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Space-77me Manifolds and Gravitational Fields. 703 

SUMMARY. 

1. The hydrodynamic basis of convection of beat, suggests 
study by means of models. 

2. We have the formulte : 

~r convection h = (ktt/l)F(c~gl3aO/k~), 
Forced convection h = (kO/l) F(lvc/k). 

3. Gr~tphs drawn with h--(kO/1) as ordinate and either 
(c~tlfaaO/k2) or (lye~k) as abscissa should be indet)endent 
of the size oF the object; consequently, to ascertaiu the 
heat-loss tot any particuhtr body it should be necessary 
only to per(otto the appropriate experiment with a model. 

4. For natural convection Pdelet's data have been analysed 
with promising result. Tile formula wouht not lie applicable 
to bodies where the fluid exp~tnsion caused was no longer 
negligible as a mere volume change. 

5. For forced convection the formula, tested by data 
given by Hughes, is very promising. The coolii~g fluid 
is not heated so much as in natural convection, and can 
still be regarded as i,mompressible for smaller bodies at 
higher temperatures. The formula is good, even for thin 
wires, and i~ is satisfactory to trace in it the hydrodylmmic 
variable determining turbulence. 

6. Evidence available in published data indicates that, for 
hea~-loss from a body, an excellent first approximation can 
be obtained from experiments with a model. The principle 
of similitude affords a convenient method of expressing 
experimental results. 

March 1920. 

LXXXII .  Space-Time ManiJolds and correspon,ti~7 Gravita- 
tioJmI" l'Telds. ]3g WILFRn) WH~soN, B.Sc., xVorthampton 
Polqtech~dc Ltstitute ~. 

.rI~HE main purpose of ~be present l)aper is the investigation 
1 of th(, gravitational tleld of an infinite uniform rec0- 

linear disLribution of mass or, more precisely stated, the 
determination of the equations of the geodesics in a space- 
time manifold in which the square of the element of length 
has the form 

~t.~ ~ = -A~t,.'- - f  :~lz~-A,"tl,f' +A~lt ~, ( 1 ) 
where the f ' s  are functions of r only ?. 

* Communicated by Dr. Win. Wilson. 
+ When f t = f ~ = f ~ = f ~ = l ,  r z and q~ are the ordinary cylindrical 

space co-ordinates. 
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701 Mr, W. Wilson o~ Sl, ,ce-Time Man{tblds 

So far as the writer is aware, the only gravitational field 
which lms been investigated from the point of view of 
Einstein's theory is that of a single par tMe or of a number 
of isolated particles. On Newton's theory the intensity of 
the field in the ,leighbourhood of such an infinite rectilinear 

2m 
disiribution of mass is equal to - - ,  where m is the mass 

per unit length, using gravitational units. The following 
investigation shows that the intensity as given I,y the 
general theory of relativity is, to an exceedingly close 
approximation, equal to the Newtonian result. 

Before proceeding to the actual investigation it will bo 
~,ell to study the tbllowing simpler types of manifbld 
in which the square of the line element has the forms : - -  

ds' = - d .~  ''~ - -  , l~,  ~ - ~t.:'~ - 2 . t  ,l,,, , l t  + ( 1  - -  ~ t ' )  , t t  ~, (2) 

ds' = --dr=--clz = -reddp=--2w,"dCdt + (1--r'co=)dt ,, (3) 

ds = = --Adr'~-dz'~--r~ddpS 4 Bdt ~ . . . . . . .  ( t )  

where ~, co, A, and 13 are constants. 
In the relativity theory of gravitation the general form of 

the square of the element of length is 
i, 2, 3, 4 

ds ~ = ~ . q ~ , l x j x ~ .  
ET 

The potentials g~ satisfy the equations 

= o ,  . . . . . . .  ( 5 )  
where 

I, 2, 3, 4 

C~,,- Z IF F - ~ ,  l o g V g  
,.o u,,o pe 

_ r g ~ 

and 

In SOlUe eases the potentials ggr may also satisfy the 
equations 

B r' = 0, . . . . . .  (6) [t~'O" 

* Einsteil  b Am*. el. lq*ys, xlix. p. 769 (]916). Eins te in  only uses 
co-ordinates ft,r which  g = 1. Sec also Eddingt tm,  ' Repor t  oll I~elativo 
Theory vf Gravitation. '  
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and correspondi W Gravitational l~Tehts. 705 

where 
1, 2,3, 4 

3 '  lP ~ F ~  P~ ~)- P ~ t*" O,cv t~a ~ Io,/ 

The latter equation expresses the necessary and sufficient 
condition that, bv a suitable choice of coordinates, the square 
of the element ot' length can be put in the form : - -  

1, 2, 3, 4 

 tx: . . . . . .  (7)  
8' 

and ~he gravitational field made to vanish everywhere. Such 
a field may conveniently be termed a iron-permanent one. 
The manifolds (2), (3), and (4) furnish simple illustrations of 
such fields. 

In the maul[old ('2) the values of the g~r and gxr are : - -  

f - J l j = - - i  . ( g n =  ~t~ 1 
g~:=--i I g22=_i 

t ' ~(ta3 = -- 1 .{ gaa =. _ 1 

i g . =  1 - ~ ' t  ~ i g " =  1 
(--g14 = - - ~ * t  ~_ff14 = - - a t ,  

and g = - - 1 ,  

where g is the determinant of the g~r. 
a 

The Christoffel expressions Ff~ r all vanish with the 
exception of F~, which has the value 

F'  
The equations 

~ 9 1 2 3 4  "~ 

~_, F ~ - ~ ;  a )  - - 0 ,  ~ - - -1 ,  2, 3, 4, . (8) 

aft 
of the geodesics then give the following equations o[ 
motion :--  

d23: 

d8"2 

d~Y = O, 

d22 
- -  O~ 

dZ 2 

rig-' = O, 
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70,J Mr. W. Wilson on ~5))clee. 27me ,lla~ijblds 

where the constant c is given by 

dt 

ds 

The first of these equations may now be written 

d 2 x  

showing tb.a~ the manifold (2) correspond,-_' to a ut~ifovm 
gravitational field in the a" dlreetlon. 

In the manifold (3) we have 

(yn = - - I  (gu = _ 1  
g2= y=2 " - 1  = 1 

1 
{ (/a3 = -  ,,2 .{ ,.qaa ___ o)"-- 

and 

The non-vanishing Christoffel expressions F~v are : 

1 
1 n 33 ~ ~ r ,  3 . t r 13 = ~ ,  

P'a4=- - - ~ r ,  Pat4-~ 

Pq~=-~o2r ; 

and the equations of motion (8) are : 

d:r f d(dp-k wt) " 
a P - r }  - a S  } 0, 

d"~ 2 d r  d(d~4oot) 
~ls '~ + r J-s- - - - j , ~ - -  = O, 

d2s 
d8 2 = O,  

det 
~--0. 

ds = 

The las~ equation gives 

dt 
d 8 -  c~ 
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and corresponding Gravitatio~ml Fiehts. 707 
dt 

where c is a constant. Substituting this value of ~ls ill 
the first equation, we obtain 

d &  - r + ~o = O, 

and taking ~ to be an angular velocity we have the equations 
of motion in a centrifi~gal field. 

In the manifold (4) the non-vanishing (~hristoffel ex- 
pressions are 

1 r 
F a 1 3 = -  and F ' 3 3 = - - -  

~" A" 

The equations of motion (~) become 

d~r r ( a ~  ~ 
2; .'~ - X  \ d s  / = O, '1 I 
d24, 2 dr  d4) [ 
,-is ~ + 7. d~ -87 = o, 1 

d2 z ~ . . . . . .  (9) 
ds ~ = O, 

d~t 
ds-- ~ = O. .j 

If,  instead of 4) we use 4) I, where 

(b = v ' A ~ ' ,  

the equations (9) become 

ds ~ r = O, 

d~-~ ' 2 dr ddp' 
ds ~ + ~  Us -ii,( = o, 

d2z 
= O, 

d~t 
d~,~ --: O. 

We lnay therefore regard equations (9) as the equations 
of motion of a particle moving with uniform velocity in a 
straight line with respect to an inertia system (r, z, ~5'), 
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stitution (I0). 
I t  is easier to 

in the form 

708 Mr. W. Wilson on S y ( w e - 7 ~ m e  M a ~ d f o h t s  

viewed from a system (r, z, ~b) rotating in the inertia system 
with angular velocity ( 1 -  ",/A) times that of the particle in 
the inertia system. 

We now proceed to the investigation of the manifold (1), 
where 

&~ = - / ,  d,."-- j'~ dz ~ - j  ; ,,~ ~14, ~ + .h  ~tt ~, 

and the functions 

-A(,9, -21 (,,, -~�88 I;(,') 
must be solutions of the equations (5). 

For our purpose there is no loss in generality in using" any 
function of r in place of r. We therefore write 

-r ' j 'a( , ' )  = - - r  '~ . . . . .  (10) 

and obtain for the square of the line element the form : 

ds  2 = - - f ~  dr ' - -a t? , t z "  - -  ,..adcbO. + f 4  dt~, (11)" 

where the accent has been dropped after making the sub- 

deal with the equations (5) if we write ds 2 

da 2 = - -  ea, tr  "- - -  e~'dz ~ - ,Sddo= + e " d F  ", (12) ~f 

where ea=j ' l (r)  etc., and k, /,, and v arc functions of ~' 
which have to be determined. 

Tile Christoffel expressions F~v are then found to be 

,~ r ' l ,  = �89 ( r~= = }/~', 

{ ' .{ Fala = - ,  

1 t 
/ F '~  = ~..,o,-a ( I'q4 = ~v, 

where 
X' BX , ~/* , ~v 

=~,. '  = a ; , '  ~ =~;" 

Substituting these expressions in the equations ( 5 ) l h e  

* I am indebted to Dr. Wilsmb of Kil~g's College, for su[4ge~ting the 
investigation of a line element of this type. 

t Eddington, Report. 
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and corresponding Gravitational l~Tehls. 709 

la t ter  become : 

1 r 1-~ ! I 1 I f l t2  - -  = - - + ~ X v  - - ~ v  , ( 1 3 )  

! 
1 " 1  = __1 ~(~ 1 . ' - '  . . . .  ( 1 ~ )  
~/~ - � 8 8  + � 8 8  r - ~ ~ '  

~,' = ~ ' §  . . . . . .  (15)  

V . 1  , '  ~ , , - 1 - ,  , 1 ,~ ( 1 6 )  

Subs t i tu t ing  the value of X' given by (15) in (13), (14 ) ,  
and (16), we obtain the equat ions : 

/ z "  -t- v u - - ~  '~d _ -  /~r v /  + - ,  . . . .  ( 1 7 )  
9' T 

- = 0 ,  . . . . .  ( 1 8 )  
/~u + r 

v " + -  = O. . (19) 
9' 

F r o m  (18) and (19) we find 
-- ~ D t  

?, 

and therefore  Dora (15) 
~ _ - -  4 m  + a 

9 1" 

where  4m and a aro constants  of in tegrat ion.  
Subs t i tu t ing  these wdues  of /s and v' in (17) we see 

tha t  
4Dt  

(g _ _ - -  �9 
l - 2 m '  

whence 

and therefore  

8}D, 2 
- -  4 m  + a . . . .  

1 - -  G ; i '  

4D~ ! 

9' 

, 4m 1 
1 - 2 m "  ~' 

8m ~ 1 
1 - - 2 m  " r" 
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710 Mr. W. Wilson o/~ St)ace. T i m e  M ,  milolds 

Integrat ing these last equations, we obtain 

t* = - - 4 m  l o g r + A ,  "~ 

v -- i m l ~  ~ . . . . .  (20) 
| 

8m 2 
+ C, J X -  l ~ 2 n  logr  , 

where A, B, and C are constants of in~egrafl~on. 
We shall see, when the equations of mot, lon are written 

down, that m can be identified with the mass per unit length 
of the z axis. When m is zero the square of the element of 
length will take the form 

ds 2 = - -  dr  ~ -  dz'2_ r 2 d ~  + dt  ~ ; 

i. e., when m = O, 
X =  O, / ~ = 0 ,  v = O .  

Therefore 
A = O ,  B = O ,  (~=0 ,  

and the values of X, #, and v are 

= -- 4m log r, 

4)it 
v = 1---L--from log ~, 

8D~ 2 
X = ~ logr .  

The square of the element of ]engdl (1) is therefore 

ds ~ = - - r  ~1-2"~ dr '2- -r -4"d~ ~ -  ~'2dch ~ + r ' l - ~ "  dt2. (1') 

The Christoffel expressions which do not vanish are : - -  

4m 2 l -- 2m 
F ' n -  1 - - 2 m ' r '  F " j 2 -  , 

i1 r 2 m  r ( - 4 m  \ 1 
22 ------ 9. F313 ~ ?,~ 

33 ~ --T'~ 1--2m/ r414 ~ 1 - - 2 m ' ~ t  "* 

27)7, * ?.(4m- 1)) 
F '44 ~ 1--21)l 
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and ccrrespondlng Gravlt.tional Fiehts. 711 

Substituting |hese wdues in the equations (8), we obtain 
for the geodesics the equations follo~'ing : - -  

d.~r / 4m ~ , 1 ( d , ' ~ +  2,.,.(-,-~'_+. ,) ( a ~  ~ 

-- ?" --1--~mm ) ( 2 )  3t- ~ 2 ' D '  T(4m-l) ,d$]  = 0, (23) 

d'~b 2drd~b _-- O, (24) 
+ r  ds ds 

d~z 4m dr dz 
ds ~ r ds ds - - 0 '  (25) 

d2t t_[ 4m ~ l dr dt 
ds ~-' ~,l----~ml-r ds ds = 0. (26) 

We may interpret these as the equations of motion of 
a particle in the gravitationql field of an infinitely extended 
uniform rectilinear distribution of mass along the z axis. 
From (25) we see that if the particle is moving initially 
in the plane z-=constant, it must remain in this p lane:  
i.e., we have always 

dz 
d~ = 0 . . . . . . .  (25') 

From (24) we have 

, ~  = h, . . . . . .  ( 2a ' )  

where h is ~ constant of integration. This equation simply 
states that .t radius vector sweeps out equal areas in equal 
times. From (26) we got 

dt ( --4., 
- = e r  " l - ~ ' j  . . . . . .  (26 ' )  
ds 

where c is a constant of integration. 
dz dt 

Substituting these values of ds and ds from (25') and 

(26 ~) in (23), we write (23) and (24) in the form:  

ds ~ = r l - - 2 m  r~ 1-2m / 

_ _  ~ . ~  [ d ~  ~ ! 
,.(i-~m) kas/ j ,  (27) 

]/ f 
r~-s9 = h . . . . . . . . .  (28) 
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712 Space-Time 3lan~f,)lds and Grarit<ttional l~Telds. 

The Newtonian equations of motion for the type of fiehl 
we are dealing with are : 

( 2 7 ' )  
~ll ~ " ( , 3 t  , = - -  - / "  . . . . .  

v ~ d ~  ---- b . . . . . . .  ( 2 8 5  

Comparing these with (27) and (28) we notice they are 
identical for a sufficiently small m. Since we are using 
gravitational units, m is, for any solid cylinder of laboratory 
dimensions, negligible compared with nnity and we see 
that (27) takes the form 

~" 'tePV- 2"+t~. (29) 
ds - ~ - r  ( ds ] - - r . . . .  

But for small m, (26') gives 

dt 
d~ = e , .  

dt 
and substituting ds for e in (29) we obtain the Newtonian 

equation (27/). When m, however, is very great the 
equations of motion are more complicated. I t  is instructive 
to put equation (27) in the approximate form obtained 
by neglecting small quantities of the second order. On 
eliminating ds by means of equation (26') we obtain 

d27,  2 __  

d r 2  - -  ,/+ ,/+L - 4m '  

neglec+ing quantities of the order of '.,d .+ and a S S t l t n i n ~  

d P  
tim radial velocity component dt |o })e small or zero. 

To this order of approximation theret'ore, and with the 
assmnption just mentioned, we may take ~(, --~,7~+ to be 
the gravitational potential of the field we have I+,ecn 
investigating, since 

~ '~ t,,,,:-- +,,,+] 

gives for the intensity of the field the expression obtained 
above. 

Northampton Institute, E.C. 1. 
20th July, 1920. 
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