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On certwin Definite 8- Function Integrals. By L. J . RoaEns.
Received and read December 13th, 1894,

1. If ¢, is such a function of v =1 that c_,, is the same function of
—+/—1, then tho series s cne™" is real.

Let 3 (u) S ™= 3 et ORI ¢ §)
Niw-D feaex

Then «,, is the coefficient of €™ in the product

§ § ( — l)u qu' e'.'uul x Cym c'lmm'

Neae® o=

= 314 {02‘."‘ i ("" 1)'-"’ 9(""')' c'!m} )

re-® me e

thereforo ke =gq" 3 (=1 e e (2).
Suppose G = 27"
" l‘+q‘.'mc'h'l’
2 me-vi
8o that Cotn = g

then the condition for the series being real is satisfied.

From (2), moreover, we have

xzrq-u _K‘"-“q—(r-l)' c?rl = % ( — 1),-_.,. qm(m—'_',-) (1 +q2m U'll'l') Cam

Me =~

—_ 20m' 3 (_l)r—m qlll (m=-2r+1)

Me—m

=0 identically.

Hence o q-r‘ = Kyya q—(r—l)- et = “oc'.‘rrn'.
o [3 PRI
L]Ol'eovel' . = 2 __1 mo, " :’(I E‘_ .
! Ao "e—w ( ) q l +q'.'mc'lul 4
which, by a theorem of Jacobi's,
=30
% (v)
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@ 2q™e® -
Hence 3(w) 2 ﬁ_qé‘f.?.'—em et

S—(L) {1+2g o8 2 (u+v) +2g* cos 4 (u+v)+ ...}

= 31 (0) 3, (u+v)

XO) s ssssnnens (3)s

2. We may derive a remarkable algebraic fact from the foregoing

result.
Suppose the values of ¢, and «,, in (1) quite general, and let b,
be such a function of « that

3@ 2 by = 3y (u+v).

Then, as in § 1, (2),
Céi= I (=1 by eeerereereeeennn (1)

He -

But b,, is the coefficient of ¢** in

ORI i
s’ (0) e - 1 +q3"l Juf ’

by interchanging « and v in § 1, (3).

8 (u) 3 2(1'"8“' = g ‘Zrubz:n

Hence 3.0) RS T

= 2 Z (— 1)‘-"‘ (,-,")-c'lrblnn b)'§1 (1)’

Me-® re—w

= 2 c qu' 2rni by (1).

res e
We see then that, if ¢, and &, are so related that

S L, 2 S 2nui
3 (u) 2 Can UL s E K2, € i

Me~o TS

then these cocfficients are also so related that

@ " ui .
3 () = L',.,.-—-—22———— 31 (0) }. Cn g™ ™™ vreereen. (2).

M=o 1 + qlm lm R
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By changing ¢ into gte” in § 1, (3), so that 9,(v) becomes
g te™" 9 (v) and 9, (u+v) becomes g~te""*"*I, (v +v), we get
g 2" $1(0) % (ntv) (3
3 (u) m-z-n 1 +q'z"wleu( 33 (1)) seeere "'(39’
whence, in the same manner as above, we find that, if

S @
-9(11,) X 62",+1e(2m*‘)"‘= p x,,,,,,e‘z""")"‘,

Na e .-

m+j ui
2 (4 '9; (0) 2 c,""’qlunn' e(ﬂm +l)w

then 38 (u) m-z-a Kam+1 ﬁ.é‘?‘n—l:iéﬂui e
nv----------n-..-(‘l')..

Moreover, since r emtdt = 0,
[}
when m # 0,
we see that
i czmqm'ezmul = § Can eim(u«rtlls (t) llt i
Me -0 T Jo me-w

and 3 Camerg ™" NI = 1 J' 3 Cam o1 €206 ()t

Ladaidd —; gme-®
) .. (5.
3. Tn§2 (2),let  om=i2LC_
' ! 1 + qhu 208
so that, by § 1, (3), gy = 8 g™ et

‘We see then that

S 2 "t me® o 3 2 " v mY D 3
3’ (u) m-z-w Tf?%éﬁ:q ol = 9 (v) m-z—uo 1+q’2m i q c’ y '(1)’

8o that either side is symmetrical in « and v,

Similarly, from § 2, (2) and (4), we get that

) 2qm e (m+d)? (2ma )i
93 (u) m-z-n 1+q‘l"l+leﬁniq - """""""""(2‘)

is symmetrical in » and v.

Either side of (1) will be denoted by M, (%, v), while (2) will he
written M; (u, v), so that

M, (w, v) = My (v, w) and M, (n, v) = M, (v, n).
L2
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Morcover, it is engy to see that
M, (n, —v) = M, (—u, v) = M; (v, —u),
and M, (u, —v) = M, (v, —u).

It will be convenient to write A, (u, v), A, (4, v) for M, (u, —v),
M, (n, —v), 80 that the A-functions are also symmetrical in » and ».
By adding and subtracting, we easily establish the symmetry in «
and v of tho four following expressions

49 (1+44%) cosv
cos v 1+Zq cos 2v+q

49 (1—¢Y) siny )sm-z‘q sin 2u+ 49’ (l:_ﬂ‘.)_iiﬂ_"’_q‘sin4u+...}

{ 49 (14+49*) cos v
* {
() 142" cos 2v+q 1+2¢*cos 2v+¢*

% 6) 1+42¢*cos 2v+¢*

‘qcos2u+ qcoséu-{-...“

49 (14+q) cosy 498 (1+¢°) cosv }
() 1429 cos 2v+4¢? 4 cos ut 1+2¢* cos 2v+q°q c0s3u+ ...

498 (1 —q)sinv_
142q cos 2v+ ¢

49" (1—q") con v
1+424® cos 2v4-¢°

q sin u + 524 8in3u+.. }

/

When v = 0, the first and third of these become, respectively,

A9’ 49 4 }
3, (0) {1+ T+g cos 2u + T+g cos 4u+ T+g cos Bu+...

1 )
and 3, (0) {-i@g_—qcos w+ T‘jf;;cos u+t... } '

which will bo called A, (%) and A (), respectively.

Expressing (1) and. (2) in terms of definite integrals by the help
of § 1, (3), and § 2, (3) and (5), we sce that-

{ 3y (u+v+1) .9__(_t2 lt—[ 3 (n+v+2) 3, (D) dt = M-L@_’L)
0 0

3 (u+t) 3 (v+1)
I (n+e+1) 3, (8) 3 (utv+)9,(¢) _ M, (u,g)
wnd f o f 3 (v +t) 3 (0)

4. It may now ho shown that A, (#, v) may be expressed in terms
of A, (n+v), and Ay (1, v) in torms of Ay (u+1v).

Suppose that

“95 (") i Can {1"'.("‘"'"‘.—8’ (“) i o,,,,.|q“’”"'e"‘""’”"‘= S xiro!rul.
e «® famn
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Then the left-huna side

@ ® "
= 3 s {czm qm'+u' ctmemul_ Canar q(unl)'t(u-l)' eﬂ (n+n) ui } ,

NA=w® MNis-0

so that, putting m+n = r, we see that

®
Ky = qrﬂ b {qim (m-r)c’m_ qﬂ»wl)(m-rﬂ)G‘m”}

Nim -p

= qr" i (_l)m qinl(m-ir) Cure
mes -

Hence, just as in § 1, when ¢,, has the same value,

"uq—"'*"fm--zq'("')'e"" = 0’

while k= $ (_1)...,‘,.";0",___31 (0, ¢ _ %1 (0) $(0)

Na=o 3’ (‘L‘, q‘) - 3‘. (‘U) 8@ (1))’
80 that Ky = %) 3(0) 3 (u+v).

T3, ) 3, (v)

We Lave therefore the following linear relation connecting M, (v, v)
and M, (u, v), :

8,(4) 34 (v) M, (1, ) =3, () 8, (v) M, (u, v) = 3; (0) 3 (0) 3 (v +v)

Changing v into —v, we have, moreover, .
3y (u) 35 (v) Ay (1, v) =34 (1) 3, (9) Ay (u, v) = ${(0) $(0) ¥ (n—v)
reerernnr s @),

These equations may be immediately'obtained by dividing the known
equation

34 (i o+D) 3, (1) %, (1) 9, (0) =3, (u+v-+1) 9, (&) 3, () 3, (v)
=3(0) $(u+v) I (utt)I(v+t)
by 3 (v +1t) and integrating for ¢ between limits » and 0.

5. If a= —tlogg, so that é*+of = gle'', we see that, by adding d
to 4 and to v,

c’mqm'ezmnl becomes cm”qm_'q-m ezmut = o-«qu Cam el q(mﬂ)' c(zmo-l) ui‘

Hence M, (u+3a, v+4a) = 9, (v+3a) o~Wg? M, (u, v)
3 (v)

= g~ o= M| (u, v).



150 Prof. L. J. Rogers on [Dec. 18,

Thus, writing v—a for », we have
M, (u+4a, v) = e+ M, (u—1ia, v),
so that, changing v into —v,
A, (w430, v) = ¢ "M A, (u—1aq, v),
and replacing « by u+1a,
Ay (uta, v) = e t=gmt A  (u, v),
8o that Ay (n+a, v) = "+ gh A; (, v)
= ™ A4 (v, v+a), by symmetry.
Similarly, ¢*"Aq (w+2a, v) = A (uta, v+a)
= ¢"* A, (u, v+2a), by symmetry.
Proceeding in this way, we easily get
Ay (utra, v) = AL (%, V470) ceernenererine e (1).

‘We may notice, moreover, that A;(x) and A,(x) have a kind of
imaginary period, for
Ay (u+3a) + Ay (n—}a)

= ._291. -1 _290_ -2 L} }
8,(0){1+1+q,(q +g)cos2u+1+q‘(q +4¢% cos du+...

= 3, (0) 3, (»),
while Ay (+3a)+ Ay (n—3a) = 3, (0) 3, ().

6. Let us now expand

‘93 (u +m) i qm’czm czm (ut—r)l+3’ (u+:z) 2 q(mﬂ)'czm“c(imﬂ)(u-:)l

Me =0 me -

vevrerermseerenns (1)
in the form 34,675,
The proposed expansion is
prop p
"E % qm’q—n'cz c'z(mnn) m‘c'l(n—m)r(
Ao ~D Mo =D "
o @
+ E E q(nul)’ﬂno])' c,,,,,,e""""”"“e""'""",

fle e® NMe—-oD
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so that, if n = m-r, it becomes

2‘ i {qr"ﬂlm (mer) Og,,,G, (2may) v:‘ezrsi+qr'+(‘z|1|+l)(m sred) c‘m§lei(im+l+r)enm} )

Pra®d Meeo

o
and Azr = qr’ 2 qlm (m42r) Cin ezm.u eg,-.,(.

Now, if we change g into ¢' in 4,,, we get

q2r' e‘)m( i qm' Com ey qimr . b i qm‘ Com e‘llil(u+l)'

Mem =0 Muax

= g et M, (utra, v)
3 ()

We see, then, that, if v were changed to —v, this coefficient after
multiplying by 3, (v) would be symmetrical in  and v, by § 5.

Hence (1) is symmetrical in % and v after multiplying by % (v, ¢*),
and changing v into —v.

But 3, (v, ¢) 3, (0, ¢*) = 28, (v) 3, (v),
so that we finally get
3y (u+2) I (v) Ay (u—2, v) +3; (u+2) I, (v) Ay (u -2, v)

= 3, (v+2) 3, (6) Ay (02, ) +3, (v4+2) 3, (1) & (v—2, 8) e (2)-
Eliminating A, (v—2, v) by § 4, we see that
g_:—g__)*_'% [ Ay (2, ) 3, (u—2) 3, (v) +% (0) $ (0) $ (u—v—2) ]
+ 39, (u+t2) 34 (v) Ay (u—z, v)

is symmetfica.l in  and v.

But 3, (u+2) 3 (u—2)+3, (u+2) 3, (u—=) = 3, (4,¢") 3, (=, ¢V,
so that

3 (,¢") (=, ¢) %4 (v, ¢) 3(0, ¢ { SsA(:b(Z;)?avg") - '9:2:’9')‘:)“;:3‘) }

3y (v+2) 3 (u—v+2) _ I (u+2) I (u—v—2) }
3 (v—2) 3y (u—2) '

= 29,(0) $(0) {
But
3y (u+2) Iy(v—2) $ (u—v—2) $(z)—3;(v+2) Iy (v —2) I (4 —z +2) 3 ()
= 3 (v—u) %, (22) I, (v) 3,(v),
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and  $(0) 3, (22) 3, (0) 3, (0) = 23 (2) %, () 3; (2) 34 (=),

so that, finally, the above equation reduces to
3y (v—2) 34 (u) Ay (u—z, v)—3, (u—2) 3, (v) Ag (v—2, ¥)
=9 (0) 3, (u=0) (&) ccvvrrnrnrernennrannans(3)e
Changing u into #+ v, and « into v, this becomes
3y (u+0) 34 (0) Ay (1, 0) = % () % (0) A (u-+1) +9{ (0) 3, (w) $,(v)
o (4).

Similarly, by § 4, (2), we may eliminate the A,-functions from (3),
and obtain the relation

S (v—2z) 3, (u) Ay (n—2, v)—3, (u.—z) 3, (v) Ay (v—2, u)
= 5,(0) ; (4—11) 3, () versererrreerens e (),

or, with the same change as before,
83 (u+0) 3, (0) Ay (1, v) = %, () % (v) Ay (u+0) =3 (0) % () %, (v)
....(6).

We have, then, formulw for expréssing A, (v, v) and A,(u,v) in
terms of the simple functions A, (+v), A, (4 +v) and 9-functions.

Again, by the equation
8, (uh0) 3 (0) Ay (u+0)—3, (u+0) 3, (0) Ay (u+0)
= 5,(0) $ (0) & (u+uv),

which is easily obtained from §4, (2), we may eliminate A, (u+v)
from (6), and obtain

3y (u+0) 3, (0) Ay (1 0) = 3, (u) 3y (0) Ay (u+0) +% (0) $ ()3 ()

2
Ay (utv+m) = — Ay (utv),
we have, from (4) and (7),

Changing 4, v into “+—;‘. , v+ —, and noticing that

™ ™
K(u+0) 3O M (vt Z, v+ 2)

= = 3.(u) 3 (4) Ay (u+0) 9 (0) 3 (4) 3y (8)......(8),
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and 9, (u+0) 9, (0) A, (u+ Z vk %)
= — 3,(4) %, (v) Ay (u+0) + 3 (0) 35 (1) 34 (2) .v...(9).
Moreover, since
$1(u) 9 (0) ~91(6) 91 (0) +91 (1) 91 (2) = () # () =0,
we get, from (4), (7), (8), and (9),

Ny )= )+ 23 (w0t ) =2 (b T, 0k 2) =0,

Similarly, by changing v into —~v, and seeing that

(o 3o ) =m0 (or 300 )

we have

M:(u,v)-—M:(u,v)-i-M:(u+ —;—-, v+—;—)—M;‘ (u+ —;—, v+—;- ) =0.

The corresponding M-equations are, in fact,
3 (u—1) 34 (0) M, (u, ”) = 94 (4) 95 (v) Ay (v —0) =] (0) 9, (%) %, (v),
5 (=) 95 (0) M, (1, 0) = 3y (1) 3, (v) A; (v —0) + (0) 3 (w) $ (v),

9, (u—v) 9, (0) M, (u+ -g-, v+ —;)
= =3 (1) 3 (v) Ay (v—0) + 31 (0) 3, () 3, (v),
9, (u—1v) $,(0) M, (u+ z, ,,+:)

=—8 (u) % (v) A, (u—v). —81(0) 3, (1) 8 (v),

whence also

Ay (u, v) My (1, v) — Ay (%, v) M, (u, v)

AT 4 A4
i (uh g ok 50 (uk 5o 0+ )

—a, (u+ o .,+-;)M, (u+ LA -;;-) = 28/ (0",
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7. By putting v=0 in various relations obtained above, we get
the following relations between the simple series.

From.§ 4, (1),

9y (u) { 1+ cos du 4+ ... 1

)

cos 2u 4

49 A¢
14¢* 1+4¢*

=9, () { L i——_'g_?cos 3u+...} =$(0)* 9 (u).

By changing g into —g,

9 () {1+ 1—4!_5—,cos2u+——3—cos4u+ }

+3 () § 2 oos u— 2% c0n Bt } = 9,09 ().
-9 1-¢
By eliminating 14 l—iﬂq—;cos 21+ ... from these two equations,
3 (u) { gl cosu+ 1—_%—8005 u+... }

+9, () { -l—_gacos u— i—g? cos 3u+.., \z = % (0)' 3, (u).

Changing v into —v in § 6, (6), and subtracting, we have, moreover,

2_{ dgQ=q)sine g, A0 (=g)
9 (u) { 1+2q’ cos 2’v+q‘qs‘n 2u+ 1+2q‘ cos 2v+qaq Bm4u+,,, t

—_ A (u+v) A, (u—v)
3, (s+9) %, (0) 3, (u—v) 3, (0)

= ACETOL YOS W ).
OO D D)

When v = —’2L, this becomes

3, (w) { gin 2u 4 %sin 4~u+...}

1-¢'

o
+9y (u) {1-— -:l—‘i_-'%cos 2u+ ié*g_?cos du—.. } = 9 (u).
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When v = 0, we get also

Qg’(l-—g’) 0 9 ég‘(l-—q‘) i
31(0){ (1+qn): sin 2 + (1+qc)a B 4'“"'"'}
3, () & d A(w) _ 3 (0)? &l!“!
=N 5, @) 8,08, (u)
Similarly,
1- 49¥ (1—¢")
~,(0){—%—1%—)-?)smu+—(—l-+—,),—sm3u+ }

- A (w) | $(0) S,
%0 & 8+ Lo, .

8. The series 2 %qmieﬂmul is e&sily seen to Sa:tisfy a

partial differential equation.

For the operation of qdiq on the general terms is equal to that of

-1 & 14
2 dudv 4 db
Thus q———M“ CI) [ My (wyv) 1 .‘_if___j"'_)
dg 3, (v) 2 dudv 8, (v) 4 du' 9;(v)

If we write X, for M, (u, v) /9, (v) 3, (v), this equation becomes
ax, _1adX, 1dJa&X, 1 1 8(w) (‘Pf! + Q)_(.l) (D).

Py dg T2 dudv 4 did 2 9 (u)\du
But, by § 6, (6),
X, = Ay (u—v) 31 (0) 8 (%) 3, (v)

3 (u—v) § (O) 8 (u—v) 8, (0) A (u) % ()’

Hence ( diu

annihilates all functions of #—v, and by ordinary 3-function formule,
including ’ '
$ () 35(#) $, (v) 33(v) +3 (2) 33 (v) 3, (w) 95 ()
= 3,(0) $(0) &, (x+9v) 5 (u—v),
5O} (utv
LU g [BOPs@+sd @

we have (3; + T

+ o ) X, is purely elliptic, since the differential operator

3" (u) 9‘ (v)
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This relation will help to reduce the unsymmetric equation (1) to
the symmetrical form ‘
> s; O 3¢’
qug+ X e { l(")} 's;(u+v) “'“““"“"(3).
dq dudv -9 () 9, (v)

Moreover, ehmmatmg by (2), we get

8% 8%, _ o, (5O} 49 (ute)
L e N OO O

When v = 0, this becomes

(49—'{2-— rli) A, (1_1.2__ 2{9,(0)}39(71«2__(_2

dg ) 3,(0) % (w) — @
In a similar manner, we obtain
d _d& A, (w) - S(u)a(u)
(49 dq du’)-& 0) 3, ()~ 2{3 O = $(u ’) )

The Electrical Distribution on a Oonductor bounded by Two

Spherical Surfaces cutting at any Angle. By H. M.
Macoonatp. Read January 10th, 1895. Received January
17th, 1895.

In Maxwell’s Electricity and Magnetism, Vol. 1., §§ 165, 166, the
problem of the distribution of electricity induced by an electrified
point placed between them on two planes cutting at an angle which
is a submultiple of two right angles, and the inverse problem of the
conductor formed by two spherieal surfaces cutting at such an ungle
(the angle referring to the dielectric), are solved by the method of
point images. This method is inapplicable when tho (dielectric)
angle is not a submultiple of two right angles, as has been shown by
W. D. Niven, Proc. Lond. Math. Soc., Vol. xxr., p. 27. The only other
case which has been hitherto solved is, as far as I know, that of
the spherical bowl (Lord Xelvin, Papers on Blectrostatics and
Magnetism, p. 178). In the paper by W. D. Niven mentioned above



