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[ 9 0 ]  

VII .  On the Beha~iour of Pleocl~roitic Crystals along Di- 
rections in the iYeighbourhood of an Optic Axis ~. By  
Professor W. VOIGT, of Gsttingen t. 

1. A L L  theories regarding the absorption of light in 
~--~ crystals agree in recognizing the thct that on account 

of absorption there is added to the characteristic triplet of 
directed quantities corresponding to each colour in trans- 
parent crystals a second triplet of analogous properties. The 
first triplet may conveniently-, though not quite correctly, be 
regarded as forming the system of the three mutually per- 
pendicular axes of symmetry for the conservative forces, while 
the second corresponds to the absorptive forces. To each of 
these axes there corresponds a certain number, which in trans- 
parent crystals represents, as is well known, the velocity of 
all those phme waves for which Fresnel's vibration-vector is 
parallel to the corresponding axis. If we use the term tensor- 
triplet, proposed by myself, to denote a system of th~'ee two- 
sided mutually normal directed quantities, then an absorbing 
crystal will have to be characterized, for a given colour, by 
two tensor-triplets. These two triplets may be denoted by 
the symbols a1~ a:, a3 and bl, b2, b3, and we shall suppose that 

al>a2>a.~ and bl>b2>b~ . . . . .  (1) 

2. It is known that in the case of transparent cry.-tals 
most characteristic properties correspond to those two direc- 
tions A1 and A2 which, lying in the plane of the greatest and 
the least tensors a~ and a3, make an angle ~ with the latter 
defined by ~he equations 

sin~ %= a~-a2 , cos~ ~-- a~-a3 . . . .  (2) 
al --~'3 al--a3 

These directions are also of special importance in absorbing 
crystals, and are also called optic axes in this case, although 
on account of their altered properties they would be more 
correctly denoted by some other term (e. g. polarization axes). 

Corresponding to the optic axes, we may conveniently 
consider as absorption axes the directions Bi, ~B2 which, lying 
in the plane of the ~reatest and least tensors b I and b3~ make 
an angle 3 with the latter defined by the equations 

�9 ~ o  b , - - / , 2  ~ b:--b3 
Sln o = b , ~ ,  COS (~=b-~--b . . . .  (3 )  

l - - b 3  1--  

A summary of the results contained in a paper presented on Feb. 8, 
1902, to the Kgl. Gesel|schaft der Wissenschaften zu GSttingen (GStt. 
Nachr. 1902, Heft ] ). 

t Communicated by Lord Kelvin. 
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Bel~aviour of Pleochroitie Crystals (tlong Optic Axes. 91 

The relative position of the two pairs A1, A~ and Bl, B~ of 
axes is in general as impossible to assign as that of the tensor- 
triplets at, a2, a:~ an4 bl~ b2, ha. It  is only when the crystal 
possesses special symmetry that it becomes possible to say 
something more or less definite. Fig. 1 gives some idea 

Fig. 1. 

regarding the general position of these axes ; all the charac- 
teristiclines are drawn through the centre of a sphere, and their 
intersections with the spherical surface indicated. 

3. The fundamental fbrmul~e in the theory of phme wave 
propagation are obtained most simply by introducing a 
system of coordinate axes x, y, z, of which z coincides wifll 
the direction of propagation. If,  then, we denote the com- 
ponents of the two tensor-triplets along these axes by an, ass, 
a:~;~, a2~:, a;~l, a12 ,nd  bn, b22, b38, b2~, b;3l, his* ~ and if we write 
shortly 

ct~ + ib~k = ehk, �9 . . . . .  (4) 

where i =  ~ - - 1 ,  then 

( ~ H - r  ( ~ - , , ~ )  = c1~ . . . . .  (5) 

/~ ~ c~--C~c~ "f "q - 1, . . . . .  (6) 

where v stands for the so-called complex velocity, S/.f for the 
ratio of the complex amplitudes for ~eumann's  vibration- 
vector along the S and x axes respectively. Expressed in 

�9 If ah, 3h, ~'a are the direction-cosines of the triplet a~, a~, a a rela- 
tively to the axes x~ y, z, then 

a l l - ~ a l a l u - 4 - a ~ a . , ' z - 4 - a a a a " - ~  . . . .  
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92 Prof. W. Voigt on the Belmviour of Pleochroitic 

terms of the real velocity o~ and the absorption-index K~ 
Co 

v = l _ i - - -  . . . . . . . .  (7) 

and if G, F denote tile real amplitudes, and R their relative 
retardation, 

. . . . . . . .  

The formulm (5)and (6) express the fact that in every 
direction there are propagated two elliptieally pohu'ized waves 
with, in general, different velocities and different rates of 
damping. 

4. Of special interest are those crystals in which absorp- 
tion is so weak that ~2 may be neglected in comparison with 
nnity, so that we may write 

Such crystals produce no appreciable absorption in a 
thickness corresponding to a few wave-lengths, and are the 
only ones exhibiting t}le remarkable phenomena whose ex- 
phmation forms the subject of the present paper. We have 
in the first place to consider the effects ohtabwd within a 
sm'fll region in the neighbonrhood of the, optic axes defined 
by equations (2) ;  in this region the variation of w is, as 
may be shown, very slight, and the quantity 2awe=k has a 
variation corresponding ahnost exactly to that of the analo- 
gous fimction x/re eharaeterlstie for absorption. 

The two complex equations (5) and (6) thus define, within 
the region now considered, the real and ilnaginary parts of 
the two unknown quantities v and g/f, as well as the real 
velocity of 1)ropagation re, the parameter of absorption k, the 
ratio G/F of the real amplitudes, and the relative retard- 
ation R. 

5. Ilegarding these four quantities it must here suffice to 
state four propositions which, though onIy qualitative, are 
easily understood and extremely helpful towards an explan- 
ation of the effects considered. These prot)ositions follow 
from the equations (5) and (6). In order to arrive at them, 
consider once more all the directions as passing through the 
centre of a sphere, and defined by their intersections with 
the spherical surface. The region surrounding a,n optic axis 
A~ may then be apt)roximately represented by a I)hme, as 
shown in fig. 2, We here have; besides the direction of the 
optic axis, represented by the point A~, and that of the wave 
normal, represented bye the point Z, also the plane A1A2 of 
the optic axes.; A,2 being inclosed in brackets in order to 
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Crystals in the Ner of an Optic Axis. 93 

indicate tile fact that the direction A~ is not capable of being 
represented iu the figure itself. The straight line A1 Q 
further represents a phme through the optic axis A1 obtained 

F~g. 2. 

/ .o 
/ r 

/ 

'/-~a) 

as follows :--Let a plane be drawn through the axes A1 B1, and 
another through the axes A 1B.2; let the ang'le between them 
be ,It. Then A 1 Q is the trace of the ldane bisecting the 
angle ,It ; let the angle made by tlfis plane with the direction 
A1 A~ be denoted by K. 

6. From the formulm (5) and (6) it follows that the 
phenomena under consideration in the neighbourhood of the 
axis A1 are symmetrical with respect to the ~ system of 
coordinates (also shown in the figure), the angle ~nade by 
the - ~:-axis with the direction A L A~ being equal to 2K. - 

Such being the ease, the plane Al~ eontifins two directions, 
C1 and C( (see fig. 3), making the same angle 0 with A1, and 
which are highly characteristic of the behaviour of the 
crystal, and may be termed singular ,~xes. The angle 0 is 
determined by the tensors al, a~, aa and b~, b2, bz which are 
characteristic of the crystal, and is most simply expressed in 
the form 

o=(ba--b:,) sin Vu sin V~, . . . .  (10) 
2 ~ / ( a l -  a~) (, ,~-a~) ' 

wherein V n stands for the angle between A~ and Ba, and 
V~l for that between A 1 and B:. The angle O thus determined 
is in all practically important cases extraordinarily small. 

7. The four propositions referred to above follow from the 
formulae (5) and (6), and, using the representation in the 
~r plane, may be stated as follows : ~  

(a) The difference of the squares of the velocities of pro- 
pagation, a~--w~ ~, of the two waves (corresponding to each 
direction Z)--and hence also, on account of the small difference 
between w I and co2 in the region considered, the difference 
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9t Prof. W. Voigt on the Befiavio~w of Pleochroitlc 

itself co~- co 2 approximately--is constant over ellipses having 
the points Cj and C( for ibei. This difference vanishes along 
the straight line C1Ci', and increases as the ellipse opens ont. 
(The mean square of the velocity, ~(wl'~+~o,~), on the other 
hand, is constant along straight lines perpendicular to tile 
direction A t A~.) 

(t,) The parameters kl and k~, which determine the absorp- 
tion of the two waves (corresponding to the same direction Z), 
are constant along hyperbolas having their loci at Cl and 
C,'. They have the same value k0 along the straight lines 
obtained bv~ producing C1 Cl' both wa, ys, ,and ,along any 
hyperbola have values which differ from/% by equal amounts 
of opposite sign, the maxilnmn difference occurring along the 
~-axis. 

(e) The vibration-elllpses of the two waves (corresponding 
to the same direction Z) have eonstant ratios of axes along 
circles whose eentres lie on the straight lines obtained by 
producing Ci C /  both ways, and whose radii are such that 
all the circles cut the circle described on C1 Cl' as diameter 
orthogonally. The ellipses degenerate into circles at the 
points Ci and C,', and become straight lines in the ~:-axis. 
The direction of vibration is of opposite sense on the two 
sides of the ,~-axis, but is everywhere the same for the two 
w a v e s .  

(d) The principal axes of the vibration-ellipses of the two 
waves are crossed ; their position is constant along equilateral 
hyperbolas whosa vertices lle on the lemnisea}e having~ C1 Ci' 
for axis, and which pass through the points Ci and C~. The 
coordinate-axes ~ and ~ are special eases of these hyperbolas. 
In order to determine the positions of the axes of the ellipses 
corresponding to ~hese hyperbolas, it is most convenient to 
use the well-known theoretical result according to which 
in the ease of weak absorption the vibrations, within a 
certain distance from the optic axes, differ only imperceptibly 
from those taking place in transparent crystals, and are 
therefore nearly rectilinear along directions determined by 
the famous construction due to Fresnel. According to this 
construction we have to draw planes through the axes Z 
and Ai, and Z and A2, and to bisect the angle I between 
them; the ordinary wave is then polarized in a direction 
parallel, and the extraordinary one in a direction normal, to 
this bisecting plane. 

In fig. 3 are shown the curves corresponding to propo- 
sitions (e) and (d) ; in addition to this the double-headed 
arrows arranged round the circumference of a circle indicate 
the directions of polarization of the ordinary waves when the 
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C~ystals in the _Nelghbourhood of an Optic Axis. 95 

absorption is vanishingly small. In accordance with what 
has been said above, these arrows also give the directions of 
the axes ma]ores for the ordinary, and o[ the axes minores for 

Fig. 3. 

* (&/ 

t 

" / l  \ " .  r 
, I \ 4  X" 

the extraordinary waves on the neighbouring branches of the 
hyperbolas. It will be seen that these directions are not 
constant along the entire hsyperbolic branches, but that they 
become rotated through" 45 during the passage through the 
points C1 and 01 of circular polarization. 

It  is evident that in all these propositions the singular 
axes play an extremely important part--they uniquely deter- 
mine, from 1he qualitative point of view, the effects con- 
sidered. 

8. iNTow as regards the appearances which may be noticed 
in the neighbourhood of an optic axis, these present them- 
selves in looking through a plate which has been cut in a 
direction approximately normal to an optic axis. It  is easy 
to deduce the formulm fbr the intensities with a degree of 
approximation corresponding to that of the experimental 
observations--for a given incident light--made either with 
the naked eye or by means of an inserted analyser. The 
formulm are without exception very complicated, but may be 
simplified for distances from the singular axes C1 and C~ I 
such that the terms containing the squares of the ratios e of 
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96 Prof. W. Voigt on the Behavlour of PleocT, roitle 

the minor to the major axis of the vibration-ellipse as factors 
may be neglected. The reoion within which tile simplified 
%rmul~ are not applicable is in general extraordinarily 
small. 

In this way an explanation is very easily obtained of the 
dark pencils--first noticed by Brewster--which make their 
appearance when a natural source of light of sufficient 
dimensions is viewed through the crystal, without the use of 
any polarizer. Tile distribution of intensity is such that the 
hyperbolas mentioned in proposition (b) represent curves of 
constant absorption. The ellipticity of the vibrations in the 
plate need not in the case of this phenomenon--to the degree 
of approximation considered--be taken into account. Ac- 
cording to the strictly correct formulte the distribution of the 
intensity is somewhat modified in the neighbourhood of the 
singular axes. 

9. The ellipticity of the vibrations has, on the other hand, 
a marked effect on the appearances presented when a single 
polarizer is used--whether it be that natural light is allowed 
to fall on the plate and is examined by means of an analyser, 
or that plane polarized light is after transmission examined 
by the unaided eye. Here an opportunity presents itself for 
testing in a simple manner one of the most remarkable 
consequences of theory. 

If the experiment be carried out in the manner indicated 
with a plate of an ordinary or an active transparent crystal, 
whereby two linear or two elliptic similar but crossed vibrations 
of oppositely directed sense ~lre propagated through the crystal, 
then according to theory there should be no interference- 
rings visible around the optic axis. Should, on the other 
hand, the vibrations be propagated through a pleochroitic 
crystal whereby the two elliptic vibrations have the same 
sense of rotation~ then theory demands the presence of such 
rings. Experiment is completely in accord with this, and 
thus proves the existence, hitherto no t  established, of these 
pairs of waves with vibrations of the kind described. 

The existence of the rings is easily proved in many pleo- 
chroitic crystals. Frequently it is possible to see them by 
looking with the unaided eye through the crystal plate at the 
sky when the light from the latter is strongly polarized; they 
have in this case been known for some time, but only now 
has a theoretical explanation been furnished. That the ex- 
planation given above, which is based on the peculiar nature 
of the vibrations in the waves traversing the plate, is the 
correct one, %llows especially from the changes which come 
over the apI~earance presented when the plane of polarization 
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Crystals bt the Nelghbourhood of an Optic Axis. 97 

of the incident light is ro ta ted-changes  which take place 
precisely in the manner indicated by the formulm. When 
natural incident light is used, then according to the strictly 
correct formulm, the rings are not entirely absent, but, de- 
pending as they do on e "2, are faintly outlined only in the 
immedi-tte neighbourhood of the singular axes. As a matter 
of thct there is in this case visible nothing beyond a mere 
trace, which appears as a dark spot, o f  the first mininm,, 
within the Brewster's pencils. 

10. Although, in accordance with what has been said 
above, the interference rings observable with only a single 
polarizer (idiophanic rings) prove the prol)agation of two 
similarly rotating elliptic waves, they do not exhibit the 
change in the direction of rotation during the passage 
through the .t-axis, referred to in the fourth proposition. A 
supplementary experiment thus appears desirable, and the 
following arrangement would appear to meet all requirements. 

I f  instead of plane polarized we use elliptically polarized 
incident light, and view it with the naked eye, then according 
to theory, and as is otherwise evident, the phenomenon to be 
observed must assume a certain dissymmetry, which was non- 
existent with plane polarized incident light. :Now this want 
of symmetry is, as a matter of fact, very marked. 

I f  we use, say, a plato of rhombic andalusite (whereby the 
plane A15 coincides with the plane of optic axes As A2) in ~ bite 
or, perhaps better, blue light, and if the phme of the polarizer 
be normal to that of the optic axes of the crystal, then we 
obtain a nearly circular system of rings, crossed by a dark 
band which lies in the plane of the optic axes, a pheno- 
menon with two mutually normal lines of symmetry. It" 
between the polarizer and the crystal ~e insert a quarter- 
~'ave plate, then as the latter is rotated trom the position of 
vanishing effect, the appearance becomes entirely asymmetric, 
and in a manner which a~rees with the predictions of theory. 

r  ~ o �9 

The dissymmetry is particularl 0, strlkmg when the hgflt 
incident on the plate is right or left-handed circularly po!arized 
light. In this case there appears on one side of the plane of 
the optic axis (the S-axis in fig, 3) a strongly marked dark 
spot, and on the other a bright spot, and these spots change 
places if the direction of rotation :is reversed. 

This observation proves in the simplest manner possible 
that the waves propagated through the crystal on the two 
sides of the ~-axis have opposite directions of rotation, thus 
ftlrnishing the desired and ne(~es+ary completion of the p, oof 
of the them W. 

GSttingen, March 1,902. 
l)hil. M-ay. S. 6. Vol. ~. No. 19. July 190'2. t f  
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