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1. If cm is such a function of </^\ that c_m is the same function of

— v — 1 , then the series 2 cme""" is real.
m • —en

Let S ( « ) 2 c2me2mi"= 2 *2re
?rl" „ (1)

m«—oo r»—•

Then K2, is the coefficient of eirui in the product

I l ia -00 lla-CO

therefore ' K2r = f I (-.ly-'f/ 'C'-^c, (2).
o

2n'"cvi

8 0 t l m t c-2'» = TT '.»
1 + '"e

then the condition for the series being real is satisfied.

From (2), moreover, we have

= 0 identically.

Hence icu if* = K,r_., q-i'-w ciri = *,-oc
2'"'.

Moreover, k-0 = 2 (-1)»> q- Wf
IM--0O l + « / - ' " c " '

which, by a theorem of Jacobi's,
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_ 3 ? (O)S.(t*+tQ

2. We may derive a remarkable algebraic fact from the foregoing
result.

Suppose the values of c,,n and Kim in (1) quite general, and let b2m

be such a function of u that

Then, as in § 1, (2),
QO

mm-ao

But bim is the coefficient of e2'"" in

2gmeui

'(O) 2ui »

by interchanging u and « in § 1, (3). •

Hence ^ ( 0 ) ,„?-. r - T + ? = v 3 = m*m
K2mbi>n

= 1 1 (-l)'-'"2(-"')1^62m, by §1,(1),
m - - a > »•- —oo

. = 1 Cvf/"^-, by (1).

Wo see then that, if cim and Kim are so related that

Q / . A V , .,5mm V .. gfinmi
a {U) 2, C-ime — 2, K-,,.,0

Him—OB IIIM-B

Mese coefficients are also so related that

S fCf'L = ^(0) 5 ,̂2-V""" (2).
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By changing e"' into g*eci in § 1, (3), so that 3^ (v) becomes
q~le""St(v) and ^ ( t t + v) becomes q-ke-^t)i9i(n + v)i we get

whence, in the same manner as above, we find that, if

then JJW 2, «i».*ir:j^i>ii-*i
(2m

e

Moreover, since I e2mtidt = 0,
Jo

when m f̂c 0,

we see that

111 • - 0 6 ' J O ' " • * < ; 0

and I cMtfm^e<*»*"ui=±.\' Z ^^"^^^

3. In §2, (2), let ^

so that, by § 1, (3), «„

We see then that
_ O/,"> />U> OS

^ 1 - j ^ e - = *,(«) S i
e » i « « o 1 \q 0

BO that either side is symmetrical in u and vf

Similarly, from § 2, (2) and (4), we get that

9><«>?. i l ^ . r " 1 -^" ' - ' (2)
is symmetrical in « and v.

Either side of (1) will be denoted by M6 (?t, «), while (2) will 'be
written M% (u, «), so that

M9 (tt, v) = ilf8 (v, M) and ilf, (n, v) = 3f2 (u, «).
L 2
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Moreover, it is easy to see that

Mt («, — v) = Mj (—M, i>) = 3f8 («, —«),

It will be convenient to write A, (w, «), A8 (w, V) for JJf2 («, — «),
lf8 («, —«), so that the A-functions are also symmetrical in u and v.
JJy adding and subtracting, wo easily establish the symmetry in u
ji/nd v of the four following expressions

/ \ ( 1 i 4-7 (1 + o8) cos v n , 4o* (1 + a*) cos v * i . )
(cosv l + 228cos2v+5* l + 22*cos2v+28 :

4o(l— Q2) sin v . o . 4a2 (1 —o4) sin« 4
i 1 + 2^4cos.2v + g8i

(1. + o)cos7j , . 4o" ( l + o8)cost)
i 2 C0S » + i , n s o ,"62

5 ' -1 l + 228cos2u+29

q( (1— 7) sin« 1 . , 4o* (1 — qs) cos u ,
+ 2qcos2v + q** l + 2g8cos2« + 2° )

(3)

When v = 0, the first and third of these become, respectively,

s (0) ( 1+ r^7~ cos 2«+ - ^ - : cos 4»+ ^ - f l cos
C 1 + 3 1+3 1 + 3

and ^, (0) ( i2L cos «+ p^jcos 3i*+...

which will bo called A8 (w) and A8 («), respectively.

Expressing (1) and (2) in terms of definite integrals by the help
of § 1, (3), and § 2, (3) and (5), we see that

J'&) dt - lT» i

JO '

4. It may now bo shown that A3 («, v) may be expressed in terms
of Aa (M + U), and A8 («, v) in torms of A8 (u + v).

Suppose that

Q («i\ v f n<ii*.,'imut a /..\ <5 „ nim + D'-fUMi+l)^ _ ^ .>rtJ«i<
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Then the left-hand side

= 22
II"-OO « » • - «

so that, putting w-f« = r, we see that

Kir=q" 2
H» • - OB

Hence, just as in § 1, when e,u has the samo value,

while ,0 = 2 ( - l ) .
St(v, g') 5, (v)-J, («)

that K>'=?

We have therefore the following linear relation connecting Mt (w, v)
and Mt (u, v), •

Changing u into — u, we have, moreover,

5, ( i j &, (v) A, (u, t ; ) - ^ (n) ^a (t)) A, (W, v) = ^| (0) 5(0) 3 ( « - « )

These equations may be immediately obtained by dividing the known
equation

$t (u+v+1) $t (0 9t (u) 38 (v) - 9t («+v+0 5, (0 5, («) 5, («)

= 5(0) 5(w+v) 5 (tt+O 5 (v+t)

by 5 (tt +1) and integrating for ^ between limits ir and 0.

5. If o = — i logg , so that 6(*+*)* s= g V , we see that, by adding a
to w and to v,

Cj»2mV*M< becomes cam,,2"|t+me'""" = o-t"g-»oJm+ig(l"+l)1c(8m+l)l".

Hence M% (w+^a, v + io) = St (v+^a) fl-"g-* ̂ I

^ - ( • ' • • X g - l j f , ^ , V).
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Thus, writing v—\a for v, we have

BO that, changing v into —u,

A8 (i«+laf v) = e-<«->< A9 («-*« , v),

and replacing M by M+fa,

A8 (t*+o, «) = e-t«-»)'g-» A3 (M, V),

so that eiuiAt (« + a, v) = e("+")'g* A3 («, v)

= «MAs(?t, w + a), by symmetry;

Similarly, e4lliA3 (« + 2a, ») = e»«M+«>«A8 (« + o, v + a)

= e4e'A8 («, v+2a), by symmetry.

Proceeding in this way, we easily get

o2r"'A8 (w+ra, „) - e
irttAa(u, v+ra) (1).

We may notice, moreover, that A8 (w) and A2 (u) have a kind of
imaginary period, for

= 5, (0) | 1+ j ^ - 9 ( r* +J ) COS 2«+ J £ j ( g - » + g») COS4«+...

while A, (« + | a ) + A2 («—f a) = 58 (0) 5, (M).

6. Let us now expand

58( t i+B) 1 j t"1pi1 I ,c
2 l" (- r ) <+5l(tt+*) 2 g(t>1+»)tc2OT+

m>-oc ma—»

(1)
in the form XA»£***.

Tho proposed expansion is

d. -a, m«-»

) ! • -CO m a — O D
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so tha t , if w = in+r, i t becomes

I 3 {^•a'n(m+r)c2,ne2<2m*r""e8l'''+2H+(2"l+1)('n+l'+»)Cain+1ea{ ^ 2

and A2r=qr* 2 g*" <•»+*»
!»•—CO

Now, if we change q into g1 in it-,,, we get

I gtntc2n,e
2"""g2m' = g2lVri" I g

, v)

We see, then, that, if v were changed to —u, this coefficient after
multiplying by $3 (v) would be symmetrical in u and v, by § 5.

Hence (1) is symmetrical in u and v after multiplying by £, (t>, g'),
and changing v into —v.

But S, (V, gi) ,»a (0, g») = 2», (•) ^8 («),

BO that we finally get

38 (u+x) Sa (v) A, (« - aj, «) + ^, (tt+x) &t («) A, (« - a, v)

= ^8 (u+a) S8 («) A8 (v-xt u) +&% («+«) ^3 (w) A, (v-x, «)...(2).

Eliminating Aa (ti—x, v) by § 4, we see that

| ^ ± | > - [A, (« -« ,« ) ^s ( « - « ) 5, («) +5J (0) * (0) & ( u - t > - « ) ]

+ ^s («+o:) ^ («) A, ( « - a , v)

is symmetrical in u and v.

But S8 (w+a?) ^, (u-x) +^ , (w+cc) ^4 (w-tc) = 3, (it, g») 5, (xf g»),

BO that

= 25' fOI 5Y0̂  f $s(v+x)&(u-v+x) _Ss(u+x)&(u—v-x)\

But

as 5, (V—W) 5, (2») 5, (w) 5, (v),
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and 5 (0) 5, (2a) S9 (0) 5, (0) = 2$ (x) 3, («) S9 (•) S8 («),

so that, finally, the above equation reduces to

St (v—x) St (u) A, (u—x, v)—St (u—x) $t (v) A, (v—x, v)

= $i'(0)J|(t»-tO*i(«) (3).

Changing u into n+v, and x into v, this becomes

*• («+«) ^s (0) A« («. «) = ^ («*) 5̂ («) ^i («+») +^i (0) *i (tt) *i («)
(4).

Similarly, by § 4, (2), we may eliminate the A,-functions from (3),
and obtain the relation

£,.(«—a?) £, («) A8 (u—x, v) —9t (u—x) ^a (v) A, (t>—a!, w) •

« j ; ( 0 ) * r (*-«)$,(«) (5),

or, with the same change as before,

*, («+•) ^, (0) A,(M, «) = ^9 («) St (v) A8 («+«)-5i"(P) ^ («) 5, («)

-(6).

We have, then, formula) for expressing A, (w, v) and A8 (M, «) in
terms of the simple functions Aa(w + u), At(u + v) and ^-functions.

Again, by the equation

.9, (w+v) 5, (0) A, (tt+tf)-1*! («+v) -*• (°) A« (

= ^I (0)^(0) *(f»+«),
which is easily obtained from §4, (2), we may eliminate A,(«+t>)
from (6), and obtain

« (0) A8 («, «) = ^a («) ^ («) Aa (tt+«) 4-5,' (0) ̂  («) ̂  (v)

Changing «, « into « + -jr . «+ -5-, and notioing that
it £it £

= — A

we have, from (4) and (7),

= - * (u) * («) A, («+«) +^' (0) 9t («) ̂  (») (8),
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and ^j(t* + «)^s

= — a, 00 £, 00 A, (u + v)+ &'x (0) 58 (w) £8 00 (9).

Moreover, since

&\ (M) Ĵ (V) - $j (tt) 5J («) + S| (i*) ̂ J (v) - ^9
 (M) 51 (v) = 0,

we get, from (4), (7), (8)7 and (9),

Similarly, by changing v into —«, and seeing that

wo have

The corresponding Jf:equations are, in fact,

s («-«) ^ (0) ^ («.») = a8 («) ^ (») A, («-»).-.*; (o) d, («) »i oo,

&» («-«) 38 (0) ̂ 8 («,«) = ̂ , oo $a (») A, (w-o)+3; (0) $ oo & oo,

if, («+-=•, «+

= - *i («) * oo A, ( u -

= - ^ («) *. (•) A, ( « - « ) - ^ (0)^, 00 $, («),
whence also

A8 (M, V) M, (M, V) - A, («, v) ilf, («, t>)
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7. By putting v = 0 in various relations obtained above, we get
the following relations between the simple series.

From §4,(1),

1+ J ^ - C O S 2 M + J 2 ! 1

1+2

By changing 2 into — q,

& (u) \ 1 + --2-5 cos 2w+ r-2-; cos 4«+... r
C 1+2S 1+g4 )

By eliminating 1+ .£ icoa2u + ... from these two equations,

cos M + =

os 3tt+... J = 2̂ (0)'.$, («).

Changing v into —u in § 6, (6), and subtracting, we have, moreover,

$, (w) I l+22Jcos2t;+2* 1+22* cos 2u+2 •

Ai(u+v) A, (u—v)
, (u+v) 9t (0) ^9 ( « -» ) ^g (0)

^ (0) ^ (w) $, («) i ^

"When v = —, this becomes

^ (M) j _ _ sin2M+ -i^L
(.1—2 *—2

cos 4tt- . . . j = dl (u).
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When v = 0, we get also

Similarly,

~ 8 w dt* $s («) ^ $8 (0) d, («) *

8. The series 2 r—^—rj/e'"™' is easily seen to satisfy a
l + gf'V'*

partial differential equation.

For the operation of q — on the general terms is equal to that of
dq

_ J L d% 1 d%

2 dudv 4 du1'

Thus n ± ^ ^ = r l * M*(U<V) l * M » ^
= - — -^- _ -L ̂ L

(«) 2 dudv $,(v) 4 dw' ^, (v)

If we write A'j for Mt (tt, u) /^ , (n) §t (v), this equation becomes

3 dg 2~ dndv 4~ d«2 2 ^ («ji\ du dv I '"K h

But, by §6, (6),

y _ A3 ( u - n ) ^ (0) ^ (H) ^ (t»)
8 ^ («-*) ^ (0) ^ («-«) ^ (0) $9 oo sg oo •

Hence (— + — \ Xt is purely elliptic, since the differential operator

annihilates all functions of n—v, and by ordinary ^-function formulro,
including

= a, (0) a (0) a, («+«) $9 (w-v),

1 I <b i u \ V i ^' (^) i » 0* + V ) /ft\
we have I-7- + -7- A s = ^r;-\~oF7~\— w
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This relation will help to reduce the unsymmetric equation (1) to
the symmetrical form

4 dX
1 dq Tdudv

Moreover, eliminating — by (2), we get

4 . *?,_**.„
9 dq dv?dq dv? $3(u)$3(v)du $,(w) '

When v = 0, this becomes

In a similar manner, we obtain

Electrical Distribution on a Conductor bounded by Two
Spherical Surfaces cutting at any Angle. By H. M.
MACDONALD. Bead January 10th, 1895. Received January
17th, 1895.

In Maxwell's Electricity and Magnetism, Vol. r., §§ 165, 166, the
problem of the distribution of electricity induced by an electrified
point placer1, between them on two planes cutting at an angle which
is a submultiplo of two right angles, and the inverse problem of the
conductor formed by two spherical surfaces cutting at such an angle
(the angle referring to the dielectric), are solved by the method of
point images. This method is inapplicable when tho (dielectric)
angle is not a submultiplo of two rig-lit angles, as has been shown by
"W. D. Niven, Proc. Lond. Math. Soc, Vol. xxi., p. 27. The only other
case which has been hitherto solved is, as far as I know, that of
the spherical bowl (Lord Kelvin, Papers on Electrostatics and
Magnetism, p. 178). In the paper by W. D. Niven mentioned above


