1. Maimstén, de integralibus definitis.

1.

De integralibus quibusdam defimitis,
seriebusque infinitis.

(Auct. C. J. Malmstén, prof. math, Upsaliens.)

Si cognitam formulam

@
. u
-—xZ — e
_/0 e Sinuz.dz = s

per du multiplicemus atque ab ©z =0 integremus; habebimus

%. 2/0‘ e * i me—*Z COS U : de = lOg (x2_'_"u2) _ 210g @,

P4
unde, cum sit

log —f i S dz,

obtinebitur :
—,‘IZ C
1. log(a® +u2)—2/ ________os_usdz.
Multiplicemus jam utrimque per '
ellu — e——ﬂ,u
entt— p—Tu * du: [a < W]’

integratione inter u = 0 et v = ® instituta, fit
eau — dz @® eau e—au
/0 i g log (@*+u”)du = 2 f A i (e — . e-2% Cos uz)du
unde beneficio notae formulae*) sequltur
* 1 — g—att
_/0‘ enu__ c—?tu log (x2+ uz) du —

sive, posito

s 2r“ Sina _
- l+2e-"Cosa+e—“']

er=y, unde z=log — et = — dy,

*) Videas Exerc. de Calc. Intégr. par Legendre, Tom. 1l. pag. 186.
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D 1. Malmstén, de integralibus definitis.

2, /; z:,r——ein—u log (2 +u?) du / (Tang2a l:;—zz}?—:-—:_'_?
(e< 7r).
Facile vero demonstrari potest, si @ in ratione qualibet commensurabili sit
ad =, id est a-::-’-»;? (m et 7 numeri integri), integrale in dextero aequatio-

nis (2.) membro finite semper per functionem I' exprimi posse. Nam sit bre-
vitatis causa

o ’ 2y*Sina
T= ° 1o g (Tang 3@ — 1+2yCosa.|Ty—")’
differentiatione respectu ipsius @ facta, prodit
d1 _y*Sina.dy
3. = 2/ l+2y Cosa+y*”

. . m7m . . le*
In suppositione vero a = p cognitum est 1ntegrale )

ySinady _ S [ gl ””*”*') d.log. r(“‘”‘z

—1)t-1
f l+2yCosa+y ‘=(1 1)1 sin 7a.

dx dx -

ubi m -+ n numerus impar est, et .

1 e i=}(n—1) d.log T(m"m z) d log T(‘E‘."_’)-
S Y oimady g 1%l sin ia —_ \nJ
o 14+2yCosa+y® =1 E dx dx .

ubi m 4+ n numerus par est; quod quidem in (3.) ductum, suppeditat

i=n—1

dT =2 S(—l)"l Sin ia (d.log T(m+n+z —dlog T w+z))

(m -+ 7 = num. imp.)

’_l ”_,,l

dT =2 S(-—l)'-l Sin ia (d log 1‘("‘""“1) — d.log 1‘("’_”_":'))

- (m 4+ n = num. par.)

unde, integratione  instituta,

) Leyeﬂdfe Ezerq. Tom 11. pag.- 163 —165. — Observamus errorem, qui loco cit. apud
Legendre occurrit, ubi de formulis, a nobis in textu allatis, dicit, illam valere cum m numerus lmpar,

hanc vero cum m numerus par est. At vero est statuendam, illam aut hanc valere, pront m - n impar
aut par est.
t



1. Malmstén, de integralibus definitis. 3

24042
i=n—1 T( 2n )
T=C+2 S(——l)’ 1 Sin 7a log —
4 (m 4 n = num. imp.) T)
—n1 s (a:+n+i )

T=C+ 28(—1)"‘1 Sin za. log

)

(m + n = num. par)
Hinc in primum x =7 et deinde & = s ponamus, subtrahendo obtinebimus
hoc integrale o

1 ody y A=y
f s L 142y Cosa+y*

0Ty
i=n—l‘ . T(s+”+z) ’r+t
= Cosec.a.S(—1)1 Sin 7a log Tn4i S+t
i=1
= T( 2n ) r 20

(m+4+n= num. imp.)
1 dy i y (l_ys-r)
C
4]; log; 1+2y Cosa+y*

' s+n—i ri
i=jo—1) r(57)-1(5
= Cosec.a S(—1)+-1 Sin iz log

i=1 T(r+n—z‘) I,(s_'_-i_—_i)
_ n : n
(m + n = num. par).
Harum vero formularum ope valores etiam C et C’ jam determinari possunt.

Nam si primum r =0 et s=1 et deinde r =1, s =2 ponamus, sub-
tractione facta invenimus

fl dy  (1—2y+y*)Sina .is.?':;)i-l Sin ial (T("'*'“‘l)) (H'2 T(ésl)z

: og— "142yCosa+y’ og (T (, ;_nl)) . +c ("“*2)5
(m 4+ n = num. imp.)
, 1—\\2 _(i4+2 é
o amme_n | (CS)r(2)r()
flry B =S bt o

(m + n = num. par)
atque etiam e formulis (4.), posito x =1, prodit

1*



4 1. Malmstén, de integralibus definitis.

1 dy (1—2y49?) Sina
* 2
.ﬁ log _l__ 142y Cosa+49y®

Y

n—+i+1
i=n—1 ) Qe F( 2n
= (1 + Cos.a) (C’' + 2 ﬂl—l)" Sin 7a log 3|
‘ 2n
(m 4+ n = num. imp.)
U dy (1—2y+y* Sina
J; log—;- 142y Cos a+y*
= (1 4 Cos @) (C’' + 2 ‘S_(l——l) Sin za log T(ii"_l)
n

(m =+ n = num. par)

quae formulae, inter se comparatae, cum sit omnino
2Sin ma Cos @ = Sin (m+1)a + Sin(m—1)a,
hos valores ipsorum C et C’ suppeditant:
C = Tang }a.log 2n,
C'= Tang }a log. n.
Fit igitur, substitutione in (4.) facta,

. r(*n
T = Tang }a.log 2n + 2 S,(‘_.ll)t—l Sin iz log %iﬁg{_‘)g
T'(on )

i=1

(m 4+ n = num. imp.)

VN T(x-;-n-;-z‘)
T= Tang i@ log n+28 (---l)"l Sin 7a log :c:-i
= (%)

(m 4 n = num. par),
atque si brevitalis causa ponimus

© g%t — ¢~

6. L(a @) ::_—.f0 m log (#*+u?) du, -

. mm .
ex formula (2.), posite a = —- ubi m <mn,
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T4
i=n—1 I( )
L(a, «) = Tang }a log 2n + 2 §(—1)i1 Sin za log —f—x_H
= \ r(—?n)
" (m + n = num. par)

L(a, x) = Tang ;a.log n + 2:5_’_(1-—])*-1 Sin ia. log e
(%)
(m 4 n = num. par)

Pro x =1 et a=1r, unde m =1, n =2, e priori accipies

“log (1+u?)
5. f R du=10g ().

§. 2.

Ut vero ex formulis (7.) nova quaedam integralia definita deducantur,
demonstrare primum necesse est hasce formulas etiam pro o =0 valere;
quod quidem ut fiat, in promtu ponere sufficit, formulam (1.), unde tamquam
e fonte illae derivant, justam etiam pro & = 0 manere.

Cognitae sunt formulae

W e~**(ySinu.w—xCos u.w) T
e~2* Cos uzdz =
~/c: C gl aigu?’
f“’ w ] e~ * (u Sinwzx 42 Cos wx) x
e n az dz = —
0 x?_l_u‘z xﬂ+uﬁ b

unde subtractione facta habebimus
Sy dz (e Cos uz — e Sin az)
e~v*(uSinu.w—zxCos u.w) e—w"(uSmwx+acCOSwa:)
o u? + x? -u?
Jam si, multiplicatione per dx utrimque facta, integrale ab # =0 ad a=u
sumitus, fit

_/ (;w 4 (Cos uz — e~w)

* y Sin wz +2 Cos wr  g—wz (y Sin uw —x Cos uw)
= e~v* R : /
'-/o o u? dz + o i da.

Facile vero patet pro valoribus ipsius w indefinite crescentibus integralia

g-tow f u Sin wa:+:c Cos wz ot /" ¢~ (u Sin uw — x Cos uw) do

x?4-u?

dx

indefinite in nibilum convergere, unde fit ut



6 1. Maimstén, de integralibus definitis.

X lim f — (Cos uz — e) = 0 (w = )
id est

@

/; ? (Cos uz — ) = 0.

Haec vero formula, si a cognita illa

@® e i—e —Uuz
‘/; ———dz=log u

subtrahitur, obtinebitur

9. /‘; -e:i:-g-?i’—"sdz=logu

2

unde manifestum fit, formulam (1.), una cum omnibus ex ea derivantibus, etiam
pro & = 0 valere.

His ita demonstratis, sit jam in (7.) # =0, ponamusque
Zu n
en >y, unde u=—7-v—log ¥

. mmn . .
cum sit @ = —-, obtinebis

TS fog ()} dy

o gy i
i=n—1 r(®
Tang 2n Jog 2n + —. 8(=1)+1 Sin — m og 2”)

= "(z)

(m 4 n = num. imp.)

~® gm-1__
/. ’-’-y——i’—- flog () + log (log )} dy

i=}(n—1 r(1—-—
'I'ang o log n + — S(——l)"l Sin 7 log ( ")

T iN
r(3)
(m 4 n = num. par),
atque quia est

ym—l -m-l _ z']n 2.—5 2n ms
f —--f dz.— 7‘.Tang—ﬂ'

etiam
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~1

® o m=1___ p—m—1
( S, == log (log y) dy

i=n—1 (n-_{-_z)
Tang 2 log 2 + — . S(—=1)*! Sin mml gg 2n

=1 I‘(z_z_n)l

(m 4 n = num. imp.)

ym l_y —m—1
[) pr— . log (log ¥) dy

t_%(n—l
Tang o log:n,‘+—— S( ])"l Sin ——I

10.

r(-1)
£6)

(m + n = num, par).

Hinc sequitur pro m =1,

®

/ y"—2log (logy) dy
f l_l_y1+y4+“"+y2(n—l)

N4
t=n—1 r (‘ﬁ'
Tang 3, log 2w + - S(l-—-l)t-l Sm — . log : )
= Il —
2n

1L (:z = num. par)

y"2.log(logy)dy
1 L9 9 e 20
i=f(n—1)

= 2% Tang 2% log = + d '_(I-l)".l Sm — ]og

r(r-)
@
\ ~ (n = num. imp.

Ex. gr. posito in illa n =2 et in hac n =3, habebimus, si in hac y* in y
mutatur,

@

log (logy)dy @)L I()

Jo Taap =i log | 1"(%)"%

f"’ log(logy)dy __ Z lo §(2ﬂ)§.1‘(§) .
o iyt V38U T

12.

§ 3.

Ex §. primo jam apparuit, transcendentem illam, quam per L(a, x)
designavimus, finite semper per I' exprimi posse, cum & in ratione commen-
surabili ad = est. Nunc in hoc §. versabinur cirea proprietates quasdam ejus
maxime notandas. Sit igitur in priori formularum (7.) # = }=; tunc erit
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or (”—iﬁ)

T(m:l

unde, si  + 2 loco ipsius & ponitur, addendo invenimus
14. L(im, 2+ 2) + L(3m, o) = 2log (z + 1).
Si vero in (13.) 2 —  loco ipsius @ substituimus, e relatione cognita

r(a). T —a)=

13. L(}n, ) =2log

b

T
: Sinax *
similiter addendo erit

15. L(%'TL‘, x) + L(%qg, 2—-3:) ] 210g [(a:-—l) Cot. (m—;l)”],

id quod pro x =1 formulam (8.) reddit

16.  Lim1)=log(2).
E formulis (14. et 15.) functionem L(}m, ) pro quolibet ipsius @ valore
cognitam habemus, si modo per totam periodum ab £ =0 ad x =1 cogpnita
sit, Praeterea formulae (14. et 16.) docent, L(jx, ) pro @ = quolibet nu-

mero integro impari finite per logarithmos et = exprimi posse.
Sit jam priori formularum (7.) @ = %m; tunc erit

44 5
- . -56-T(T)-T("s—)
L(%m, ) = 28Sin = log | )
B T(T)'T(_ﬁ')
unde simili fere modo uc supra obtinebimus
L(3m, 2+3) + L(3m, ) = 28in 57 log [(x+2) (x+1)]

17. L(3m, ) + L(37, 3—x)

= 28in §= log [(# —2) (x—1) . Tang (ﬁ()_‘e—)f‘ Tang (x-f;il)n]’

atque e posteriore pro x = 3:
18" L(3r, 3) = 2Sin i# log (3 Cotang 73).

E formulis (17.) sequitur, ut functio L(3w, x) pro omnibus ipsius x valo-
ribus cognita sit, si modo pro quolibet valore inter x =0 et x =} cognitam
habeamus; praeterea prior harum’formularum una cum (18.) docet, L(3m, x)
finite per logarithmos et  functiones trigonometricas exprimi posse pro
x = ;((2/41).3), designante i numerum quemlibet integrum:

- At vero relationes longe generaliores invenire possumus, e quibus
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. — ‘ . mr
praecedentes tamquam casus speciales derivari possunt, Nam ubi @ = et

m -+ n = numerus impar est, habemus etiam

i=n—1
19. Tang 3a = S(—1)"! Sin ia,
=1

quare prior formularum (7.) in hanc formam transformari potest:

. ) L4-N4-7
i=n—1 @n). r(———
20). L(a, ) = 28(—1)*1 Sin a log 2n )

i=1 (‘“”)

(m + n = num, imp.)

Substituamus hic # + n pro x; tunc addendo habebimus

1=n—1
21. L(a, x + n) + L(a, x) = 2S5(—1)"! Sin ia log (x + )
i=1

m -+ n = num. 1mp.

Si porro in (20.) n — @ loco a substituitur, prodit etiam, addendo,

3 T2
i=n—1 (2n) .T(1+—)
L(a, )+ L(a, n — 2) = 2.8(—1)"! Sin ia log 3 xj-z 2n 2
i=1 T(—2—n)
i=n—1 (2n)é.1‘(l +?’:E
+ 28(—1)i! Sin ia log ‘ ’
=1 T (2 a:+z
sive, cum sit
i=n—1 2n)'. T(1+ 5-)
S(—1)i-! Sin ia log 3 i—:v2n—
i=1 1"(%_'__2;2_)
i=n—1 (271),‘. r (Q—E_-H) ¢
= §(—1)*1 Sin ia log : 2, :
i=1 T([._m-'-z ’
etiam
L(a, ) + L(a,n — x)
- 2. T(—55) TG+ %)
= 2 8(—1)*! Sin /a log
= r&Hh.ra—h |
Est autem

Crelle’s Journal f, d. M. Bd. XXXVIIL. Heft 1. 2



10 1. Malmstén, de integralibus definitis.

T4, T4t R—T— 7
FG—9) TG+ 3) = 9 Gy’
Sin
2n
241, T4 7T
(_—) T(l 2 ) (m+z)n’
T on

unde sequitur

1=n—1

L(a, ) + L(a, n—x) = 28(~1)"1 Sin za log [(n— o —7) . Tang } (x+7) =],

sive demque, posito n — z loco 7

i=n—1

22. L(a, x) + L(a, n—x) = 2S(_1)|~1 Sin ia log [(x — i) Cotang (z— 1)n]

(m + n = num. imp.)

Coustat igitur e formulis (21. et 22.), functionem L(a, «) pro quovis ipsius
valore cognitam esse, si modo per totam periodum ab =0 ad z=1n
cognita sit, exsistente 72 -+ n numero impari.

Posito in (22.) # = jn, habemus formulam

t=n—1

23.  L(ain)= i,?’__(1.._1)&-1 Sin 7a log [(3 7 — 7) Cotang (% - ;%)],

quae quidem pro ;= }n expressionem log 0. praesentat; cujus tamen verus

g - . 2n .
valor facile invenitur log (-;; ) Haec formula una cum (21.) docet, functionem

L(a, x), si m <+ n numerus impar est, finite per logarithmos et functiones
trigonometricas exprimi posse, posito = 3n(27-1), designante 7 numerum
quemvis integrum. '
Consimili fere modo relationes analogas e posteriori formularum (7.)
derivare possumus. Nam substituatur ibi @ = n loco , erit
N r ?"'_FL")

)
—1)i-1 _ " 7
L(a, x+n) = Tang zalog.n + 2S( 1)i-1 Sin 7a log - ”_";:i‘_')g,

unde, subtrahendo,

: i=}(n—1)
24.  L{a, v+n) — L(a, ) = 28(—1)*! Sin fa.log gm"'”_'g
k i=1

(m + 7 = num. par.)

Ceterum, si in eadem formula (7.) » — & pro a ponitur, fit
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2n—z—i
i=}(n—1) r n )
L(a, n—x) = Tang ja.log n + 2S(—1)-l Sin za log -—(—”;;l_w—) ,
r(¥**=
n

unde subtractione e cognita functionis I ratione

i=jn—1) N G )L
25. L(a, ) — L(a, n—x) = 2S(-—1)' Sin za log 2” — TG ”i)n$.
I Gin YT
n

(m 4+ n = num. par.)

Formularum (24. et 25.) beneficio sequitur, ut, exsistente m -+ n numero pari,
functionem L(a, x) pro quovis ipsius « valore cognitam omnino habeamus,
si modo per totam périodum ab x = 0 ad @ = jn cognita sit.

Ponamus jam successive loco «:

20 in 6n D2
x, w+r, x+r, x+r,....x+ p

in priori formularum (7.), et .
n 2n 3n (r-1).n
z, x+1‘, x+1" a’;+r,....x+ r
in posteriori; tunc beneficio cognitae formulae

L) TG +7) . T+ 7)o Ty + 550 = 1) . @)D A

summando invenimus

4 -
(L) + Lo, 2+ ) + La, o+ 1) + oo + Lo o + 2
i=n—1 I'r +7'(‘7"+i))
— 1 e Ter+—7)
= r Tang ;a log.2n + 2 §(-1)"! Sin ia log ERRCTEN 2
2n
' 26 (m 4+ n = pum. imp.)
L@ )+ L(a, = + -3) + L(a, » + -2;) +....L@a, x+ (":)"”)
i=}(n—1) . I'(r '(a;‘z—i))
=r Tang ja.log n + 2:9_(1——1)" Sin za log g " T
w.r(
\ (m + n = num. par.)

Facile apparet, priorem harum summarum per logarithmos exprimi posse, cum
r numerus par est. ' '

2*
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§ 4.

Cognita est formula
27. S z5le* Cos uzdz = L)
(] (2? _'_uz)%s ‘
quae, exsistente 1 > s > 0, pro # = 0 etiam legitima, praebet
C_oi.‘ 3. L(8)
P

. Cos (s ArcTang %), '

28,/ z*1 Cos uzdz =
Multiplicemus (27.) utrimque per

eau — e—(lu
P [a < =;
integrétione inter u = 0 et u = @ instituta, fit

Cos(s.ArcTang -%) '

P ol . p-au
l/o W — U s T ($2+u2)% ° du

1 ® ® o — p-ou
—_— -T% -1 — §
™), e, z5-1dz '/o. prmp— Cos uz.du

Sina f"’ ez~ e~ dy
0

=T® '/, 1+2Cosare?"’
unde, in dextero membro e-* = y ponendo, provenit

u . 1 s=1
oo f“e"“-—e'“” Cos (s.ArcTang —) __sina fﬂj (IOgg-) dy
: , eM— (z’+u’)is__—- au = T(s) " o 142yCosa+y*
et pro x =0, si modo 1 > s> 0,

] s=1
@® v — p-au du Sina ! (log.q_.) dy
0. f; e—emu " w  Costen.I(s) ,[ 1+2yCosa+y*

9

' . mx | _m ,
Ex hac vero formula, si a ="~ et ¢”» =y ponitur, unde fit
' B n o dy
u—ﬂ.log-; et du_-——n.?,
transformatione facta eruitur
: ‘ _ n\1-s . mn 1s-1
31 /‘l ym—l_y—-m—l dy _ (;) . Sm T 1 (log —y—-) dy
) 0

Yr—y—n Cos 3s7.1°(s)

, (log‘—y!-)s. ® 142y Cos 7%—'?+y’

et pro m =1,
E . a\l-s . =xn 1 .s-1
L g2 gy 1 __(;{) ‘Sm;{ 1 (log 7) ay

D 2- . - 1 v .
3 ‘/0 1442 y2™D (log _;_)s Cosjsm.['(s)

% 142y Cos -g- 442
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Appellemus jam -
1.s-1

33. G(s) = (log ) dy G1(s) __f (loor —) dy .

0 l+y+y
formula (32.) dabit, posito n =3 et mutato y* in y:
(sn)l ‘Siﬂ 37T

3. G(—9) = tosrem 705y - GO

atque eidem pro n =2 immediate co]hgltur

(2n)l—s
3. 6Gi(l—9) =g ion 7@ - 626

Ecce simplices et notandae aequatlones, quae functiones G (s) et Gy(s) earumque
complementarias G(1—s) et G,(1 —s) inter se conjungunt; in quo respectu
analogae sunt cum hac cognita functionis 4" formula

T'(@).r(l—a) =g —.
Ex formulis (34. et 35.) logarithmando obtinebimus
log G(1—s) — log G (s) = (1—s) log 37 + log Sin 3 — log Cos j sw — log I'(s),
log G, (1—s) — log Gy (s)= (1—s) log im — log Cos}sw — log I'(s)

unde, si brevitatis causa ponimus

4. G (s) / (log —~) log (log —) dy

F(s) =

36. l+y+y .
26,s) (log -y——) . log (log ’y—)-dy
Ry="9@= | 2 :
differentiando habebimus has novas relationes '
F(8) F(l-—-s " 1
(T(s—)-'-aﬁ:-_) =lo g37r+7(s)~— fmTangasw"

37.
i Fi(1—-9)

Gl (s) G(A—s) —
g I'(s)

= log ir 4+ Z'(s) — 3m Tang 3sm,

si cum Lt'gen(lre per Z’(s) SIgnamus

Supponamus n ('37) s = 3; tunc erit

log (log — ' ‘
f ) _a g § —tx =00 f o
0 2 og. & 3 . 3. A
1494y V(log-;_) [ o 1494y V(log ;)

1
1
f log (log v ay = Ylog & — tw — C) fx 14y
I+ 1. = == L)) g 1.’
0 + Vdog ;) 8 o Y V(log-;)

R

Il
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1
seu ponendo log 7 =%

*  loge dz L *  dr 1
38 _/0‘ ez+l+6—-z V“: - ‘2(log 6 — 2T — C) 'ﬂ 6r+1+6.‘: . 1—/—:; )
: ® _logo do _, . ®  do 1
fy wve =iy —in—0) . [ s
exsistente C = — Z’'(1) cogpnita illa Euleri Constante 0,577 216 ... .. Hae

formulae, quas non vidimus hucusque propositas, haud indignae nobis videntur
attentione Geometrarum. ,

Ex formulis (38.) duas jam deducemus relationes, quae in serierum
transformationibus haud infimo loco dignae videntur. Nimirum, exsistentibus
identico modo

_Singm — = fS= ("—l)i‘1 .e@ Sin jiw + Dr.e (Sing@t 1 a+e” Singam)
rl—e i lyerqe
39. 1 i=n—1 (=g~
. =8 (—=1)¢. e+l g =
e 46~ i=0 e'+e™*

ex cognita formula

40. S et log x% = — :—;—Z(logk+2log2+6)

habebimus
__logz  de
Sin 37 /a; e+rlie=" Vo
'/-—-”
= =. S("'l)' Sin 3/ l________ogz,+2vl;)g2+0
i=1 :
+ (—1)*{P(n).Sin i(n+1)7 + P(n+1) Sin snx|,
~ logz de __ . log(2:+l)+2log2+0
) Fre Vo = Ve SEDHL. F ey T + (D0,

ubi brevitatis causa posuimus

e=logz  de | e mlogr.ds _  O.Vn
P(n) —f T4rerqe ™ Vo =0 '-[o R =T Vm - (logn+2log2+C),

_ e loge  dT e*loge,dr
Q= [, L V= e, T == g log2nt2log2+0)
exsistente 1 > 81 > 0. Facile vero aparet esse
lim P(n) =0, lim Q(n) =0 [n = o],

unde concludi licet
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1=

® logz = : 1 logi+2log2+-C
u Sin 3w /; o Y. lS_(l 1)i Sin T e
' ® loge d Se_1)itt 108 @i+D+2log2+C
/0 e+ e~ * =Jm. §_% —1) V2i4-1) :
Beneficio vero formularum (39.) facillimo etiam negotio deducere possumus
win [ Ly SCopya, Siniin
Sin 3w ./0 Filyes Vo — Yr. ig 1)1, Vi

de 1 _ y el o V)
o €T4e€7 Ve - .;=1 V(2i+l) ’
quae formulae una cum (41.), respectu ad (38.) habito, post reductiones
quasdam facllimas praebent
logl  log2  log4  logh  log7
i~y tyr —ys tyr —ete
1 1 1 1
=%(%7r—— C-——]og—gn‘) )V—l—l—/—'l-ﬁ—%
logl  log3  log5  log7 _ log9
V]- V3 -+ V5 V7——' V9 — etc.

-+ L etc }
42, Vi

1 1 1 1
.-_—_%(%'n:—IC——log%r) 3171_173+1/—5—177+W"_ etc.|
quae relationes etiam ita scribi possunt:
1 1 1 1
U B T L
. . csee x— C—1 ) A
F N - = i 0g§7)
2V2 5V5 g8 13Vis |
43. 111 1
1Vl 5V4 V9 13V13 .

N - N N M e;(gn-—c——log%t).B
33 77 11/ 15V
exsistentibus

1 *  dz 1 1 1 1 1 1
A=—.
Jy

Va'J, enlges Ve -1 2 tya it T e ot
___l ®  dr 1 1 1 1 1 1
B—Vn'ﬂ e¢+e-;'17;_]/—1—_+]/5 V7+V—9—.-.. etc.
. 5.
.ea“_ -au
S = ¢

prrp—— in seriem evolyimus, exsistente identico modo
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1 i=n—1 e-2nau
-— p=nU -2inu —
oY e:’;l e :S_f) a + e — e--m ’
fit ntque
av ___ p-aw "‘ ) -2n7 -
£ g [e-[(zv+l)1-a]u TEHDtde) e 2nn (gt — g-au
£ e p=TIU el — p-ml

Al——()-
unde R

" et — e IIu (] ' ig"*l- 1 1
ﬁ g g = L S [((inél)frr—a)l"—((2i+])7r+a)1'5] + ()

ubi brevitatis causa posmmus

© au — g pmnn du M e"2""“11u Mr(1—s)
P ("‘)- - ° e”“—e‘”“ ¢ A us = (-anr)l-s I
exsistente M quantitate quadam finata. Hinc vero famle apparet

»lim".tp(n)‘ﬁ:»(_)‘ - [n=@)

atque igitur

" © e — gmov dn - ‘=‘§‘1 1 1
. f; eﬂu_. e-?‘l‘u M T( S) [((2l+1)7r a)‘—s ((2l‘+l)7r+a)l-s] *

Jam vero, exsistente ldemlco mddo

Sina b= (—)".¢"(Sin (n4-1)a-+y Sin na)
L — - ’5"] —l ‘Y A
44;. 142y Cosa+y® S( D i *1 Sin da + 14+2yCosa+y* ’
habebimus etiam
/ Sina dy
T+42¢Cosa4y* (o g%)l-s
. i=n sza
= I'(s) ..S(—l)' -— + (-——l)"(W(n) Sm (n+l)a + WV (n+1) Sin na),
=

ubi brevitatis causa posmmus

! Y (lOg—-) dy
= RPN T B enran 1,s-1 0.I(s)
= [, trmerry= o-fiyog Dy = E1D,
exsistente 1 > 0 > 0. Facile igitnr aPParet esse.

lim W(n ———Q i [n_m]
unde ex (45.) obtinebitur < o
Sing d-'/ — e ie1 Sinia
6. f % Cosar " g ,), ;=T(). S(=1H . 27,

Substitutis vero in (29.) valoribus, quos formulae (44. et 46.) praebent, hanc
notandam inter duas series infinitas relationem habemus, si s in 1—s mutatur:
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1 1 1 1 1
(m—a)* = (7ta) + Br—a)’ ~ Grta) + Gr—a)  (Br+a)
1 Sing Sin2a¢ = Sin3¢  Sinde _ Sinba
= Sinlsn.T(s) fﬁ: — 9= 3= — 3= F Bl— etc.}

-+ etc.
47.

et si® — a loco a ponimus:

1 1 + 1 _ 1 + 1 _
48 e (2n—a)* 2a+4-a) (4n—a)* (4rta): (6r—a)* + elc.
’ 1 Sina Sin2¢ Sin3a Sinda Sin5a

= Sinlsn.I'(s) s + 3 + 3 + s+ Hie + et

Hinc si s =} facimus fit utique

1 1 1 1 1 1
Voma ~ V(aa) T V@r—a — V@Emad T Vor—a) ~ Vnsa +el&
— Vz { Sing Sin2¢ . Sin3s Sinda = Sinba
T
1

1 + 1 1 + 1 . 1
Va V@rn—a) " V@ni+a)  Vdn—a) * V(n+a)  Vdn—6) T etc
2 (Sing Sin2a Sin3a Sinda Sinba
— V;E g T/—l— + V2 V3 -+ V4 -+ V5 -+ etc.

Ponamus in (47. et 48.), a esse in ratione commensurabili ad w, i e.

49.

m:t . . . .
a=-—(m < n num. integr.); facile tunc obtinebitur

1 1 1 1 1 1

(n—m) ~ (n4m)y + (3n—m)* - (Bn4m)s + Gr—m) Gn+m)° -+ etc.
(fﬁ )s sin”%  Sin g Sm7 Sin 317
— n n - n + n . n
50 — Sinlsn. I(s) "' 1= o1—s 31— = + etc
w @n—my " @namy  (@n—my " @nimy  (n—m)y + ©tC
(—:—)s sin™  Sin2™  snO™E Sin 4M7

n
~ Sinlsw. I(s) ' 11— + 5t 3t + etc.}

Ex. 1. Exsistenttbus m=1, n =2, fit

1 1 1 1 1
51. Ts”‘:-i—,+-5-s—7;+§,—etc.....

— __ Gn¥ 1 11
" Sinjsn.[(s) *ilf’s — g Fim T o+ etc.}

Ex. 2. Essistentibus in priori formularum (50.) m =1, n =3, fit
Crelle's Journal f. d. M. Bd. XXXVIIL Heft I. 3
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1 1 1 1 1
¢ — — — — — — — —
52. r— o+t 5t e —etc. ...

1 1 1

s.Si 1
(ﬁn) mgn — 5= -+ Tims — etc.}

Smgsn I'(s HE""QE""ZT-‘}
Formulas (51. et 52.) memini (ni fallor) me vidisse ab Eulero alicubi per
inductionem inventas, omni demonstratione carentes; neque apud quemquam
alium demonstrationem earum invenimus, quamquam forma sud attentione
Geometrarum digna videantur.
Ex. 3. Exsistentibus in posteriore formularum (50.) m =1, n=3,
posito brevitatis causa

1 1 1 1 1 1 1
f§3>=F—'§+7?“ﬁ+ﬁ*ﬁ+f§s—etC-
1.1 1 1 11

fit utique
Gn).Sinirx

S) = ginigz (e - PA —9)-

Cum autem sit
l

p(s) = f(~9)"|“2"§1s ot 5ls+etc.}

atque etiam
l

1
) =)+ 1) — 2% o — h ok B — Ly ]
unde facile prodit
A+27)g(s) = (14+2) f(s),

has duas relationes habebimus:

(3n).Singm  14-2°
S()= Sin%sn.l’zs) ' 14251 WACE)

(3n).Sinix 2(14-271)
() =Sintm T 13z PA—9).

53.

Ez. 4. Exsistentibus in (50.) m =1, n =4, posito brevitatis causa

1,1 1 1.1 .1 1 71
F@eo) =p+s— 5 rmtetm @ 5 tee
1 1.1 1.1 1
We)y=r—g+5— 7+t L +et
1 1,1 1 .1 1
VYO =x—m+tir it
1 1,1 1 .1
P =gp—g+tg 15+im—ec

fit utique



1. Malmstén, de integralibus definitis. 19

(§)sng 1LGn)

TP(S) Sin 1 38T, T(s) F(l—s) - Sinisw.I'(s)* W(l ‘—3)»
Sin 2 T :
(4) 3Gm)°
P(s) = Sin 3s7. T(s) F(1—s) + Sinlsz, I'(s) P (1—s),

unde addendo, cum sit

Y (s) + P(s) = £(s),

erit
2. ( 4) Sm
54- F(S) Sln lsm. T(S) F(l—s)-
§. 6.
Differentiemus jam formulam (44.) respectu s tamquam variabilis; tum
erit ® 0% — p-ak
-j: el T log u.du
M — p-au =2 Jog ((2i+1)-a) __log (Zi+1)7t+a)
—_ 7] — — T
Z'(1—s) ‘f; e — - 1-9). t§0[((2z+l)n—-a)1— ((2z+l)n+a)“’]

unde pro s =0, exsistente

® oo — oot
Z(1)=—C et J; prr—p— du = Tang ;a,
habebimus
t—w ]

ST og ((2i+1)n—a) log((2i+l)n+a)]
i=0 (2i+-1)r—a)t-* ((2e4-1)T—a)l—s

e — e-au
= -—3;C.Tang ;a -—f po— log u. du.

Utcumque vero a est in ratione commensurabili ad =, valorem integralis, quod

in dextero membro occurrit, formulae (7.) (pro @ = 0) pracbent. Sit igitur
mn

@ = —=(m et n numeri integri, n > m); tunc obtinebimus

S [log((2z+l)n—m) ]og((2i+l)n+m)]
‘im0~ @i+Dn—m Qi+-Dn+m
=
+]0g__ S [_I__,ﬂ — ___l___*

i=0 (22+1)n_7” (2z‘+1)n+’?

mu
— . % -
7T en -—e N

$C.Tang g — o — o~ . logu.du,

3*



20 1. Malmstén, de integralibus definitis.

unde, cum sit ex (44.) (pro s =0)

. ® m:r _7_":_5 u
=% 1 1 en’"—e n "

S [ —_ 1= f - .du = :Tang 27
=0 (24D~x —-?—:? Qi) 7 4 ﬂﬂ-‘— e 2

fit denique ex formulis (7.) citatis

log(n—m)  log(n4+m) . log(Bn—m)  log(3n4m) , log(5n—m)
- -+ —_—— -+ — — etc.
N—m N+m 3r—m 3n4m Bn—m
: : N T ”_":i)
7 mr n i=n—l zmn 2n
= — 5. .Tang 5 (C+log2m) — 7 - ,S(—l)"l Sin " log T(_,)
2n

(m 4+ n = num. imp.)

95. log(n—m) _ log(n4m) + log(Bn—m)  log(3n4m) + log (5n—m)
N1 n+4+m 3n—m 3n-Fm Bn—m = etc.
. n—i
i=}(n—1) r o0
=— Tang o (C+log ) — — S(——l)"l Sin Z%E log ( d

r(3)

(m 4 n = num. par),
atque si 2 —m loco m ponimus,

logm log(2n—-m)' log (2n4-m) _ log (4n—m) log(4n+m)

m 2n—m 2n4-m An—m dnym — et
s T ni
7 mmn x =n-l imsm 21 ))
=——§;‘Cotang§;(c+log2n’)+;.£ Sin —— log ;
=t r(z;)
n
(m = num. imp.)
56. < logm  log(2n—m)  log(2n4+m)  log(4n—m) . log(4n4m)
m 2n—m 2n+m 4n—m dngm efc
1
=00 e (PO
— 5 Cotang on (C+log7r) + —. S . 8in — log

S EO)

(m = num. par).
Ex. 1. Posito n=2, m=1, fit

logl log3 . logh log7
-—ig-——— —§—~+ —g— 7g + ele, = (logn-—-C)——quog e

atque inde



1. Malmstén, de integralibus definitis. 21

1.58.95.135 ..., ne=C ;;1
3.7 111,155, (L)
Ex. 2. Posito n =3, m =1, exsistente
1 1 1 1 1 4
l—g+3—5F+7— 5 tete=g5

-

fit utique

logl  log2 , log4 logh  log7 T (3) 7 '
logl  log5 | log7 logll log13
1T "5 T 11 +“13——°t°-

2
= ay3 llog g3 — € — 2log [T(}) . T(3)

atque inde

1AATL05.... ( TeiC §V£§
91 58.85.10% ...,  (TG).(2n)

1.77.135.19% ..., _{ @np.e7lC |75
R TR A - N C R ONAC!
Ex. 3. Posito n=4, m=1, fit

logl log3  log5 logll  logl3 _ § 1
1 3 t5 1 T3 —ete = gpplog o e Harlog | T

logl _log7 _ logy log15 log17 1 i e 401 1 2t, 7k ¢7IC
17+t 15 Foar — et = irlog {7y |+ ay31o8 g

atque inde

r(b) e ¢ 1C, n3§

BN ELK I -sc Ie). T
$5.1115.1975. 92777 ... T(‘) ) {21,7:&,3-492 ’
LS T ¥ n
1.9°.1777.25% . e 10 At gzi,nl,e‘lc 33
=1 1575 23515_3131 I ) r&.I1@) -

§. 7.
Si in formula (29.).@ = 0 ponitur, fit

®  9u.du Cos (s.ArcTang -Z—) 1 1Y* (log——) dy
57. = f
0

, eM—e " (S u) - I‘(s)" (1+.’l)2 3

unde subtractione facile habebimus
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58 f“ oW — o=t — D1y Cos (S.Arc'l'ang %) !

Y e p-TU * («* _'_u'zﬁs . du

_ Sina a - 1.s-1
=10/, (l+2yCOSa+y" - (1+y)2) - y*(log ) dy.

Differentiemus hanc formulam respectu s tamquam variabilis, posteaque s =1
ponamus; tunc exsistente

ArcTang ";"=%7L‘—-ArcTang%, Z()=—2C,

obtinebimus
I o F(@) + }o PP (a)
1 Sina
59. - _f 142yCosa+y® (l+y)’) ye log (log -—) dy

-,l- C,/; (l+2ys(l]r(l):a-g‘-‘;/“ (1+y) ) y d_}", s

positis brevitatis causa

. X
Fla) = f e — e"“‘-—Qau ArcTang = dy

— Y ' x " alq-u?

u

e =0t — 201 dy
- f G A * 2u?? 1>6>0)

() _f e“"—e‘““—2au log (2 +u")dy

v— e d?

Cum autem sit .
- 15 © et — o=t — 01, udy T e — e —2aqu  dy
(.’L‘) — 27 0 u (enu..__ e—nu) * xpul + 0 % p=11% * alpul

— 2udu 1 eau — e'2““—2au
X +u2 X +§2 * ° e — g-TU ¢ du

6N
2 §2

= M(log(142*) — log 2*) +

(ubi, quodcumque sit «, M et /V numquam non finitum conservant valorem
et £ quantitas < 1 est), atque
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® gt — e~ —2q1  log (x%4u?).2udu ® path — p~at_2qyy log(a:"+u’)dy
—— 1
124 (x) 32 ﬂ u(enu — e-nu) ) x4yl _/; £ — p-Tith 2’

®log (z*+u®) . 2u.du | log(a®+&2) = e™—e ™ —2au
= le = u? 248 'S, 7% — p-mts du

1 H
= M, [(log(1 +2%)* — (log 2*)*] + V. log (#*-+£))

Tos
(ubi, quodcumque x sit, idem omnino de M, et &, valet, quod supra de M
et & dictum est); facile concludi licet

lim.xF(x) =0, lm.x#?¥(x) = 0, [x = @],

unde ex (59.) habebimus, convergente x in nihilum,

. © et g~at—Qqy du
2 ) 0 eTl —— e"ﬂu u
Sina

” Sina a 1 a ,
= _/: 142y Cosa+y® (l+y)’) log (log }7) dy+ C:/O (l+2y Cosa+y® (1+y)’) dy

seu

* o0l . p=0U 2au du 2 Sina a 1
60. -/0‘ et — g~ j (l+2y Cosa+y? _(l+y)’) log(log 7)‘1}’ »

exsistente

1 Si
'/t; (l +2y 62:a+y2) - (l:y)z) (ly = 0.

f°° e‘"‘—— e~ —2au du

P u -3

Facimus

differentiatione respectu a facta, habebimus

dK __ (° e““—e"““—_g _ Y4y 7—2 _,__,['7;...2
da =), Tew—em = f —1-p W
unde
61 =1Lz - zg+ 5 - z¢-
¢ da ~ 2x V] 2 2n 2 Zn’

cum in genere sit¥)

!I"".'/
]

Ex formula vero (61.), integratione ab @ = 0 instituta, redundat

= 1Z3(b+1) — } Z'}(a+1).

*) Vid. Legendre Exerc. du Calc. Int. Tom. 11. pag. 156.
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e —e™—2au du _a ST(Q
‘ﬁ, e — =T 'u Z()—log? )

a
22%

quod cum (60.) comparatum praebet

1o 1 1 1 a
. log —)d 1 log —) - L Shad

o f Sina.log (log y) y =?j'- og (log y)—%aZ’(§)+;—wlog I‘(2+2n) .
. 0 142y Cosa4y® o | , @

: , 2 2
Pro a = ;= beneficio formulae (12.) (prioris) obtinebimus

1
1 log(logg)dy o
o TaE =317Z'(}) + %log 2,

quod in (62.) ductum praebet denique

f log(log )dy 1 @07 TG+ 5
63 1+2yCosa+y = 9Sing %8 ra-5 ;

quae nova formula admodum notanda videtur.

5. 8.

Si formula (44;) utrimque per log (log %) multiplicetur, integratione
ab y = 0 ad y =1 instituta, ex formula (63.) habebimus

:;gn—-l)' 1 Sin ia fyi- log (log —) dy
+ (—1)"{Sin(n+1)a.G @) + Sin na. G(n+1)}

z 1 a
@n)7. TG+5-) 2

1
= ;7 log ,
g9 |

posito brevitatis causa

y log (log ——)dy 1 1
0 l+2yCosa+y = 6. /y" log(log ) dy, (1>0>0)

unde, exsistente

G(n=

. 1 . logr+cC
f;y 1 Jog (log y)dy————-—-—

T

(ubi C est constans ille Euler: 0,577 216 ....), obtinebimus
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i=n

S(~1)-1. Smmlogz + C S( 1),_1sza
- =1 i=l1
+ (—1)"** {Sin (n+l)a. G (n) + Sin na.G (n+1)}
IG—o)
= }= log i 2: — 3alog 2%
F(’.l‘+ é;)
et o
G(n) = — 7 {log (n+1) + C}, (1> 6>0).
Cum autem facile inde appareat, esse ’
lim G (n) =0, [n= ]
fit omnino
t=w .. i=w F(%_.l)
S(—1y-". Tia 108 4 €. (1)1 20 — 1 Jog 22— talog 2,
i= =1 1 %
: (G 2n)
unde, exsistente
i=w s :
S(—1)-1. Smm =1laq, (a < m),
i=1

hanc denique ,notandam formulam habebimus:
Sina.logl  Sin2a.log2 + Sin3g.log3 _ Sinda.log4

64. 1 -_— 2 3 4 + etc.
T("'é’,;)
=1irxlo 21 — 18(C + log 2m);
I'G+ QE)

atque, si ¥ — a loco @ ponitur:

65. quilogl + an?az.logZ + Sm303. log3 + Smda4 Jdog4 + etc.
TG -
= 3w log = (— 3 (r—a) (C + log 27).
Ira-— 2—75)

Ex his duabus formulis, addendo, hanc tertiam obtinebimus:

ing. in3a.log3 _ Sinba.logh
66. Smallogl + Sm3c; 0g3 | Sin 05 g + etc.

a
IGo)
2
=1 log "o —im(C—log Tang Tang 12"
T(%+§E)

Crelle's Journal f, d. M. Bd. XXXVIII, Hefs 1. 4
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26
Ezx. 1. Posito a = ;x, fit
log1 log3 ~ logh log7 7
=+ — e ete. =7 (log w—C) — m log I'(3)
atque inde L
1.55.9°,13%F ., _ ne"’"; .
— )Y

33,77, 1111,15% ...

quod jam supra ivenimus
Ex. 2. Posito a =}, fit
logh . log7 r$ 7T
- — ele. = V3 log 31“(3)* — 573 (C + log 2m),

log2 = logd  logh
—5 t7

logl
7 i
lOg ~+ etc. = 3V3 (log 27!' 2C) 12/7;; 10% T(%)'

1
logl  log2 log4  logh
B i R S
logl  log5  log7 logll = logl3
. 1 ‘5‘*‘“7 1 g et
=53 flog 73— C—2log [[(}) . T(3))
(ex quibus formulis primam et tertiam jam supra invenimus), atque inde
111 n
1.4477.10°.... r(g)e-ic 2173;
.20

23 5%.8,. 117 ...
_ {@mle scg 75

1.28.77.8% ..

4%.5%, 107, 1k ')

1.77.13%.19% _ {.@ohei0 )7
B.rOre®

5. 1171.177.23% .
Ez. 3. Posito in (66.) a = im, fit utique
logh log7 7T
—ete. = 75 log

log1 log 3 g5

A.1r®».T®
ei0.2myt )’

atque inde

T’f %25 TQ). ”ﬁ’i
-i¢ (271;)2

§ 2
Revocemus jam formulum (1.) (eam etiam pro & = 0 valere demon-

stravimus), quam utrimque per
eau__a—au
du

cnu__ e-—uu .
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multiplicemus tunc integratione inter u == 0 et u = ® facta, fit

f L log (#*+ 1) du = 2./ k- f — e (e7* — e Cos uz)duy,

o 6nu_'_e—ﬂiu 0 87'tu+ e~

unde beneficio notae formulae*) sequitur

—z —(x—1)z -2 1
T . _ z( 2¢~=27(14€~) Cosa
/‘: pr——r log (-” +u )du = / Sec ja — 142¢—2Cos g4-e—2= )’

sive, posito )
et=y, unde z = log (—) e*dz = — dy:

e e 2y oy 2y*—'(1+y)Cosja, dy
67. enu+e_~m log (x +u) f (Sec., - 1+2yC()sa+y"‘ ‘] 1

og—
(a<m). y

Appellemus

ee +8'—Ill

68. (g )= /0 iy o - 10g (#°+u?) du.

Si in formula (2.) # +; et & — % loco a substituimus, addendo habebimus
hanc simplicem inter L(a, x) et £(a, «) correlationem:

69. 28in 1a.8(a, «) = L(a, x+3) + L(a, x—3).
His cognitis, si @ est ad w in ratione qualibet commensurabili, i. e. pro
mr . . . .
a=_, facile pro functione £(a@, #) invenire possumus formulas, quae cum

iis, quae supra pro L(a, x) proposuimus, analogae sunt. Etenim si ponitur
in (7.) x +3% et + — % loco «, inde addendo habebimus

L@ x+3%)+ L(a x—3)

i=n—1

r ac+n+z+§)
= 2Tang 1a log 2n + 2 S(—1)*! Sin 7a log
i=1

B N
5
) _ T(:r+n+'l—— ’
= 28(—1)i-1Sin7a log 3 -t
UGS
i=n_1

i=1
= 2Tang ;a log 2n + 2 S(—])' ~1 (Sin ia— Sin(7—1) a) log

st}
['( 2n

(m 4+ n = num. imp.)

*) Vid. Ezerc. d. Cale. Intégr, par Legendre, Tom. 11. pag..186.
4*
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L(a,x+1—)+L(a,x——})

THN—i+}
o r(zsnsish),

= —1)-! 1 N 2 7
2Tang 3a log.n + %__:91( 1) Sin za log - z_z_f) g
n
i=}(n—1) r $+-———*n;z—§)
~+ 2.8(—1)1 Sin 7a log — i
i=1 r (Lni'j)
i=j(n—1) r(i”i”;i%)
= 2Tang ja.logn+2S (—1)*! (Sin Za—Sin (—1) a) log ——(}—ﬁ— }
i=1 =2
n

(m + n = num. par.),

cum sit

—p— a1
oty EEE) e, (r(eend
;gl( —1)1 Sin ia log gy 6( 1) Sin (—1alog QW
- T( n ) T( n )

Hinc autem, divisione per 2Sin 3a facta, quia est in genere
Sin ia — Sin (f—1)a = 28Sin ;a Cos (i—3) q,
beneficio formulae (69.) colligitur

Lf-Nptm’
T ++___§
2n

i=jn—1 (Tt
£(a, x) = Sec za log n + 2S(-—-1) 'Cos(i—2)a log _(m_l__:‘_l)__
T —2
n

i=n .
£(a, ) = Sec ;a log 2n + 28(—1)" Cos((—)a log
. i=l1

70. (m + n = num. imp.)

§. 10.
Si in formulis (70.) pro @ = 0 faciamus

ezv?‘:y, unde u=‘;:—logy,

mn

habebimus utique, exsistente a = ="
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@

ym—l + y—m-l l
_/; y"_.l._y‘—" log T + ]Og (log )’)2‘1}’

7 mm n =N T(';‘+2.2"—§)
1\l + 1\ M7
—ﬂSec—%;log2n+n—-ii(l 1) Cos (2 ) . log =
I'(2n)
(m -+ n = num. imp.) '
. ym—1+y—m-—1 l
. P log % =+ log (log y);dy L
i=}(n—1) (l—z-,;——z)
Sec 2n log n + — (—-1)"’1 Cos (z-——) . log 1"(':3)
n

(m + n = num. par).
Hinc vero, cum sit

® ym—l_'_y-—m—l . E_ ’ﬂf
dy = 2n Sec 2’

1 Yy
sequitur
® m—l+ —mn—1
ﬂ Lﬁg—" . log (log ) dy .
ra=-"=—
7 Sec . '5" 1) Cos (i—3) ™% . log | — 2
=3, Sec. 3 log 2m + - ( os (I og pa
m -+ n = num. imp.
7L -« = 2
m=l_y g—m—
/: —9—7_'_—;_:,7— . log (log y) dy
i=}(n—1) T(l_ _
7T
=5 lo ™ + — S( 1)"l Cos (i— —) — .log —t‘
o i ré)
\ (m 4 n = num. par).

Posito in posteriori m =1 et » =3, mutato y* in y, habebimus post re-
ductionem quandam facillimam,

® log (log y) di
2. f o= 3(6 log 27 — log I'(3)).

§. 11.

. . mn . . . .
In suppositione @ = @ exsistente m -7 numero Integro impari,

constat
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'=n

Tang ;@ = S(—1)"" Sin za.
=1
atque, posito Z — 1 loco )
t=n
Tang ta = — S(—1)"' Sin ((—1) a;
=1

unde addendo, divisione per 28in ;a facta, fit omnino

‘l::n
73. Sec ta = S(—1)"* Cos (—3)a.
i=l1 “

Quocnrca pnor formularum (70.) ita etiam exhlberl potest

, i . S(2n) T ( +l‘+z 2)
74. &(a, 2)=28(=1)"" Cos (i—3)a log [ (3=
= 2n

(m 4+ n = num. imp.).
Ponatur hic « + n loco «; fit, utique addendo,
%. @ z+n)+ L(a,x) = 2.S=(-—l)"‘l Cos ({—3)a log (x+i—3%)
(m 4 n = num. imp.).

Ceterum ex eadem formula, si n—a loco x substltmtur, similiter addendo

prodit:

i=n (2n) .T %+m'“_i
L(a, x) + &(a,n — 2) =28(—1)" Cos ({—})a.log g ( - ,2"-)~§
i=1 T ?ﬂ__j)
2n
f=em @2n). r( +”+’ 2= *)1
4+ 28(—1)" Cos (i—3)a. log §
r(n-l-z—x—— s

i=1

sive, cum sit

i=n (2n) I ( +n+z-—m——— ;

i1 !
6il(—-l) Cos (1 —3)a . log n-;-z—x—-

(2nj I ( _:c+z—

'1‘(1- %‘F

i=n

= §(~1)"" Cos (i—3})a. log
=1 .

etiam, respectu ad cognitam functionis I" proprietatem (eodem modo ac supra
ad formulae (22.) deductionem):
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t=n
76.  %(a,2)+(an—a)=28(—1)" Cos(i=} a.log [(—a—}). Cotang "2
i=1
(m + n = num. imp.)
E posteriore etiam formularum (70.) relationes analogas derivare pos-
sumus. Etenim, substituto ibi & 4+ n pro x, subtrahendo erit

77.  L(a,x+n) —L(a, x) = 2S(——l)"l Cos (7—3)a.log

i=(n—1) {x+n+§—-i;

Ti—L
(m 4+ n = num, par).

Atque si in eadem formula n — = loco @ ponitur, fit etiam subtrahendo, cal-

culo facto,
. (z+i—Pm
1 . Sin
T4t | n
N—a—ity Sin (z—i+)m
n

i=}(n—1)

78. &L(a,x)—L(a,n—ax)= 2S( 1)"ICos(z——‘)a log

(m + n = num. par).
E formulis (75. et 77.), una cum (76. et 78.) conjunctis, sequitur, ut, sive im-
par, sive par sit m -+ n, functionem f(a, x) pro quovis ipsius « valore cogni-
tam habeamus, si modo per totam periodum ab # =0 ad x = }n cogpita
sit. Si in (76.) & = 1n ponitur, prodit

79. L£(a,in)= 5(—1)“‘ Cos (7—3) a log {G(n+1)—17).Cotang (-;E: — (-z—_%—’z)z
=1

(m + n = num, imp.),
unde, si simul formulam (75.) consideras, colligitur, exsistente m -+ n numero
impari, £(a, ) pro @ = }(2/41)n per logarithmos et functiones circulares
numquam non exprimi posse. Haec formula (79.) pro i=3(n+1) ex-
pressionem log 0. @ praesentat; sed verus ejus valor facile invenitus est

2n
log. (%
Ponamus jam successive loco :
2% 4 6 r-1).2n
x, -’X"+_,T’ x+;,1» x+7n""'x+(r o
in priori formularum (70.), et
n 9 3 r-1).n
x, x+_ x+.2 x-l—';,...-x"‘l"!"_’:—)-

in posteriori; eodem modo ac supra in §. 3. e cognitae functionis I' ‘propri-
etate obtinebimus
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(r-l).2n

8(a,x)+2(a,x+27n)+2(a,x+§'—')+....+2(a x4+ - )

imn T+ r(a:+z—)

=rSeclalog.2 +2§-—-1“C '—Va.lo % _— 1
r za 10g.4an i=$. ) 0s (l ) 8 1r11(r("" +;__))

80. < (m + n = num. 1mp,)
o : N
85+ 2w+ D)+ B o+ D e . B o+ T
i=l(n—1) A G z+§))

\ = rSec 3. log n -4 2S( 1)1_1 COS (ln-— _)a log r(‘Zx—l) r(w_'_z_ =) §
+)
n

t

unde appa'ret, priorem harum summarum, cum r numerus par est, finite sem-
per per logarithmos posse signari.

§ 12.

Multiplicemus formulam (27.) utrimque per
eau+e-au

e - e-m—l ¢

tunc, integratione inter u =0 et u = ® instituta, fit

du;

' 1) u
/' ® pat . p-au  C05(8.ArcTang —) du
0 eMeT (@ u)ls

1 *® ® 20U - p-au
_ . -5 s=1 —_—
TG) £ e, 251z ./; i g COs uz . du

__Cosza ®z5-1,e-@D) (14 e*).e* dz
T r(s) Y, 142e*Cosa-te
unde, si in dextero membro e~ = y ponimus, prodit

% 1 1 ’
. ® yau 4 g-au 08 (s.ArcTang —) _ Cosla [ = (1+y)(log -!-,-) dy
. ) €M ) (@ ut)ls T I(s) ), 14+2yCosa+4y? s

et pro =0 (si modo 1 > s > 0) mutato y in %

1.s-1
@ 2 —
82, f et - g~ . du _ _ %Cosla f‘(1+y ) (log ?/) 4y )
0 0

e - u-‘ Cos é.m NN 1+2yCosa-+y*

m7T fin . .
Ex hac vero formula, si a = — et e » = y ponitur, transformatione per-

n
acta, fit
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a\1-s mr ‘ 2 _l s-1
s3 1 ym-—l_'_y—m—l dy _ 2-('n-) 005-2';{ 1 (1+y )(log y ) dy‘
. n —n . s 1 ¢
o VY (IOg-;l-) Cosysm-I'G) Vo 34 942Cos 7’-7:—n+y’l

Posito m =1 et n =2, si brevitatis causa appellamus

11492 1 .s-1
84. Q(s) =f 1+‘Z,, . (log ?I-) dy,

33

hanc inter functionem Q(s) et ejus complementariam relationem habebimus:

2. ( 1—sSm—‘I

85. Q(l—-s) = "Cosksn.1Gs) ° Q(S)
Posito porro in (83.) m =1 et m = 3, reductionibus factis, provenit
(log2) " a
1 U8 y) W (aaysGinly 1 2(14yY) 1,51
§6. A 1—9y4y - C::)S%sn.f(:) ‘Jo 1494yt (10 _) dy.

Cum autem sit

1 .s-1
l(Iog ) dy l(log};) dy

1 2(1+y’2) ‘__l; s-1 —_
87. et - (log ) dy ./0 1+y+y + o l—y+y*

0 14.9%49*
atque etiam

1 .s-1
L (log ) dy L 2% .y*(log ;) dy
/0 1+y+y_“ =/, 14y 49°
1 .s-1 1 .s-1
1 dog ) dy 1 y(log—=) dy
— Q-2 / — Q252 /' :
0 1—y4y* ° 14+42+y ’
1. e.
-1 -1
(100_1_)8 dy L (log%)s dy
S—~1 P A 5 T | .
1+27) / 1+y+y2 =27 o l=y+y*
fit etiam ex (87.),
log—y"
jl 2(1+y2) | 1 .s-1 142 ¢ 087) @
l+y +y ( Og —) dy' - 1+25-—1 .‘/0 l—y+y" ’

quod in (86.) ductam, posito brevltatls causa

l(log——)
88. R(s) _A g e

hanc notandam relationem praebet:

Gr)-<Sinly 142
89. R(I—S) = C:’OS.;SN [v(:;) T 251 R(S)

Ex formulis (85. et 89.) logarithmando obtinebimus
Crelle’s Journal f. d, M. Bd. XXXVIL Heft I. 3
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log Q(1—s) =log 2 Sin }m 4 (1—s) log iw —log Cos § sw — log I'(s) 4+ log Q(s),
log R(1 —s) = (1 —5) log 37 + log Sin } = + log (1 42°) — log Cos 3 sm
— log ' (s) — log(14+2") + log Q(s),

unde, positis brevitatis causa

M()_dQ(S) f1]+y log(log -—) (log l)s ldy et

14y
1.s-1
log(lo ) (lo ~) d
dR(s) 1 1ogllogy g J’
N(s) = A 1—y+y
differentiando habeblmus
gg; -+ gg——:g = log }w— im Tang s + Z'(s) et
%0. N(s) , N(1—s) log2

R(S) R(l___s) = log %7: - %7[‘ Tang %S’n‘ + Z’(S) — —(—lm .

Supponamus s =1, tunc erit

log (log—)d
O N S S =
: 1 - 16
1 .
1 log (log —)dy 1 dy

K) 1 1 1
J =gy = logir—in—C—(6—2log 2 . [ 177
1
seu, ponendo log 5 =&

® -~ IOg z.dx e*4-e—* da:
91 fo e " Vx %(log 16 — i — C). /

loge d 1 1 1
feT_—l-_gf-c" V:—i(loggn—%vr—C—(5—2V2)log2)./; m.l—/—;,
quae quidem ejusdem omnino generis sunt, ac formulae (38.).

Ex his formulis analogd omnino methodo, qua ad formulas (42.) in-

1 2
Vdog ;)

veniendas usi sumus, has duas aeque notandas relationes deducere licet:
logl  log3 log5 log7 log9
Vi_ V'3 V5 V7 -+ V9 -+ etc.
1 1 1
3(3w — C —log ) )V—l+1~/—3—l-/—5—- e V9+etc$ et
logl = log2 logd  logh  log7  log8 log10
ity —yr v tym tys ym — ele,

1 1 1
1(Gm— -2V2log2-—logg)§l7i 172—,—-‘/—4—‘7—+V7 Vé—etc.}

92.
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§. 13.

eau + e-—al"
enu + e—nu

Si

in seriem evolvimus, fit utique identice:
gl al _';” —1) [eliFDm-ale 4 e L@D)male] (—1)" - 2nmu (gt - gan
en‘u -+ e~ ( enu - U >

(°* pati . o-au @
0 £ - g " us
i=n—1 ; 1 1 .
= T(I—S) . :—S__(()'—'l) [((21'_'_‘1),”_0)1-s+ ((21'4-1)71;‘4_61)1-3] -+ (—1) * qu(n),

unde

ubi brevitatis causa posuimus

® ol g g=at  o~207U cfyy ® e=2nmu ofyy Mr (1 —-S)
au = | : =E. | —Qf—= :

Ll u (2nm)l-s
(exsistente E quantitate quadam finita); atque, cum evidenter sit
limp(@n) =0 [n= ],
etiam
7 et gman du 1 1
93. ]: e_“—""—nu+e_nu . = T(].—S) S( 1) [((21_’_1)71:, a)l—c ((2i+l)7r+a 1_5].

Jam vero exsistente

i=n-1
T s = 8(— 1)y Cos (D a+ (1) ™. Cos a1 Cos n—e

142y Cosa+y* "~ ;2 142y*Cosay* ’
habebimus etiam
fl (l—y’)Cos,l‘a4 dy
1424 Cosaty * 1. 1-s
log —
0 (.og ) |
l‘n C
=I(s). S(=1y. 7‘%?{’:%7+ (1)"(p (%) Cos(n+ )a+p(n+l)Cos(n— Ya),
posito brevitatis causa
ly'Zn (lOg _) dy ’
1,s- l _o.re ...
P(")-—-f i Ertsary = 0/, ey dr =gty (1>60)

Manifestum igitur est

limp(n) =0 [n= ],
unde fit utique S

5*
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=

1 (1+y*)Cosla dy _ ; Cos(i4-3)a
9. /o 1+2y‘Cosa-:-y‘ ' (logl)"‘ =T0) °ii§— b Qi+ly -

Valoribus vero, quos formulae (93. et 94.) praebent, in (82.) substitutis, si s
in 1 — s mutatur, prodit,

1 -+ 1 1 _ 1 " 1
(—a) (n4-a) (Bn—a) Bn4-a) Or—a)°

+ — etC.

Or4a)
o zggsiv __Cosja , Cosia  Cosia  Cosla
~ Sinlsw, I(s) ¢ 1= 3i=s Bi=s Tims gi— — etc

95.

et siw —a loco a@ ponitur:
1 1 1 1 1 1
o + 2r—a) - QCr+ta) - (dn—a)* + (4n+4-a): + (671—a)*

_ 21— Sinja . Sinjs . Sinja , Sinja . Singa
'—Wf{j % 1= -+ s + Bi—s + 7i—s -+ Qi—s +etc-3

— etc.

96.

t 1 f—rd Zlf_t 3 t ) .
atque si @ =— (m < n num. integr.) supponamus:
L 1 1 1 1 1
(n—m)’ + (n-l-m)s - (372-—"1)‘ - (37!-'—1",)‘ + (5n_m)5 + (572 +m)* — etc.

7 \* mr 3mm Bmmn Tmn
. 2.(—2-;‘) Cos% Cos o Cos—%— Cos-ﬂ

T Sinisw.I'(s) - i — 3=+ pm — i+ ete

97.

1 1 1 1 1

ﬂ—l-s + (2n—-m)s - (21l+m)s - (4n__m)s -+ (4n+m)s -+ (Gn—m)s — etc.
— 2n f 2n 2n "+ 2n o+ 2
~ Sinlsn I(s) ' 1 3 Bl T+ etc.}

Ezx. 1. Posito m=1, n=2, fit

1 1 1 1 1 1
i;'l":;.—-—s—;i—s‘l"g‘s‘l"l—l}—etc.

2'(%)'&"7:‘ 1 1 1 1
= Tl T T+ g e T s+ etels
quod jam supra in (54.) invenimus.

Ex. 2. Posito m=1,n=3, prior formularum (97.), factis quibus-
dam facillimis reductionibus, formulas (53.) reddit; e posteriore vero, positis
brevitatis causa :

1 1
T() =~};+%—77!;—1—11—5+-1§+i-7-;—etc.

1 1 1 1 1 1
W(S)=‘1;—'§;+—5-;——-7—;+-9—,—ﬁ;+etc.
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fit

2(6)

T (S) - Sll’l Lsm. . I(s)

unde, cum sit

37

BTA—s) + 3P (1—s)l,

WW(s)=T(s)— 3=V (s),

habebimus
Gry 143~
98.  T() = gl 1) 1431 + L(1—).
§. 14.
Differentiemus jam formulam (93.) respectu s tamquam variabilis, tunc
erit ®
eau+e-au
j: e uslog u.du
o e““+e‘“” du log ((2¢+Da-a) | log ((2e41)7-ta)
=209, [ S G- 109, SCL G e Rg G
et pro s = 0, exsistente Z’ (l) =—C et
“ e - p-aU L
99. .f; gt du = ;Sec a,
habebimus
i=w log((2i+)n—a)  log((2i+1)7-+a)
:s_g 1) [ @i+Dn—a = Q24-Data ]
eau + e-—au
= — ;C Sec ;a —-‘f; g log u. du.

Ubicumque vero @ est ad = in ratione commensurabili, integralia in dextero

membro valorem formulae (70.) ‘(pro a = 0) praebent.

tunc obtinebimus

Sit o __mn
it 1gitur @ = n

n \; log((2z+l)n—-m) log ((2i+1)n4m)
».S_(ol [ 24+Dn—m Qi+-Dn4m ]
log 2 . SC1)[ —2 1
+ log — — _—
=0 " @i+a-"" Qi+ o
*  mn mmn

=—;—C.Sec.g$—f
0

unde, cum sit ex (93.) (pro s = 0)

e—"—.u+e-;r-.u
enu..l_e'ﬂu

. log u.dy,
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Sy —1 & f R wa-
o = - u = 3zvec oo
i=0 (2i+1)n—":7n @isD)m 42" o ow g ,,_e p 1Sec

fit denique ex formulis (70.) citatis:

log (—m) + log(n+m) _ log(Bn—m)  log(3n+-m) log (5n—m)

n—m n4-1m 3r—m 3n+m 5n—m
log (5n+m)
W etc.
i=n \ (l -+ = 2)

z_._

2

2n

z Sec2 (C+log27r)——— S( 1) Cos(2z-—1) 5 log} =

(m 4+ n = num. imp.)

100. log (n—m) + log(n4m) _ log (3n—m) __log@Bntm)  log (5n—m)
N—m n-m 3n—m 3n4-m Sn—m
log (5n+m)
W — etc.

z.——.
1 (n—1) 2)
=—-—~Sec2 (C+log2qr)——S(—l)"lcos(2z-l) — Iog ——FT}
(m 4+ n = num. par),
atque, si » — m loco m ponitur,

logm + log(2n—m)  log(2n+m)  log(4n—m)  log(dn+m)

m 2n—m 2n+m 4n—m 4n4-m
log (6n—
g;;(nfm—”—l? — etc.
i=n — -+ ——)

————— Cosec 2n (C+]og27r)-—-— SSlﬂ(Ql—l) e T("’f
| (m = num. 1mp)

101. logm + log(2n—m)  log(2n4m)  log(4n—m) + log(4n-+m)
m. 2n—m . 2n4-m ~ 4n—m dn+4m
log(ﬁn—-m)
-+ —=— 6n—m — etc. i
il ra—-=)
Cosec. b (C+log7r) _ S Sm (21—1) log ——2~_—_—
\ r>
S (m = num, par) =

Ex. 1. Posito m=1, n=2, fit!
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logl | log3 logh log7 = log9 = logll = 24, (). 1®
I A 7 F o Fr —ete=gplog a2t

atque inde

ot

[e

.3
5.7
Ex. m=1 n=3, fit

95 IITLATY _ 2i.r(-g-).r(g)§f7§
astismor . | 4.2

Y-

logl | log2 log4 logh _ log7 _log8 o 27
T+t 5 T g —ete=33(log2r—2C) —zlog I(}),
logl  logh log7 logll _ logl3 . 3teC.1 (Y
T -+ -_5'— - 7 11 -+ 13 -+ etc. = 575‘ log 2%.(1_,(%))3 B
atque inde ”
11 1 1 2073
1.22.77.8° ... (2n)s.e‘s"2"3
PO TIORTE L 2 i

1 1 1 x
1.5%.138.177..,, i3i.e-0.1"(i)§3.
711,195,235, { 2LTQ)Y

P.S. Ex antecedentibus hanc etiam demonstrare licet notandam for-
mulam
Cos ya.log1—5Cosjalog3+1Costa.logh—1 Coslalog 7+1Costa.log9 -+ etc.
= %(log n — C — log Cos 3a) — ;m log [T'(3 + -‘-1%) T3 — Z‘;-‘)],
quae, quodcumque sit @ < w, valet.

Upsaliae D. 1. Maji 1846.




