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Moreover m = 0 gives 0 = oo, and ni = 1 gives 0 = its value as denned

by the equation -TTTO
 +

 T T A + TJTH ~ *'
j i*̂ * Q *i ^ "• "• **

so that, reversing the sign, the limits are oo, 0; or, finally, writing
under the integral sign <p in place of 0, the formula is

Resolved Attraction -f- Mass of Ellipsoid
_ f00 d£

which is a known formula.

On the Solution of Linear Differential Equations in Series.

By J . HAMMOND.

[Read January 14>th, 1875.]

By Leibnitz's theorem,

where dD'"= mD"1"1, CPD"1 =S j»(m~l)D"'-2, ,
and d operates on D only.

Thus the equation

when differentiated w times, gives

Now suppose y = yo+
[—

then yo,yi,... yn.\ are arbitrary constants, and yn) yu¥\t ... are found
from the equation

by putting m = 0,1, 2, ..., and D*</0 = yK.

IiOW ^ ( t t ) s= d» -J- urf» -|" • d -f- j

where 0, ^', ^>"... are written instead of ^ (0), <j>'(0)} ^"(0) ... for
shortness.

Thus (2) becomes

v 2
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The general coefficient in (3) is
. *» (m—l).» ,

^ + —^Tg i0»t-2+
0«» 9'v $'K ••• teing all zero for all values of if not included among
K = 0 ,1 , 2, . . . ».

Thus, if i>*«=rir-i> i>20« = ^ - 2 »

and (3) becomes

JJ operating on <f> only.
Now write (wi, n) for

and A,B for (l+p)m(0,,,+i2/,,.i+0m+jy.,-2 + +^»fn!/o)-0"1;
therefore, from (4),

Am+(m,m)yH + (m,m-l)!/Htl + + K l ) y w t n . , + 0 o y « + » = 0.
This is true for all positive integral values of «». Thus, putting
m = 0,1,2, in succession,

(1,1) yH+<poyn+\ = 0,

(2, 2) yB + (2,1) yMU - i = 0,

,, + (m, m— = 0,
solving these equations,

(-1)"

Ao,
A,,
A*
A3,

A»|,

(1, 1),
(2,2),
(3,3),

0

(2,1).
(3,2),

K«i-1)

Q, .
0, .

(3,1), •

(«.«»-2),

0
0
0
0

. . . (MI, 1)

0.1). *o,
(2,2), (2,1),

0, 0
0 0

<Pof 0

» - 2 ) , . . .

Now

and

therefore

+ (1,
A2=(2,n+2)2/0+ (2sn
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Thus, the expansion of y is

> 0o 0

69

0 0
(l,fl) (1,1) 00

+~.0j^—(±.
0o

1» + 1 \0(

f(1,1)

00 0

(2,3)(2,2H2,1)

|n+2

When 0o= 0, this expansion fails.
In this case, put x = z + 7i, where h is not a root of 0o(7i)

Then (1)becomes <po(z+h)^L + = ?(z+7i)>

and y can be expanded in powers of z.

The equation $002/ ^ ^ ( ^
-when treated in the same way as (1), gives

...(5).

= 0.

0'0 12
0 0 0
<p' $ 0

This may be deduced from (5) by putting n = 0,
0 = 4/, f=vj/

and
| 7)1
• *~*^ ' • • • — |

Again, putting ^ (OJ) = 1 in (0) and (7),

~ 0 \ " 0 / 9 "I"W/ 0"'-V L2_
The coefficients of (7) suggest that

f8- + ». (8)-

(«) 0
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there being (w+1) rows in the determinant, and the last row being <

*'"(*), TOO, wf-'OO, 2&=2ir-%(.*), «^(»).
'AHere (9) may be proved in exactly the same way, except that x is not

made = 0 in the course of the work.
There are some particular cases worth notice.

CASE I.—Equation (4) reduoes to #<#,»•.•+(l+p)"tymMi-r= 0 ;
therefore (1 +p)m<pK = 0 when K is not 0 or r.

Putting m = 0,1, 2, in succession,

= 0

. = 0
= 0 r when K is not 0 or r.

Thus

P'K-I =

1* =(-1)^=0

lr-1 l r - 1 '

(a;) = const. = car,

Equation (1) then becomes, when r < n,

and when r > n,

It is easily seen that the solution of (10) is obtained from that of
(11) by solving the equation (11) when n is put =r , and then inte-
grating the result n—r times.

Comparing (11) with (1),

r - l
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Also (m, it) = 0 except when ic = rK And

(m» r) = #r " C " 1 )

71

H ^ — ^ ar_8+ H— -̂r <V
I * LI

And since r is to be taken not less than n, an ar_i, an+1 are all
zero; therefore

(wi,r) =
\r \m-r r ' | r - l | m - r - f 1 ^'"

Thus, expanding y by means of the relation .

i/Trt + n \ J / i/wi + n^r I

\r—n Ira—r+n)

y =

» r) g - i J. (2r-w+l,r)(r-n + l,r) 2r+i _ ")

_ (r-n+2,r) a
|r+2 |2r+2

, r) tfl^.1
[ ^ + | n + 2 r - l

Many well known expansions are particular cases of the solution of
(10) and (11).

Thus
gives tho expansion of (1+«)",

j(l-f-32)D2+2ajD}7/ = 0
j(l-»8)Da-a>D}y = 0
j(l-aj2)D2-a;D + m2}?/=

„ tan*1 a;,
„ sin-'a,

„ ,, A sin (m sin"1 x)

CASE II.—The general coefficient of equation (4) is

therefore, putting m=0,

And (4) reduces to
+<Vm = 0 (12),
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F (m+n) F (wi-fji—1) ...

Here (1 +^)Hl = E", and p = A,.

Now 0 ; _ r = ^ K = A^ K ;

therefore ^ = E^A',^K.

Thus <pK (x) = / E / t A " 0K (13).

When F(n) = l, this is the case of linear differential equations with
constant coefficients; and the general coefficient in the solution of

is the general solution of the difference equation

floym + H + aiym + H-l-f +0>nym = 0.

When F(w)=n+&- l ,
+ 6 2 ) ' (« + &-») = a.

and B ; A ^ . = a,+r

thcrefoi'e, expanding (13) and putting K = 0 ,

+a,,xn.
The general value of <pK (x), obtained by expanding (13), is

r(n+&)

Thus equation (1) becomes

" -< ftoQ
^ r (71+6-1)

•where <j>0(%) is any rational integral function of a of the wth degree.
And equation (12) becomes

rCw+n+ftl)"1"""""1" T(wl+6) "
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Thus if a be a single root of the equation <p0 l — J — 0, the correspond-

ing solution of (15) is

and the corresponding expansion of y from (14)

(16).

The n arbitrary constants A, ... are not y0, yu •••> but are connected
with them by linear equations.

When 6=1 , equation (14) reduces to

fc»D-» + } y = 0,

or T>n\<{>0(x)y\ = 0.

This gives the expansion for rational fractions; and in the same manner,
when 6 is put = 0 , or any positive or negative integer, the expansion
obtained is that of D6"^/) , where/stands for the rational fraction,
and Db'1(f) for its (6 —l)th differential coefficient; negative indices of
course meaning integrations.

The Diagonal Scale Principle applied to Angular Measurement
in the Circular Slide Rule. By JOHN R. CAMPBELL.

[Abstract of Paper t read January lith, 1875.]

Before entering upon the construction of diagonal scales, having, in
place of the usual equidistant parallel lines crossed by a straight
diagonal, as many equidistant concentric arcs of circles crossed by a
curved diagonal, it will be necessary for me briefly to describe the
instrument, or rather the somewhat rough home-made model of one, in
which I have introduced them.

It is simply a form of circular slide rule, combining in one arrange-
ment both the ordinary principle of two logometric scales for multipli-
cation and division, and that introduced by the late Dr. Boget (vide
Phil. Trans., Nov. 17, 1814) for the finding of powers and roots.

Fig. 1 is a plan of the face ; fig. 2, a section of the instrument by a
vertical plane through the centre.

The face is a circular cardboard surface AA, 12 or 14 inches in
diameter, but which might well be made of smaller dimensions. It
consists of two parts,—an annular rim AB for the fixed scale, and a
circular disc BCB corresponding to the slide, turning on an axis C in


