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Find t in powers of —\pu) by common inversion, omitting 10 after/
for abbreviation, and writing /„ for /(n) : 2.3...W,

• e l • \r / 7

a representation of/"J^w, OT oi f'1 (fio — ypui). Three terms will be
' more than sufficient.

Let ^aj+^cc be ax + bxz+... + kx,m+(p + qx+...+sxn)xn+1;
le t a == <px + 4>z be the equation to be solved, and let o = <px give
x = <o. The root of a = </>u> be ing known, <f>'a) is k n o w n ; call i t I.

: Expanding the above in powers of w, it is clear that the first three
terms will give all short of w3m+3; Mr. Woolhouse, by an entirely dif-
ferent method, stops at w8 when m = 2. Taking this case, we find
.a = aw + 6w2, a-j-26d> = */(<$-\-4iba) = I. And, writing down no more
.than necessary for w8 inclusive,

+ i + h4l + ks
 3

6 + 7hofi + 8ktJ

For Z write 1; and, remembering that in this result al~l, hl~x
t &o.

must be written for a, b, &c, we have

x = <D—cufi—ew*— (/— 3c2) w8 .

- (gf - 7ce+ic2) w6 - (7i - 8 c / - 4e2 + 12c3 + 2&ce) w?

: This result agrees entirely with that of Mr. Woolhouse.

The following Paper, read May 28th, 1868, could not be inserted in
the account of the Proceedings of that day:—

On some Geometrical Constructions.

By H. J. STEPHEN SMITH, F.R.S., Savilian Professor of Geometry
in the University of Oxford.

ART. 1. A conic A is said to circumscribe harmonically a conic B,
•when A circumscribes a triangle which is self-conjugate with regard to
B. Similarly, A is said to be inscribed harmonically in B, when A is
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inscribed in a triangle which is self-conjugate with regard to B.
Though this mode of expression is not very accurate, it has the ad-
vantage of brevity, and it may serve to fix in the memory the well
known theorems—

I. " If A circumscribe B harmonically, B is harmonically inscribed
in A."

II. " If A circumscribe B harmonically, the conio corresponding to A
in any correlative figure is harmonically inscribed in the conic corres-
ponding to B."

Of these theorems we shall have to make frequent use, as also of the
two following and their correlatives:—

III. " If A circumscribes B harmonically, A circumscribes an infinite
number of triangles self-conjugate with regard to B ; viz., if x-^ is any
point of A, and #2#3 is the chord intercepted by A on the polar of &\
with regard to B, x-^XnX^ is a self-conjugate triangle with regard to B.
Or, which is the same thing, the harmonic envelope of A and B (i. e. the
conic enveloped by lines cutting A and B harmonically) coincides with,
the polar reciprocal of A with regard to B."

IV. " If A circumscribe B harmonically, the centre of homology of
any triangle inscribed in A, and of its polar triangle with regard to B,
will lie on A."—(Dr. Salmon's Conic Sections, p. 326.)

The pairs of points, conjugate with regard to a conic A, which lie
upon a line L, form a system in involution. Similarly, the pairs of
lines, conjugate with respect to A, which intersect at a point P, form a
pencil in involution. These involutions we shall term the involutions of
A upon the line L, and at the point P, respectively. When we say that
a conic is given, we shall understand that the polar system of the conic
is given ; i. e., that the involution of the conic upon any line, and at any
point in its plane, is given, or can be determined linearly. If any single
element (point or tangent) of a given conic is given, we can determine
linearly as many elements of it as we please. But if no single element of
a given conic is given, the determination of any single element will re-
quire a quadratic construction, and the conic itself may be imaginary.-

When there are two involutions Ij and I2 upon the same line L, the
involution of which the double points are the extremities of the seg-
ment common to Ix and I2, is said to be compounded of Ix and I2. To
obtain the involution compounded of two given involutions Ij and I2,
let x be any point of L; xv x2 the conjugates of x in Ij and I2 respec-
tively, Ui the conjugate of x2 in I1} y2 the conjugate of x± in I3; the
harmonic conjugate of x with regard to y$% is also the conjugate of x
in the involution compounded of Ij and I2. This construction may be
demonstrated by projecting the involutions lx and I2 upon a conic in
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the usual manner, and applying Pascal's theorem to the pentagon
formed by the projections of the points x, #l5 y2, yv cc2, x.

All the constructions which we shall employ in this paper are linear,
. except when the contrary is expressly stated. We shall, for the most
part, leave the correlative of each proposition to be supplied by the
reader.

ART. 2. Problem 1.—"To determine the conic cr, which passes
through three given points a, b, c, and circumscribes harmonically two
given conies Sx and S2."

Sohdion.—Let o^ bx Cj, a2 &3 c2 be the polar triangles of abo with
regard to Sx and S2 respectively; and let aciry, bbv cc^ meet in xl; aog,
bb2, cc% in a;2 ; then xlt xz are points of tr (Theorem IV., art. 1), which
is thus completely determined by the five points a, b, c, x]t a*2.

Problem 2.—" To determine the conic o", which passes through two
given points a, 6, and circumscribes harmonically three given conies
SL, S2, S3."

Sohdion.—Let t̂ , c2, c3 be the poles of ab with regard fco S1} S2, S3

respectively. Through a draw any line aP, not passing through any
one of the points c^ c2, c3; let pv p2, p3 be the poles of aP with regard
Sx, S2, S3 ; and let P be the unknown point in which a meets aP for the
second time. Considering the triangle a&P, inscribed in a, with regard
to each of the conies S1? S2, S3 in succession, we see that the three
intersections (Pc1? bp^, (Pc2, 6p2), (Pc3, bps), as well as a, &, P, lie upon
a. "We have therefore the anharmonic equation

P. [a, Cj, c2, c3] = 6 . [a, px, p2, jp3],
which implies that the conic passing through a, cv c2, c3, and satisfying
the anharmonic equation

[a, cu &J, c3] = 6. [a, j?,, p2i _p8],
also passes through P. Thus P is determined linearly, and with it or,
on which we now have six points. (The actual construction of P is as
follows :—Let aP cut c2c3 in a; determine on c2c3 a point c', satisfying
the anharmonic equation

[a', c', c2, c3] = b . [a, ph p2, pz~\ ;
the point P is the intersection of aP and e'e^)

Problem 3.—" To determine the conic <r, which passes through a given
point a, and circumscribes harmonically four given conies Sb S2, S3, S4."

Solution.—Let rcP, aQ be any two straight lines passing through a,
but not conjugate with regard to any one of the given conies. Let
P\P2P3Pit Si&ffaff* he the poles of aP, aQ respectively with regard to the
conies Sj, S2, S3, S4; and let P, Q be the unknown points in which aP, aQ
meet <r for the second time. Considering the triangle aPQ, inscribed
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in (r, with regard to the conies S^ S2, S3, S4 in succession, we obtain the
anharmonic equation

P . [a, qu q2, q3) qt] = Q. [a, px, p2, p3,Pt],
which suffices for the linear determination of P and Q, by a kind of
double position. Assume any point x on oP as the true position of P,
and determine on aQ the corresponding position y of Q, first by the
equation • •

y 3 . [a, pi, p2, pa] — x . [a, qu q2, q3],
and then by the equation

V* • [«,>i. P2, Pi] = ».[«, qu q2, qt]-

The two positions of y thus obtained will form, when x varies, two
homographic ranges y3 and yt; of the double points, one is at the inter-
section of aQ and pip2, the other can be determined linearly, and is the
true position of Q. The details of the construction are as follows:—
Denote by q the intersection (oP, qtq2), and by p the intersection
(oQ, pip<d ; let x be a point varying its position on aP, and let xqs, xqt

intersect qxq2 in q'3q\. On the line pxp% determine the points p's, p\, which
satisfy the equation

. [p's, P\, P, P» P2] = [2s, q'i, q, 2i, 22],
and let p3p'3, ptp\ cut oQ in y3, yt respectively. The points y3, yt will
form two homographic ranges on aQ; for each of these ranges is homo-
graphic with the range x. One of the double points of the two ranges
is at p; for if we imagine x to coincide with q, q3 and q\ will coincide
with one another, and with q; whence p'3 and p\, and with them ys and
yt, will coincide with one another, and with p. The other double point
can therefore be obtained linearly; it will be the point Q, and the cor-
responding position of the point x will be the point P. We shall thus
have seven points on a; viz., the three points a, P, Q, and the four
intersections (Pgv, Qpr), where r = l, 2, 3 ,4

Problem 4.—"To determine the conic a, which circumscribes har-
monically five given conies S1} S2, S3, S4, S9." Only the polar system
of a can be determined linearly, and a itself may be imaginary.

Solution.—(1°). If each of two conies A and B harmonically circum-
scribe a third S, every conic C, which passes through the intersections
of A and B, also circumscribes S harmonically.* To prove this geo-
metrically, let x be any one of the points of intersection of A and B,
and let the polar of x with respect to S cut A, B, C in the points
«i<*2> &i&2> ^ I ^ respectively. Then OJCJ and &i63 are pairs of conjugate
points with respect to S; therefore also CJCJ, which is in involution

• The theorem of M. Hesse, " If two pair of opposite vertices of a quadrilateral
are conjugate pairs with regard to a conic, the third pair of opposite vertices ia
also a conjugate pair," is a particular oase of the correlative theorem.
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with axa2 and &i&2, is a pair of conjugate points with respect to S ; i. e.,
C circumscribes a triangle xcxc2 which is self-conjugate with respect to
S. Prom this it appears that the conies which harmonically circum-
scribe four given conies all pass through four fixed points; for, if A, B
are two conies circumscribing Si, S2, S8, S4, the conic C, which passes

.through a given point c, and circumscribes harmonically those four
conies, is no other than the conic of the system (A, B) which passes

• through the point c.
(2°). Let L be any line in the plane of the five given conies: to ob-

tain the involution of a upon L, we have first to determine the inter-
sections of L by two of the conies which harmonically circumscribe the
four conies S2, S3, S4, S5; and to do this, we have only, in Problem 3,
to take successively for a two different points on L. Let Ii represent
the involution determined by the two pairs of intersections ; similarly,
let I2 represent the involution determined on L by the system of conies
which circumscribe harmonically the four conies Si, .S3, S4, S5. The
involution of a upon L is the involution compounded of IY and I2. ,

ART. 3. In the preceding problems, any number of the given conies
may degenerate into pairs of points, but the solutions will remain ap-
plicable if we observe that the pole of a straight line L, with regard to
a system of two points, is the harmonic conjugate, with regard to the
two points, of the intersection of L by the line joining the two points.
Since a conic circumscribing a conic, [which has degenerated into a
pair of points, is a conic with regard to which the two points are con-
jugate, our last problem includes that of M. de Jbnquieres (" Annales
de Mathematiques, par MM. Terquem et Gerono, vol. xiv. p. 435), " To
determine the. conic which divides harmonically five given segments.!'
Again, the two points of a degenerate conic may become coincident, in
which case a conic circumscribing harmonically, the degenerate conic,
is'simply a conic passing.through the point which represents that
conic. Thus the problem 4 includes the problems 1, 2, 3. . We might
have made the solution of these problems depend on the corresponding
cases of M. de Jonquieres' problem.. For example, if a^y-y, aj2y2, xsyz

a542/4 are the polar chords of the point' a with regard to. the conies
S1? S2, S3, S4, the conic passing through a, and dividing harmonically the
four segments a^i, Xi$)<to x3Vs> x£lto harmonically circumscribes the conies
•Si,S3,S8,S4. But the solutions which M. de Jonquieres has given of the
various cases of his problem are, perhaps, less direct than those which
we have deduced from the theorem of Dr. Salmon (Theorem 4, Art. 1.)

We may add that it follows from the solution of the problem of
M. de Jonquieres, that the polar system of a conic is given, when five
pair of conjugate points with regard to the conic are given (but these
five pair must be independent; see Art. 4).
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ART. 4. Some remarks, which may not be without interest, are sug-
gested by the analysis corresponding to the problems 1—4.

Let a<tt2+/3,y + yi2
3 + 2a;?yz + 2#a;2 + 27;.:c?/ = 0 (1)

be the equation in point coordinates of the conic o-,-, and let

A i |2 + B, J ? 2+C, .^+2A,^+2B;^+2C;^ = 0 (2)

be the equation in line coordinates of the conic S,-, the two sets of
coordinates being connected by the relation

Zx+ijy + fy = 0.

The equation which expresses that a harmonically circumscribes S< is .

A<a + Bij3 + C,y+2A;a'+2B;/3'+2C;y = 0 (3);

and the problem 4 is the geometrical equivalent of the analytical pro-
blem, " To determine the ratios of a/3y, a'/3'y' from five linear and inde-
pendent equations of the type (3)." In these equations the coefficients
may have any values whatever; whereas, in the problem of M. de
Jonquieres, the five equations are subject to the condition, that in
each of them the symmetrical determinant formed with the six co-
efficients must be equal to zero; and in the problem, " to determine
the conic passing through five given points," there is the still further
limitation, that the first minors of those determinants must also be equal
to zero.

We shall denote the systems of conies represented by the equations

(i) ^ori.+ X2°
ri = 0,

(ii) \<Ti + \(Tz + \3rra = 0,
(iii) ^i<Ti + X2(T2-\-'K3a3+'Ki(Ti = 0,

(iv) XIO-I + X2O-2 + X3(T3+X4O-4 + X5<TS = 0,

by the symbols (ffl5 <r3), (av ar2, <r3), (<rlf <r2, o-3, <r4), and (<rlt <r3, <r3, <r4, <r6);
and we shall describe them as systems of the orders 1, 2, 3, 4 respectively.
The coefficients \ are absolutely indeterminate, and it is understood
that the conies a are independent, i.e. that <r3 does not belong to the
system (o^, c2), nor <r4 to the system (ox, a2, <r3), nor <r5 to the system
(O"IJ °2> a& a*)- If the equations (i), (ii), (iii), (iv), are in line-coordi-
nates, we shall describe the corresponding systems of conies as tan-
gential systems of the orders 1, 2, 3, and 4. In the enunciations and
solutions of the problems 1—4, we have tacitly supposed that the data
are such as to render them determinate; the necessary and sufficient
condition for this determinateness is that the five conies S1? S2, S3, S4, S6,
(or the pairs of points, real, imaginary, or coincident, by which any, or
all of them, are replaced) should be independent, or should form a
tangential system of order 4. A system of order 1 is the " faisceau," a
system of order 2 is the "reseau," of French geometers. A single conic
may be regarded as forming a system of order 0.

It is evident that a system of order h is determined byfc+1 inde-
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pendent conies, and that if k+1 independent conies of a system of
.order k harmonically circumscribe a given conic, every conic of the
system harmonically circumscribes that conic. (The geometric proof
for the case fc=l, which has been given above, might easily be extended
to the other cases). We have also the important theorem:

" All the conies of a given system of order k circumscribe harmo-
nically all the conies of a certain tangential system of order 4— k; and,
conversely, all the conies which circumscribe harmonically the conica
of a given tangential system of 4—k, form a system of order k."

The tangential system of order 4—k, which thus corresponds to a
given system of order k, we shall call the system contravariant to the
given system. The relations between the two systems may be inferred
from the known properties of indeterminate systems of linear equations.
Thus, given k+1 independent conies a (k ~ 0, k 1 4), we have a system
of k •+• 1 indeterminate equations of the type,

3 /
 = o (4),

^ [ ,]
in which «,, fih y,-, a'i} $ , y,' are the given coefficients, and A, B, C, A', B', C
the indeterminates. The order of indeterminateness of the system is
5—Jc\ and if

A,, B,, 0* A;, B;, c;,...[j = 1,2, . . .5-a ,] . . . . . (5)
represent 5—k independent solutions, every solution is included in
the formulas

s.x,A;, s.XjB,, s.x,c,, S.X,A;, S.X.B; S.X.C;,
the h—h coefficients \ being absolutely indeterminate. This establishes
the first part of the theorem ; the second is the correlative, as well as the
converse, of the first. Again, considering the matrix of the system (4),
and the matrix of the system (5) of independent solutions as two com-
plementary. matrices,we know (Phil. Trans., vol.151, p. 301)that the deter-
minants of the one are proportional to the complementary determinants
of the other ; so that, in particular, if any determinant of either matrix
is zero, the complementary determinant of the other matrix is also zero.
As, perhaps, no geometrical application has hitherto been given of this
analytical property, we shall refer to a few of its consequences here,
though the results are such as might be obtained by simple geometrical
reasoning.

(a). Let Tc = 4 ; the system is determined by five independent conies,
and the contravariant system is of order 0, i.e., it is the single conic S
harmonically inscribed in these five conies. The tangents of this conic are
the conies of the given system, which degenerate into pairs of coincident
straight lines; for if the line »j = 0, £ = 0, be a tangent of S, we must
have A = 0; and therefore the complementary determinant in the
matrix of the given system is also zero; i.e., x2 = 0 is one of the conies
contained in the given system. Similarly, we may show that those pairs
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of straight lines which are degenerate conies of the given system are no
other than the pairs of straight lines which are harmonically conjugate
with respect to S; viz., if the lines (£ = 0, v = 0), (£ = 0, ( = 0)
are conjugate with respect to S, we must have A' = 0, a condition
which implies that yz = 0 is one of the conies of the given system.

(i). Let k = 3; the given system is determined by four independent
conies, the contravariant system (Sls S2) being a system of conies

• inscribed in the same quadrilateral. As in the former case, we may
show that the only conies of the given system which resolve themselves
into two straight lines are represented by the four common tangents of
the system (S^ S2); and that the conies which degenerate into two
straight lines are the pairs of lines harmonically conjugate with respect
to the same system. Further, the three pairs of opposite vertices of the
quadrilateral circumscribing the system (S1? S2) are conies of that system,
and therefore are conies harmonically inscribed in the conies of the given
system; i.e., the three diagonals of that quadrilateral cut. the given
system in involutions of which the double points upon each diagonal
are the opposite vertices of the quadrilateral on that diagonal. (Mathe-

• matical Questions from the Educational Times, Vol. IV., p. 110; M.
Cremona, in Crelle's Journal, Vol. LXL, p. 110.)

(c). Let'&\= 2, so that the given system is a " re"seau," and the con-
travariant system a tangential " reseau." As it is necessary to consider
two contravariant " reseaux" in the theory of cubic curves, we shall
place here the solution of two elementary problems relating to them.

Problem 5.—" Given three independent conies of the system (alt o2, <r&),
to determine the contravariant system."

We may determine as many elements as we please of a conic touching
two given lines, and harmonically inscribed in ff^er^z (Problem 2).
This conic is one of the conies of the contravariant system.

Problem 6.—" To determine the conic of the system (o ,̂ cr2> "3) which
harmonically circumscribes two given conies."

. . Determine three independent conies of the contravariant system ; the

. conic circumscribing them and the two given conies is the conic re-
quired ; but if the three contravariant conies, and the two given conies,
are not independent, when considered tangentially, the problem is inde-

. terminate.
Two particular cases of the problem are of frequent occurrence :
" To determine the conic of the given system which passes through

two given points;" and
" To determine the conic of the given system with regard to which a

given point and line are pole and polar."
In the latter case (as indeed in the general case) only the polar

system of the required conic can be obtained linearly, and the conic
itself may be imaginary.
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The "double points" of the given system (<rlt <r2, <r3) lie on a cubic curve,
the Jacobian locus, or Hessian of the system. Each point of a pair of
points self-conjugate with respect to the system is a double point of the
system; and the three vertices of any triangle self-conjugate with
respect to two conies of the system are three double points, of which the
conjugates lie in the axis of homology of the triangle and of its polar
triangle with regard to any third independent conic of the system.
The contravariant system possesses the correlative properties; and its
Jacobian envelope is the Pippian, or Cayleyan, of the given system.
Every common chord of two conies of the given system is a tangent of
the Cayleyan ; for if L be a common chord of <r2 and <r3, and if â  w2 be
the double points of the involution determined on L by the system
(oj, (r2, <r3), Wiw2 is a conic of the contravariant system, so that L is a
" double line" of that system, and consequently a tangent of the Cay-
leyan. Thus, the Cayleyan is the involution-envelope of the given
system; and, reciprocally, the Hessian is the involution-locus of the
contravariant system. These well known properties are introduced
here to show the importance of considering explicitly the contravariant
system, as the relation between the two systems of conies may be said
to be the source of the contravariant relation of the Hessian and
Cayleyan.

ART. 5. Problem 7.—" Given two conies ax and <r2, to determine the
conic of the system (trlt <r2) which harmonically circumscribes a given
conic."

Solution.—Determine four independent conies harmonically inscribed
in ô  and <r2; the conic harmonically circumscribing these conies and
the given conic, is the conic required. For the four auxiliary conies it
will be convenient to take four pairs of points reciprocal with regard
to the system (a1} <r2).

Problem 8.—" Given two conies <rv <r2, and two straight lines hu L3; to
determine the conies of the system (o-i, <r2) with regard to which L1} L2
are a pair of conjugate lines." The problem is quadratic.

Solution.—Let Xt be the conic reciprocal to Li* with regard to
the system (o-,, <r2), and let \ t cut L2 in the points a, b. The conies
required are the two conies A and B, with regard to which the poles of
Lx are a and 6. When these points have been determined by a quadra-,
tic construction, the polar systems of the two conies will be known.
But this quadratic determination we shall not require j and the fol-

• The point reciprocal to a given point P with regard to a system of conies (<ru <rj)
is the point in which the polara of P with regarvd to that system intersect. The
conio reciprocal to a line is the locus of points reciprocal to the points of the line.
Every such reciprocal conio passes through the three vertices of the harmonic tri-
angle of the system; t. e., of the triangle self-conjugate with regard to all the conies
of the system.
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lowing construction, which is linear, will suffice. Let X be any point
on Lb x the point reciprocal to X. The polars of X with regard to the
conies (ffb <r2) form a pencil of lines at x, of which the rays correspond
anharmonically to the conies themselves; in this pencil xa, xb are the
rays corresponding to A and B. And since the involution of \x upon L2

(of which a, 6 are the double points) may be obtained linearly, we can
determine linearly a pencil in involution at x, of which the double rays
are the rays corresponding to the conies A and B.

Problem 9.—" Given three conies <rb <x2, S ; to determine the conies of
the system (<TU cr2) which are harmonically inscribed in S." This
problem depends upon the preceding, which is a particular case of it; it
is of course quadratic.

Solution.—If any single element of S is given, let p, q be any two
points of S, Lj the line joining them, P, Q the points reciprocal to p, q
with regard to the system (ou <r2). Let 2 be the conic reciprocal to P, Q ;
2 will pass through p, q, and L! will be one of the chords of intersection
of S and 2 ; the opposite chord of intersection can then be determined
linearly; let it be L2; the two conies of the system (au o-2) with
regard to which L^I^ are conjugate lines (Problem 8), are harmo-
nically inscribed in S. For, if A be either of those conies, A is harmo-
nically circumscribed by 2, because 2 circumscribes the harmonic
triangle of the system (o ,̂ <r2) ; but A is also harmonically circumscribed
by the degenerate conic L2L2; therefore A is harmonically circumscribed
by S, which is a conic of the system (2b LXL2).

If only the polar system of S is given, let I be the involution of S
upon any line Lx, and let \ be the conic reciprocal to Lx with regard
to (oj, «r2).

 r^° *he involution I upon Lj there will correspond an in-
volution of points upon the reciprocal conic \x; let PQ be the polar line
of the involution upon \u and let 2 be the conic reciprocal to PQ; then,
as before, Lx will be one of the common chords of S and 2, and the
opposite common chord can be determined linearly.

Problem 10.—" Given three conies trlt <r2, S, to find the fourth point
common to the conies, which circumscribe the harmonic triangle of
<rlt <r3, and which also harmonically circumscribe S." The harmonic
triangle of (o-j, <r2) must not also be a self-conjugate triangle of S.

Solution.—Let P be any point in the plane of the conies, L the polar
of P with regard to S; p the point reciprocal to P, and X the conic
reciprocal to L, with regard to the system (o ,̂ <r2). To the involution
of S upon L, there corresponds an involution upon the conic X; let q be
the pole of this involution; the conic reciprocal to pq will circumscribe
S harmonically, for it will pass through P, and will cut L in two points,
which will be reciprocal to a pair of points of the involution upon X,
and which will therefore be a pair of points of the involution of S upon
L. Let p'q be a second line, of which the reciprocal conic hannoni-
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cally circumscribes S; let 0 be the point of intersection of pqt p'q; the
point reciprocal to 0 is the fourth point of intersection required.

This fourth point is evidently (Theorem IV., Art. 1) the centre of
homology of the harmonic triangle of (o^, <r2) and of its polar triangle
with regard to S. We may obtain the axis of homology either by the
correlative construction, or by observing that it is the polar, with
regard to S, of the centre of homology.

The solution of the problem, " To determine the conic which circum-
scribes the harmonic triangle of (o ,̂ <r2), passes through a given point,
and harmonically circumscribes a given conic," is explicitly contained
in what precedes. To determine the conic which circumscribes the
harmonic triangle of (o ,̂ <72), and also harmonically circumscribes two
given conies Sl5 S2, we should have to substitute successively Sx and S2

for S in the preceding solution, and to determine the two correspond-
ing positions 01} 02 of the point 0 ; the conic reciprocal to 0102 would then
be the conic required. Though no single element of this conic is given,
yet an uneven number of its points (the three vertices of the harmonio
triangle) are given symmetrically. This explains why the conic is
necessarily real, and why we can determine points on it linearly.

ART. 6.—The polar conies of a cubic curve form a system of conic3
of order 2. Conversely, every system of conies of order 2 may be re-
garded as the polar system of a certain cubic curve, which we shall call.

the fundamental cubic of the system. Let A< = xt—\-y(:—Y*i—»
ax ay dz

[i = 1, 2, 3] ; the analytical determination of the equation C=0 of the
cubic curve, of which three given independent conies <rlt a2, <r3 are polar
conies, requires the determination of the coordinates a:,-, y{, z{ of the poles
of the three given conies. Nine equations, determining the ratios of
these nine coordinates, are obtained by equating to zero the coefficients
of x, y, z in the expressions

A2ff3—A3ff2> A3f f l — Alff3> A l ' 8 —A3*l-
The matrix of these nine equations is skew-symmetrical; the determi-
nant is therefore zero, and the equations can be satisfied by at least
one system of ratios of the nine coordinates; and, excopt in special
cases, by only one such system. When values have been assigned to
the nine coordinates, the coefficients of C may be ascertained from the
equations,

AjC = (Tj, A2C = <r2, A 3 C = ff3.

There are thus two curves of the third order, and two curves of the
third class, which we have to consider in connexion with a given
Bystem of conies of order 2:—(1), the fundamental cubic; (2), the
Hessian; (3), the fundamental contravariant, i. e., the curve of the
third class related to the contravariant system of conies, precisely as
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the fundamental cubic is related to the given system; (4), the Cayleyan,
which, as we have seen, is related to the contravariant system as the
Hessian to the given system. If the equation of the fundamental
cubic is

#3+2/3+23 + 6ma5?/z = 0,
the equation of the Hessian is

m3(a53+2/3+z3)-(l + 2m3) xyz — 0;

the equation of the fundamental contravariant in line coordinates is

and the equation of the Cayleyan in line coordinates is

The fundamental contravariant is mentioned by Professor Cayley
(Phil. Trans., vol. 147, p. 427) as a curve of the third class of which
the Cayleyan is the Hessian envelope. It is also the curve designated
as K3 by M. Cremona (Introduzione ad una Teoria Geometrica delle Curve

S3

Piane, p. 117). It may be described as the evectant of —, S and T

being the invariants of M. Aronhold. The harmonic relation between the
polar conies of the fundamental cubic and the polar conies of the
fundamental contravariant may be immediately verified by means of
their equations.

ART. 7. Problem 11. — " Given three independent conies of the
system (<rlt <r2, <r3) to determine the polar systems of the fundamental
cubic and of the fundamental contravariant." It will be convenient to
exclude the exceptional case in which the three given conies have a
pole and polar in common.

Solution.—The conies of the system (<r3, <r3) are, of course, all conies
of the system (<TV a2, <r3), and their poles all lie on a right line hv Let
dbc be the harmonic triangle of (<r3, <r8), a'b'c the polar triangle of abo
with regard to <rx; A, B, C the pairs of common chords of ox and <r3,
which intersect at a, b, c respectively. By a known property of cubic
curves, the polar conic of one of two points, which are self-conjugate
with regard to every conic of the polar system, is the degenerate conic
of that system, which consists of two straight lines intersecting at the
other of the two points. Thus the poles of the conies A, B, C are re-
spectively the intersections (be, h'c'), (ac, a'c'), (ab, a'b'). Hence L1}.
the locus of the poles of the system (a^, <r3), which includes the conies
A, B, C, is the axis of homology of the triangles abc, a'b'c', and can be
determined linearly (Problem 10). Similarly, let L2, L3 be the loci of
the poles of the conies (<r3, aj, (<TV <r3) ; the vertices P b P2, Ps of the
triangle L!L2L3 will be respectively the poles of the conies au a2, as.

Let P be a given point in the plane, and let a be the polar conic of P.
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If pi be the polar line of P with regard to tru px is also the polar line of
Pi with regard to a. Thus the polar system of <r is determined lineai'ly
(Problem 6). Again, if a be given, and its pole P be required, letpx be
the polar of Pt with regard to a; the pole of px with regard to o\ is P.
Thus, in the preceding construction, it will suffice to determine the
two axes of homology L2 and L3, since, when the pole of one conic oj
is known, the pole of every other conic of the system is known also.

To obtain the polar system of the fundamental contravariant, we
have only to determine three conies of the contravariant system
(Problem 5), and to apply to them the correlative of the preceding
construction.

ART. 8. Problem-12. —" Given three independent conies of the
system (<T1} <T2, a3), to determine the polar system of the Hessian."

The solution of this problem depends on the following propositions:—
(1.) '•' The locus 2 of the poles of those conies of the system (iru <r2j <r3)

which are harmonically inscribed in a given conic S, is a conic."
For consider any straight line L; let (\1, A2) be the system of conies

(contained in the given system) of the poles of which L is the locus ;
then two points of the locus 2, and only two, lie upon L; viz., the poles
of the two conies which belong to the system (\lt A2), and are harmo-
nically inscribed in S (Problem 9). Or, we may prove the same thing
analytically ; for if (a;,-2/,-2j) is the pole of au a polar conic of the funda-
mental cubic C, the coefficients of <r2 are linear in a.i/.z,-; and the con-
dition which expresses that a{ is harmonically inscribed in S, will be
quadratic in a5,-2/,-2j; i.e., the locus of aĵ Zf is a conic section.

(2.) " Given three independent conies of the system (o ,̂ <r2, <r3), and
the conic S, to determine 2."

Let K be any straight line, (K19 V2) the system of conies, contained in
the system (o ,̂ <r2, (T3), of which the poles lie on K. The poles of the
conies (ffj, <r2, o-g) correspond correlatively to the polars of a fixed point
X with regard to the conies themselves ; for these points and lines
are poles and polars with regard to the polar conic of X. If, in the
construction of Problem 9, we draw the arbitrary straight line Lj
through the point X, we shall obtain a pencil in involution at the point
x reciprocal to X with regard to the system (K-J, K-2), of which the double
lines are precisely the lines corresponding to the two conies of the
system («:1, K2) which are harmonically inscribed in S. The correlative
involution will be an involution of points on the line K, for K is the
polar of x with regard to the polar conic of X; and this involution will
be no other than the involution of S upon K, because its double points
will be the poles of the two conies (J^, K2) which are harmonically in-
scribed in S.

(3) Theorem.—" If a be any conic of the system (trv a^ <r3), and P its
VOL. II.—NO. 1 5 . I
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pole, the locus of the poles of the conies of the system, which are har-
monically inscribed in <r, is 2, the Hessian polar conic of P."

This theorem is easily verified analytically. For the same equation
which expresses that xyz is a point of the polar conic of x'y'z' with re-
gard to the Hessian, also expresses that the polar conic of xyz with
regard to the fundamental cubic is harmonically inscribed in the polar
conic of x'y'z' with regard to the same curve. But the theorem may
also be inferred geometrically from a known property of curves of the
third order. For the six points R, in which 2 cuts the Hessian, are
the points conjugate (upon the Hessian) to the six points r in which
a cuts the Hessian. (M. Cremona, loc. cit. p. 108.) The six de-
generate polar conies which are composed of pairs of straight lines
intersecting at the points r, are to be considered as conies harmonically
inscribed in a; their poles are the six points R. Therefore the locus of
the poles of the conies of the system (o-j, <r2, <r3) which are harmonically
inscribed in c, passes through the six points R ; i.e., that locus coincides
with the Hessian polar conic of R.

(4). Theorem.—"If or be any conic of the system (o-j, o-3, <rs), and P
its pole, the locus of the poles of those conies of the system which har-
monically circumscribe <r, is the Hessian polar line of P."

This theorem may be established by the same analysis as the last.
Or it may be deduced from it geometrically; for, if a is any conic of
the system which harmonically circumscribes <r, and if P ' is the pole
of a\ P lies on the Hessian polar conic of P', because <r is harmonically
inscribed in a'; i.e., P ' lies on the Hessian polar line of P V

It is evident that these propositions determine linearly the Hessian
polar system. The polar system of the Cayleyan may be obtained by a
correlative construction.

ART. 9. If C be a cubic, and r its Hessian, the cubics C + AF are
termed the syzygetic cubics of C. If P is any point, a the polar conic
of P, and 2 its Hessian polar conic; its polar conic with regard to the
syzygetic C + AF is «T+AS. Thus the polar conies of a fixed point cor-
respond anharmonically to the syzygetic cubics. Let P', <r\ 2' repre-
sent a second given point, and its two polar conies; the reciprocal point
of P*, with regard to the system (<r, 2), will be the same as the re-
ciprocal point of P with regard to the system (<r\ 2'). Let this point
be n, and let flas be the mixed derivative of P, P', with regard to the
syzygetic C -f XF; the lines Ha? will correspond anharmonically to the
polar conies of P, or of P', and therefore to the syzygetic cubics. If
we suppose that the polar systems of C and F are both given, the polar
system of the syzygetic C + XF, corresponding to any given line fla;, is
also given. For <x + X2, the polar conic of P with regard to C + XF, is
given, since it is the conic of the system (o-, 2) with regard to which
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P' and flas are pole and polar. And, similarly, if Q be any point
in the plane, the polar conic of Q with regard to C + M' is given; for
it belongs to a given system of order 1, and the polar line of P with
regard to it is known, being the same as the polar line of Q with re-
gard to er + \ 2 .

There are three cubics of which any given cubic is the Hessian, and
these three cubics are syzygetic with the given cubic. We proceed to
determine the polar systems of these three cubics.

Problem 13.—" To determine the polar systems of the cubics of which
a given cubic C is the Hessian." By a given cubic, we understand a
cubic of which the polar system is given. The problem is, of course,
cubical.

Solution.—Determine the polar system of F, the Hessian of C. Let
P, P' be any two points of which the second lies on the polar conic
of the first; and, as before, let <r, a be the polar conies; 2, 2' the
Hessian polar conies, of P, P ' ; fice the mixed derivative of P, P' with
regard to C + XI\ Consider the lines fix as corresponding anhar-
monically to the conies <r' + \2 ' , and <r+A2. For any given conio
<r+X2, determine the pencil in involution having its centre at the point
n, of which the double rays Slylt fly9 correspond to the two conies of
the system (</, 2'), which are inscribed harmonically in <r + X2; we
may obtain this determination by taking for L, in the construction of
Problem 9, a straight line passing through P which is the point reci-
procal to £2 with regard to the system (cr', 2'). We thus have,
at the point O, a pencil of lines fix, and a pencil of pairs of lines flyl7

fly%. These two pencils correspond anharmonically to one another;
for to each ray fix there corresponds but one pair flylt fly2; and to
each ray fly there corresponds but one ray fix, because there is but one
conic in the system (<r, 2), which circumscribes harmonically a given
conic in the system (</, 2'). The ray fix will in three different directions
coincide with one of the corresponding rays fly. Let flxlf flx2, flxs be the
three directions of coincidence, which are to be determined by the cubio
construction of M. Chasles.* The three syzygetic cubics corresponding
to the three rays flx2, flx2, flx3, are the three cubics of which C is the
Hessian; because, for each of those three syzygetics, the Hessian polar
conic of P passes through P', and therefore coincides with a; so that
the Hessian itself coincides with 0.

The problem, " To determine the two cubics which have the same
Hessian as a given cubic C," may be solved in the same manner, but is
only quadratic. In fact, when one of the three directions of coincidence
na>i, flx^, naj3, is known a priori, a pencil in involution of which the other
two are the double lines may be determined linearly.

* Comptes Rendna, vol. 41, p. 681.
i 2
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ART. 10. Problem 14.—" Given the polar system of a cubic C, to de-
termine, its nine points of inflexion." The problem requires one biqua-
dratic, and two cubic constructions.

Solution.—The syzygetic cubics comprise four triangles; of which one
is real, and one consists of one real line and a pair of conjugate imaginary
lines; the two others are two imaginary triangles. The first two of
these triangles will serve to determine the three real, and the six ima-
ginary points of inflexion. Each of the four triangles, considered as a
syzygetic cubic, is characterized by the property that it is its own
Hessian. Retaining the notation of the last article, let fta? be the ray
corresponding to any given syzygetic C + XT; and similarly let Clh
correspond to the Hessian of C + XF ; £lxh £lx2) to those two syzygetics,
other than C + XF, which have its Hessian for their Hessians. We
shall thus have, at the point €1, a pencil of lines £lh, and a pencil of
triplets of lines fta?, £lxu ftav And since to every Hessian only one
triplet of fundamental cubics corresponds, and to every cubic only one
Hessian, the rays of the one pencil will correspond anharmonically to
the triplets of the other. The ray £lh will in four different directions
coincide with one of the rays of its corresponding triplet; and the
syzygetic cubics corresponding to the four directions of coincidence are
precisely the four syzygetic triangles. Let K be any conic passing
through ft, and let the point in which any ray fta? meets K for the
second time be designated by x; also let a), to be two given points, of
which the first is, and the second is not, a point of K. The rays ft&,
and the conies (<u, to', x, xu xt)y will correspond to one another anhar-
monically ; and the locus of the intersections of the corresponding rays
and conies will be a cubic curve, which will cut K in the two points
ft, to, and in four other points hu h2, h^ ht) which may be determined by
a biquadratic construction indicated by M. Chasles.* The four rays
ft^i, fth2, toh3, nkt, (of which two, and only two, are real) are the four
directions of coincidence. Let ftA be either of the two real rays. The
polar system of the syzygetic triangle corresponding to ft/t, in real, and
its polar conies all pass through the three vertices of the triangle.
Determine two of these polar conies which pass through one and the
same point taken arbitrarily in the plane; the three remaining inter-
sections of the two conies are to be obtained by a cubic construction,
and are the three vertices of the syzygetic triangle.

* Comptes Kendns, vol. 41, p. 1193.




