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I propose in the following note to discuss the following proposi-
Lions, via, —

(1) A trianglo DJ7I" inscribed in a given triangle ADBC so as to be
similar to auother given one A'J¥C’ belongs to some one of twelve

systems of similar in-triangles—each system having a centre of
similitude of its own.

(2) The centres of similitude of the twelve systems in question
can be formed into two groups of six points, which lie, respectively,
on two circles, inverse to cach other with respeet to the circumecircle
AIC. If we use isogonal coordinates, the equations of these circles

aro z cosee A +7 cosee B+ 2 cosee C == cot w +cot v,
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and Sz cosec A = cot w—cot o',

where w and o’ are the Brocard angles of ABC and A'B'C, respec-
tively.

(3) The contre of similitude of any system of similar triangles
inscribed in ABC, and having a common Brocard angle equal to that
of A’B’'(Y, will lie on one or other of the above circles.

(4) Asa particular case of the problem, I shall also notico the
different systems formed by a triangle DIF inscribed in ABC so as
to be either directly or inversely similar to it.

Secrion 1.

* When three points D, I, I are taken on the sides B0, CA, 4B ofa
triangle ABC, then the circles ODE, AEF, BFD will intersect in one

or other of the pair of points whose isogonal coordinates are
o= gin (D4 4) y= sin (I + D) g = sin (4 0)

sinD '’ sinf ’ sin F'
__&in (D_——i___l) _ Si‘l_(_.r?_:ﬂl __sin(FP=0)
aud TETGmD YT TN E O TT TTer

* If z, y, 2, a, B, 7 donotc respectively the isogonal and trilinear coordinates of
a point, then

E_Y_ 5 _fatiBicy

a B v  aBy+bya+caf
whero @, 8, ¢ aro tho sides of the trinngle of refcrence ABC. llence z, y, = eatisty
the relation Sa(x—-yz) =0, or 3 (v—yz)sinAd =0,

it is scen that a circlo is represented in this systom of coordinates by a linear
equation AT+ uy +vz = 8.

Sco a noto on * Sccondary Tucker-Circles,” recently communicated by me to the
Society (Proceedings, Vol. xx1v., pp. 121 &e.).
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where D, I/, I" denote the angles of the triangle DII'. These two
points are inverse to each other with respect to the circumcircle AI3C.
It follows from this theorem that a triangle DIF inscribed in ABC
80 a8 to be similar to A’B'C’, must belong to some one of the six pairs
of similar in-triangles whose centres of similitude are the following
points, viz.,
r = sin (D+ 4) y = sin(f+B) sin (I'4-0)

sinD ' sinli '’ sin F
_sin(D=A) _ _sin(H—B) _ _sin(F=0)
and o= Y= T P T T

where the angles D, I, I have the following values:—
(\)D=4,E=0H,F=C, 2 D=4,E=C,F=I;
B D=DB,E=C, F=4; (4) D=B,E=4, F=C;
(5) D=C, E=A4, F=F; (6) D=C,E=DB, F=4"

SecrioN 2.

Since the equations 2z = Em—(:l")-j.—‘/—l—), &e.

give Sz cosec 4 = 3 cot 4+ 3 cot D,

it is easily seen that the centres of similitude of the six pairs of
systems of similar in-triangles considered above must lie on the
circles

Szcosec 4 = cotw+cot ' and Szcosec A = cot w—-cotw’,
where cotw =S cot4, and cotw = 3 cotD = Scot A’

It is also evident that any point on either of these two circles can
be considered to be the centre of similitude of a certain system of
similar triangles inscribed in 4 B0 which have a Brocard angle equal
to that of 4’0", ,

This may be also stated as follows, viz.: The pedal triangle with
respect to ABC of any point P on the above circles has the same
Brocard angle as 4'B'C". The point P is, in fact, the centre of simili-
tude of triangles inscribed in ABC so as to be directly similar to the
pedal of P with respect to ABC.
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SecrioN 3. Particular Case of the Problem.

When the triangle A'B'C’ is similar to ABC, the centres of simili-
tude of the six pairs of systems of in-triangles formed by DIF,
similar to A0, are the points

(1) (2cos 4, 2cos BB, 2cos0); (0,0, 0).
@) (200811 find sin/l)_ (O sin (C—NB) sin (B—G))

o~ VD A ) 0
sinC’ sin B/’ sin C sin B

. (ﬂih(B—A) sin (C— 1) sin(A—-O))
’ .sinB ' 8inC ' sind [/

sin C rinAd sinD
) (sin!f’ sin (’ sinA)

sinC  sin( - (Sin(B—4) sin(4—B) .\
(%) (siu])" sin 4’ 2 cos O)’ ( sin B '  sind ' O)'

. (sin(G—A) sin(A—B) sin (‘B——C))
’ sinC '  sind ' sind /

sin O’ sin A’ sin B

(5) (siﬁ.B sin s_ig‘il)

G sin B 9 sin 2\ sin ((—4) sin(A—O).
© (sin c cos B, Bin.zi)’ ( sin C » 0, sin 4 )

Six of these points lie on the Brocard circle
Sz cosec 4 = 2 cob w,
and the remaining six on the Lemoine line
Sxcosccd = 0,

which is the inverse of the circle in question with respect to the
circumecircle ABC.

The two systems whose centres of similitude are

(sAiu (B—=d) sin(0--1) win(d - C'))

sinb ' sinQ sin A
and (s (0= sin(4=1) sin@1=0)),

sinC °  sind sin B
1.e., the inverses of the Brocard points (—G—, 2 —b—), (i’—, i, —a—)
b ¢ a/ \¢ a b

with respect to the civeumeircle ABC, have been already noticed in a
paper recently communicated by me to the Society.

In cither of these two systems we have a series of in-triangles
inversely similar to ABC, and this is also tho case with regard to
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each of the systems whose centres of similitude arc the points

. b i g

(2 cos A, -Z‘—, %) ; ( ) 2 cos B, ;’) ; (Z, —:;—, 2 cos C’) ; (0,0, 0).
The point (0, 0, 0) must be regarded as an infinitely distant one

on the Lemoine line

Sz cosec 4 =0,

and, corresponding to each of the remaining six centres of similitude,
viz. :—

(2cos 4, 2cos B, 2cos(), (.Z_, L, 2)1

a b
c a b gin (C—RB) sin(B-0)
(b’ ¢’ a)’ (0’ sinC- "’ sin B )'
(nin(C’—-—.@ 0 nsn(A_a)> (sin (B—A) sin (A -B) o)
sinQg ' sin A ’ sinDB sind ' /'

the inscribed triangles are directly similar to AB(Q; that is to say,
every one of them may be brought by rotation in its own plane into
@ position wherein its sides are respectively parallel to the corre-
sponding sides of ADC.

A few theorems with regard to the systems of similar in-triangles
whose centres of similitude are the points

2 ) b b c ¢
¢ 4, 2 2 (._ 9¢ b S
(Zcos et ), o 2 cos BB, w), (b’ o 20030),
i.e., the vertices of the second Brocard triangle of ABC, may be

noticed here.

As ‘T have already stated, the in-triangles for each of these points
are directly similar to each other and inversely similar to ARC.
If we consider the system of in-triangles corvesponding to the

centre of similitude (%, £, 2cos C), we have the following results,
Vi, i— @

(1) A reference to the figure will show that if D=0, F =4,
and ¥ = O, thoe sides DI, I'l, J7D are respcctively parallel to lines
AP, BP, OP which mcet in a point I’ on the circumecircle A BC.

(2) There is no difliculty in finding a geometrical construction for

the contre of similitude in question. In fuct, if O denote the centre

of the circumcircle ABC, the point (—2—, -%—, 2 cos 0), or say U, will
[{

be the intersection of the civcle BAO and that which can he drawn
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throngh B and C to touch AC. If the angle O be acute, tho co-
ordinates of U can be written in the forms

m=____s_inf) v = 8in ¢ = sin y
sin(0+4)' Y T sin(p+ D)’ sin (y+0)’
where 6=C, ¢=0, and ¢y==»—-28C.

In this case it follows that the angles subtended at U by the sides
BC, CA, AB are = —C, #—C, and 2C.

(B) If D=DB, B =4, and F = O, the centre of similitude U of
the in-triangle DEF (see Iig.) has the following property with
regard to DT, viz., the isogonal point of U with reference to the
triangle DEF has the same relation to DEF as U has to ABC.

(4) The centre of similitude of the triangles AB0, DEF, where
D= DB, E= 4, F = (, is a variable point whose locus is the conic
represented by the trilinear equation

v'sin 20— By sin 4 —ya sin B+af sin C = 0.

This curve passes through the vertices 4, B, and the centroid and
orthocentre of ABC. It also touches the symmedian lines 4K, BK
of the triangle 4BC.

(5) If paa+qbf3+7rcy = O represent the axis of similitude of ABC,
DEF, the envelope of this line seems to be a curve of the third class
whose equation is

{a’p+b’q+(a’+b’—c’) ,.} {qr+pr—2pq}
+{(@+V' =) (p+g) +cr} {pg—r} = 0.

(6) If D=D1, B =4, F=C, the circumcircle DI F' has double
contact with the conic

SVsinD.sinDfdz=0,

or Vasin B+ vBsin 4+ vysin 20 = 0.

(7) If we take D= B, L = 4, F= (), and the other centre of simili-
tnde—say, U'—of the in-triangle DI F to be the intersection of the

Lemoine line
Sacosec.d =0
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with the side 4B of the triangle AB0, it will be easily seen that the
circle DEF passes through two fixed points, viz., the vertex 0 and U".
The system whose centre of similitude is the centre of the circum-
circle AB0, does not seem to call for special notice. The foci of its
double contact inscribed conic are the.centre of the circumecircle and
orthocentre of ABC.

On a Problem of Conformal Representation.

By Prof. W. Borwsipe. Read April 13th, 1893.

1. Introductory.

The conformal representation of a plane finite polygon, no two of
whose sides cross each other, on the half of an infinite plane or on a
circle, is due originaily to Schwartz. If a7, uym, ... a,7 are the
internal angles of the polygon in order, and if w and z are complex
variables moving respectively in the plane of the polygon and in the
infinite balf-plane by the functional relation hetween which the
conformal represontation is given, it is shown first that

2 (o dw

dz\ °dz
_is everywhere finite, continuous, and aniform in the positive half of
the z-plane, and that it takes real values along the axis of real
quantities. Hence, by a general theorem, also dne to Schwartz, it
follows that this function can be continued across the real axis, so-
* that it takes conjugate imaginary values at conjugate points; and
therefore that its value at overy point of the z-plane is determined
by its dlscontmultles, which all lie on the real axis, and are the
points of that axis corresponding to the angular points of the
original polygon. 1If a,, a,, ... a, are these points, the value of the
function thus obtained is given by the equation

£ ()32
dz '—1"—a,

That tho quantitics a,, a,, &c. ave actnally determinable in terms of



