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Complete FEL Source Code

import numpy as np
from qiskit import QuantumCircuit, transpile
from qiskit_aer import AerSimulator

from giskit_aer.noise import NoiseModel, depolarizing_error

# 1. Oracle for 4 palindromic strings: 0110, 1001, 1111, 0000

def palindrome_oracle():

"""Creates a quantum circuit that marks the 4 palindromic 4-bit strings."""

qc = QuantumCircuit(5) # 4 work qubits + 1 ancilla

# ancilla in |-> state

qc.x(4)

qc.h(4)



# Mark 0110: flip qubits O and 3 to turn 0110 into 1111

qc.x(0)

qc.x(3)

qc.h(3)

qc.mcx ([0, 1, 2], 3) # multi-controlled X on qubit 3 with controls 0,1,2

qc.h(3)

qc.x(0)

qc.x(3)

# Mark 1001: flip qubits 1 and 2 to turn 1001 into 1111

qc.x(1)

qc.x(2)

qc.h(3)

qc.mex([0, 1, 2], 3)

qc.h(3)

qgc.x(1)

qc.x(2)

# Mark 1111: already matches



qc.h(3)

qc.mex ([0, 1, 2], 3)

qc.h(3)

# Mark 0000: flip all work qubits to turn 0000 into 1111

qc.x([0, 1, 2, 31)

qc.h(3)

qc.mcx ([0, 1, 2], 3)

qc.h(3)

qc.x([0, 1, 2, 31)

# ancilla back to |0>

qc.h(4)

qc.x(4)

return qc

# 2. Grover diffusion operator




def

grover_diffusion(n_qubits=4):

"""Standard Grover diffusion operator for n_qubits."""

qc = QuantumCircuit(n_qubits)

qc.h(range(n_qubits))

qc.x(range(n_qubits))

qc.h(n_qubits - 1)

qc.mcx(list(range(n_qubits - 1)), n_qubits - 1)

qc.h(n_qubits - 1)

qc.x(range(n_qubits))

qc.h(range(n_qubits))

return qc

# 3.

Build one iteration of the FEL circuit

def

fel_iteration(theta):

nnn

One iteration of the FEL.

Uses 4 work qubits (0-3) and 3 ancilla qubits (4,5,6).

nnn



n_work = 4

I
w

n_anc

total = n_work + n_anc

qc = QuantumCircuit(total)

# --- Oracle ---

qc.append(palindrome_oracle(), range(5)) # oracle uses qubits 0-4

# --- Grover diffusion ---

qc.append(grover_diffusion(n_work), range(n_work))

# --- Fragility block ---

# rotate ancillas by theta

for i in range(n_anc):

gc.ry(theta, n_work + i)

# CNOT from each ancilla to a distinct work qubit

for i in range(n_anc):

qgc.cx(n_work + i, i)

# CNOTs between work qubits



for i in range(n_work):

for j in range(i + 1, n_work):

qc.cx(i, j)

# --- Emergence block ---

# rotate ancillas again

for i in range(n_anc):

gc.ry(theta, n_work + i)

# CNOTs from ancillas to work qubits

for i in range(n_anc):

gc.cx(n_work + i, (i + 1) % n_work)

# cyclic shift among work qubits

for i in range(n_work - 1):

qc.swap(i, i + 1)

# full pairwise CNOTs among work qubits

for i in range(n_work):

for j in range(i + 1, n_work):

qc.cx(i, j)

return qc



# 4. Build full FEL with K iterations

def build_fel_circuit(theta, iterations=3):

"""Full FEL circuit with K iterations."""

n_work = 4

Il
w

n_anc

total = n_work + n_anc

gc = QuantumCircuit(total, n_work) # measure work qubits

for _ in range(iterations):

qc.append(fel_iteration(theta), range(total))

qc.measure (range (n_work), range(n_work))

return qc

# 5. Standard Grover (K=1)



def build_grover_k1():

"""Standard Grover search with 1 iteration for 4 qubits, 4 targets."""

gc = QuantumCircuit(5, 4)

qc.append(palindrome_oracle(), range(5))

qc.append(grover_diffusion(4), range(4))

qc.measure(range(4), range(4))

return qc

# 6. Noise model

def get_noise_model(p=0.05):

"""Depolarizing noise model with single-qubit error prob p."""

noise_model = NoiseModel()

error = depolarizing_error(p, 1)

noise_model.add_all_qubit_quantum_error(error, [’ul’, ’u2’, ’u3’, ’rx’, ’ry’, ’rz

return noise_model




# 7. Simulation runner

def run_circuit(qc, shots=100000, noise_model=None):

"""Executes a circuit and returns counts."""

simulator = AerSimulator()

if noise_model:

circ = transpile(qc, simulator)

job = simulator.run(circ, shots=shots, noise_model=noise_model)

else:

circ = transpile(qc, simulator)

job = simulator.run(circ, shots=shots)

return job.result().get_counts()

# 8. Success probability calculator

TARGETS = {°0110’, ’1001°, ’1111’, >0000’}

def success_probability(counts):

10



"""Fraction of shots yielding any target string."""

total = sum(counts.values())

hits = sum(counts.get(t, 0) for t in TARGETS)

return hits / total

# 9. SPSA optimizer (minimal version)

def spsa_minimize(cost_func, initial_theta, max_iter=100, a=0.1, c¢=0.01):

nnn

Simple SPSA optimizer.

Returns optimal theta and history of cost values.

nnn

theta = initial_theta

history = []

for k in range(l, max_iter + 1):

ak = a/ (k + 1) *x 0.602

ck = c / k **x 0.101

delta = np.random.choice([-1, 1])

theta_plus = theta + ck * delta
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theta_minus = theta - ck * delta

cost_plus = cost_func(theta_plus)

cost_minus = cost_func(theta_minus)

grad = (cost_plus - cost_minus) / (2 * ck * delta)

theta = theta - ak * grad

theta = np.clip(theta, 0.0, np.pi)
history.append(cost_func(theta))

return theta, history

# 10. Main experiment runner

def run_experiment():

noise_model = get_noise_model(p=0.05)

shots = 100000

print ("Running Grover K=1...")

qc_grover = build_grover_k1()

counts_grover = run_circuit(qc_grover, shots, noise_model)
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if

__name__ == "__main__":

succ_grover = success_probability(counts_grover)

print (f"Grover K=1 success: {succ_grover:.4f}")

def cost(theta):

gc = build_fel_circuit(theta, iterations=3)

counts = run_circuit(qc, shots=shots, noise_model=noise_model)

return -success_probability(counts) # minimize negative success

print ("Running SPSA optimization for FEL...")

opt_theta, history = spsa_minimize(cost, 0.5, max_iter=100)

gc_fel = build_fel_circuit(opt_theta, iterations=3)

counts_fel = run_circuit(qc_fel, shots, noise_model)

succ_fel = success_probability(counts_fel)

print (f"FEL optimal theta: {opt_theta:.4f}")

print (f"FEL success: {succ_fel:.4f}")

print(f"Delta (FEL - Grover): {succ_fel - succ_grover:.4f}")

run_experiment ()
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