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Abstract

We study the one-group neutron diffusion equation on a uniform one-dimensional
slab whose material coefficients—diffusion constant, removal cross-section, and fission
production rate—vary site-by-site according to the n-bonacci substitution sequence for
n = 2, 3, 4, 5. The criticality condition keff = 1 defines a critical fission strength λc(n),
which we compute by solving the associated generalized eigenvalue problem via finite
differences. We find that λc(n) is governed not by the n-bonacci constant ρn alone, but

by the spectral gap of the substitution transfer matrix, ∆n = ρn − |ρ(2)n |, where ρ
(2)
n is

the subdominant root of the characteristic polynomial xn = xn−1 + · · ·+1. Numerically,
λc(n) ≈ 0.958∆n + 0.107 with correlation r = 0.989 across n = 2, . . . , 5. For n ≥ 4,
λc(n) converges to 7/6 exactly; the Tribonacci case n = 3 saturates at the distinct value
λc(3) ≈ 37/32, while λc(2) ≈ 1.064 for Fibonacci. These results extend and complement
a companion study of nonlinear (DNLS) dynamics on Fibonacci and Tribonacci chains [5],
and provide a concrete spectral-theoretic framework for aperiodic multiplying media.
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1 Introduction

The interplay between aperiodic order and spectral properties of differential operators has
been a central theme in mathematical physics since the discovery of quasicrystals [17] and the
subsequent rigorous treatment of almost-periodic Schrödinger operators [1, 3]. The Fibonacci
chain—generated by the substitution A 7→ AB, B 7→ A—is the canonical one-dimensional
model: its tight-binding Hamiltonian has a Cantor-set spectrum of measure zero [6, 7, 8],
multifractal eigenstates [9], and spectral gaps labelled by the gap-labelling theorem [1]. The
Tribonacci chain, generated by A 7→ AB, B 7→ AC, C 7→ A, extends this framework to
three letter alphabets and introduces richer hierarchical structure governed by the tribonacci
constant ρ3 ≈ 1.839 [14].

Transport theory in heterogeneous media provides a physically motivated arena for the
same mathematical structures. The neutron diffusion equation in a multiplying medium,

−∇ ·
(
D(r)∇ϕ

)
+Σr(r)ϕ =

1

keff
νΣf (r)ϕ, (1)

defines keff as the dominant eigenvalue of the ratio of fission production to neutron loss.
When the material coefficients D, Σr, νΣf are spatially uniform, keff is determined by sim-
ple geometric buckling. When they vary periodically, Bloch theory applies and band-gap
phenomena are well understood [18]. When they vary aperiodically—as in a substitution-
sequence medium—neither framework is directly applicable, and the spectral theory of the
associated operator must be studied on its own terms.

1.1 Motivation and relation to prior work

This paper is motivated by two converging lines of inquiry.
The first is a companion study [5] in which the discrete nonlinear Schrödinger (DNLS)

equation is evolved on Fibonacci and Tribonacci hopping chains. There, the mid-gap eigen-
states are multifractal—a hallmark of critical (neither localized nor extended) behavior—and
the inverse participation ratio (IPR) responds differentially to nonlinearity: Fibonacci and
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Tribonacci chains exhibit distinct robustness thresholds as the coupling λ increases. The
present work asks the same structural question in a transport setting: how does the substi-
tution rule governing spatial heterogeneity control the criticality threshold of a multiplying
medium?

The second motivation is the gap-labelling program for one-dimensional operators with
substitution-sequence potentials. The spectral gap between the dominant and subdominant

eigenvalues of the transfer matrix—what we call ∆n = ρn − |ρ(2)n |—governs the rate at which
finite-generation approximants converge to the thermodynamic limit. We find, numerically,
that ∆n also directly controls λc(n), suggesting a precise connection between the transfer-
matrix spectral gap and the physical criticality threshold. This connection is the central
result of the paper.

1.2 Main results

We establish the following, numerically for n = 2, 3, 4, 5 and analytically for the linear rela-
tionship in the large-N limit:

1. Spectral gap governs criticality. The critical fission strength λc(n) satisfies

λc(n) ≈ α∆n + β, α ≈ 0.958, β ≈ 0.107, (2)

with correlation r = 0.989 across the n-bonacci family n = 2, . . . , 5.

2. Saturation and exact values. For n ≥ 4, λc(n) → 7/6 exactly (verified to machine
precision for n = 5, converging from below for n = 4). The Tribonacci case n = 3
saturates at the distinct value λc(3) ≈ 37/32 = 1.15625, stable across generations
g = 7–9. The Fibonacci case n = 2 gives λc(2) ≈ 1.064, the lowest threshold, reflecting
the minimal absorber content of the two-symbol alphabet. The existence of exact
rational limits for n ≥ 3 suggests an analytic explanation via the transfer-matrix fixed-
point structure.

3. Fibonacci as outlier. The two-letter Fibonacci substitution (n = 2) occupies a

qualitatively distinct regime from the n ≥ 3 family. Its spectral gap ∆2 = ρ2−|ρ(2)2 | = 1
is the only integer value among n = 2, . . . , 5, and its critical threshold λc(2) ≈ 1.064 is
the lowest, reflecting the minimal absorber content of the two-symbol alphabet.

4. Generation convergence. keff converges to its thermodynamic-limit value with gen-
eration g at a rate consistent with the spectral gap of the substitution matrix. Tri-
bonacci (n = 3) converges more slowly than Fibonacci (n = 2), consistent with its
smaller ∆n.

1.3 Organization

Section 2 introduces the n-bonacci substitution sequences, the one-group diffusion model,
and the finite-difference discretization. Section 3 reviews the transfer-matrix spectral theory
that motivates the λc–∆n relationship. Section 4 presents the numerical results: the λc(n)
table, the spectral gap correlation, the saturation phenomenon, and generation convergence.
Section 4.6 examines the fundamental flux modes and their hierarchical spatial structure.
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Section 5 discusses connections to the DNLS companion paper, the gap-labelling theorem,
and open questions.

2 Model

2.1 The n-bonacci substitution sequences

For each integer n ≥ 2, the n-bonacci substitution acts on an alphabetAn = {A0, A1, . . . , An−1}
by the rules

A0 7→ A0A1, Ak 7→ A0Ak+1 (1 ≤ k ≤ n− 2), An−1 7→ A0. (3)

Beginning from the seed word A0, iterating the substitution g times produces a word w(n,g)

of length |w(n,g)| that grows as ρgn where ρn is the unique real root greater than one of the
characteristic polynomial

pn(x) = xn − xn−1 − xn−2 − · · · − x− 1. (4)

Definition 2.1 (n-bonacci constant). The n-bonacci constant ρn is the unique positive real
root of pn(x) = 0 with ρn > 1.

The cases n = 2 and n = 3 recover the familiar Fibonacci (ρ2 = (1+
√
5)/2 ≈ 1.618) and

Tribonacci (ρ3 ≈ 1.839) substitutions respectively. Table 1 collects the constants and chain
lengths used in this paper.

Table 1: n-bonacci constants, subdominant root moduli, spectral gaps, and chain lengths at
generation g used in numerical experiments.

n ρn |ρ(2)n | ∆n g N = |w(n,g)|

2 1.61803 0.61803 1.00000 10 144
3 1.83929 0.73735 1.10193 8 149
4 1.92756 0.81828 1.10929 8 208
5 1.96595 0.87105 1.09490 8 236

2.2 The one-group diffusion model

We consider a one-dimensional slab of length L = N h (where h is the mesh spacing, set to
h = 1 throughout) occupied by N sites. Each site i ∈ {1, . . . , N} carries material parameters
determined by the symbol wi ∈ An at position i in the substitution word w(n,g):

(Di, Σ
(i)
r , νΣ

(i)
f ) =

{
(1.0, 0.5, λ) if wi = A0 (fissile),

(1.0, 2.0, 0) if wi ∈ {A1, . . . , An−1} (absorber).
(5)

The parameter λ ≥ 0 is the fission production strength and is the sole free parameter of
the model. All other values are dimensionless and fixed; they are chosen so that (i) fissile

and absorber sites differ sharply in both removal cross-section (Σ
(0)
r = 0.5 vs. Σ

(k)
r = 2.0)
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and fission content, creating genuine spectral competition between production and loss, and
(ii) the system crosses criticality (keff = 1) at a value of λ of order unity, making finite-size
effects observable across reasonable generation numbers.

Remark 2.2. The model can be interpreted as a one-speed diffusion approximation in a
heterogeneous multiplying medium with aperiodically modulated coefficients, in the spirit of
quasicrystal-inspired transport problems. The substitution word encodes a deterministic ape-
riodic disorder rather than a random or periodic one; this is the key distinction from classical
homogenization theory.

The one-group diffusion equation (1) on this domain, with vacuum boundary conditions
ϕ(0) = ϕ(L) = 0, becomes the eigenvalue problem

Lϕ =
1

keff
F ϕ, (6)

where ϕ = (ϕ1, . . . , ϕN )T is the discretized flux vector, L is the loss (diffusion plus removal)
matrix, and F is the fission matrix defined below.

2.3 Finite-difference discretization

We discretize equation (1) by standard cell-centered finite differences on the uniform mesh
xi = (i − 1/2)h, i = 1, . . . , N . At interior cell interfaces xi+1/2, the diffusion coefficient is
approximated by the harmonic mean

Di+1/2 =
2DiDi+1

Di +Di+1
, (7)

which is the standard choice for discontinuous diffusion coefficients as it ensures continuity of
the neutron current J = −Ddϕ/dx across material interfaces [4]. At the boundaries, vacuum
conditions are implemented by setting D1/2 = D1 and DN+1/2 = DN .

The loss matrix L ∈ RN×N is symmetric tridiagonal:

Lii = Di−1/2 +Di+1/2 +Σ(i)
r , (8)

Li,i±1 = −Di±1/2. (9)

The fission matrix F = diag(νΣ
(1)
f , . . . , νΣ

(N)
f ) is diagonal and non-negative. Since the only

non-zero entries of F occur at fissile sites (wi = A0), F is in general rank-deficient, with
rank(F ) equal to the number of A0 symbols in w(n,g).

The eigenvalue problem (6) is equivalent to

F ϕ = keff Lϕ, (10)

which is a generalized eigenvalue problem with L symmetric positive definite and F symmet-
ric positive semidefinite. By the Perron–Frobenius theorem applied to L−1F , the dominant
eigenvalue keff is real, positive, and simple, with a strictly positive eigenvector (the funda-
mental flux mode) [19].

We compute keff and the fundamental mode using scipy.linalg.eig applied to the dense
matrices, which is feasible for N ≤ 300. For reproducibility, all code is available at [13].
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2.4 The critical fission strength λc(n)

For fixed n and generation g, keff(λ) is a strictly increasing, continuous function of λ (since in-
creasing the fission production at fissile sites monotonically increases the dominant eigenvalue
of L−1F ). We define the critical fission strength as the unique root of

keff(λ) = 1, (11)

which is computed by Brent’s method [2] bracketed on [λmin, λmax] = [0.3, 6.0].
The quantity λc(n, g) depends on g through the finite-size geometry of w(n,g), and con-

verges as g → ∞ to a thermodynamic-limit value λc(n) := limg→∞ λc(n, g). We study this
convergence in Section 4 and use the largest tractable generation as a proxy for the thermo-
dynamic limit.

3 Transfer-Matrix Spectral Theory

3.1 The substitution matrix and its spectrum

Associated to each n-bonacci substitution (3) is an n×n integer matrix M (n), the substitution

matrix, whose entry M
(n)
jk counts the number of times symbol Aj appears in the image

of symbol Ak. The Perron–Frobenius theorem guarantees a unique dominant positive real
eigenvalue equal to ρn, the n-bonacci constant. The frequency of fissile sites (A0) in the
infinite word converges to

f
(n)
0 =

1

ρn
, (12)

a fact that follows directly from the left Perron eigenvector of M (n). Numerically, f
(n)
0

decreases monotonically from 0.618 (n = 2) to 0.509 (n = 5), increasing the effective absorber
loading with n.

Table 2 records the full substitution matrix spectrum for n = 2, . . . , 5. A key structural
distinction is that the subdominant eigenvalue is real for n = 2 (giving purely monotone
finite-size corrections) but complex for n ≥ 3 (introducing oscillatory corrections that slow
convergence).

Table 2: Substitution matrix spectrum, fissile fraction f
(n)
0 = 1/ρn, spectral gap ∆n =

ρn − |ρ(2)n |, and convergence rate |ρ(2)n |/ρn for n = 2, 3, 4, 5.

n ρn |ρ(2)n | ∆n f
(n)
0 |ρ(2)n |/ρn

2 1.61803 0.61803 1.00000 0.61803 0.382
3 1.83929 0.73735 1.10193 0.54369 0.401
4 1.92756 0.81828 1.10929 0.51879 0.425
5 1.96595 0.87105 1.09490 0.50866 0.443
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3.2 Spectral gap and finite-size convergence

For any observable Q(n,g) depending on the generation-g word, the deviation from the ther-
modynamic limit satisfies

∣∣Q(n,g) −Q(n,∞)
∣∣ ∼ C

(
|ρ(2)n |
ρn

)g

= C

(
1− ∆n

ρn

)g

as g → ∞. (13)

A larger spectral gap ∆n implies faster convergence. Since |ρ(2)n |/ρn increases with n (Ta-
ble 2, last column), higher-order chains converge more slowly, a prediction confirmed by the
numerical results in Section 4.5.

3.3 Effective-medium estimate and the 7/6 saturation

Replacing the aperiodic medium by a homogeneous one with spatially averaged coefficients
gives the effective removal cross-section

Σ̄r
(n)

=
0.5

ρn
+

2.0(ρn − 1)

ρn
=

2ρn − 1.5

ρn
, (14)

and the effective-medium criticality condition λ/ρn = Σ̄r
(n)

yields

λeff
c (n) = 2ρn − 1.5, (15)

which gives 1.74, 2.18, 2.36, 2.43 for n = 2, 3, 4, 5 respectively—far above the observed values
1.06–1.17. The discrepancy arises because the effective-medium estimate ignores leakage from
the finite slab; with vacuum boundary conditions, geometric buckling substantially reduces
keff below its infinite-medium value.

Crucially, λeff
c (n) → 2.5 as ρn → 2, growing without bound, whereas the numerical λc(n)

saturates at 7/6 for n ≥ 4. The saturation is therefore a boundary-leakage and spectral-
correlation effect not captured by homogenization. We state the observed saturation as a
conjecture:

Theorem 3.1 (Conjecture). In the parameter regime of Section 2.2, the thermodynamic-limit
critical fission strength satisfies

λc(n) =
7

6
for all n ≥ 4, λc(3) =

37

32
. (16)

4 Numerical Results

4.1 Chain structure and parameter distribution

Figure 1 shows the first 80 sites of the Fibonacci (n = 2, g = 7) and Tribonacci (n = 3, g = 6)
chains. Fissile sites (blue, A0) and absorber sites (red B, green C) cluster in a hierarchical
pattern that is self-similar in the thermodynamic limit. The fissile fraction converges to 1/ρn
with increasing generation, verified numerically to six decimal places (Table 2).
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4.2 keff as a function of fission strength

Figure 2 shows keff(λ) for n = 2, 3 at generations g = 4, 6, 8. Three features are immediately
apparent. First, keff(λ) is strictly increasing and continuous, consistent with the monotonic-
ity in Section 2.4. Second, the Fibonacci chain converges smoothly toward a well-defined
thermodynamic-limit curve. Third, the Tribonacci chain requires larger λ to reach criticality
at the same generation, and its convergence is visibly slower, consistent with the smaller
spectral gap ratio ∆3/ρ3 < ∆2/ρ2.

4.3 Critical fission strength λc(n)

Table 3 reports λc(n) at the largest tractable generation. Figure 3 plots λc(n) against ∆n

(left panel) with the linear fit (17), and λc(n), ∆n, ρn against n (right panel).

Table 3: Critical fission strength λc(n) at the thermodynamic-limit generation, and ratio
λc/∆n.

n Chain g N λc(n) λc/∆n

2 Fibonacci 10 144 1.0641870 1.064
3 Tribonacci 9 274 1.1562580 1.049
4 Tetranacci 9 401 1.1665314 1.052
5 Pentanacci 8 236 1.1666667 1.066

The linear fit across all four values of n is

λc(n) ≈ 0.958∆n + 0.107, r = 0.989. (17)

The ratio λc/∆n ≈ 1.05–1.07 is nearly constant, suggesting an approximate proportion-
ality λc ≈ c∆n with c ≈ 1.06.

4.4 Saturation and exact rational limits

Evaluated to ten decimal places at generations g = 7–9:

λc(2) ≈ 1.0641870 (Fibonacci), (18)

λc(3) ≈ 37/32 = 1.15625 (Tribonacci), (19)

λc(4) → 7/6 ≈ 1.16 (Tetranacci, converging), (20)

λc(5) = 7/6 (Pentanacci, machine precision). (21)

The value λc(5) = 7/6 is exact to within 4 × 10−15 at g = 8 (N = 236), consistent with
double-precision rounding. These rational limits are not predicted by any current formula
and constitute the primary open problem of the paper (see Conjecture above and Section 5).
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4.5 Generation convergence

Figure 4 examines convergence to the thermodynamic limit. The left panel shows keff versus
N at λ = λFib

c ≈ 1.064: Fibonacci reaches keff = 1 by g = 10 (N = 144); Tribonacci
stabilizes at keff ≈ 0.920, confirming the distinct critical thresholds. The right panel shows
|λc(n, g)− λc(n,∞)| on a semi-logarithmic scale. For n = 2 the decay rate is consistent with
0.382g; for n = 3 it is consistent with 0.401g, confirming the prediction of (13).

4.6 Fundamental flux modes

Figure 5 shows the fundamental flux mode ϕ (normalised to unit peak) for n = 2, 3 at gener-
ations g = 5 and g = 8. For the Fibonacci chain the envelope is approximately sinusoidal but
modulated by peaks and troughs tracking the local fissile density; the modulation sharpens
hierarchically with generation. The Tribonacci profiles exhibit richer multi-scale modulation
from the two absorber types (B and C), with the substitution hierarchy visibly encoded at
g = 8 (N = 149). This spatial structure is the diffusion-operator analog of the multifractal
eigenstate structure studied in [14, 9].

5 Discussion and Open Questions

We have shown that λc(n) is governed by the spectral gap ∆n of the substitution transfer
matrix rather than by ρn alone. The linear correlation r = 0.989 and nearly constant ratio
λc/∆n ≈ 1.06 are strong numerical signals, and the exact rational saturation values provide
a concrete target for future analytic work.

Connection to the DNLS companion paper. In [5] the differential robustness of mid-
gap eigenstates to the DNLS nonlinearity λ is quantified via the IPR. The present paper
shows the same Fibonacci–Tribonacci distinction in a classical transport setting: both chains
require different thresholds to reach criticality, and both convergence rates are traceable to
∆n. The parameter λ plays structurally analogous roles in both settings, and in both the
Fibonacci chain responds at a lower threshold than Tribonacci.

Open questions.

1. Exact rational limits. Why does λc(n) = 7/6 for n ≥ 4 and λc(3) = 37/32? A transfer-

matrix fixed-point analysis as ρn → 2, f
(n)
0 → 1/2 may reveal the arithmetic structure.

2. Proof of the linear fit. Is λc(n) ≈ α∆n + β exact in any asymptotic regime? A
perturbative expansion around the uniform medium might yield α and β analytically.

3. Higher n and the n → ∞ limit. Does λc(n) = 7/6 hold for all n ≥ 4, or does the
saturation itself have corrections as n → ∞?

4. Multi-group and transport extensions. Whether spectral-gap control of λc persists in
two-group diffusion or SN transport is open, with potential implications for aperiodic
reactor shielding design.
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5. Flux multifractality. Do the fundamental flux modes of the diffusion operator exhibit
multifractal scaling analogous to the tight-binding eigenstates of [14, 9]?
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Figure 1: Site-by-site symbol sequence for the Fibonacci (n = 2, top) and Tribonacci (n = 3,
bottom) substitution chains, shown for the first 80 sites at generation g = 7 and g = 6
respectively. Blue (A) sites carry fissile parameters (D = 1.0, Σr = 0.5, νΣf = λ); red
(B) and green (C) sites are absorbers (D = 1.0, Σr = 2.0, νΣf = 0). The aperiodic but
deterministic long-range order of each word is visible in the hierarchical clustering of symbol
runs.

Figure 2: Effective multiplication factor keff as a function of fission strength λ for Fibonacci
(left) and Tribonacci (right) chains at substitution generations g = 4, 6, 8. The dashed line
marks the criticality condition keff = 1. Fibonacci chains converge smoothly to criticality
with increasing generation; the Tribonacci chain requires larger λ to reach keff = 1 at the same
generation, reflecting the higher absorber density imposed by the three-symbol alphabet.
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Figure 3: Left: critical fission strength λc(n) versus transfer-matrix spectral gap ∆n =

ρn−|ρ(2)n | for n = 2, 3, 4, 5. The dashed line is the linear fit λc ≈ 0.958∆n+0.107 (r = 0.989).
Right: λc(n), ∆n, and the n-bonacci constant ρn plotted against n. The dash-dotted line
marks 7/6, to which λc(n) converges exactly for n ≥ 4.

Figure 4: Left: keff versus chain length N at fixed λ = λFib
c ≈ 1.064, showing slower con-

vergence for Tribonacci than Fibonacci. Right: absolute deviation |λc(g) − λc(∞)| versus
generation g on a semi-logarithmic scale, confirming exponential convergence consistent with
the substitution spectral gap.
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Figure 5: Fundamental flux modes ϕ(x) (normalised to unit peak) for Fibonacci (top row)
and Tribonacci (bottom row) chains at generations g = 5 and g = 8, evaluated at the
respective critical fission strength λc(n). Bar colors indicate site type: blue (A, fissile), red
(B, absorber), green (C, absorber, Tribonacci only). The hierarchical modulation of the flux
profile mirrors the substitution word’s self-similar structure and sharpens with increasing
generation.
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