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and lastly, that in every axial correlation which, besides satisfying the
8ix conditions in question, has an axis o, passing through a given point
A, =B, the line corresponding to that point, being bn indeterminate line
through a determinate point of the associated axis oy, will not, in general,
pass through fwo given points A,, B,, although each of these points, as
indeed any point wlmtever of the plane, may properly be regarded as
¢onjugate to A, = B,.

In illustration of the first of these theorems, it may be noted that the
number of solutions [4000], as also the number [3100], is the same as
the number [3020] =1 (art. 42), because the system of correlations
satisfying the six conditions (8000) does not contain any agial ones
having an axis passing through an arbitrary point (art. 69). :Again,
the number [2200] is zero, or less by one than the number [2120] =1,
because amongst the corralations which satisfy the six conditions (2100)
(art. 70) there is, clearly, an axial one whose axis passes through an
arbitrary point of the second plane; it passes also through the given
point in that plane, and has, for associate, the line joining the two given
points in the first plane.

I may observe, in conclusion, that by means of the above two theorems
wo might, without difficulty, deduce successively from the well known
result [4000]=1, or from the still simpler one [2200] =0, all those,
contained in the table of art. 42, in which an even number of pairs of
conjugate points or conjugate lines are involved.

On the Free Motion of a Solid through an Infinite Mass of Inquid.
By Prof. H. Laus, M.A. (Adelaide).

[Read Afay 10, 1877.]

Let us suppose that we have a solid body of any form immersed in
an infinite mass of perfect liquid, that motion is produced in this
system from rest by the action of any set of impulsive forces applied to
the solid, and that the system is then left to itself. The equations of
motion of a body under these civcumstances have been investigated
independently by Thomson* and by Kirchhoff;t and completely inte-
grated for certain special forms of the body. The object of this com-
munication is, in the first place, to examine the vavious kinds of per-
manent or steady motion of which the body is capable, without making
any restrictions as to its form or coustitution; and, in the second, to

® Phil. Mag., Nov. 1871.

t Crelle, Bnud 71 (1869—70). Sco also Forlesungen éiber Mechanik, by the same
Author, ch. xix.
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show that, when the initiating impulses reduce to a couple only, the
complete determination of the motion can be made to depend upon
equations identical in form with Eunler's well-known equations of
motion of a perfectly free rigid body about its centre of inertis,
although the interpretation of the solution is naturally more complex.
It will be seen that a very liberal nse has been made, throughout, of
the ideas and the nomenclature of the Theory of Screws, as developed
and established by Dr. Ball.

1. Whatever be the motion .at any instant, we may suppose it to
have been produced instantaneounsly from rest by a properly chosen
system of impulsive forces applied to the body. This system when
reduced, after the manner of Poinsot, to a force and a couple whose
axis is in the direction of the force (or, in Dr. Ball’s nomenclature, to
an impulsive wrenck), is called by Thomson* the *“impulse” of the
motion at the instant nnder consideration. The same writer has shewn,
in a manner which admits of considerable simplification, that when no
external impressed forces act, the impulse is constant in every respect
throughout the motion. This is expressed analytically as follows :—
Let us take a system of rectangular axzes =, y, 2 fixed in the body, and
let #, v, w be the velocities of the origin parallel to, p, ¢, 7, the angular
velocities of the body about, the instantaneous positins of these azes.
Farther, let &, n, {, A\, 4, v be the components, relative to the same
axes, of the forco- and couple-resultants of the impulse. The following
equationst express that these latter qnantmes only vary in consequence
of the motion of the azes to which they are referred :

B gz, O @ _
GZ=" 2, at = pl—ri, a gk—pn,
d
%t- = wn—v{+rp—g», —é“i = uw—wk+pr—mA, povrennn (1)

dv __ . _
Tit—-v& un+gh—pp

The motion of the fluid being entirely due to that of the solid, the

total energy, T, of the motion is a quadratic function of u, v, w, p, ¢, 7
with constant coefficients ; so that we may write

2T = “Auw'4Bv*+ Cu*+2A'vw + 2B'wu+2Cuw
+Pp’+ Q¢+ R+ +2P¢r +2Q7p +2Rpg
+2p (L +Mv + Nuw)
+2¢ (L'v +M'v + N'w)
+2r (L'u4+MO4+NW) .ovrierrrnvinnnesssnestsssnanens .(2),

® Edin, Trans., Vol. xxv., 1869..
+ Bee a paper by Mr. Hayward, Camb. I¥ans., Vol. x.
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where A, B, C, &o. are certain constants depending on the shape of the
body and the distribution of matter in its interior, determinable by a
transcendental analysis whose nature has been exhibited in a very
_elegant manner by Kirchhoff (1. ¢.).
The values of &, n, {, &o. in terms of u, v, w, &o. are then given by
the formulas '

E,ﬂ,f,'l,p,v=§2d_'gﬂﬂtﬂg (3)’

as may be shewn by processes identical with those employed in Thom-
son and Tait’s Natural Philosophy, Art. 313.

2. Kirchhoff has observed that the equations (1) are satisfied by
%, v, w all constant, and p, ¢, 7 zero, provided we have

ar 4T 4T
du _ dv _ dw
_—_—-—’

K v w

that is, provided the velocity of which u, v, w are the components be
parallel to one of the principal axes of the ellipsoid

Az’ 4+ By'+ Ca*+ 2A"yz + 2B22 + 202y = const. ......... (1a).

There exist, therefore, for every body three miutually perpendicular
directions of permanent translation; that is to say, if the body be set
in motion parallel to one of these directions, without rotation, it will
continue to move in this manner. It is worthy of remark that these
directions depend on the skape of the body, and not at all on the dis-
tribution of matter in its interior, or on the density of the surrounding
fluid.

The above, although the simplest, are not the only permanent or
steady motions of which the body is capable. In fact, the conditions
that (1) should be satisfied by constant values of «, v, w, &c. are equi- .
valent to only four independent relations between the five ratios
S %iviw:p:gq:r; vig, the first three of equations (1) give

LI, RO 4
E= =L =h ] i (8
and the last three give, when combined with these,
A—lhu _p—hy _v—hw._, " 5
> =g — [=F, ssy] )

There exists, them, a simply-infinite system of possible steady
motions. These motions consist each of a twist about & certain screw ;
and the axes of this system of screws lie on a certain skew surface,
which is, of course, fixed relatively to the body.

The axis of the impulsive wrench nozcossary to produce motion a0~

T
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cording to one of these screws is the same with that of the screw. For
(4) express that the axes of the screw and wrench are parallel, whilst
the conditions that they should be coincident may be easily shewn to be

Ap—&u _ pg—ny _ vr—{w

rTo¢ T
and we see, from (4) and (5), that each of these fractions is, in fact,
equal to k. Indeed, it is otherwise obvious that the motion of the
body about any assigued scrow is steady when, and only when, it does.
not affect the contiguration of the *impulse,” fixed in space, relatively
to the body; that is, when the axes of the screw and corresponding

impulsive wrench coincide.

The pitches, however, of the screw and wrench are in general dif-
ferent. Calling « the pitch of the screw, «” that of the wrench, we have

= Mtuntvl =pd+qv+nu+ k
E+9*+0 P +e+” W
by (4) and (5), so that =R (k) rvrerereirirreercrenessenensannnns (6).
The expression for the kinetic energy may now be written
2T = fu+ &c. + Ap+ &o.
= (x+«) ho?,

where w is the angular velocity vp*+¢*+1.

8. If in (4) and (5) we substitute the values of &, 9, {, &c. from (2)-
and (3), we get the following system of equations :

(P—-k)p+Rg+ Q7+ (L—-1) u+Mv+Nw =0,

&e. &e., @
L-k)p+Lg+Lr+ Au+Co+Bw=0, [ )
&e. &e.

whence, on elimination of the ratios » : v : w : &c., we derive the fol-
lowing relation between % and k:

P-%k R, Q, L-k M, N |=0..8).

R, Q-k, P, L, M- N

Q, P, R-k I M”, N'—h

L-b L, L, A, C, B

M, M-i M, c, B, A

N, N, N’—h, B, A, C
If we assign any arbitrary value whatever to A, this equation gives
us three corresponding values of k ; and, taking any one of these and’
substituting in (7), wo get a system of linear equations to dotermine
the values of the ratios u : v : w : &c., and thence the axzis and pitch
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of the corresponding permanent screw. .The three values of % corre-
sponding to any given value of % are all real ; and the axes of the three
corresponding screws are mutually at right angles, although they do
not in general intersect. To prove these statements, let the axes of
@, 4, # (fixed in the body) be chosen parallel to the three directions of
permanent translation, so that, we have A’, B, C' all zero. The last
three of equations (7) then give us at once u, v, w in terms of p, g, r
whence, substituting in the first three, we get to determine p :g:r
and k three equations of the form

Pp +Ng+Qr =kp

Np+0g +Pr =kg }

- Qp+Pgt+Rr = kr

and the truth of the above statements then follows by known theorems.
It also appears that two values of % corresponding to the same value
of % cannot coincide unless % satisfy fwo indepeundent conditions, which
is in general impossible. This shews that the skew-surface which is
the locus of the system of permanent screws consists of three distinct
sheets.

If, on the other hand, in (8) we assign auny arbitrary value to %, we
get an equation of the sixth degree to determine 4. The roots of tlns
equation, when all real, determine by means of (7) a system of six co-
reciprocal screws; that is to say, a wrench of the type of any one of
the screws does no work on a body moving accerding to any other
screw of the system. Let the suffixes , and , relate to two screws of
the system ; the condition that these should be reciprocal is

Prttat g vg W+ peu g drw, =0 Ll (10).
Now in the six cquations (7) suppose the suffix , attached to the
symbols %, u, v, w, &c. ; then, multiplying these equations by p, gy, 7,
g, Vg, Wy in order, and adding, we find
) ' hy (gt + @avy + 19w + prtg+ @Us+H7W5) eneenaenne. (11)',
equal to an expression symmetrical with respect to , and ,, viz. to-
P—k) P+ P(qint @)+ &e,
which must therefore also be equal to

C by (Pt + Qo+ Ty w Py Uy @ VT ) e 12).

But,. &, by bemg in general dlﬂ'erent (11) and (12) cannot be lden- '
tical unless (10) is satisfied. -

4. Of the infinite number of groups of six co-reciprocal screws which
may be chosen out of the system of permanent screws belonging to the
body, there is one deserving of special notice. It is that in which each
screw of the group has the same pitch as the impulsive wrench neces-
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sary to produce motion about that screw only. The condition for this
is, by (6), k=0, and there is no difficulty in showing that in this case
the roots of (8) are all real. Consider, in fact, the determinant on the
left-hand side of (8), and the subsidiary determinants obtained from it
by eresing, first, the first row and column ; next, the first two rows and
colomns; and, again, the first three rows and columns; and suppose &k
put =0 in each. We have thus a series of four determinants, each of
which is symmetrical ; and the argnment employed by Salmon, Higher
Algebra, Art. 44, shews that, when % is varied, no change in the
number of variations of sign in the series can take place, except whon
h passes through a root of (8). Now, when k=0, the sign of each
member of the series is +, by virtue of the well-known conditions
necessary to ensure that the expression for 2T in (2) shall be positive
whatever values be assigned to the variables »,v, w, &c. Again, when
h=4o, the signs are —+ — + ; that is, there are three variations of
sign in the series.

Hence the equation (8) (with k=0) has six real roots, three positive
and three negative. The six determinate screws thus obtained (of
which three are right-handed, three left-handed) may be called the six
principal screws of inertia of the dynamical system. The name is due
to Dr. Ball, who has pointed out the existence of such a set of screws
for the case of a perfectly free rigid body.

5. Oat of the infinite system of permanent screws we may form,
besides the sets of co-reciprocal screws considered in Art. 3, sets of
another kind, of at least equal importance. Two screws, such that the
impulsive wrench necessary to produce motion according to one of
them does no work on a body moving according to the other, may be
called conjugate. We may obtain sets of six mutually conjugate per-
manent screws in the following manner :—Let us write, in (8), k=0h;
this equation then gives, corresponding to any arbitrary value of 8, six
values of &. 'When these are all real, we have in (7) a system of linear
equations to determine the ratios % : v : w : &c. in the several screws
of the set. Let the suflixes, and , refer to any two screws of the system.
The condition that these should be conjugate is that the expression

E,u,-}-q,v,+(,w,+k,p,+p,q,+yl.r, veveverorasseanses(18)
should vanish. Now, by (4) and (5), we may write this expression in
the form

I { prus+ vy + 1w+ pyry + gy + 1wy
FO(Pr1PsH Q1 G+ 717D} v (14).
But when for £, n,, ¢, &c. we substitute their values obtained from

(8) and (2), (13) assumes a form which is, of course, symmetrical with
respect to , and ,. Hence it must also be equal to an expression iden-
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" tical with (14), except that hy is written for k. Since k,, k, are in
general different, this requires that (14), and therefore {18), should be
zero. The six screws corresponding to any given value of 8 form,
therefore, & mutually conjugnte system.

Among these systems is included, of course, that of the six principal
screws of inertia, obtained by making 6=0.

The system which comes next in importance is found by making
8= . The equation (8) has then three of its roots infinite, and three
zero. The infinite roots correspond to the three permanent translations
of Art. 1; the zero ruots give three screws such that, if the body be
struck by an impulsive couple about the axis of one of these, it will be
set in permanent motion about that screw.

" 6. The existence of this last set of three screws may be verified by
observing that the equations (1) are satistied by &, 5, { =0, provided
we have at tho same time

P q r

The directions of their axes, relatively to the three directions of per-
manent translation, are determined by the values of p : ¢ : 7, obtained
from (9), where we now have

1 Ml N’
B L

=P-T-3 O

o UL _MM’'_NN"
¥=r- A B c”’
&e. &e.

Woe infer that the axes are mutnally at right angles, and that the
three corresponding values of &, which I denote by %, %, %, are real.
By putting ~=0 in (8), we see that %, k, %, are, moreover, essentially
positive, as is otherwise dynamically evident.

The interest.of this set of screws rests on the fact that, when they
are known, the motion of the body, when set in motion by any impul-
sive coupls whatever, can be completely determined. In fact, let the
initiating couple be resolved into three components F, G, H about the
axes of the three screws, and let «,, ;. x; bo the pitches of the latter.
Then the motion of the body at any subsequent instant is made up of
motions s,, 8, s, about these screws; viz., s, denotes a rotation with
angular velocity s, about the axis of the first screw, accompanied by a
translution with velocity «, s, parallel to this axis; and similarly for
&, 8. The initial values of these quantities are given by the formule

ke =F, ks=G, ko=H;
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and their values at any subsequent time ¢ by the equations

kds' (=) 535,

k, ‘;"; P (15).

LA i‘iﬂ_ = (ky—k;) 8,5

These equations may be proved by putting £, 9,{ =0, and p,q,r=
8, 83, 83, respectively, in (1) ; they express simply that the couple whose
components are ks, k85, ks, is fixed in space. They ure identical in
form with Ealer’s equations of rotation of & perfectly free rigid body,
which are, indeed, & particular case of (15), obtained by supposing the
density of the fluid surrounding the solid to be zero. The solution of
(15) may therefore be regarded as known; but its interpretation re-
quires a knowledge of the properties of the ternary screw-complex, some
of which are enumerated in the next Article.

7. The screws about which motion can be produced by the action of
an impulsive couple only form a doubly-infinite system, coordinate (to
use Dr. Ball’s expression) with the three permanent screws above-men-
tioned. The properties of this system, which are the same as those of
the general ternary screw-comiplew, may be obtained as follows:—The
three permanent screws may be considered as lying along alternate
edges of a rectangular parallelepiped ; let us take as axes of coordinates
lines drawn through the centre of this parallelepiped parallel to its
edges. The equations to the axes of the three fandamental screws are
then of the forms

y=-—9, z2=h;

z=-—h z2=Ff;

z=—f, y=g¢
respectively ; and if «,, x;, x; be the pitches of these screws, a unit
motion according to any other screw of the coordinate system (whose
direction-cosines are, say, !, m, n) is equivalent to rotations 1, m, n
about the axes of @, y, 2, and to a translation of the origin whose com-
ponents, parallel to the same axes, are

xl—mh—ng, xm—nf—1lh, xm—Ilg—mf
respectively. This translation is, therefore, perpendlcular to the plane
conjugate, with respect to the quadric
5@ + k9" + xy2° — 2fyz — 2922 — 2hzy = const. ....even.n (16),
to the direction (7, m, n) of the axis of the screw, and the pitch « of
the latter is given by the formula
x =& l+umi Kyt ?—2fmn—2gnl—2kim ; .
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© t.e., it is inversely proportional to the square of the diameter of (16)
drawn in the same direction. The principal axes of (16) coincide,
therefore, with the axes of three screws of the system. The properties
of the latter are then best investigated by taking the three axes last-
mentioned as axes of coordinates. If @, b, ¢ be the pitches of the cor-
responding screws, the equations to the axis of the coordinate screw
whose components are I, m, n, are ‘

al+mz—ny _ ~zl+bm+tnp _ yl—zm+cn an,
3 = —~ = T e R
and its pitch is = al 4 b+ cn'.

Throngh any point (@, y, 2) pass the axes of three screws of the
system ; for we have, to determine I : m . n and «, the equations

(a—x) 1 + m — yn =20
_zl+(b_x)m+ mn:O ...............(18).
yl — am +(c—«)n =20

Hence « is given by the cubic
(a—x)(b—&)(c—«) + (a—«) @+ (b—«) *+ (c—x) 2* = 0.....(19).
The three values of « hence derived, of which two are imaginary
when (=, y, z) lies beyond a certain region in the neighbourhood of
the origin, give, on substitution in (18), three determinate sets of
values of the ratios 1 :m :n. The form of (18) shews that all the
screws of the system having a given pitch lie on a certain hyperboloid.
The axes of all the screws of the complex may therefore be obtained
by taking one system of generators of each of the series of hyper-
boloids obtained by giving «, in (19), all values intermediate between
the algebraically greatest and least of the quantities a, b, ¢. They may
also be found in the following manner :—Construct the quadric

art + by be? =€ i, (20),

e being any arbitrary quantity ; and from the origin O draw any radins -
vector OP meeting (20), or the conjugate surface (obtained by chang-
ing the sign of e), in P. The pitch « of that screw of the complex

3
which is parallel to OP is x = Oﬁl"—" Now let OM be the perpendicular

from O on the tangent plane at P, and along the normal through O to
the plane POM measure off a length ON = x tan POM. The sense in
which this line is to be measured is that in which a rotation of the
same sign as « about OP would tend to carry the point M. A line
throngh N, parallel to OP, will be the axis of a screw of the complex,
of pltch 'K. _ .

‘It is easily seen that the point whose coordinates are (c—b) mn,
(a—c¢)nl, (b—a)lm lies on the straight line (17); in fact, that it is
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the point N of the above construction, the rest of the proof of which
then follows without difficulty.

‘We see that the axes of the various screws of the coraplex all pass
within a certain finite distance of O, so that at a great distance from O
they present the appearance of' a system of straight lines radiating
from a point.

The properties of the complex are determined by the quadric (20).
To find the form and position of this surface, we may proceed as fol-
lows :—Starting from the general expression for 2T in Art. 1, we first
change the directions of the azes of courdinates so as to coincide with
the principal axes of (1a), so that we now have A’, B’, C’=0. Next,
transfer the origin to the point whose coordinates are -;— (Ié— - g ),
1(N Iy 1/ M ;o
= (F I)’ 3 (I -i) ; the new values of L/, L, &oc. then
satisfy the following conditions :—

M_yYNL L_M
B C C™ A" A B’
The new origin is the point O of the present Article.
The equation to the quadric (20), referred to the new axes, is
Mo N (M" N N LI L' M
r7t g+t (5o) vt (o) =+(3+5)

The theorems of the presoht Article are not, I believe, all new;®
but I am not aware to what extent the above investigations of them
are so.

8. We are now prepared to construct the solution of (15). The
motion of the body may be considered as made up of two parts, the
motion of the point O above defined, and the motion relative to O.
The latter is given at once by Poinsot’s well-known constraction ;:
viz., if we construct the ellipsoid (fized in the body),. whose equation,
referred to axes through O parallel to the three fandamental screws, is

k@ +legy® + 5y 2 = me’,
(where m, ¢, are two quantities of the nature of a mass and & line,
respectlvely), and the plane (fixed in space) whose eqnahon relative to
the initial positions of the above axes is

F:c+Gy+Hz_s/2T.m.e

® See the Postscript to Dr. Ball's I‘})aper in the Phil. Trams. for 1874 ; also Art. 81
of a paper by Prof. Evorett, “On a Method in Statics and Kmematlcs," in the
Messenger of Mathematics, 1874 I may perhaps be allowed to mention that my
knowledge of the Theory of Screws is derived almost entirely from the two sources
hore indicated ; I have not seen, and have not access to, Dr. Ball's papers in the
Tvans. R. L. Acadcmy
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the ang.ular motion of the body is obtained by making the ellipsoid roll.

on the plane with angular velocity 2—5 . A about the radins vector

6’9
drawn to the point of contact I.

The representation of the actual motion may then be completed by
impressing on the whole system of rotuting ellipsoid and plane a motion
of translation equal to that of O, obtained as follows. Construct the
quadric (20) or (21), and let OI meet it in P. The motion of O at any
instant, is in the direction of the normal OM to the tangent plane to
this quadric at P, and its velocity is \/ Qm—T . 5.—8(%1.
~ Suppose the body to be set in motion according to one of the three
fandamental screws of this and the preceding Articles, and then slightly
disturbed, say by an infinitely small impulse. It is plain, from the
analogy with the theory of the rotation of a perfectly free solid about
its centre of inertia, that if the disturbing impulse reduce to a couple
only, the motion is stable about either uf the two screws for which  is
respectively greatest and least, and unstable about the remaining screw.
It is not difficult, with the help of equations (1), to extend these con-
clusions to the case when the disturbing impulse is any whatever.

9. For particular varieties of the moving solid, the natare and relative
configuration of the various screws cousidered in the preceding theory
become, of course, greatly simplified. For instance, suppose the budy
to have a plane of symmetry, as regards both its form and the distribu-
tion of matter in its interior, and lct us take this as the plane of zy.
It is easy to see that the energy of the mction must be unaltered if we
change the signs of w, p, . This requires that A, B, ¥, Q, L, M,
L/, M/, N” should all vanish. The axis of z is then one of the axes of
permanent translation ; the other two are at right angles in the plane
@y. The pitch of each of the three fundamental screws of Art. 6 is
zero ; the axis of one of them is parallel to z, and those of the other
two are in the plane @y, but do not in general intersect the first axis,
The guadric (21) reduces to a byperbolic cylinder.

Again, let us suppose that the body has a second plane of symmetry,
at right angles to the former one; and let us take this as the plane of
2z2. We find, in the same manner as before, that the coefficients C', R/,
N, L” must now also venish. The three directions of permanent
translation are then parallel to the axes of coordinates. The axis of »
is the axis of one of the fundamental screws, (now pure rotations,) and
the axes of the other two are perpendicular to this, one in each plane
of symmetry, but do not in general intersect it in the same point. The
quadric (21) is a hyperbolic cylinder asymptotic to the two planes of
symmetry.
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Finally, if the body has three planes of symmetry, mutually at right
angles, the expression for 2T reduces to the form

T = Au'+Bv*+ Cuw'+ Pp*+Qg*+ RA.

In this case the axes of coordinates are the directions of the perma-
nent translations, and also the axes of the three permanent rotations
which could be produced by the action of impulsive couples only.

Let us next consider another class of cases, where the body has no
plane of symmetry, but has a sort of skew symmetry with respect to &
certain axis ; viz., it is identical with itself turned through two right
angles about that axis. An instance is the screw-propeller of a ship.
Let us take the axis above mentioned as axis of @; it is plain that the
energy of the motion must be unchanged if we reverse the signs of v,
w, ¢, and r. Hence the coefficients B’, C, Q, R’, M, N, L/, L” must all
vanish. The axis of  is then one of the axes of permanent translation ;
it is also the axis of one of the fandamental screws of "Art. 6, the pitch

. L
being — A

If the body be identical with itself turned throngh one right angle
about the same azxis (as, 4.g., in the case of a four-bladed screw-propeller),
the expression (2) must be unchanged when we write v for v and —u
forv. Thisgives B=C, Q =R, M'=N", M"= — N’; and we seo
further, that by changing the origin to the point O, defined in Art. 7,
we make M”, N’ both vanish; so that (2) now assumes the form

oT = Avw'+B (V' +uw*) + Pp*+Q (¢ +7°)
+ 2Lpu+2M’ (vq +wr).
Any direction in the plane yz is a direction of permanent translation ;
and any line through O in that plane is the axis of a permanent screw.

motion (due to an impulsive couple only) of pitch — —%—

If the body be, moreover, identical with itself turned through a right,

angle about any axis in the plane yz, we see that (2) must become
2T = A (W +0°'+0*) + P (p* +¢°+7%)
+2L (pu+ qv+rw).

Any direction whatever is then a direction of permanent translation ;
and any screw whose axis passes through O is a permanent screw.
The equations (1) ere in this case at once integrable, as has been
pointed out by Thomson,* who has also shewn how to construct a
body possessing the properties defined by (22).

Postscript.—1 give here the equations of motion of a solid, under the
circumstances considered in this paper, referred to the six principal

* Phil. Mag., Nov. 1871.
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screws of inertia whose existence and properhes have been proved in
Art. 4. T have not made any application of these equations, but their
Jorm seems of itself worthy of notice.

- Leb the coordinates of the six principal screws, referred to axes fixed
in the body, be (ay, b, ¢, 4, my, ;) ...... (ag by o lyy Mgy Mg); Viz.,
1, m,, n, are the direction-cosines of the axis of the first screw, a,, b,, a1
the velocities of the origin, parallel to a, y, 2, produced by unit of twist-
velocity about this axis, and similarly for the other screws of the
system. These quantities are connected by 15 relations of the form

T abtbmeto et a htbymton =0 ... (23).
The pitches ;, &3, ... &, of the principal screws are given by the formule

Ky = G LDy My e By caiviienniennieinenss (24),
&o. &c.
Let us suppose now that the motion of the body at any instant is made
up of twist-velocities 8, &, ... 8, about these screws, and let o,, 0y, ... 7,
be the force-components of the corresponding impulsive wrenches.
‘We have then, with the notation of Art. 1,

U = 0,8+ 0383+ ... +ay8y, §=hothot...+loy
v="bs+..., n =mo,+...,
W= 08+ ey , {=n0+..., : :
P =+l +...+ 14, (@5), A=0,0,+ay05+F ...+ 50 | -(26).
qg=mg+..., p=bo+
r=ms+..., v=¢q0n+..,

Hence - OT = fu+&o. +Ap + &o.

= 2x, 0, 8,4 2,05 8, + ... + 2K, 7y 8,

by vxrtue of (25), (26), and of the 15 relations of the type (28). Again,
multlplymg (25) by 4, my, m, a;, by, ¢, in order, and adding, we find

28 = hutmotmwtapthgtar,
and similarly from (26) we derive

260, = @ £+ n+e L+HL N +omp o .

'l‘o form the eqnatlons of motion in terms of g, &, &o., ; We must’ sub-
. titute for £, g, {, &o. from (1), i in the equation
2x, al o £+&c +1, A+ &ec.,

and, in the result, for £, #, {, &o. from (26). The final result is rather
long, but it is easy to verify that the coefficients of o0, 8, 08, 0y8,, &o.
are all zero, as are also, those of ¢,8, 0;8, &. The coefficient of
0,8, is found to be

2 by e H- a4 by 6| + aab.ca
ls My’ Ny by - my 1y “ll'm‘l”t
l, my n, L m o iy my my
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which denote by [123]. We have, obviously, [128] = [281] = [312]
= —[182]=—[218]=—[321], so that the number of these coefficients
is, irrespective of sign, 20.* The equations of motion then become

2,0, = [128] 0,55+ [124] 0, 5,+ &e.
+[132] oy 85+ [142] o, 5,+ &e. (20 terms)
with five similar equations. If hy, ks, ... by be the six roots of (8),

(with k=0,) we have o, = h,s, o, = hy8,;, &o., so that the above equa-
tions may also be written :

e, by 8, = [128] (hg~hy) 85 85+ [124] (ha—h,) 88, + &e.
&e. &e. , (10 terms)
We verify at once that these have the particular integrals
& by 8] + k3 by 8] + ... + &y by 8 = const,,
b8+ ke + ...+ x, b 8 = const.

On gome Oases of Parallel Motion. By Mr. Hagry Harr, M.A,,
Mathematical Instructor at the Royal Military Academy,

‘Woolwich.
[Read April 12th, 1877.]

1. Let ABCD ‘(Fig. 1)t be a contra-
parallelogram, where AB = CD = 2as,
AC =BD =2¢, and O, O’ the middle
points of AB, CD. Then P, the inter-
section of AC, BD, describes an ellipse
relatively to AB or DC, the major axis
being 2a, the eccentricity 6. Let 2b =
minor axis, so that b* = &' (1—6').

On the normal QPQ’ let two points
Q, Q be taken such that PQ =PQ' =
semi-diameter conjugate to P. It can
easily he shown that 0Q = 0'Q’ = a—3,
0Q=0Q=a+b, and that AB, DC bisect the angles QOQ’, QO'Q’
respectively.

¢ All theoretically expressible, however, in terms of the six pitches x, xg, ... k¢
and of three other independent quantities.

t To render the figure as simplo as possible, some of the lines described in the
text have been omitted. - ’



