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to me that the theorem in regard to the enneadic centre subsists for a
system of 9 points such as referred to in the statement ; but that if by
possibility the statement be too general, the theorem must, at all
events, subsist for & more special system of 9 points; and that there
certainly exist systems of 10 points, such that each 9 of the points
have as an enneadic centre the tenth point. [I have since ascertained
that if & quartic surface with 10 nodes has a single node (8, 8), the sur-
face is a symmetroid ; whence, by what precedes, the remaining nine
nodes are each of them (3,3). Added 25th March.]

124. I notice, as a subject of investigation, the following system of
correspondence ; viz., given any 8 points in space: then to every point
in space corresponds a line through this point: viz., the ninth line
of the ennead obtained by joining the point with the 8 given points re-
spectively, and to each line in space & point or points on the line : viz., the
point or points for each of which the line is the ninth line of the ennead
obtained by joining the point with the eight given points respectively.

Dr. Hirst next entered into an explanation of his paper “On the
Polar Correlation of two Planes, and its connection with their Quadric
Correspondence.”

Profs. Cayley, Smith, Mr, Cotterill, and Dr. Hirst took part in the
discussions on the papers.

The following presents were made to the Library :—

% On the determination of the Orbit of a Planet from three Obser-
vations.” By A. Cayley, F.R.S.: from the author.

 Géométrie Supérieure.”” By M. Chasles: from the President.

Jan. 12th, 1871,
W. SPOTTISWOODE, Esq.,, F.R.S., President, in the Chair.

Mr. R. B. Hayward, M.A., late Fellow of St. John's College, and
Mathematical Master at Harrow, and the Rev. J. Wolstenholme, M.A.,
Fellow of Christ's College, were proposed for election.

Mr. Walker gave an account of the following paper:—

On Systems of Tangents to-Plane Cubic and Quartic Curves.

1. By a “ System of Tangents” I understand all the tangents which
can be drawn from & point (#,3,2,) to & proper plane cuarve (U). Ac-
cording to Dr. Salmon’s notation, the equation to the system of tangeuts
drawn to a cubic curve is obtained by equating with zero the discri-
minant of the binary cubic in A, u, (Higher Plane Curves, Ed. 1, p. 68,)

UN+ A,X’p -+ A)\,u’-i- UW’,
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where A, stands for m,‘—]’g +y dU+z,dE, and A for
au a*u au d*0 a:u
:dQ+:d‘+id‘+2JIZldl+22l ldd+2lJlde,

while U, is the result of substituting z,, 3, 2, for 2,y,2 respectively in
U. It will be convenient, in what follows, to use some symbol to re-

present the operatvr z, :l% + ... apart from its subject. Supposing then

__a d d
Dl—‘zldm'i'yldy + zldzs
the cubic above in A, u would be
UA 4+ D,UNu + ;D UN® + Uy,
2. As all the curves, which I shall have occasion to notice in this
short paper, will be expressed in terms of U, D,U, ... U, I have,at

the kind suggestion of Prof. Cayley, substituted for these cumbrous
symbols the single letters a, b, ¢, d with numerical coefficients; viz., in

the case of cubic curves, U=u,
DlU = 31),
3D} U = 3,

U, =d;

so that a is the given cubic function of 2yz, b a quadric, ¢ a linear
function, and d a constant. The cubic in A, x4 will now take the fa-
miliar form aX® + 3bA% + 3cdpu? + dpd
the discriminant of which is equal to
(ad—-be)*—4 (ac—b8") (Bd—c") covevvnriarenr e (1) 5
or, after multiplication by d’,
(ad?—38bed +26%)* +4 (bd—c*)® oivvvrnnnnnnnennnn. (2).
The geometrical interpretation of this discriminant has, as far as I am
aware, only been noticed hitherto when it is arranged in the form
(ad®*—6bcd+4c’) a+ (4bd—3c*) D .................. (3).
8. From (1) it follows that the equation to the six tangents from
(2, y,2) to the cubic U or a, may be thrown into the form

u —duuy =0 ..o 4),
the suffixes mdlca.tmg the order of the functions in 2y z; and where
w, == ac—b ),
Uy = ad—DbC ....coociiiiiiii (6),
Uy = bd—c® . (7)
0 i ith d +4 4 + 2 4 or D
perating w1 2, ‘—E I &y 192 1s

Dla=DlU=3b’
chz-}D:U=d=Uli
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consequently D,u, = aDyc+cD,a—2bD,b
= ad+3bc—4bc = ad—bc = u;.

Again Du; = dDa—bD,c—cD)d
= 3bd—bd —2c* = 2 (bd—c?) = 2uy.
Lastly " Dyu, = dDb—2¢Dyc = 2¢d—2¢d = 0.

If a,b,¢, (D,U), ... represent the results of substituting 2, y,, 2 for
2, y, 2 respectively in @ ... D,U ..., then, as is well known,
=T, =d,
b=3DU),=T,=4,
a=3MU)=0,=d,
from which it at once appears that each of the three curves u, = 0,
uy = 0, 4, = O passes through the point @, %, 7, from which the tangents
are drawn.

Since (#,y, #1) is a point on u,, and D,u, vanishes identically, %, re-
presents a pair of right lines drawn through that point; and since
D, %, = 4y Dyuy = (2)u,, (9 %) is a double point on u, and its first
polar u,, while %, is the pair of tangents to each of those curves at the
double point.

4. The curves u, u, having a common -double point and common
tangents at that point, will meet again in six points, and the form of
(4) shows that at these siz points the siz tangents to U drawn Jrom
(2, 91 2,) touch the quartic u,.

Further, the form of u, (5) shows that it touches U in the six points
in which the latter is met by its first polar b ; and, therefore, that %, U
have the same six points of contact with their common tangents.
Otherwise it appears from (6) that the nine points of intersection of
U and u, lie on the conic b, and the line c.

The conic b meets u, in two other points besides those referred to
above. Equation (5) shows that the line ¢ is a double tangent to u, at
those points ; while (7) shows that at the same two points u, is met
again by the two tangents at its double point (z,%, 2,), which are also
tangents to the conic b.

When the point (2, y,2) is on U, this becomes a point in which two
branches of u, touch, ¢ being the tangent at that point both to U and x,,
which touch in four other points lying on the conic &.

(5.) The form (2) of the discriminant gives the equation to the six
tangents from (2, ¥, #,) to U in the shape

v; + 4u) = 0,
where vy = ad?—8bed +2¢°,
and, as before, u, = bd—c?;
provided the point , y, z, be not taken on the curve U.

Of course (%, %, %)) 18 a point on v;. Moreover,

Dyv; = &*D,a—3bdD,c— 8cdD b+5c*Dyc;
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but D,a = 85, Db = 2¢, D;¢c = d, whence
Dyv, =0, '
so that v; represents three right lines through the point (2,7,2) meet-
ing U on the conic 36d—2¢* and the line ¢. Being drawn from a
double point on us, u,, they meet the former curve again in three points
only,—viz., those common to u;, U, and ¢,—a fact verified by the identity
dus = v3—2cu, ;

while they meet %, in six points, other than 23,2,

Since ovy = d? (ac—b*) + (bd —¢?) (bd—26%),
t.e., = d*uy+u, (bd — 2¢%),
the six points just mentioned lie on the conic bd—2c?, which has ¢ as
its chord of double contact with .

6. In the next place let U represent a proper plane quartic curve;
then the equation to the twelve tangents from (2, y, 2;) will be obtained
by equating with zero the disecriminant of

(a,b,¢c,d, e A, p)t,

where a=1,
46 = D,T,
6c=13DiT,
4d = }D| T,
e=TU,;

. Cod d d
D,, as before, standing for the operator z, s + @ +2 ) and U,

for the result of substituting 2, for 2, 9, for y, and z,for z,in U, Of
course b will be 2 cubic, ¢ a quadratic, and d a linear function of 2yz,
when a or U is a quartic.
If the standard form of the discriminant of (a,b,¢,d, eJA, ), viz.
3277,
where I = ae—4bd+3¢*,
J = ace+2bed—ad’—b'e—2%,
be transformed into IK—3J"?, by writing
J = 8F +cl = dace+ 2bcd— 3ad®—3b%,
K'=1I2+8¢c (6J +cl),
then the equation to the twelve tangents from (21 2) to U may be
exhibited under_either of the forms
FTIRTI V- ) RUUUUPRRIRURRRIPNY () B
or , wy — 2708 = 0 evrnrrncrnnnnrnnernninnnnnennenn (9),
where Uy = ae—4bd+36 ... erees .....................(10),
vy = dea+2bcd—ad’ —ble—c .......vueereennnnn. (11),
Ug = BV 40y everereneniniiianssrrsassennsnnenss (12),
wg = u: + 3¢ (6'va+cu.) ........................... (13),
the suffizes indicating the order of the functions in 2, ¢, #. :
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7. If a;, b,, ¢,, d, indicate the résults of the substitution of 2, for ,
.y, for y, and 2, for #, in a ... d respectively ; then, since

a=T1, a, =T, =e;
since 4 =D,U, 4 =0U,=e¢;
since 6c = %,—Df U, ¢=0,=c¢;
and since 44,=3D]U, d,=T, =
It is easily verified, therefore, that u,, v, each pass through (2,7, 2,).
Again, Dia=D,U=40 .covrvierrrenrrrirennn. (14),

Did=3D{ T = 3c....ccc0ervuverrervensennes (18),
Dic=DIU=2d ccvvrrererreevannnne. (16),
Did=2DITU=T=¢ .cceceerrrruenn .. 7).
From these relations it is readily verified that
Ditg=0.c..cccviverirevernieeicrnnnn.n. (18),
Di=0..occ0vvverrvr vv vever oo (19),
consequently u,, v, represeut systems of four and six right lines re-
spectively drawn through (=, 2,).
From (12), (19), (16), it follows at once that
_ D, us = 2du,;
and from (17), (18), D} ug = 2eu,,
Dy, =0;
consequently (z,% 2) is a quadruple point on %, and %, is the system
of four tangents to u; at this point. Further the form of wug, viz.
8vy+ cu,, shows that the four lines u, meet %, only on points common
to u, and v, t.e., only at (z,9,2), which is therefore a point of in-
flexion on each of the four branches of u; meeting at that point.
Also, (13), (16), (18), (19),
D,us = 6d (6vs+cu,) + bedu,
= 12d (3vs+cu,) = 12du .................. (20);
consequently ug bas its first polar with respect to (2, %, 2)), through which
it passes, the sextic u; and the line d. The point (2, ¥, 2,) is therefore a
quadruple inflexion point on 4 also, and the four lines %, are the tan-
gents to u, at that point, each touching one of its four branches in three
consecutive points. The form of u,, viz.
g = u + 3¢ (6vs + cuy),
shows that the eight points, other than (2,y,2,), in which its four tan-
gents %, meet it, lie on the conic ¢, which has octuple contact with u,
at these points.
8. The curves u,, 4, having {2, y,2) as a common quadruple-inflexion
point, and common tangents at that point, will meet again in only
twenty-four points, and the equation (8),

w4y — 30 = 0
4 %5 () ]
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one of the forms of the equation of the twelve tangents drawn from
(@, 11 %) to U, shows that at those points the same tweluve lines are double
tangents o ug.

It may be further shown that these twelve double tangents to wu,
touch this curve each once at its point of contact with U; or, in other
words, that u; touches U at the twelve points of contact with the latter
curve of their common tangents, the other eight points of intersection
of 4 and U lying on a conic.

For all values of the variables which satisfy U=0, t.e. a =0,
see (10), (11), uy = 3c*—4bd, :

vg = 2bed —e—c*;
whence, and from (12), = (2ed—be)bd;
consequently the intersections of U, or a, and its first polar & lie on u,.
Again, generally, (13), 1 = u, (#,+3¢*) +18cv, ;
so that for all values of #, %, 2, which satisfy U or a=0, substituting the
values of u,, v just above,
uy = 2{(3c*—4bd) (38> —2bd) + 18bc*d— 98%ce— Ict}
= 2 (8d?—9ce) b*;
consequently, at the twelve points in which U meets its first polar b it
touches ug; the remaining eight points of 1ntersect10n of U with u,
lying on the conic 8d*—9ce.

9. The four tangents u, to u; at the quadruple-inflexion point (@, ¥, 2))
count as twenty-four of the fifty-six tangents which can, in general, be
drawn from a point to ;. Of the other thirty-two, twenty-four, viz.
the twelve double tangents, have been accounted for. In order to find
the remaining eight, I have thought it worth while to investigate in-
dependently the equation to the thirty-six tangents which can be drawn
from (2,7,2,) considered as a quadruple point only, as may be done
without difficulty. It is necessary to form the discriminant of the
quartic

ush® + Dyug Np + 3D} \® 4 -}D, ugApu® + ﬁD, ups oouee (21).
Now T = u} + 3¢ (6vg + cuy),
and, (20), D,y = 12d (Bvg+cu,) 5
whence, (16)—(19), 3Di 4y = 6 {e (8u, + ou,) +2d'w,},
1D} uy = 12deu,,
. -,-‘ID: uy = 3elu,.
Comparing the quartic (21) in A, # with (A4, B, C,D,EJ), p)¢,
A = w*+3c (6v+cu),
B = 3d (3v+cu),
C=cBvtcu)+2dn,
D = 3dex,
E = 3¢,
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the suffixes to v, and u, being dropped for shortness. Hence
AE—4BD +3C* = 3{é («'—27v*) +4 (cen—d*u+3ev)?},
and ACE+2BCD—AD’—BE--C'=
{36’ (u*—27v") + 8(ceu—d'u + 3ev)*} (ceu—d'u + 8ev).

10. If for shortness we write
l=é(ud —270]),
m = (ce—d?) u,+ 3ev,,
the equation to the thirty-six tangents from (z,¥,2,) to us will there-
fore be (U +4m?)°— (3814 8m*)* m? = 0,
which reduces identically to I (14+8m*) = 0.
Restoring their values for I, m, this equation becomes identically
g (ud — 2793 ) [¢*{u] + B¢ (6vs+ cug) } —3d? {26 (3vg + cuy) —dPu,}] = 05
t.e, (13), (12), u,(u] — 279} ) {’us— 3L (2eug—dPu)} =0 ...... (22).
The first factor enters in consequence of the four lines u, meeting the
curve each in two points consecutive, on each branch, to the quadruple
point. The second factor is the representative of the twelve double
tangents; viz., the tangents to U from (2,9, 2) : lastly, the third factor
represents the remaining eight tangents, touching u, at the eight points
in which it is met by the line d, which appeared before as a factor in
its first polar (20). These last eight tangents being drawn from a
quadruple point will intersect u; again each in two points only lying
on the sextic 2eug— d*uy = ws = 0.
This sextic ws has—as appears from its form—sextuple contact with u,
at the six points in which they are both met by the line d. In fact w,
has (2,1 2,) also as a quadruple-inflexion point, %, being also the four
tangents to it at that point. Consequently w; meets %3 in twenty-four
points other than (#,9,2); viz., in the eight common to ug, %, and the
conic ¢, besides the sixteen above alluded to. This appears from the
identity eug— Bcwy = u, {eus— 3¢ (ce—d?) }. '

11. It appears from (13) that the six lines v meet u; in twenty-four
points, other than (z,, 2,), lying on the quartic
u+3c* =0,
the other eight points common to this quartic, and w, being the eight
common to the four lines %, and the conic ¢, which in fact are the eight
points of contact with the quartic of its four double tangents u,.
12. When the point (2, ¥, ) falls on the curve U, U, or e = 0, and
w, = —4bd +3¢%,
v = 2bed —ad® —¢f,
ug = (2bc —3ad) d,
g = 2 (85— ac) d.
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In this case, then, w; breaks up into the square of the line d—the_tan-
gent to U at the point (z,y,2)—and the sextic

vy = 856°—9ac,
while, correspondingly, % breaks up into the line d and the quintic
vy = 2bc—3ad,

which may be verified to be the first polar of v For since
Dia=4b, Db=3c, Dic=2d, Dd=e,
D,vg = 166D,0—9aD,c—9cDya
= 48bc—18ab—36bc = 6 (2bc — 3ad) = 6us.
Again, D,vs = 26Dyc+2¢D,b—3aD,d —3dD,a
= 4bd+bc®—12bd = 2 (8c* —4bd) = 2u,;
go that v, vs have (2,9,%) as a common qﬁadruple point and four com-
mon tangents at that point; consequently they meet again in ten points
only. The ten tangents which can be drawn from (z,4,2) to U or a
touch v, at the same points, as is evident from the form of v, ; and being
drawn from a quadruple point do not meet that curve again.

Prof. Cayley made a few remarks on Mr. Walker’s paper, in the
course of which he suggested the alteration subsequently adopted by
the Author.

Mr. S. Roberts then read a paper

On the Order and Singularities of the Parallel of an
Algebraical Curve. '

1. A Parallel of a curve is variously defined as the envelope "of a
circle of constant radius which touches the given curve, or has its centre
thereon ; and, as the locus of the centre of a circle of constant radins
which touches the given curve.

The most obvious property of a Parallel is, that among the normal
distances of any point on it from the primitive curve, there is always
one of given length, which'I call the Modulus of the Parallel. More-
over, if at any point on the primitive we draw a normal, two points
will be determined on the parallel by taking upon the normal lengths
equal to the Modulus in opposite directions from the point; and the
normals to the Parallel at these points coincide with the corresponding
normal of the Primitive. .

The parallel, therefore, has the same normals as the primitive, but
each is normal at two points. The latter curve is a parallel to itself to
the modulus 0, but we shall have reason to'remark that as the normal
distances which determine points on the parallel are measured in two
directions, on opposite sides of the corresponding branch of the pri-
witive, this, as parallel to itself, must be reckoned twice.

‘Since the primitive is included in the family of parallels, they may





