1]

Another fact which is worth noticing is the reciprocal nature of
the pair of equations Low = M),

L,(») = M,w).
If () is a solution of the equation M,(w) =0, we shall expect

a function x(s) for which
d

@) = j k (s, ) x (s)ds,

<

* This example is deduced from some work of Petzval’s (Integration der linearen Differential-
yleichungen, pp. 472-473)
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to be given by L,(x) = 0, and the second equation suggests that it
should be given by a definite integral of the type

b
mszjxmo¢wa

This corresponds exactly to the result which is predicted in § 1.

9. The Partial Differential Equation Lg(u) = M,(u).

We have seen that a system of partial differential equations of the
form Ly@w) = Miw) (48)

may be connected with the two integral equations

N

b
fs) = j (s, 1) p()dt

a

(49)

2 b
V(f) = j k(8, ) x (5)ds J

c

Now we assumed in § 1 that the function «(s, ) satisfied a number of
linear conditions in s independently of ¢: this assumption was made to
make the work perfectly general. Accordingly, when we consider both
equations, we must admit functions «(s,?) which satisfy a number of
linear conditions in ¢ independently of s. The system of partial differential
equations will then possess a solution which satisfies a number of linear
conditions in both s and ¢.

Let Li[(s, ] = F(s, 8 = M,[x(s, 0]
then « (s, t) is the solution of the ordinary linear differential equations
L.w) = F(s,t),
M) = F(s, t)
which satisfies certain linear conditions in both s and &.

Now, if these differential equations possess Green’s functions* G(s, )

* The characteristic property of the Green’s function for a linear differential equation
L,(w) = 0 and a set of linear conditions is that the solution of

Li(u)+ f(s) =0
which satisfies the given linear conditions can be expressed in the form of a definite integral

- JfG‘(s, 2) f (2) da.

If the differential equation is of the #-th degree, the function G (s, ), which is called the Green’s
function, will be a continuous function of s, 2 satisfying the given linear conditions for all values
of z, but its (#n—1)-th derivative will experience & sudden change of value at the point z = ».
The linear conditions usually take the form of relations between the vhlue of the function and
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and H(z, t), corresponding to the given linear conditions, we shall have

u = k(s,t) = — rG(s, z) F(z, t)dz

c

b
and u = «(s, ) = —-J Hz, t) F(s, z)dz;

b .

whence jd G(s, z) F(zx, )dr = S H(z,t) F (s, z)dz. (50)

We have shown elsewhere* that an integral relation of this type
implies that the numbers A for which the equations

a .
gb(s)—?\S G(s, x) p(z)dr = 0 l

R - (51)
and x®—N Hz,t) x(x)dz = OJ

can possess solutions different from zero are, in general, the same.
In the demonstration it is necessary to assume that the function F(s, x)
is such that no functions a(s) and b(z) exist for which

d
j a(s) F(s,x)ds = 0,
for all values of =z,
b
and j F(s,z) b(z)dx = 0,

for all values of s.
Suppose, then, that A is a quantity such that the homogeneous

equation )
¢.(s)—->\j G, z)p(r)de =0

possesses a solution ¢ (s) which is not identically zero.

The equationt i)
G(x)—AJ G(s,z)0(s)ds =0

its first (» — 1) derivatives at the points ¢ and 4, but Hilbert has shown that, when these points are
singularities of the differential equation, conditions of remaining finite or becoming infinite in
a specified way may be introduced. It is probable that linear conditions expressed by definite
integrals can be added to these to complete the generality of the theory.

The one-dimensional Green’s function is, in many respects, analogous to the function used
by Green in electrostatics. It was discovered by Burkhardt, and its properties have been
developed by the following writers :—Burkhardt, Bull. Soc. Math., Bd. xxm. (1894) ; Bécher,
Amer. Bull. (1901), p. 297: Dunkel, dmer. Buil. (1902), p. 28S; Mason, Diss. Gtt. (1903),
Trans. Amer. Math. Soc., Vol. v., No. 2, pp. 220-225 ; Hilbert, Gétt. Nachr. (1904), Heft 3.

* Trans. Camb. Phil. Soc., Vol. xx., No. 10, p. 234.

1 Fredholm, Adcta Math., p. 27 (1903).
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will also possess a solution 6(z) different from zero for the same value

of A ; accordingly, if d
x(8) =j- F(z,t) 0(2)dz,

x (?) is not identically zero, and we shall have
d (d
x(0) = )\j 5 G(s,2) F(z, ) 0(s)dsdz
d b
= )\j ds}’ Hz, ) F(s,x)0(s)dz
)
= )\J H(z, ) x(z)dwx.

Conversely, if A is a quantity for which this equation holds, a function V-
will also exist for which

Y(r) = XJbH(z, () di
b
and, if (s) :J F(s, x) ¢ (2)dx,

we have o) = A jb jb F(s,z) H(z, ) Y (t)dt

J G(s, z) F(z, ) (t)dt

3}
= j G(s, ) p(x)

Now, in the present case, & function ¢(s) which satisfies the homo-
geneous integral equation

Bls) = xj G(s, 2) p(@)dz

will satisfy the differential equation
L,¢p+Ar¢p = 0,

and will also satisfy the linear conditions associated with the function G.
Hence the values of A for which a solution of the homogeneous integral
equation exists are the values of A for which the above differential equation
can possess a solution satisfying the given linear conditions.

Similarly, the values of A for which a solution of

X = A ij(x, ) x () dic
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exists are the values of A for which a solution of
Mix@+Ax®) =0

can satisfy the linear conditions associated with the function H.
Hence, since the values of A for the two integral equations are the
same, the values of A for the two differential equations are also the same.
We conclude from this that the partial differential equation will, in
general, only possess a solution satisfying the linear conditions identically
both in s and t, when the equations

L,w)+Au = 0,
M,@)4+r =0

can possess solutions of the required type for the same values of \.

- We can also show that, in general, any function which satisfies the
relation

d b
S GG, x) f(x, t)de = S f(s,z) H(z, ) de
L
must be a solution of the partial differential equation
L,(w) = M;(w).
d b
Let g(s, ) = j G(s, ) f(z, t)ydr = 5 f (s, x) H(z, t)ydz;
then g(s, t) will, in general, satisfy the linear conditions associated with
both @G and H; and so we shall have
f(sy t) = Ls(g),
f(s, &) = — Mi(9),
whence L,(f) = — L,Mi(g) = M(f).

The partial integral equation
d b
5 G, z) f(z, tyde = 5 f(s, ) H(z, t)ydz (52)

is thus satisfied by a certain group of solutions of the partial differential
equation, but we cannot say that it is satisfied by every solution of the
partial differential equation. If the equation be written in the symbolical

form Gi{f6s, 0} = Hi{f G5, 0}

where G and H are linear distributive operators, it is possible to regard
the operation G,—H, as a factor of the operation L,— ..
A particular function which satisfies the partial integral equation is
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S(s,8) = «(s, ), for x(s,?) satisties the given conditions in ¢ and so the
function d
g(s, t) = 5 G (s, x) k{(z, t)dx

c

satisfies them also. g(s, ¢) is therefore a solution of the equétioﬁ
L) +x(s,t) = 0

which satisties the given linear conditions in both s and ¢.
Operating on this equation with M, we have

ML) = — Myk(s, ) = — L.«(s, t) ;
therefore L [M,(w)+«(s, t)] = 0.

Now M,(u)+«(s,t) satisfies the given linear conditions in s, since both
w and «(s, ¢) do so, and we see from the above that it also satisfies the
equation L,(v) = 0; accordingly, it must be identically zero; for we know
from the Green’s formula that the solution of the equation

L)+ f(s) =0
d
is given by v = J G(s, 2) f(x)dz,
and, if f(z) is zero, v is also zero.

Putting, then, M, () +x(s, ) = 0,
Tve hgve, since  is a function which satisfies the given linear‘conditions
nh g, ) =u= Jb H(z, )« (s, z)dz,
which gives the required relation ’
E G (s, x) x(z, t)ydx = SZH(@', t) x (s, z)dx.

Now this relation is of some interest in connection with the original
integral equations

b
76 =j x(s, &) p(H)dt,

d
¥ (@) =S k(s, &) x(s)ds ;
for we can show that, if f and ¢ are two functions connected by the first

relation,
£ =j G(s, ) f @) de

_

a

<

and by(s) = j H(s, ?) ¢ (t)dt

a
1s another pair.
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‘Substituting the given value of f(z), we have

A = r F G5, 2) <@, &) ¢ (O dm dt
= Y Y (s, z) H (z, t) ¢p(t) dz dt

= jb Kk (s, x) ¢y (z) dic.

Similarly, if - and x are one pair of functions connected by the
second relation, the functions

b
Y0 = | Ha, 0y @

d
and X = 6,0 x@a
are another pair; for, on substitution, we get

b (d
Y () = L L H(z, t) «(s, x) x (s)dsdz

d (d
=j j G(s, z) k(z, ) x (s)dsdz

¢ Je

(:
= S k(z, ) x,(z) dz.

4

We shall complete this series of propositions concerning the partial
integral equation (52) by remarking that the equation corresponding to
the adjoint partial differential equation

L) = Myw
18 no other than

rf(s, z) Gz, )dr = r H (s, z) f (z, )dx.

This result follows at once from the fact that, when we interchange the
arguments in a Green’s function of a linear differential equation, we
obtain the corresponding Green’s function for the adjoint equation.

10. Investigations on the Existence Theorem.

In a former paper* we attempted to define a class of functions f(s)
which could be represented by definite integrals of the form

jbx(s, t) p(t) dt

* Supra, pp. 103-106.
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to any required degree of approximation. - The conditions laid down,
however, were not sufficient to ensure that the function ¢(¢) would always
tend to a finite limit when the approximation was used to obtain an exact
representation. It is clear that, if the function ¢(f) is restricted to
remain finite within the range of integration, the definite integral is
only capable of representing a much narrower class of functions. The
investigation can, however, be made more satisfactory when this as-
sumption is made and an existence theorem stated more precisely.

. The method which we adopted is analogous to that used in solving
a linear differential equation by means of a definite integral and depends
upon the possibility of constructing a relation of the form

, A
E (s, ) F({,x)dt = i H(s, x). (53)
a dz

A relation of this type may be constructed in many ways; the one,
however, which adapts itself best to our requirements is obtained as
follows :—

Let (¢, d) be the range of values of s for which the representation is
required, and %(s, ) a convenient function which is finite and integrable
for values of s and ¢ within the ranges (¢, d) and (a, b) respectively.
Further, let

d

golt) = 5 hu(s, 8) £ (s)ds )
b

Fuls) = j €5, 8) guor (O 8

ga(t) = jd h(s, t) fu(syds b (54)

‘,L.3 .'235'
Fit,2) = 20,0~ 3 95O+ 57 950 ...

‘E‘B 11?4
2H (s, 2) = —f &)+ 15 o) — 57 &)+ |
then it is easily seen that we have the relation
v d
j k(s, ) F(t, x)dt = — H (s, z).
a dx

If now we write o) = 25 F(, z)de,
0

v 0
we shall have - s x(s,t) () dt = 2§ (% H(s,z)dz = f(s),
4 0

4
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provided

0

(1) The integral j F(t,z)dz has a meaning ;
0 .

(2) We can change the order of integration in the double integral

a

S" ‘E’ F(t, @) x(s, dtdz ;

(3) H(s, ®) = 0.

The function X(s, £) is at our disposal. In the previous account of
the method we fouk it to be the same as (s, £), but it is clearly advantage-
ous to leave 1t undefined, as this adds to the elasticity of the method.

We shall assume that all the functions we are dealing with are finite
and integrable for the given range of values of s and ¢. The series which
represent the functions F(f, ) and H(s, z) will then be absolutely - and
uniformiy converzent for all finite values of z; for, if %, «, and f are
the maximum values of the moduli of %(s, ¢), (s, ?), and f respectively,
it is easy to see that

'.(]0(5)| < |d—c |7lf, |f,.(s)| < |b"'“|"ld—c|"‘lf<"h"“_f,
Ign(s)l < |b—a ‘"’ |d—0!" P )’"f;

go that the series can be compared with exponential series.
Now write 5

P, t) = 5 x(s, ) h(¢, v)dr

" , (55)

Qs, ) = j h(r, s) k(r, ) dr

and let Y (s), xu(?) be the series of functions for which the homogeneous
integral equations "
Val® = [ PG, DYt

. (56)
Xm(s) - Am“ Q(S,t) Xm (t) dat

can be satisfied. It should be noticed that the values of A, for which
these equations possess solutions different from zero are the same; for, if
we calculate the determinantal equations of which the quantities A, are
the roots, we shall find that they are identical.

[Note added December 26th.—In what follows it will be supposed that
these values of A,, are all real. This is certainly true if £ (s, ¢) and «(s, {) are
the same; for then P(s, t) and Q(s, ¢) are symmetrical functions. The
choice of the function / (s, ) is thus not entirely arbitrary.]
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It 1s easy to see that, if

0,.(s)= j" x(s, &) xm (D) dt,

d
then om (9) = >\m j P(S; t) em (t) dt;

so that \,(s) may be taken to be equal to 6, (s) and can be defined by
the above equation. We then have the further relation

Xm(t) = An Sd ]L(S, t) \/fm (s)ds.

The existence theorem which we shail now prove is that, if the function
f () can be expanded in « convergent series of the form Zan\pu(s) which
s such that the derived series Z|N,@n\ru| ts convergent, \rn being the
mazimum value of |\W.(s)| within the range (c, d), then a function ¢(b)
exists for which

£l = J" x(s, ) p(B)dL,
and thes function may be determined by the formula
.(/)(t) = 25: F(t, «)dx.
If we write ©() = A n P ls), 7)
we have ¢t = r 1(s, t) w(s)ds = Ztuxm(?),

and this series is absolutely and uniformly convergent for
|t xm (8| < [Nt (d—0) Inpran|

where . and v, are the maximum values of the moduli of (s, ) and
Y (s) within the given ranges, and the series | A\, an\rm| is convergent
by lypothesis.

This series, for ¢(¢), may be integrated term by term, and we obtain

b
s' k(s, t) Sb(t) = Zan ‘/’m(s) = f(s)

as required.
We have now to prove that this series for ¢(#) may be obtained fromn
the formula .
P(t) = 25 F(t, z) de. 58
0
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Caleulating the functions g, (f) and f,.1(s) in turn, we have *

gO(t) =2 ;ﬁ Xm.(t)

POEPEAORS (59)

gu(h = = TH ()

"

The series for F'(¢, ) may now be transformed into

i Ay —2 72 i
F(t7 ‘r) = }n- r X—il e r\“‘x'"({)'

©

and it is clear that the integral 25 F(t,r)dx will give the series for ¢(?),

n
provided the integration term by term is legitimate.

Now a sufficient set of conditions for the integration term by term
of a series .
() = X uta(2)
is the following :—

z
(1} The series ?un(r) should be uniformly convergent in an arbitrary
mterval ;

(2) ju,b(:r) dr should exist for all values of »n ;

%] *© .
(8) E] S w,dr should converge for all values of « hetween 0 and « ;

n= m

(4) A number p independent of » should exist for which

nﬁ_)‘ j u,dz| < e for all «'s > p.

The first and third conditions ave clearly satisfied, since the series
Zanxm(t) is absolutely and uniformly convergent; the fourth condition
will be satisfied if » can be chosen so that

212 Ay e~ X (8) ’ < e for « > p.
Now this can clearly be done; for, if m, is a number such that

S lanx. (] < —;— for all s > m,,
m,

* These series will all be absolutely and uniformly convergent. since the quantities a,,
increase indefinitely in magnitude, being the zeroes of a whole function.

SER. 2. VOL. 4. 0. 943, 2K
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and p is chosen so large that

m

Z]f A e m Vm (8) ‘ < —;— for x > p,

we have

ame(t) ' <e

%(...>'<]$(...)|+

Slol<g+s

The theorem we have just proved does not tell us anything about the
uniqueness of the solution of an integral equation, and it does not give
a value of ¢(#) different from zero for which

0= Jh K(s, &) pb) dt

a

when such a value exists. It is by no means certain, however, that the
solution which is obtained by using one function /7 (s, ¢) is the same as
that which would be obtained if we used another. I[f the two values of
¢(t) thus obtained were different, their difference would be a solution
corresponding to f(s) = 0.

In general, the function ¢(¢) will take a simpler form when the range
(¢, @) is bounded by two points at which the function (s, ¢) is discontinuous
than if it is taken arbitrarily. It often happens that the solution in the
first case is unique, but not so in the second case, unless we impose
additional _restrictions upon the function ¢. Examples of this phenomenon
may be obtained by considering the problems in which we require to find
the distribution of electricity over a closed surface when the value of the
potential function is given (1) over the whole surface, (2) over a portion
of the surface.



