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Abstract

Wave energy’s high predictability reduces energy storage needs and enhances energy security, complementing wind
and solar power. To capture meaningful amounts of energy, wave energy converters (WECs) can be deployed in
arrays. However, a major challenge in optimizing WEC array design is the significant computational cost of modeling
the complex hydrodynamic interactions between individual WECs. Numerous methods have been proposed to reduce
computation time, but their effectiveness in addressing this challenge remains unreviewed. This work presents a
comprehensive overview of WEC array hydrodynamic modeling in the frequency domain under linear potential flow,
comparing their limiting assumptions and computational advantages.
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1 Introduction

Wave energy has the potential to play a key role in the transition to renewable energy. It is predictable [1], energy-
dense [2], and highly available [3]. Additionally, wave energy can have a smoothing effect on the power production of
intermittent renewable sources such as wind and solar power [4, 5, 6]. To capture meaningful amounts of energy, nu-
merous WECs can be deployed together in an array. Arrays of WECs are advantageous as constructive hydrodynamic
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interactions and shared costs can increase energy production [7] and reduce the total cost [8, 9], respectively. However,
the well-known bottleneck when optimizing WEC arrays is the computationally expensive hydrodynamic model [10].
This work reviews frequency domain methods under linear potential flow that have the most promise to overcome
this computational barrier. The objective of these methods is to efficiently determine the frequency-dependent forces
associated with the incident, diffracted, and radiated wave potential.

2 Computational Challenges in WEC Array Modeling

When choosing a method to model the hydrodynamics of WEC arrays, trade-offs between the computation time and
fidelity must be considered. Linear potential flow in the frequency domain is the least computationally expensive
method for modeling WEC arrays, but generally does not account for nonlinearities unless hybrid modeling methods
are used [11]. Meanwhile, computational fluid dynamics models are the most accurate, but are far too computationally
expensive to model large WEC arrays [12, 10]. While many methods exist between these two extremes, linear potential
flow is often used when optimizing the design of WEC arrays since the computation cost of other methods becomes
unmanageable for large numbers of WECs [10].

Still, within the area of linear potential flow in the frequency domain, computation time is problematic. Boundary
element method (BEM) solvers, which can model WECs with arbitrary 3D geometries, become computationally
expensive when modeling large numbers of WECs due to their computation time scaling quadratically with the number
of panels [13]. This has motivated researchers to use interaction theory to reduce the computational expense. While
some of the methods in this work are capable of modeling arbitrary WEC geometries, many of them are limited to
only modeling axisymmetric geometries. The following sections overview these methods, highlighting their trade-offs
between computation time and generality of WEC geometry.

3 Interaction Theory Modeling Methods

3.1 Opverview of Multiple Scattering Methods

In this section, we discuss the multiple scattering (MS) method and its variants, which have been used to model WEC
arrays. This method was originally proposed as an iterative procedure by Ohkusu in 1974 [14] and was later extended
by Mavrakos and Koumoutsakos to be used for arrays of axisymmetric bodies with multiple cylindrical regions using
the matched eigenfunction expansion method [15, 16]. Over the years, there have been many alterations to this method.
In 1986, Kagemoto and Yue developed a noniterative version of MS that has been widely used since [17]. This was
generalized by McNatt et al. (2015) so that standard BEM solvers can be used to determine the isolated body properties
of each WEC in the array [18]. However, evanescent modes are neglected when using the version that is compatible
with BEM. Both the iterative [19] and noniterative [9] versions have been used recently in the literature, showing that
it is unclear which method is best.

In both methods, the general form of the scattered or radiated wave potential outside a body is
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where 7, 0, and z are cylindrical coordinates; & is the water depth; Ag,, and A, are unknown scattered/radiated wave
coeflicients for the propagating and evanescent wave modes, respectively; H,(nl) is an mth order Hankel function of the
first kind; K, is an mth order modified Bessel function of the second kind; and & and &, are wave numbers found from
dispersion relations [17]. Eq. 1 contains a total of (2M + 1)(L + 1) unknown coefficients, A,, and Ag,.
For the iterative MS method, the full interaction problem is discretized into orders of scattering. For each order of
scattering, a system of linear equations with (2M + 1)(L + 1) unknowns must be solved at each WEC to relate the
incident wave potential to the scattered wave potential in Eq. 1. As higher orders of scattering are considered, the
method approaches the exact solution.
For the noniterative MS method, the full interaction is accounted for all at once. A diffraction transfer matrix is defined
that maps the incident wave coefficients to the scattered wave coefficients for each WEC in the array. By relating the
incident wave coeflicients for one WEC to the scattered wave coefficients from all other WECs, a system of equations
with N2M + 1)(L + 1) unknowns can be written, where N is the number of WECs in the array. This method is exact
up to the order of truncation of the series in Eq. 1.
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3.2 Comparative Analysis of Iterative vs. Noniterative Approaches

Table 1 shows the computations and restrictions of each version of MS when determining the hydrodynamic forces
for the array. When finding the excitation force, all bodies are modeled as being fixed, and forces from the incident

Table 1: Comparison of iterative and noniterative MS methods. M, L, N, S, and Q are the highest order Bessel function
in the series representation, the number of evanescent wave modes, the number of WECs in the array, the highest order
of scattering, and the number of degrees-of-freedom of the array, respectively.

Iterative MS [14, 15, 16] Noniterative MS [17, 18]
Excitation Force | Solve for 2M + 1)(L + 1) unknowns Solve for N2M + 1)(L + 1) unknowns
Computations N x S times once
Radiation Force | Solve for 2M + 1)(L + 1) unknowns Solve for N2M + 1)(L + 1) unknowns Q
Computations O X N xS times times
Restrictions on Axisymmetric bodies Any geometry if evanescent waves are
Geometry neglected. Otherwise, axisymmetric

bodies.

and diffracted waves are superimposed for each body. For the radiation force, all Q degrees-of-freedom of the array
are modeled, and the forces on each body from the radiated waves are found.

The iterative version of MS solves a smaller system of equations than the noniterative version does. However, the
iterative version must solve this system of equations N X S times more than the noniterative version. Both methods
require solving a system of linear equations Q more times to obtain the radiation force than to obtain the excitation
force. Thus, solving for the radiation force will be the majority of the total runtime.

Note that the computations listed in the noniterative MS column are solely for solving the interaction problem once
the individual body properties, such as the diffraction transfer matrices, are already known. However, solving the
interaction problem dominates the total runtime [20].

Assuming the computation time scales cubically with the number of unknowns, as is typical for dense system matrices
solved directly [21], and that each WEC has at least one degree-of-freedom (Q > N), the iterative and noniterative
MS methods scale o« N2S [2M + 1)(L + 1)]? and o« N*[2M + 1)(L + D], respectively. The iterative method scales
quadratically with the number of WECs, while the noniterative method scales quartically. For scattering orders S < N?
with the same M and L, the iterative method is faster. Note that in some cases, the structure of the system matrix can
allow for the computation time to scale sub-cubically with the number of unknowns [21].

Nevertheless, the noniterative version of MS has a clear advantage over the iterative version: it can model any arbitrary
3D WEC geometry since it is compatible with traditional BEM solvers. This is thanks to the cylindrical surface method
developed in Ref. [22]. Meanwhile, the iterative version can only model axisymmetric bodies. It seems possible for
the cylindrical surface method to also be used with iterative MS, but this has yet to be explored.

4 Simplifications and Enhancements to Interaction Theory

There are numerous ways of altering the interaction theory in Sec. 3 to reduce the total runtime. Table 2 shows a
comparison of some of these methods. The CPU time is once again assumed to scale cubically with the number of
unknowns. Additionally, the version of MS that each version has been used with is listed.

The point absorber (PA) approximation, plane wave (PW) approximation, and interaction distance cut-off (IDC)
method are all based on assuming large separation distances between WECs. For the PA approximation, each WEC
is assumed to be a weak scatterer - a body whose scattered waves do not influence any other body [23, 24]. The
excitation force on each WEC is the same as if each WEC were in isolation, while the waves radiated by each WEC
are unaffected by the presence of all other WECs. However, all WECs can experience a force due to the radiated
waves [25]. This approximation is equivalent to the iterative MS method when S = 1. The PW approximation, shown
in Fig. 1a, refers to treating all waves incident on a WEC as being in the form of a plane wave — waves with infinitely
long, parallel wave crests [26]. As shown by Table 2, the computational savings come from the number of unknowns
no longer depending on M and L. This method was modified to include a correction term, which adds one more
unknown at each WEC [27]. The IDC method exploits the weak coupling between widely spaced WECs by ignoring
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Table 2: Comparison of interaction theory simplifications. G is the number of groups of WECs acting as fictitious
bodies in the HI method. N is the largest number of WECs modeled at once for the MBE method. E is the scaling
of the CPU time with the size of the sparse system matrix in the IDC method. r and d are the radius and separation
distances of cylinders.

PA [23, PW [26,27] | HI[28, 29, 29] MBE [19, 30, 31] GHR [32] IDC [20]
24, 25]
Excitation | « o o [NCM + o No significant | oc [N2M +
Force N[2M + [N(N - DP? D/GP? + mNbS [@M + | computations | 1)(L+ 1)]¥
CPU Time | )L+ D] [GeM + D]? (L + DPP required
Radiation | « oc o QIINQ2M + o Unchanged o
Force ON[2M+ | OIN(N-D]? | D/GP + WNb oS[eM+ O[NQ2M +
CPU Time | 1)(L+1)]? [GCeM + D] DL+ D] DL+ D)E
Valid For kor < kod > 2[33] | All cases Sufficient N, All cases Sufficient d
0.8 [33]
Version of | Iterative Noniterative | Noniterative Iterative Noniterative Noniterative
MS S =1

FI(TIUOIIS Body —

@%@
GO

T Fictitious Body

(b) HI method.

True Wave }‘i()ld\

(a) PW approximation.

(c) MBE method.

(d) IDC method.

Figure 1: Illustrations of modifications to interaction theory.

WEGCs that are farther than a specified distance from a particular WEC [20], as shown in Fig. 1d. More than a 50 %
reduction in the computation time can be achieved since the square matrix that must be inverted in the noniterative M'S
method becomes sparse [20].

The hierarchical interaction (HI) and many-body expansion (MBE) methods are based on modeling groups of WECs
in the array. The HI method uses noniterative MS and divides the array into groups of WECs, as shown in Fig. 1b,
which are referred to as fictitious bodies in Ref. [29]. Instead of finding the diffraction transfer matrix for each
WEC individually, the diffraction transfer matrix for each fictitious body is found [28, 29]. As shown by Table 2,
the computation time has a complicated relationship with the number of fictitious bodies G. Furthermore, groups of
fictitious bodies can be treated as a larger fictitious body, and this process can be repeated multiple times for different
levels of fictitious bodies. The MBE method instead considers all unique combinations of WECs for groups of WECs
containing up to N, WECs, as shown in Fig. Ic for N = 4 and N, = 2. Contributions to the added mass, radiation
damping, and excitation force from each group of WEC are added in a series. This method has been used to train
kriging [19] and artificial neural network models [30, 31]. The computational advantage of these methods comes from
reducing the number of WECs modeled at once.

The generalized Haskind relation (GHR) allows the excitation force vector to be represented in terms of just the
incident and radiated wave potential [32]. This completely removes the need to solve the boundary value problem
associated with the scattered potential.
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5 Discussion

While it may be difficult to say which method is best for all cases, some advantages are clear. Noniterative MS should
be used if the order of scattering required to obtain an accurate solution with iterative MS is too large (S > N?) or
arbitrary WEC geometries are being modeled. Otherwise, the iterative MS will provide a faster computation time
since it scales more gradually with the number of WECs.

If simplifications and enhancements to the interaction theory are used, the GHR is the best method for simplifying
the computations for the excitation force and comes with no drawbacks. The PA, PW, and IDC methods are good
options to consider to reduce the computation time for determining the radiation force when WECs are widely spaced.
Ref. [33] compared the PA and PW approximations to the iterative MS method and found that the PA approximation
is better for the long-wave regime (kor < 0.8) while the PW approximation is better for the short-wave regime (kod >
2), for cylindrical bodies with radius r separated by a distance d. However, the trade-off between accuracy and
computation time can be chosen for the IDC method, while it is fixed for the PA and PW methods. Additionally, the
PW approximation may not lead to computation savings when modeling large arrays since its computation time scales
more rapidly with the number of WECs than the PA and IDC methods, as shown in Table 2. The HI method is able to
simplify the computations without introducing significant errors, but the best choice of the number of fictitious bodies
G and the number of levels is unclear. Finally, the MBE method gives the user flexibility to change the number of
WECs N, to adjust the trade-off between the accuracy and computation time. However, all combinations of WECs
containing N, or fewer WECs are modeled, regardless of their separation distance. That is, even weakly coupled
WECs are modeled simultaneously.

6 Conclusion

This review paper highlights methods for finding the hydrodynamic forces on WEC arrays in the frequency domain
under the assumption of linear potential flow. The iterative and noniterative MS methods are two ways of solving
for the hydrodynamic forces. The noniterative version allows users to model arbitrary WEC geometries, while the
computation time for the iterative version scales more gradually with the number of WECs. Various modifications
to the MS interaction theory have also been outlined. It is clear that the GHR is the best method for simplifying the
excitation force computations. To simplify the radiation force computations, the PA, PW, and IDC methods are good
options to consider when WECs are widely spaced. However, the trade-off between accuracy and computation time
can be chosen for the IDC method, while it is fixed for the PA and PW methods. Meanwhile, the uncertainty in the
best parameter settings for the HI method makes its advantages unclear. Additionally, the MBE method gives users
the flexibility to decide on the trade-off between accuracy and computation time, but groups of widely spaced WECs
may be modeled unnecessarily.

Areas of future work include the following:

1. The iterative version of MS should be modified to be compatible with traditional BEM solvers, using the cylin-
drical surface method [22], since it would enable more flexibility in the geometry of WECs that can be optimized
while still ensuring the computation time scales better with the number of WECs.

2. The MBE method can significantly reduce the total computation time since it reduces the number of WECs
modeled simultaneously. However, groups of WECs are modeled regardless of their separation distance. A
modified version of the MBE may be able to exploit the interaction’s dependence on separation distance better
if the series expansion depends on the separation distance, or contributions from neighboring WECs are included
for lower-order approximations.

3. While the PA, PW, and IDC methods are the most fitting when WECs are widely separated, it is less clear how
the methods in Sec. 4 compare for cases when WECs are close together. In the context of design optimization,
small separation distances are of interest since the cost of the array can be reduced by sharing mooring and
transmission lines. A more rigorous comparison between the methods in Sec. 4 is required to properly decide
which is best in the closely spaced scenario.
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