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On 8phero-Oyclide8. By HENRY M. JEFFERY, F.R.S.

[Read Nov. 13th, 1884.]

1. These spherical quartics are the lines of intersection of spheres
both with cyclides and qnadrics. M. Laguerre, who first pointed out
their genesis (infra, §4), designated them Anallagmatio Spherical
Curves, because they are unaltered, when inverted from any of its
four poles of inversion. (Ghasles, " Rapport sur les progrds de la
Ge'ometrie," p. 315.) Under the name of sphero-quartics, their pro-
perties ha^e been studied by Dr. Casey ("Cyclides and Sphero-
Quartics," Phil. Trans., 1871, pp. 585—721). But, since they are
only a species of spherical binodal quartics, and do not include all
the intersections of quartio surfaces with spheres, their name is here
altered. They might be also called spherical quadro-quadrics or
sphero-quadrics (§6).

2. Sphero-cyelides, being binodal, are curves of the eighth class,
and have two double, and four single, foci: the former are the two
single foci of the dirigent or focal sphero-conics, from which they are
generated. If the two double foci coincide in a quadruple focus, the
cyclide is known as a Sphero-Cartesian (Casey, p. 677). These curves
may have an additional node or cusp, .whereby the class is reduced to
the sixth or fifth respectively.

S. Sphero-cyclides have two double cyclic arcs, which are the single
oyclio arcs of the complementary or polar conies, of which cyclic arcs
the single foci of the focal conies or the double foci of the'sphero-
cyclides are the spherical centres or quadrantal poles. Sphero-
Cartesians have each a quadruple cyclic arc, whose spherical centre
is the quadruple focus, or centre of the dirigent circle, from which it
is generated. This conjugate property of double arcs and double
cyclic arcs is common to all spherical curves (Quarterly Math. Journal,
Vol. xv., p. 140).

4. A sphero-cyclide may be generated in four different ways, as
the envelope of a variable small circle, whose centre moves on a
dirigent or focal sphero-conio (F), and which cuts a fixed small circle
(J) orthogonally. (Laguerre, Bulletin de la SocietS Philomathiqm, 1867;
Casey, §41, Cor.)

These dirigent conies (F) are doubly confocal; and the fixed circles
(J) are mutually orthotomio, and all the eight figures are inter-
dependent. The centres of the four (J) circles are the vertices of the



110 Mr. H. M. Jeffery on Sphero-Oyclides. [Nov. 13,

quadrangle, in which any J and F pair intersect, and, taken three and
three together, are the angular points of triangles, which are self-
conjugate with respect both to the (F) conies and (J) circles. Each
triad of centres has the fourth for the orthocentre of the triangle
constituted by them; and each of these four triangles is self-con jugate
in respect to one of the four circles and its corresponding focal conic.

The confocal conies are thus also interdependent. The twelve points
in which the sides of the quadrilateral circumscribed about any pair
J and F intersect, lie by tetrads on the three remaining (F) focal
conies.

The line of nodes in the sphero-cyclide is the polar of the centre of
any (J) circle with respect to the corresponding (F) focal conic.

5. The three anallagmatic congeners, the cyclide, the sphero-cyclide,
and the bicircular quartic, constitute a geometrical trilogy, as
exhibited by Professor Casey in his two classical memoirs.

Dr. Hart has shown analytically how the bicircular is generated
from each of the four (F) conies (Proceedings, Vol. xi., pp. 143—151),
and has promised this Society the corresponding memoir on the Five
Focal Quadrics of a Cyclide (Vol. xn., p. 109), the MS. of which he
has allowed me to see and copy. It is hoped he will shortly pub-
lish it.

Following his steps, I have investigated by spherical coordinates
the generation of the sphero-cyclide from each of its four focal spheres
conies, and thereby hope to complete the series of the trilogy.

The singular forms of the curve will be considered, and a method
given for finding its points of undulation, and therefrom its points of
inflexion generally.

6. The equation to the sphero-cyclide is derived from those to the
cyclide and quadric, by transformation of coordinates.

Let OAB be an octant of a sphere, whose centre is any origin of
coordinates for the cyclide, and whose radius is unity.

Take 0 for the origin of spherical coordinates
in Gudermann's system.

BP=e, AM=<f>: 0M=X, 0N=Y, 0P=R.

Cartesian coordinates are thus transformed* to
spherical:

x = sin 0 cos (f> = tan X cos R,

y = sin 9 sin <f> = cos JR,

z = cos 6 — tan Ycos R.

(tan X, tan Y are usually written X, Y, for brevity).
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The equation to the cyclide in Cartesian coordinates is

where v%; vu ux\ vot u0 denote quadric and linear-functions of x, y, z,
and constants.

Let the same symbols v'2, ... denote the same functions of
tan X, 1, tan Y.

asec*.R+& secE(w[+Woseci2)+t;J+«(secE+VoseclE = 0.

After dropping the accents, we obtain the transformed equation to
the sphero-cyclide

Y = sec9i2 (&«! + «,)".

The curve is binodal, aud is touched by the imaginary great circle
(sec'iJ = l + tans X+tan9Y = 0 ) in four points Bee* R = 0, with
«j = 0; it has for two nodes the two points bu1+vl = 0, with
(a+buo+vQ) secsR+v% = 0.

The equation to the quadric is derived from that to the cyclide,
when a = 0, b = 0 ; for the corresponding sphero-cyclide,

If vl = 0, or the quadric is referred to its centre as origin, the
Bphero-cyclide becomes two coincident sphero-conics.

Cm\—If va = c (a? + 2s) + dy*, or the cyclide has the imaginary circle
at infinity as a cuspidal edge, it is called by Dr. Casey a Sphero-
Cartesian. Its equation in spherical coordinates becomes

It is thus recognised to be the intersection of a sphere and a
quadrio of revolution (Casey, §235).

The following theorems are preliminary; and it* is necessai'y
to premise that, in two-point coordinates, x, y denote tan x,
tan y, and in the three-point system a, /3, y ; j), q, r denote the
sines of those arcs ; a, b, c also represent the sines of the arcs of the
triangle of reference :—

7. Two spherical small circles are mutually orthotomic, if
cos Px cos Pj = cos D; where the symbols denote their spherical radii
and the mutual distance of their centres. For in that case the centres
and either point of intersection constitute a right angle.

8. To find the condition that two small circles intersect ortho-
gonally. First, let their equations in three-point coordinates be

da + e/3 +/y = g, la+t»j3+ny = h.
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Then cos ft\/2 (cP—2efcoaA) = g\ C08/>gv/3(P—2mncos-4) = h;

cos D J% (dl—2ef cos -4). , / S (? - 2mn cos A)

= d(Z—wcos 0—n cos !?) + ...

The required condition is

gh — dl+em+fn—(en+fm)coaA—(fl+dri)coBB—(dni+el) cos 0.

Next, let their equations in two-point (Qudermann's) coordinates be

For mutual orthotomy, it is necessary that

l + o c + 6 i = gh.

9. If J £ O be a spherical triangle, and 0 its orthocentre, then the
four small circles which have A, B, 0, 0 for their centres are mutu-
ally orthotomic, if

cos a cos £, = cos 6 cos \ = cos c cos £3 = ^/(cos a cos b cos c),

cos 34 y/5 (tan1 i l + 2 tan 2? tan 0 cos a)

= tan A tan £ tan 0 v^cos a cos b cos c).

The radii are denoted by £„ £,, #„ £4.

The propositions in the first line are evident from § 7.

In like manner,

cos a cos d4 = cos BO cos £s = cos CO cos £a = \/(cos a cos 2?0 cos 00).
The proposition in the second line is established b j knowing the dis-
tance (f) between two points from the formula

sin* b sin' c einM cos 2 = 2 (aaj sin' a) + 2 [sin 6 sin c cos a (/3y,+/3, y)].

At the orthocentre
a cos A = /3 cos 2? = y cos 0.

Hence cos A 0 -J% ( tanM+2 tan 2? tan 0 cos o)

= tan A + tan 2? cos c+tan 0 cos 2> = tan J. tan 2? tan C cos 6 cos c.

By symmetry,

cos a cos A0 = cos & cos BO = cos c cos 00.

Hence cos $t = see ,̂ cos ̂ 10 = sec d, cos 2?0 = sec Ss cos 00,

and the circles are mutually orthotomic. Since

X (t&n*A -t- 2 tan B tan 0 cos a) = /i' tan' -4 tan' B tan10,
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where p* = 2 cos a cos 6 cos c—1 + (67)8 cosec8 J. cosec8 I? coseo10,

fi COS . 4 0 = COS Jf COS C,

and fi cos S4 = -/(cos a cos & cos c)..

The analogue to this theorem for Plane Geometry is given by Dr.
Casey {Sequel to Euclid, p. 108).

Note.—By 6F will be hereinafter denoted six times the volume of
a certain tetrahedron constituted by three radii of the sphere, and the
connectors of their extremities, so that the fundamental relation is

6 V = bo sin A = v/S (aV+2bc /3y cos a).

10. To find the disoriminant of the binary quartic

Let A, B be invariants ol single quadrics

A = fh-g\ B as wt»—w'1.

(7, D, E are invariants of systems of two quadrics

0 = ^-28*10+ to, D = th-

also ii1 a= u (sfc—^)«-2w' («A-^)(«flf-</)+t> (fiflf-</)* = DE-AO.

The function F occurs in investigating I4 by symbolical methods,

If J4, J0 denote the quartic and sextio invariants of the given quartic,
they can be expressed in terms of the subordinate invariants:

27J0 = 8

- 2 7 (I,)1 =

This factorial form will be employed to prove that sphero-cyolides
have two double and four single fooi.

TOL. IVI.—KO. 240. I
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11. To transform from a sphero-conic to a sphero-cyclide.

I. If 0 be any origin of coordinates, p the perpendicular arc drawn
from it on any tangent arc of the conic, its equation in two-line
coordinates is

(t* coss 6+2«/ cos 6 sin 0+v sin8 6) cot* p
+2 (tt'sinfl+t/cos 0) cot^+tc = 0.

Let r denote a corresponding arc of the sphero-cyclide, and 8 a
constant. The formulae of quadric transformation may take either of
the forms (Casey, § 24),

cosp = cos(«—r)cosd, cotp = ^-^—=• (1).
^ ' ' * seo r sec 5—1 v '

The transformed equation denotes the sphero-cyclide in two-point
coordinates,

uxi+2w'vy +vt/*+2 (u'y+«'») (sec r seo 3—1) +u> (sec r seo 8—I)1,

(sec*r = 1+ tan ' r = l+aj'+y1).

Formula of inversion are derived from (1),

sec i = cos r+sin r tan^).

Denote by ru rt the vector arcs of two conjugate points Pu P,,

cos r, cos r, = sec1 $ coaip—Bm*p, cos rx+cos r, = 2 sec 8 cos* JJ ;

tan i tan-£ = B-^|=l = ten'-A (2);
2 2 sec5+l 2 7

0 is therefore a centre of inversion, such that the curve and its equa-
R 8 r

tion are unaltered, when cot— tan1— is substituted for tan—.
The centre of inversion 0 and the radius 8 are arbitrary; but, when

they are once fixed, the other centres A, B, 0, and the other constants
8U 8t, 8t are mutually related by the coorthotomio conditions of § 9.

The two conjugate points Plt P, are the points of intersection in
two consecutive positions of the generating circle, which cuts
orthogonally the four fixed (Jf) circles, whose centres are A, B, 0, 0.

II. Dr. Casey has also assigned a remarkably elegant mode of
transformation for three-point coordinates. (Casey, § 40.)

If Ut V, W denote in three-point coordinates the fixed coorthotomic
circles Jlt Jv Jt, and if the dirigent focal sphero-conio (F) be defined
by the tangential equation

(a, h c,f,g, hl^p, g,r)'ssO,
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then the sphero-cyclide, thence generated, has the identical form of

equation (a, 6, c, f,g,h][ U, F, W)% = 0.

The triangle of reference is constituted by the centres of the ( / )
circles. I t should be premised that, if the coordinates denote a point
not on a oircle U,

U = cos AP—cos Bv

This follows from the equation to a circle, whose centre is (Z, m),

It denotes the distance of that point from the plane of the small
circle.

To prove that p : q ! r :: UI VI W. Let F be a dirigent focal
conic, 0 the corresponding centre of in-
version ; so that, by § 11 (I.),

cos OT = cos B cos PT = cos 8 cos F T .

Let this be written

cos P = cos 5 cos (P—B) (1).

Let A be the centre, and Bl the radius of
(Ji), one of the other three centres of in-
version ; AN = p: TO, AN, when produced, form an angle 0.

cos AO = sin P sin p+cos P cos 2? cos 0,

cos AP = sin p sin (P—JB)+cos ̂ ) cos (P - B) cos 0.

Eliminate 0 by the aid of (1),

cos4OseoP—C08.4Psec (P—B) = sinjp sinBsecPsec(P—B).

Hence U = cos.4P—cosS, = cos AP—COB AOaeoB, from orthotomy (§ 9),

= cos AP—cos 4 0 cos (P—B) seoP

= «- sin p sin B sec P,

V, W are like multiples of sin q, sin r ; so that, after dropping the
word sin, as stated in § 6, the formula) for quadric transformation are

p : q : r = U: V: W.

I. On the General Form of Sphero-Cyelides.

12. To determine the equations to the four fixed co-orthotoinic
1 2
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small circles J, «7j, /„ Jt, and the corresponding doubly confocal diri-
gent and focal sphero-conics (F), by means of which the sphero-
cyclide is generated in four different ways.

Let 0, A, B, 0, the orthocentres of the spherical triangles ABO,
BOO, OOA, AOB, be the centres of four fixed coorthctomio circles J,
J1} Jt, Jt. The -same centres, taken by triads, are the angular points of
triangles, which are self-conjugate with respect to the four (J) circles,
and to the four corresponding (F) dirigent sphero-conics.

Let ABO be first taken as the triangle of reference; then the equa-
tion in spherics to the circle (J), with respect to which it is self-
conjugate, is

(J) a'cos 4 tana+/31cos5tan&+ytcos Otanc = 0,

or, by the aid of the fundamental relation

(6F)1 = 1 (aV+2&o j3y cos a),

(J") atana+/3tan&+ytanc = 6Fy(secosec6 seoc).

In like manner (JJ, one of the other three circles, may be denoted
in four different forms of the same equation:

(/,) a1 cos A tan a+/P cos B tan b+y1 cos 0 ta n c
—2a cos A (a tan a+(i tan 6+y tan c)+oJ cos1 A tan a tan 6 tanc = 0,

(/,) a tan a+(i tan 6+y tan c—6V>/(seo a sec b sec c)
+ a tan a tan h tan c cos .4 = 0,

(Ji) ao+6/3 cos c+cy cos 6 s= 6 Fsec a V (cos a cos 6 cos c),

(Jj) a' = seo a</(coa a cos b cos c),

if a', /?, y' denote the coordinates of a point in (Ji), with respect to
the polar triangle of ABO.

This last form determines independently the radius of the (J{)
circle given in § 9,

cos a cos #x = A/(COS a cos b cos e).

In like forms the equations to the two remaining circles Jt} Jt may
be written. From the forms of all four equations to these circles, it
is recognised that, of their twenty-four points of intersection, twelve
lie on the perpendiculars OA, OB, 00, BO, GA, AB. These arcs are
therefore their radical axes; and 0, A, B, 0 are the radical centres of
the four triads of circles.

The equation to some one dirigent conio ( f ) , that corresponding to
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the («T) circle, is assumed to be

ZaV+
or, in three-line coordinates,

The equations to the confocal conies will be expressed in terms of
(20 in §15-

13. To find the equation to the sphero-cyclide, by considering it as
the envelope of a circle, whose centre moves on the focal conic (F),
and which cats the circle (J) orthogonally.

Let (X, ft, v) be the centre of the variable circle; its equation is (§ 9)

(,6V)* cos r =s a\ (aa + 6/3 cos c+cy cos 6) +...,

or, if it be referred to the polar triangle of ABC,

6 V cos r = a\a + bp(¥+cvy.

For the fixed (J) circle (§ 12),

atana+/3tan6 + y tanc = 6F\/(seoa sec6sec c).

From the condition of orthotomy (§ 8)

(1) X tan a+p tan b+v tan e = 6Fcos r >/(sec a seo & sec e)
= (aXa'+tyx/J'+O"/) -/(sec a sec 6 seoc).

The centre moves on the dirigent (F),

(2)

The equation to the sphero-cyclide, as the envelope of (1), subject
to the condition (2), is

=-j {aa' \/(sec a sec 6 seo c)—tan o}1

•1—u {W v̂ Cseo a seo h seo c)—tan &}•

+ —̂  {cy' ̂ (seo a sec & seo c)—tan c}1 = 0.

If we revert to the primitive triangle of reference ABC, it is written

3 — (ao+6/3 cos c+cy cos 6—67sec a \/(cos a cos & cos c)}1 = 0.
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14. If U, V, W denote, as in §11, the Ju Jt) Jt circles, the equation
to the sphero-cyclide takes the form

+ +
I m n

If this form be compared with the tangential equation of (F),£ + + = 0,

as in §11, p:q:r::UiV:W.

The equation to the sphero-cyclide was anticipated from Dr. Casey's
theorem.

15. To express the three focal sphero-conics Fu Fti Ft in terms of
their confocal F.

Being given JP=-2_ + -2^-4- — = 0,

if ABO be the triangle of reference, to determine the coefficients,
if OBO be the new triangle, in the assumed equation

P denotes the perpendicular from 6 (a cos A = ft cos B = y cos 0)
on any tangent arc, so that

F S (tanM+2 tan B tan G cos a) = (p tan A+q tan B+r tan 0)1

= tan A tan B tan 0 (p'tan-4 coso+j'tanBcos &+rltan(7cosc)

—% ( p9 sin* 4—2gr cos .4 sin JB sin 0) sec .4 sec B sec C.

Make this substitution, and denote by ft, as in § 9, the ratio

5 (tan9 A + 2 tan J5 tan 0 cos a) = /i9 tan* A tan9 JS tan9 0,

.Fx = r—; cot ,4 cot B cot (7 (y9 tan .4 cos a+g1 tan 2? cos &+»•" tan G cos c)

- ^ cot ̂  cotB cot (7+ -21 + i - .

Since ^ and JP, are doubly confocal conies, they must be identical, if

the constant term bo omitted. Write 6 for —ycot.4 cot 2? cot C, and
equate coefficients. ^
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1 fl 1 8 1
4- = —- tan A cos a, -=- = -£-tan 2? cos 6 + — ;
I / 2j m li »h

— = -£n lx

Substitute this value for 0 in Fu

I ' m n I

Ft1 Ft have similar forms.

16. The following identity connects the several (/) forms of § 12:

tan A cos a {aa + bfl cos c+cy cos 6—6Fseo a y(cos a cos 5 cos c)}'
+tan 5 cos 6 {aa cos c+6j3+cy cos a—6Fseo 6 \/(cos a cos 6 cos c)}1

+tan 0 cos c {oo cos 6+6/3 cos a+cy—6Fsec c v/(cos a cos 6 cos c) }9

= cos8 a cos' 6 cos1 c tan A tan 5 tan 0
X {o tan a+/3 tan 6+y tan c—6F</(sec a sec 6 sec c}1.

The proof depends upon identities of the type

tan A+tan B cos c+tan C cos 6 = cos 6 cos c tan A tan 5 tan 0.

Hence it may be shown that the equation to the sphero-cyclide may
be obtained from any other pair of circles (J,) and dirigent conies

When referred to tangential coordinates, OBO being the triangle
considered,

By Prof. Casey's theorem, cited in § 11, II., the equation is deduced
to the sphero-cyclide

T* fa 79

/, _ n, «h
But, from this article,

— = tan A cos a/J+tan 2? cos 6J^+tan 0 cos Ct7|,
t

if —- = cos* a cos9 6 cos9 c tan A tan 2? tan 0.
t

If this value of J1 be substituted, and the result compared with the
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r T T

former equation -/ + -» + -» = 0,
it is seen that

-7- = -r- ten A cos a. — = T-tanBcos&H ,
I li m li n,

— = -J- tan 0 cosc+ -=-.
n Z, mj

These relations are those given in § 15.

17. If a spherical quadrilateral be circumscribed about a circle of
inversion and its corresponding dirigent conic, the other three con-
focal dirigent conies pass through the three quartets of opposite in-
tersections. (Casey on " Gyclides," § 124.)

The tangential equations to such a (/) circle and (F) conic (§ 12)

are (J) p'tan^cosa+g'tanJJcosft+r'tan Ocosc = 0,

I m n

The triangle of reference is constituted by the three vertices of the
quadrangle of intersection, as before. Whence

_i J J

£- : -*- : — '' »»tan Bcos6—ntan0cosoI m n
: ntan 0coso —? tan .4 cos a

: Z tan .4 cos a —m tan 2? cost.

The spherical quadrilateral, thus constituted, is defined by the linear

equations aap ± bfiq ± cyr = 0.

Two points of intersection, as well as their two antipodal points, lie
on the arc BO, which passes through two vertices of the quadrangle

of intersection, a = 0, fc'jSY = cVr\

Since the line-equation to JF\ (by § 15) is

+ T r F T T A 5 ( Y q c o s A ) = 0 ,
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the transformed point-equation is

a9 COB A (ftv—COB* A) *— cos 5 cos 0 sin,-4 (ntanOcose—Zcosatan^l)

— *%- cos B cos 0 sin A (m tan B cos b—l cos a tan A)
om

+2a0 cos B (sin8 A -sin* 0)+2ay cos 0 (sin9 4—sin8 J5) = 0,

if (1—p) 68m = (1 - v ) c*n = 6VI tan A cos a.

When a = 0

mb*(P (ntan Ocoso—Zcoa a tan-4) = ncV (J cos a tan .4—m cos & tanJ3),

or & W = c'yV.

The arc BO therefore meets the conic (Fx) in the preceding points.

Similarly, the other two conies (JF,), (-FS) may be shown to pass
through the other intersections of the quadrilateral.

18. To find Uie equation to the sphero-cyclide in two-point coordi-
nates, the origja be'ng lite centre of a diligent focal conic

The coordinates in Gudermann's system represent tangents of arcs,
so that a>, y j a, h .epresent

<an », tany; tano, tan 6 ; seo8 r = 1 +»* +y9.

The equation to a (J) circle, whose centre is (/, g) is

(J) cos V ( l + / J + ^ ) y ( l + » ' + y a ) = l+/*+sry,

or 1+fa+gy = cos 8 sec B seer = / seer,

where t denotes the secant of the tangent arc drawn from the origin.
The equation to the generating circle, whose centre is (a, /3) is

The condition of orthotomy (§ 8) gives the relation

For the generating circle, when T is eliminated,

<(l+a»+/3y) = ( l+a/+/30)secr ,....(1).

For the dirigent conic
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The oircle (1) varies, subject to the condition (2); hence

(/sec r - tz) da+(g sec r—ty) dfl = 0,

ada • fidfi , Q

a9 6*

The required equation to the sphero-cyclide is

(t - sec r)* = a8 (/ sec r—tz)%+69 (g sec t - ty)\

When rationalised,

{ ( a y + t y - l ) setfr+* (aW+By-1)}" = if sec'r ( a ^ + ^ - l ) 1 .

If this be combined with the imaginary great circle sec8r = 0,

(aV+6Y-l)» = 0 or {(aa-62)aj8-(l+l2) + &9(l+»8+i/9)}J = 0.

The sphero-cyclide has two double cyclic arcs, which are the single
cyclic arcs of the polar or complementary conic of (F) the focal conic.
The line throngh the nodes is the polar of (/, g) with respect to this
polar conic (0V+6V = *)•

The formulas of quadric transformation from the tangential equa-
tion of (F) (aa?+&V = l) are seen to be

{ : iy: 1 =/seer—tz : gBeor—ty : t—eecr,

where t = cos $ y/(\ +f2+09).
19. If the four (F) conies are given, to determine the four corres-

ponding (/) circles.
The equation to the sphero-cyclide may take other three forms of

the above type,
(*,—seer)1 = aj C/isecr-^aj)1 + ^(

For the confocal conies,

O, 8 being a common centre and focus of the confocal conies.
By equating coefficients in the identical forms, when developed,

•f (a3/' + &y-l + aV) = -L

(1),
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a8/ = &\fi = *\f% = aj/a = X suppose,

The line through the nodes (a*fx+b%gy = 1) is fixed and seen to be
the polar of the centre of each (/) circle with respect to the polar
conio of its corresponding (F) conic.

(af+l) t =s (aj+l) tx = ... =s v suppose,

(6»+l)^ = (69+l) «»=. . .=

(1) may be written

This is simplified to the condition of orthotomy,

= tt,, or J
aax o Oj

By symmetry, ff%+^+1 = «s.

By subtraction,

L + l U L s l , or

By symmetry, - ^ + - ^ = 1.
aa,a8 6 6,6,

Hence \V ^

Thus the radii (5) and the centres (/, g) of the (/) circles have been
determined in terms of the axes of the (F) sphero-conics.

GOB.—If the centres of the (/) circles are collinear, the fooi of the
sphero-cyclide are also collinear. In this case, three, and not four,
pairs of (F) focal conies and (J) circles are necessary; if g = gx = g%
= g, = 0, Xs = a*a,\a\. v« = (a '+l)(a;+l)(aj+l).

20. To determine the two double and four single foci of the sphero-
cyclide, and its equivalent class-octavic.

Its equation is taken from § 19, when m is written for a*/8+6V—1,

(aV+&V-l)}4 =
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The equivalent class-equation is found by combining it with an arbi-
trary tangent (a£+yi?—1); the resulting binary quartio must have
two equal roots, in which case (I4)*—27 (I6)

8 = 0, as in § 10.
The resulting binary quartic is

TO-?) ? ] »9+2 (ro-*8) lwy+[>+6V + (m-#) rf

Then the system of invariants, given in § 10, has the following values:

-mi9) ( a V + & V - l )

In determining the foci, B and all other terms, which involve
(£>+Q*+l) e ^ factor, are neglected, since the foci are obtained by
the intersections of common tangents lo the quartio and this imaginary
great circle.

£ = (ay-

If these values be substituted in the expression for (J4)*—27 (J0)
8 in

§ 10, the equivalent class octavic may be obtained.
The foci are found by rejecting B, and therefore the last three

terms. For the double foci,

They are therefore the single foci of (F) the focal conic, from which
the sphero-cyclide was generated.

The four single foci are those of the class-quartio

(<•*)'-
DE.
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GOB.—-The two double foci unite in a quadruple focus, when a = 6,
or (F) becomes a circle. This sphero-cyelide is called by Dr. Casey
a sphero-Cartesian.

21. The sphero-cyclide has in all 28 foci, real and imaginary.

Prof. Cayley remarks that this quartio has two nodes, and, besides,
touches the imaginary circle 8(x%+y3+l=z 0) in four points. The
number of its class is thus 4 . 3 — 2 . 2, or 8; and the number of com-
mon tangents to the quartio and the circle 8 would thus be 2 . 8 or
16; but among these are included the four lines touching along the
points of contact, each twice; the number of common tangents is
thus 16—2.4, or 8.

( 8 7\= T-̂ O ) points, which are the foci

oi tnis quaruc.

II. On Sphero-cycUdes with Oollinear Foci.

22. Their equations hare been deduced in § 19, Cor., from the
general form; but they are here also investigated, when a focus of
the focal conic is the origin, and the constants determined in terms
of the directrices.

There are only three (F) focal sphero-conics,

- ^ - * ) ' = 0, (Ft) ,i (*+<?)-(*-&)« = 0,

There are three corresponding coorthotomio circles of inversion,

(Ji) 1 +fx = px sec r, («7j) 1+gx = p8 sec r, (/,) 1+hx = />, sec r.

Let the generating circle toi the firs* pair be

l+ax+(iy = r (l+a^+y3)* = yseer.

The condition of orthotomy (§ 8) is

1 + o / ^ f c y .

The envelope is required of the variable circle

Pi (1 +aa»+/3y) = (1 + a/) sec r,

subject to the dirigent condition, that its centre moves on the conic,

The equation to the envelope is found, as in § 19, to be

{(1+a/) seor- P l (1 +aaO}3+aV>y = X (secr-p,)1.
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But, since the dirigent conies are donbly confocal, 8, H being the
common foci,

i-CX-l + a') = 1 ( ^ - 1 + 6 ' ) = I ( v - l + c 8 ) = d = -cot8H.

The preceding equation to the sphero-cyclide may be written

+2Pl{2d-(l + af) aj-/-a}seor+2pj(aj-i) = 0.

The quadrantal polars of the origin (1 = 0), and of the other common
focus (x = d), are double cyclic arcs of the sphero-cyclide.

The line of nodes [(1+a/) x+f+a = 2d] is the polar of the centre
of (J) with respect to the polar conic of (JF1)

23. Two other forms may be written, in which pi} g, b; ps, h, c take
the place of p1} / , a. I t is proposed to obtain thereby another form
of the quartic, in which the coefficients shall be functions of a, b, c,
the tangents of the distances of the directrices from that common
focus, which is the origin of coordinates.

Equate the coefficients in the preceding and the identical quartic

; (x-d) = 0,

1 r=af+l_=bg+l
K p p '

—ix^ H
p, pj ' apx bpt

The symbols H, K are introduced for subsequent use.
These relations may be combined, so as to express p| in terms of/:

Pi _ (a-b)(af+l) + b\
Ps "P '

After reduction,
l ~ l - 2 6 i = 0 , (1).
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By symmetry,

vp\+f(ac-l-2ad)-2f(a-c)+ac-l-2cd=0 (2).

The symbols X, /i, v are retained, for convenience,' as known functions
of a, b, c, and d.

Subtract (2) from (1), and reject the factor (b—o).

(a/+l)s-X-ap;(6+c-2i) = 0,

or (af+iy+a*p\-\ = ap\(a+b+o-2d).

Multiply (1) bye, and (2) by 6; subtract, and reject the factor (b—c).

By eliminating p|, there results a quadratic, which indicates two (J,)

circles, /*[—a5c—a+6+c+2i (ab+ao—1)— 4atP]

+2/(—bc+ab+ac—l—2ad)-abc—a+6+c+26cJ = 0.

For brevity, write this quadratic

The following relations connect the coefficients:

2Bd = A-O, B9-A0 =

Whence Af+B = \/(\[iv),

A (a/+1) = A - aB+a v'CX/ii') = X (6+c- 2ci)+a

— (l- 'X)-B = —(6+6-2^-^1) = X+X (6-2cJ)
a a

= x + ( i

We have the proportion above stated

_ i /i
" 6 V1

Substitute the preceding value of a/+l, and a similar value of
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Dividendo, = [ 1=* [A (1 -,*) - JL (1-x)] +X-,, J

x [ ( a - 6 ) y ( V v ) + ( , X )

which is a symmetrical function.

By the aid of this proportion, the coefficients may be expressed.

From the former proportions,

(a/+l)»-X = (V;(6+c-2i), and 1 ( l - - A _ ) = ff.

Hence # = P; (a/+l)"a = — (6+o-2i)-1[l-X(a/fl)-1]

» 7 (ft+c-swr1 [ l - 1 (aH-i)1],
by symmetry,

dividendo,

by symmetry

= JL ( o

dividendo,

= JL (o-2i)-1 [-(26cd+6+c) ^ + 2 (tc+1) JEr+2(J-6-c],

. . r-l][X(c-2i)-Ka-2i)]-1

i r i
fi L ao
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by symmetry,

= ± [(2ci+l) H>-2oH+l] [l+ -L(l- )]'\

dividendo,

The equation to the sphero-cyclide may therefore be thus expressed
symmetrically in terms of the tangents of the distances of the
directrices of the focal conies:

£—2d)seclr ^.(a> + JSr)secr+a-d = 0.

GOB. 1.—li a+b+c = 2d, the satellite-conic degenerates into the
cyclic arcs.

COB. 2.—If K — 0, the sphero-cyclide degenerates into the line of
nodes twice repeated, and the imaginary great circle.

COB. 3.—If X = QO, or (a-2d)(b-2d)(c-2d) + a+b + c-4d, the
sphero-cyclide degenerates iuto two coincident conies, but retains the
same cyclic arcs.

III. On Sphero-Cartesians.

24. To generate a Sphero-Cartesian by Laguerre's method.

There are three concentric dirigent circles,

And to these there correspond three co-orthotomio circles of inversion,

l+/,a> = ^seor (/,), l+/a» = 'iseor (J,),

where / „ /„ / , denote the coordinates of their centres, and tlt tv tt the
secants of the touching arcs drawn from the origin.

The equation to the cyclido is found, as in § 18, or deduced from it,
as the envelope of a variable cirolo, whioh cuts the (J) circles

VOL. XVI.—NO. 241 . K
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orthogonally,

) ( 1) ^ ( i ) = 0.) ^ (
a,' * a,

Similar forms involve the constants f%, av t%; /„ a,, tt.

By equating the coefficients of like terms in the equivalent forms,

fia\ = / X = fta\ =

The sphero-Cartesian can now be expressed in terms of the radii of
the (F) dirigent circles

a\-l) sec«r-(aj+l) (aj+l) (aj+l)
aj+l)} (^0,0,(8-1) seor.

25. To express the radii of the (J) circles of inversion in terms of
those of the (F) dirigent circles. (Casey on " Cyolides," § 244.)

Let #i, £„ S$ denote the radii of the (J) circles:

a,

a] l+a\ 1+aJ

This may be also expressed in terms of the distances pu pt, p, of the
centres of the (J) circles

tan'a, = {>=&- . £=L = ten fa-p.) ten {px-

IV. On the Singularities of Sphero-cyclides.

26. There is in all cases a pair of nodes, which may be real cranodes,
or imaginary nodes} not acnodes. Thus sphero-cyclides are dis-
criminated from other spherical binodal quartics.

When certain mutual relations exist between the parameters, whioh
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enter into their equations, there may be another node, crnnode, or
acnode, which unite in a cusp.

Moreover, the two nodes in the line of nodes may unite in a tac-
node; and the two nodes (which are imaginary) may coalesce with a
third (acnode) to form a triple point, of Salmon's special form 5°.
(Higher Plane Curves, § 243.) See below, § 30.

Lastly, these two singularities, the tacnode and the triple point,
may (in a special case) coalesce, and form a compound singularity,
called a tacnode-cusp, of Salmon's special form 4°.

27. To determine the mutual relation which subsists between the
parameters in the equation to a family of sphero-oyclides, which have
the same line of nodes and the same double cyclic arcs, when the
sphero-cyclides are trinodal.

This relation will be drawn as a first discriminating curve (Dt).

Fio. 3.

Let this equation take the form

<{> = K(l+dx)-r'(l+mx+py) secr+Xsec'r = 0,

where *, X are parameters, seo'r = l+aj'+y1 in Gudermann's system,
(1 = 0,1 +efo$ = 0) denote the cyclic arcs, and '(l+mx+py = 0) the
line of nodes.

At a singular point,
# = 0, ^=0.
ax ay

K 2



182 Mr. H. M. Jeffery on Sphro-Oy elides. [Nov. 18,

For the sphero-cyclide,

xdsz wsecr+a (l+mx+py) cosr+2X»,

0 = p seo r+y (1 +mx+py) cos r+2Xy;

whence *(2+dx) = seer + (l+ma>+j>y)cosr+2X,

and «?y = (my —px) seo r,

s = ( l - £ ) seor.

All the nodes in the family lie on the sphero-conic

p \ a ml a

The locus of (r, X) may be drawn by points for successive values of
x from +oo to — oo. This curve (Dt) has a Newtonian centre, since
the expressions for K, X both contain sec r or (1 +x*+y*)K

It has six asymptotes \±p = 0,

when x = —.

tn a

KA-2Xa ± w (1 +«»)* ± « (1+m») (1+»')" * = 0,

where se has two values from the quadratic

It has a pair of points

X = -

which correspond to the infinite values of », y (my = p»). I t has
four pairs of cusps.

The line of nodes (1+mx+py = 0) will touch the sphero-conic

if c?pV+4 (m'+i)1—*n) *X = 4 (m'+p'+l) Xs.

The two lines thus defined, as functions of K and X, both touch and
cut the curve (£,), as shown in Fig. 3. See remarks on PQ in § 28.
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28. To determine the relation be- ,, ^V K

tween the parameters, when sphero-
cyclides with collinear foci are trinodal.
(Curve Dv)

In § 27, p = 0; and the equation to a
family of such quartics is

ic(l+dx)= (l+waj)secr+\seo*r.

The sphero-conic (§ 27), on which all the
third nodes lie, is resolved into two great circles

(I.) y = 0, (II.) »=i—-§-•
m d

The Curve (Dx) in this case consists of two parts, according as

(I.) y = 0, or (II.) 1 +ma>+2\ sec r = 0.

I. When y = 0, K, X have the following values:

- i = 0.

Two pairs of linear asymptotes are given by the equation

where « has two values given by the quadratic

dx'+2x—d = 0.

A pair of ousps is determined by the valne of x, which satisfies both

the conditions ~ = 0, — = 0.
dz dx

By taking the logarithmic differential of *,

2dx + 2 __ 1 . x
B'4-2.15 — d x—m 14-JR 1 'dx*+2x — d x—m

That is, 2(a5+w) + d(w»8—3aj*+3mas-l) = 0 (A).

Its discriminant is 4 ( # + 1 ) {(m1—1) d+2m}% = 0.

2m
Let d = • ;, or tan d = tan 2u, that is, let the distance from

1—m*
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the origin of the arc of nodes be half that of the cyclic arc

. icd (a-m) (a+ -i-) = (aj-

2\m(x-m) (a>+—) (1 +»')»+(as-m) (2mV+27na5+mJ+l) = 0.
\ in I

There is but one solution applicable, viz., as = w, y = 0; and conse-
quently it belongs to the subsequent Case II. The curve drawn with
the values of r, X, when the factor (x—m) is withdrawn, is in-
applicable, and does not constitute a part of the Curve (P,).

The cubic (A) has only one real solution; it has no equal roots,

when d = ,, unless m = 1, and d = 00. Consequently, there is

only one pair of cusps for each sphero-cyclide of this family.
If the line of nodes (l+wta> = 0) touch the sphero-conic

*(l+daj) = Xseo'r,

then niK (m—d) = («i f+l) X.

If this ratio r : X be substituted in their preceding values as functions

of*, (mx+iy{x(l+md)+m-d} = 0 (B).

Hence this line PQ (*: X), in Figs. 3, 4, 5, both touches and cuts
Curve (A).

To their point of contact there corresponds a sphero-cyclide with a
triple point (see § 26) ; to their point of intersection, a quartio with
a tacnode and crunode; moreover, this line PQ discriminates quartics
with real crunodes from those with imaginary nodes.

II. For the second portion of Curve (Z>,)> when

m

there results the hyperbola

= ~ —-=-1 l+*na+2Xseor = 0,m d

m* dm

For all values of r, X thus correlated, the quartio degenerates into two
coincident circles, codiametral with the (a?) arc,

COB.—For the sphero-Cartesian, the conditions for a third node
or other singularity are derived, when (2 = 0. (Fig. 5.) .
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[29. To find the condition for a tacnode-cnep in a sphero-cyclide.
In this case the tangent at the cusp in the Curve (JDt) coincides

with the line PQ, which therefore meets (DJ in three coincident
points; the triple point unites with a cusp in the corresponding
quartic.

The values of a? in (B) are identical, if 2md = m*—1, or

tan S+cot 2/* = 0, or -J- + 5 = 2/i (p. 133).
2

This value of d satisfies (A), the condition of a cusp :

= 0.

Fio. 6.

The two sphero-Cartesians

seo* r ± (1 d=») sec r = 2

have each a tacnode-cusp, when 0 = 7 1 respectively.]

30. To determine all the varieties of sphero-cyclides with coUinear
foci by the aid of the first discriminating curve. (Figs. 4, 5.)

Let the line POQ be first considered: for all values of the parameters
r, X, for points above this line in the first quadrant, and below this
line in the third quadrant, all such quarticshave twocrunodes; for
points on the other sides of this line, the two characteristic nodes are
imaginary. At the points of intersection R, 8, the quartics have a
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tacnode and crunode; at the points of contact P, Q, a triple point
formed by the union of an aonode with two imaginary nodes.*

To the cusp in this Curve (Dj) there corresponds a cusp in the
sphero-cyclide, besides the two imaginary nodes; for points on (D,) on
either side of the cusp, crunodes and aonodes correspond.

For points (r, X) on Curve (D,) above B, the Sphero-Cartesians are
tricrunodal; and for points beyond P, acnodal with two imaginary
nodes.

For points (*, X) on either side of Curve (D,), the companion-curves
become bipartite, or unipartite with folia.

The outer lines in the second and fourth quadrants AB, OB are
bounding lines: i.e., for points (r, X) thereon, the corresponding
sphero-cyclides shrink to points; and for exterior points, none
correspond.

V. On the Points of Undulation in Sphero-cyclides.
31. To determine the mutual re-

lation between the parameters, which
enter into their equations, when
sphero-cyclides have points of undu-
lation, or the second discriminating
curve (i?i).

At a folium-point, or point of un-

dulation, § = 0, f ? = 0. Fl0-6-
Let these tests be applied to this quartio in its most general form

Differentiate thrice successively, and let

* dx
2\(x+py)—K(d+ep) = m Beo r+ (x+py) (l+mx) cosr (2),

cosr+(l +p*)(l +mas) cosr— (»+.?#)'(1 +wa5)cos8r...(3),
0 = m ( I+JJ1) cos r—m (»+1^)'cos8r— (1+p1) (*+23y)(l+maj)cos8r

+ (1+mz) (x +py)1 cos5 r.

• [This triple point discriminates sphero-cyclides from other binodal qnartics. In
the quartio K (1 +dx) - (1 +m*)v'(l +**-y1)+A (1 +«»-y9),
the triple point for the same critical values of K and X, as in the text, has one real, and
two real coincident branches, caused by the union of a crunode with two real nodes.]
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This last condition may be resolved into two factors

(1+j»f) seo*r— (a+yp)1, and mseo'r—(«+py)(l+ma>) ...(4).

The former factor is rejected, as it should be from its form

since seo* r = 1+as*+y'.

The second factor (4) gives the real condition: when snbstitnted
in (2) and (3),

2\(x+py")—*(i+ep) = 2mseor (2),

2\(l+pi)BQor = m(x+py)+(l+p*)Q.+mx) (3).

The elimination of «c and X from (1), (2), and (3) gives another con-

dition, (d+ep) sec* r [m (a> +py) + (1 +jp*) (1 + ma>)]

- 2 (x+py) (l+<fo+ey) [w («+2>y) + (l+2>f) (1+ma)]

+ 2 (1+i)1) seo* r [2m (1 +<&> + ey) - (d+ep) (l+fn»)] = 0.

By the aid of (4) this eliminant may take the form

2m (1+dte+ey) [(1+^) sec'r-Caj+^y)1]

= (d + ep) sec* r [(1 + / ) (1+ma?) - m (a +py)],

or a still simpler form by the aid of (4),

0 (5).

By eliminating p from (4) and (5), the locus of the points of undula-
tion in a family of sphero-oyclides is seen to be a sphero-conic

(6).

By giving y successive values from -f co to — oo, single values of a,
and therefrom of *, X, so that the required discriminating curve (Ds) is
drawn. The curve (D,) has the origin for a Newtonian centre, since
if, X are determined as factors of seer or

It has an asymptote, when

and 1+ias+ey = 0, ea>+(m—d) y = me.

For these values r = oo, and X is known from (3).
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It has a second asymptote, also parallel to the (*) axis, when

«?<fy+e = 0, » = oo, and ep — d\

for these values

There is a node at the origin, corresponding to the value
(1+maj = 0), since it yields two values of y.

Only half of the curve is drawn in Fig. 6.

32. To determine the mutual relation between the parameters, when
sphero-cyclides with collinear foci have points of
nndulation. Curve (Ds).

In this case e = 0 in § 3 1 ; and the locus of the
points of undulation in such a family is a great
circle, co-diametral with the (y) arc,

2m-d+wufo = 0 (6).

The limiting values of y are oo and 0; negative
values of y give the same negative value oip from
(4), and therefore the same points, since K and X
are functions of

(x+yp) and (1+^) Fl0'7'

When y = oo, p = oo; and K = 0 = X determines the origin.
When y = 0, p = oo; and K, X have these finite values,

(3) 2X(l+a>f)»=l+w»; (2) 2Xm 1±^—«?« = 2m (1 +»«)*;

and the curve (£,) terminates abruptly. The origin is its centre.

If d = 0, the form fails, since (2) and (3) are incompatible, and
by (6) TO = 0. Sphero-Cartesians have therefore no point of undu-
lation.

The points of undulation are limiting forms of folia or depressions,
characterised by two points of inflexion. Accordingly, for values of
(«c, X) on one side or the other of the Curves (D8), in Figs. 6, 7, the
companion sphero-cyclides have two points of inflexion or none.

VI. On the Sphero-du-cyclide.

33. This is the polar or complementary curve of the sphero-cyclide ;
its modes of generation and the forms of its equations are derived at
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once by dualising (§ 36). It is a class-quartic with two bitangents,
real or imaginary, and therefore of the eighth order.

The sphero-du-cyclide has two double foci, which are the single foci
of the focal conic of the sphero-cyclide.

It is generated in four ways, as the envelope of a variable small
cirole, whose concentric great circle rolls on a dirigent sphero-conic
(F)} and which small circle is so related to a fixed small circle (J),
that their common tangents are quadrants in length.

The four dirigent conies (F) are doubly concyclic; their two com-
mon cyclic arcs are double in the sphero-du-cyclide, thence generated.

34. DEP.—The quadranto-circle of a spherical triangle ABO has the
common orthocentre of ABO and its polar triangle A'B'G' for its own
pole, and is such that two corresponding sides BO, B'C of the primi-
tive and polar triangles meet each other and the quadranto-circle in
points A", A"t which are 90° distant from A.

The great circles, which are concentrio with the four (J) small
circles, taken by threes, constitute four spherical triangles, which are
self-conjugate with respect both to the (F) conies and the (J) circles.
Each triad has the fourth great circle for its quadranto-circle.

The other properties of the du-cyclide are in like manner readily
derived from those of the sphero-cyclide.

35. The transformations of § 11 have their counter-part, in trans-
forming from a sphero-conio to a sphero-du-cyclide.

I. The dual formulae (1), (2) become

sinr= cosfr—p)sind, t a n r = "—_—_ n\
cosecjjcoseoo—1

and of anallagmatio inversion

i_tan4-V
2 (2).

l+tan|-J

II. If Ut F, W denote the fixed circles Jv Jv Js, which have the
property that their common tangent arcs are quadrants in length,
and if the dirigent conio (F) be denoted by the point equation

then the sphero-du-cyclide, thence generated (§ 33), has an equation of

the same form (a, 6, c, / , g, h ][ U, V, W)% — 0.
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The symbol U has the dual form of that given in § 11,

[7= COS.4P—cos£,.

AP now denotes the inclination of an arbitrary circle (£, n) to the

great circle (I, m) concentrio with (JJ, whose radius is -£• — iv and

36. Universally in Analytical Spherics, the formula of any curve
are applicable to its dual or polar curve, by writing p\ q't r\ the line-
coordinates of a great circle referred to J.'JS'C, the polar triangle, for
<*> A 7> the point-coordinates of the dual point or spherical centre
referred to ABO, the primitive triangle.

In Gudermann's system, where the triangles ABO, A"BfO' coincide,
being tri-quadrantal, — £, — r\ must be substituted for x, y, in dualising.

All the equations in this memoir are equally applicable to this dual
curve, when the point and line-coordinates are thus transformed.

VII. On Doubly Bi-confocal SpJiero-cyclides.

37. Dr. Casey has applied the methods of sphero-conics to sphero-
cyclides by the transformation given in § 11. ("On Cyclides,"
§§ 270—273, 808—311.)

I will apply it to transform the general equation of confocal sphero-

conics lp*+mg9+ni*+\ (apP+bqQ + crB) = 0,
and to prove that all sphero-oyclides, which have the same pair of
double foci, but different single foci, pass through four concircular
points, which lie on a small circle, whose pole or spherical centre is
the orthocentre of the triangle of reference, or centre of the J circle
from which it is generated.*

We have to interpret

a*TP+b*V*+c*W*-2bcVWcoaa-2caWUcos b—2abUVcone,

* [Doubly bi-confocal bicircular quartics and cyclides do not intersect. The
function (apF+bqQ + crJB), when quadrically transformed, gives the centre of / o r
the orthocentre of the centres of Ju Jit / s as a point-circle

2 (aV cosf A — 2befiy cos A cos B cos C),
not situate on the ourve. A system of doubly bi-confocal Cartesians and Cartesian
cyclides is expressed by the relation 8 « 2>, where £ is a circle or sphere, and D the
distance of a point on the locus from the centre of the (F) focal circle or sphere.]
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where, by § 11, II., in Dr. Casey's notation,

p oc 17 oc cos at"cos a P a / i sec a—dt

q<x Vccft seo 6—/3', roc W<x /xseoc—y.

For brevity, /i stands for ^/(cos a cos & cos o),

6va' = aa+&/3 cos o+ey cos 6.

Hence P = ap—bq cos 0—cr cos Boo fiv cos JB cos 0—6«a,

Q<x fiv cos 0 cos -4—6t?/3, B a f»v cos A cos B—6«y.

Here also, for brevity, v denotes tan a tan b tan c, 6« = a& sin O.

apP+ bqQ+crJB a a (fiseoa—a*) (^v cos B cos 0—6va)

+ 6 (/i seo 6-/3') (fjv cos 0cos .4—6«/3)

+c 0* sec °—y') (/'*»' cos A cos B—6uy)

a (6v)*+abo (tan a cos B cos 0 + tan b cos (7 cos .4+tan c cos .4 cos B)

—12v ̂ /(COB a cos & cos o) (a tan a+fl tan 6+y tan c).

This is the equation to a small circle, concentric with the J circle
of § 13.

abo 2 (tan a cosB cos 0) = (6t>)3~a&c tana tan b tan c cos.4 cos Bcos 0.

The reductions used here depend on the identity

tan b cos 0+ tan c cos B = tan a (1 -—tan b tan c cos if cos 0).

The transformed equation to this family of sphero-cyclides is

I (/u seo a—a')3+w (ft sec 6-/3')*+n (/* sec c—y')3

+\ {2 (6u)a-f a&c tan a tan b tan c cos.4 cos B cos 0
+ 12vft (o tan a -f /3 tan 6+y tan c) }3.

The small circle intersects the sphero-cyclide in four points, and
not in eight, unless the antipodal points be added, since, by expressing
the constants in terms of 2 o tan a, the first line becomes a sphero-
conic

[38. Sphero-cyclides are cut by planes in four concircular points.
As in § 37, any sphero-cyclide (§ 6)

a sec1 R+ (6w,+«,) seo B+1>, = 0
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is intersected by any circle,

seoE = Ix+my+n = w,

in the same four points as the sphero-conio

i + V, = 0.]

ERRATA.—In $ 4, read " The line of nodes in the sphero-oyclide is the polar of
the contre of any (J) circle with respect to the polar conic of the corresponding (I)
focal conic."

In § 6, Cor., read " If the cyclide has the imaginary circle at infinity as a cuspidal
edge, or if v8 = e (x3+a3) + «fy8, the generated ephero-cyclide is called by Dr. Casey
a Sphero-Cartesian."

Prof. Hart has already published his Memoir on the " Five Focal Quadrics of a
Cyclide," in the Meuenger of Mathematics, Vol. xrv., pp. 1—8. See § 6.

On the Limits of Multiple Integrals. By HUGH MACCOLL, B.A.

[Bead November Uth, 1884.]

In my first paper on the " Calculus of Equivalent Statements "
{Proceedings, Vol. ix., Nos. 124, 125), I showed how the limits of in-
tegration in a multiple integral might always be ascertained whenever
we had enough data for the purpose. I now propose to show how the
expression of the limits thus ascertained may often be simplified and
reduced to a form more convenient for integration.

DEFINITION.—When we have an elementary statement of the form
Xm'.n or y„,'.„«,.., or zm..nyT.h,xu.,v, &c, presenting the nearest limits (or
true limits of integration), we may, for brevity's sake, take any of
these symbols to denote, not the statement itself, bnt the integral
-which has the limits of integration indicated by the statement.

Thus ym'.nXf.t will be a mere abbreviation for

(Vm f*r
I dy\ dz.


