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Abstract

We introduce a bit analyzer for the accelerated odd-only Collatz carry equation: the diag-
nostic £(D) = v2(Q(D) + E4), which reads the first-disagreement partial-sum depth between
the periodization D> and the characteristic Sturmian word ¢, directly off the 2-adic bits of
the carry quotient. Deployed across grouped tower families, the analyzer detects exact satu-
ration laws, enables window recycling (one centered residue nonsingularizing an infinite two-
parameter family on its bounded-size region), and reads the Stern-Brocot recursion through
its apparent exceptions, which are exact Christoffel standard-factorization identities. Certified
families: X¢X¢ with ¢ = 83 for a > 2 (the fourth note [1]); X¢ X2 with ¢ = 64 for all a,b > 1;
X9X?t with £ = 568 for a > 2; and the semiconvergent family Xng’ngﬁ) with ¢ = 83 for
a > 3 — each by exact integer-power certification of two or three floor lemmas. The recycled
residues are generic-sized (|rs| ~ 28170 |rg| ~ 26237 |py| a2 2563-396) "and three 100 x 100 ex-
act grids (30,000 members) contain no singular member. The analyzer pins 2-adic candidates
only; odd-prime divisibility remains the independent attainment layer. No claim about the
Collatz conjecture is made, and no n-uniform theorem across the whole tower is claimed.

1 Introduction

The first four notes of this sequence built, in order: a finite-block reduction theory with its near-
critical renormalizing boundary [1]; the 2-adic Sturmian carry constant =, and its exact conver-
gence law on standard blocks [1]; the standard-block nonsingularity ledger with its window/odd-
prime architecture [1]; and the first grouped family, X ng , closed on its bounded-size region by
a single 83-bit residue. The previous four notes are collected in [1]. The fourth note’s method
was family-specific. This note turns it into an instrument. The central thesis: the bit analyzer
reads the Sturmian tower’s recursion through 2-adic agreement depth — saturation plateaus are
floor-lemma horizons, and depth exceptions are not noise but the Stern—-Brocot tree made vis-
ible, as exact word identities. The instrument is the object of this note; four families are its
demonstration, three of them brought to certified closure on their bounded-size regions [2].



2 Definitions

A valuation word D = (dp,...,dr—1), d; > 1, has partial sums s; = ZK]- d; (so letters carry
indices 0,...,L —1 and s; sums letters 0,...,j—1), carry C(D) = >, |, 3L=1-32%  wall §(D) =
3L — 25 (always odd), and quotient Q(D) = —C(D)/&(D); D is singular if Q(D) € Z. The
shell-(¢, p) lower Christoffel block is X(,,) with letters [(i+1)p/q] — [ip/q]; X» abbreviates the
convergent shells of o = log, 3, and sj(ca) = [jar]. With E(w) = > ., 3-0+1)2s(w) ¢ 7y and
Ea = Z(cq), the periodic-carry identity Q(D) = —Z(D°) holds [1].

Definition 2.1 (Bit analyzer). The bit depth of D is {(D) = v2(Q(D) + E,), and the centered
residue at that depth is 7p = cent(—Z, mod 2(D)). Given an Archimedean bound Bp > |Q(D)],
the window is active if 2Bp + 1 < 2¢P) | and then missed if |rp| > Bp (nonsingularity certified)
or hit if |rp| < Bp (fall through to the odd layer); it is vacuous if 2Bp + 1 > 24P),

The layer separation of [1] is unchanged: the analyzer performs 2-adic candidate pinning only;
odd-prime divisibility of the odd wall decides actual integrality, and neither layer subsumes the
other.

3 Fundamental Lemma

Lemma 3.1. Suppose D™ and c,, first differ at letter index J, so their partial sums agree through
sy, and let d be the smaller of the two differing letters. Then

Z(D) =Sy + d.
In particular, on the alphabet {1,2} relevant throughout this note, (D) = sy + 1.

Proof. By the periodic-carry identity, Q(D) + Ea = E(ca) — E(D*) = 35 511 30+ (2si(ca) —
25(P*)). The j = J + 1 term has vy = min(s;41) = sy + d; every later term has both partial
sums at least s;j+d+1 (letters are > 1), hence strictly larger valuation; and powers of 3 are units
in Zo. The ultrametric inequality is therefore an equality. O

The analyzer thus converts a combinatorial quantity (first disagreement of two infinite words)
into one 2-adic valuation of one rational number, computable either way — and the agreement of
the two computations is itself a consistency check (Section 12).

4 Standard factorization: the degeneracy identities

Theorem 4.1 (Borel-Laubie; see Reutenauer). For lower Christoffel words u = X4,y and v =
X py with pg —p'q=+1 and p/q < p'/q, the concatenation uv is the lower Christoffel word of
the mediant shell:

Xap) X(a'p) = X(gra' . ptp)-

This is Proposition 1 of Borel-Laubie [3] in the multiplicative form of Reutenauer [4, Cor. 2.4.2];
see also the monograph [5]. Convention alignment: our shell notation (g, p) records word length
and valuation sum; the lower-slope-first orientation of the cited statement matches our lower-
Christoffel floor convention, as pinned independently by the following exact word identities, each
verified letter-for-letter:

X5X¢ = X7, X7Xs = X(359,569) X7X§ = Xy,



XsXs=Xe, XiX,=Xr,  X3X4= X,

with Xy = X(29.46) (Wrong-order controls fail, as they must). The moral, which the analyzer dis-
covered empirically before the theorem named it: apparent bit-depth exceptions are not noise; they
are the Stern—Brocot tree made visible. A family member whose depth jumps off the saturation
plateau has, in every observed case, collapsed by Theorem 4.1 into a standard or semiconvergent
block of a deeper shell, where it obeys that shell’s own law.

5 Family A: X2X¢

The fourth note proved [1]: £ =83 = p5s+pg— 1 for all @ > 2, b > 1, with the family-wide window
certificate at |r5| ~ 281'™ closing the bounded-size region. The a = 1 branch: (1, 1) is the identity
X5X6 = X7 (Tier 1) and obeys the level-7 standard law; the sub-law for b > 2 (first mismatch
J =93, depth 148) is measured at b < 6 with the proof template clear (Tier 3); its strip residue
is computed in Section 10.

6 Family B: X¢X? — upper-leading saturation

Lemma 6.1. |jo| = [655/41] for 1 < j < 40, with first failure at j = 41: |4la] = 64 while
541(Xg) = 65. Each instance is the exact integer statement 28 < 37 < 281 and was certified by
exact power comparison.

Theorem 6.2 (Upper-leading saturation). For all a > 1, b > 1: £(X¢X?%) = ps — 1 = 64.

Proof. By Lemma 6.1, the first Xg copy agrees with ¢, through letter index 39 and differs at letter
index 40 — its own last letter, where Xg steps to 65 while ¢, steps to 64. The mismatch is internal
to the first block, so no exponent can affect it: every member of the family, for every a,b > 1, first
differs from ¢, at letter index 40 with depths (65,64), and Lemma 3.1 gives ¢ = min(65,64) = 64.
Confirmed on the full grid a < 4, b < 3 and at (1,20), (10,2). There is no recursion branch: the
upper-leading orientation is exceptionless. O

The recycled residue is |rg| ~ 2°237; the window-recycling theorem for this family is Theo-
rem 9.3 with the upper-leading size bound of Section 10.

7 Family C: X¢X? — lower-leading saturation

Lemma 7.1. Xs = X2Xg ezactly (an instance of Theorem 4.1 iterated along as = 5); equivalently
|48575/306] = |845/53] for 1 < j < 305 with first failure at j = 306 (485 vs 484): the block Xg
follows the Xr-periodic floor pattern through its first 305 letters and departs only at its last letter.
Verified exactly.

Lemma 7.2. |ja| = [845/53] for 1 < j < 358, with first failure at j = 359: |359a] = 569 while
|84 - 359/53] = 568. All 359 instances certified by exact integer power comparison.

Theorem 7.3 (Lower-leading saturation). For all a > 2, b > 1: £(X¢X}) = p7 + ps — 1 = 568.

Proof. By the periodic floor extension and Lemma 7.1, the grouped word holds the |84; /53 |-floors
through j < 53a + 305 > 411 > 359 when a > 2; by Lemma 7.2, ¢, departs those floors first, at
i = 359, with depths sgs9(u) = 568 and s359(co) = 569. Lemma 3.1 gives ¢ = 568. Confirmed at
(2,1),(2,2),(3,1),(4,2). O



The a = 1 branch is the recursion: X7Xg = X359 569) (the semiconvergent word; measured
depth 1053 = pg — 1) and X7XZ = Xy (the next standard block, ag = 2), both Tier 1 word
identities; for b > 3 the measured depth is 1538 = pg + ps — 1 (Tier 3, proof template as above
one level up). The recycled residue is |ry| & 256340,

8 Family D: the semiconvergent family X¢X?

Lemma 8.1. [465/29] = [195/12] for 1 < j < 28, with first failure at j = 29 (46 vs 45);
equivalently Xs = X 52X4 exactly. Certified this session by direct integer evaluation.

Theorem 8.2. For alla >3, b>1: {(X2X?°) = 83.

Proof. By Lemma 8.1 the grouped word holds the |195/12]-floors through j < 124428 > 64 > 53
when a > 3; the ¢, comparison is Lemma C of [1] (departure at j = 53, certified there), and
Lemma 3.1 gives £ = min(83,84) = 83. Confirmed on the grid a <6, b < 3. O

The boundary members are again the recursion: X5Xg = Xg (a = 1: the family member is
Xg, upper law ¢ = 64, observed) and X2X; = X7 (a = 2, b = 1: level-7 law, observed), both Tier
1 identities; the (2,b > 2) sub-law at measured depth 129 is Tier 3.

9 Window recycling

Definition 9.1. A,;, = aR, + bR, for the leading/second blocks; AT = max(0,A), A~ =
max (0, —A).

Proposition 9.2 (Orientation-dependent size bounds). With L the word length and within-block
Christoffel excursion at most 2 per side: lower-leading (R, < 0): osc < a|R,| + AT + 4; upper-
leading (Rp, > 0): osc < aR,, + A~ +4; and in both cases

L 90sC +1

<Bgp=—+ -—-—"+—.
|Qa,b| > Dab 3 ‘1_2Aa,b‘

Proof. The block-level prefix path runs from 0 along {iR,} to aR,, then along {aR, + iR,+1}
to Agp; in the lower-leading case the trough is at least aR,, — 2 and the peak at most A" + 2; in
the upper-leading case the peak is at most aR, + 2 and the trough at least —A~™ — 2. Validated
numerically on- and off-strip in both orientations with no violations. O

Theorem 9.3 (Window recycling). Let a family satisfy a saturation law at depth £ on a parameter
region, let v = cent(—Z, mod 2°) with |r| < 271, and let B,y be the bound of Proposition 9.2.
Every member of the region with B,y < |r| is nonsingular. Certified instances: family B on
logy L + aRg + A~ 4 logy |1 — 28|71 < 62.3 (exact log, |rg| = 62.375, so the region constant is
strictly below), and family C on the same form < 563.3 (exact log, |r7| = 563.396, strictly above
the region constant) — the latter region covering a < 2x 10° and |A| = 27540 deeper level, deeper
window, larger certificate.

Proof. Singularity gives Qqp € Z with Qqp = —=Z, (mod 2%) by saturation; both Qqap and 7 lie
in the open centered interval (—2¢~1 2=1), whose integers are pairwise distinct modulo 2¢, so
Qa,b =T but ‘Qa,b’ < Ba,b < ’7“‘ O



residue  modulus 7| margin to ceiling (bits)

rs 283 28179 1.21
6 264 262.375 0.63
e 2568 2563.396 3.60
re 9484 9481.14 1.86
g 225780 225776.37 2.63
7(148) 2148 2145.64 1.36
r(129) 2129 212234 5.66
T’(1538) 21538 21532.56 4.44
All eight computed residues are generic-sized. The residue-genericity conjecture — |r,| > 2bn—e

for a moderate absolute ¢ (all data fit ¢ = 6) — is stated as Tier 4 only; a single small residue
would shrink one family’s certificate region without affecting the framework.

10 Odd-prime layer and shell-reusable blockers

The analyzer pins candidates; odd-prime divisibility of the odd wall decides attainment, and the
trilogy’s level-4 vacuous-window case [1] remains the standing proof that neither layer subsumes
the other. Shell reuse operates on the odd side too: on the shell (665,1054), the prime 37 | dg
blocks the standard word (C' = 24), the grouped witness X1 X{? (C = 17) [1], and — by the
identity X7X82 = X9 — the family-C boundary member, which s the standard word. Same shell
and wall, different carries: shell-level arithmetic is reusable, word-level arithmetic is not.

11 Computation protocol

Log schema per member: family, parameters (a,b), depth ¢, first-disagreement letter index .J,
centered residue (per family, once), window status, blocking prime if recorded. Every reported ¢
is computed two independent ways — modular evaluation of @ 4+ Z, (deep-level proxy) and direct
floor-disagreement search — and the two must agree; a discrepancy is treated as a bug detector,
and none occurred. Exact grid scans: three 100 x 100 grids (families B, C, D), 30,000 members,
zero singular members. Every scanned member of families B and C lies far inside the certified
regions of Theorem 9.3 (|Q| of order 219-216 against thresholds 22 and 25%3), so for those families
the scans are confirmation of theorems; for family D and the sub-law strips they are evidence.

12 Theorem targets and conjectures

General adjacent-pair saturation (Tier 4): upper-leading ¢ = p, — 1 exceptionless; lower-leading
{ = pp+ ppy1 — 1 for a > 2 with the a = 1 branch governed by Theorem 4.1; three pairs
confirmed, each new pair requiring only its own finite power certification. General degeneracy
law: Theorem 4.1 already supplies it; the open part is only its systematic interaction with depth
laws at semiconvergent shells. Window recycling: Theorem 9.3, extended family-by-family as size
bounds are certified. Residue genericity: Tier 4 as stated. Deep-compensation caution: lattice
points with |A| below the region floor renormalize to deeper shells and are excluded, not resolved.



13 Limitations

No Collatz proof is claimed. The analyzer does not cover arbitrary positive-entropy words, whose
agreement depths need not stabilize. No n-uniform theorem across the tower is claimed: each
certified family rests on its own finite, exact floor-lemma certification. The odd-prime layer
remains independent and undecided in general. Small residues or deep compensation points,
should they occur, would shrink certificate regions.

14 Tier ledger

Tier 1 Fundamental Lemma, family A theorem [1]; family B theorem
(Thm. 6.2); family C theorem (Thm. 7.3); family D theorem
(Thm. 8.2); the six degeneracy identities; all eight residues;
all reported exact computations.

Tier 2 window-recycling certificates for families B and C (Thm. 9.3),
through the archived Z, [1] and the size bounds.

Tier 3 sub-law depths (148, 129, 1538, and the a = 1 measured laws);
family-D and sub-strip grid evidence beyond theorem coverage.

Tier 4 general n-uniform taxonomy; residue-genericity conjecture;
deep-compensation renormalization.
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