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Abstract—When the source is designed by a coordination
mechanism with smooth utility, the task-oriented source coding
programme reduces to standard source coding on the oracle
allocation. Taylor’s theorem with a zero linear term converts
the task loss to MSE on the oracle allocation, from which the
task-oriented rate-distortion function, the optimal quantizer, and
the rate saving all follow by substitution into standard results.
The optimal quantizer is Lloyd-Max on the oracle allocation
rather than a task-weighted variant, and the rate saving from
task-aware coding is dimensionality reduction rather than a task-
specific structural insight. The resource-allocation and power-
scheduling examples used to motivate goal-oriented quantization
in the recent literature fall within this designed-source subclass,
where the general machinery reduces to standard tools.

Index Terms—task-oriented source coding, goal-oriented quan-
tization, rate-distortion, mechanism design, Lloyd-Max

I. INTRODUCTION

The task-oriented source coding programme asks how
compression should change when the receiver cares about
a downstream task rather than reconstruction fidelity. The
answer from the recent literature is that both the rate-distortion
function and the quantizer design should be recomputed with
respect to the task loss. Zou et al. [1] formalize this as
goal-oriented quantization (GOQ), deriving high-resolution
optimality conditions that depend on the Jacobian of the
decision function and the Hessian of the goal (Propositions 1—
2, Algorithm 1). Sun et al. [2] extend the framework to joint
precoding and quantization design, with a modified Lloyd
iteration whose encoder and decoder conditions are driven by
the task loss (Algorithm 2, Eqgs. 26-28). The broader pro-
gramme includes task-based quantization for hardware-limited
inference [3], information-bottleneck formulations [4], and
the semantic/goal-oriented communication survey of Giindiiz
et al. [5], which frames the field.

The examples used to motivate the GOQ framework, re-
source allocation in [1] and power scheduling in [2], share
a structural property that the general theory does not exploit.
In both cases a system designer chooses the objective, so the
task-relevant quantity is a known deterministic function of the
source rather than a latent variable to be inferred. This letter
shows that under this designed-source condition, combined
with smooth concave utility (the standard assumption for
resource allocation [6]), the entire task-oriented programme
reduces to standard tools. The task loss reduces to MSE on the
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designer’s optimal action via Taylor’s theorem, and the rate-
distortion function, the optimal quantizer, and the rate saving
all follow from standard results. In particular, the optimal
quantizer is ordinary Lloyd-Max on the optimal action, not
a task-weighted variant, and the rate saving is dimensionality
reduction rather than a task-specific structural insight.

II. MECHANISM CLASS AND VARIABLE MAPPING
A. The MISES Mechanism Class

A coordinator manages a resource pool on behalf of agents
with demand types t ~ F over 7 C R< The utility U :
T x R" — R satisfies:

Al. B-smoothness: V2, U(t,r) = —fBI for all (¢,7).

A2. a-strong concavity: V2. U(t,r) < —al for all (t,r).
Smooth concavity is the standard modelling assumption for
resource allocation in mechanism design [6]. The mechanism
class and the three theorems that follow from it are established
in [7]. The oracle allocation is ¢*(t) = argmax, U(¢,7). A
category signal ¢ : T — {1,...,K} induces the category
allocation ¢(k) = E[¢*(t) | ¢(t) = k] and within-category
variance e = E[[|¢*(t) — ¢(c(t))]|’].

B. The Task-Oriented Source Coding Framework

Source T with distribution F over 7 C R?. Action space
A CR". Taskloss £ : TxA — Rx¢. Decisionrule g : T = A
maps the compressed representation to an action. The task-
oriented rate-distortion function is

Rtask (D) -

I(T; C). (1)

min
p(elt):
E[e(t.g(¢)]<D
The GOQ framework [1] considers an M-level quantizer
Qup 2T — {z1,..., 20} and defines the optimality loss

L(Q:f) = ay /T [F0Q(9): 9) — Fx(9): 9)] w(9)dg @)

where x(g) = argmin, f(x;g) is the optimal decision func-
tion, f is the goal function, and ¢ is the density of g.

C. Variable Mapping

Table I summarizes the correspondence. The structural
specialization is that the task loss depends on ¢ only through
¢*(t), a known, deterministic, dimension-reducing function
of the source. This is natural when the mechanism designer
chooses ¢*.



TABLE I
VARIABLE MAPPING BETWEEN THE TASK-ORIENTED AND MISES
FRAMEWORKS.
Task-oriented MISES Role
T (source) t (type) Input
C' (compressed)  C' (category) Compressed

g(C) (action) ¢(C) (allocation) Decoded action

L(t, g(e)) U(t,¢*(t)) — U(t,¢(c))  Task/welfare loss
x(g) (oracle) o*(t) Full-info action
Riask (D) log Kmin(D) Min. rate

III. MAIN RESULTS
Proposition 1 (Task loss is MSE). Under AI-A2, for any cat-

egory assignment ¢ with category allocation ¢(k) = E[¢*(t) |
c(t) = k|,

«
ieg

Se < E[H(t0(c(t)] <

For quadratic utility (« = B), the sandwich is tight: E[{] =
Se

€. 3)

ST

Proof: Expand U (t,-) around ¢*(t). The linear term
vanishes by the first-order condition V,U(t, ¢*(t)) = 0. By
A1-A2, —BI < V2,U =< —al, so

Sle () —o(k)|* < Ut 6" (1) ~U(t, ¢(k)) < 56" ()—(k)

Take expectations over ¢ ~ F'. [ |

Proposition 2 (Task-oriented R-D is standard R-D). Under

Al-A2,
X 2D * 2D
Rf/[SE(ﬂ) < Ruask(D) < RfASE(a> “4)

where RﬁSE(é) is the standard MSE rate-distortion function
for the source ¢*(T). For quadratic utility, Rinsx(D) =
Rise(2D/a).

Proof: By Proposition 1, E[{] < D implies ¢ < 2D/«
(from the lower bound) and ¢ > 2D/f (from the upper
bound). Substitute into the definition of R&SE. [ |

Proposition 3 (Optimal quantizer is Lloyd-Max).

(a) Decoder: The category allocation ¢(k) = E[¢*(t) |
¢(t) = k] minimizes the task distortion upper bound
among all decoders ¢ : {1,..., K} — R".

(b) Encoder: Among all K-partitions of T, the Lloyd-Max
quantizer applied to ¢*(t) minimizes € and hence the
task distortion.

Proof: (a) The conditional mean minimizes MSE by the
MMSE property. By (3), minimizing € minimizes the task loss
bounds. (b) Minimizing ¢ over K-partitions with conditional-
mean centroids is the Lloyd-Max problem on ¢*(¢) by defini-
tion. ]
Remark 1 (Reduction of GOQ to Lloyd-Max). Zou et al. [1]
derive the GOQ algorithm (Algorithm 1) with a task-weighted
nearest-neighbour condition using the matrix Ey,(g) =
By (9) + Apx(g), where Ag, = J! HyJ, (Proposition 2),
and a gradient-based representative update. They note (p. 48)

that when the first-order optimality condition holds, B¢, = 0.
Sun et al. [2] state the conditions most cleanly, with the
encoder assigning by task loss (Eq. 26) and the decoder
minimizing task loss (Eq. 28).

Under A1-A2, Proposition 1 implies that the task loss is
MSE on ¢*(t), so (i) Zou’s task-weighted distance reduces to
Euclidean distance on ¢*(t); (ii) Sun’s encoder condition be-
comes standard nearest-neighbour on ¢*(¢); (iii) Sun’s decoder
condition becomes the conditional mean. Both algorithms
reduce to standard Lloyd-Max on ¢*(t).

Proposition 4 (Rate saving is dimensionality reduction).
When r < d (allocation dimension < type dimension),
Riask(D) < Ryccon(D) for all D > 0. For Gaussian T with
linear oracle allocation ¢*(t) = At, A € R™ 9, the rate
saving at high resolution is

Riccon(D) — Rpask (D) =~ ! nats/symbol. 5

Proof: By Proposition 2, Ry,sk is rate-distortion on
¢*(T) € R", while Ryecon is rate-distortion on T € R¢. For
r < d, ¢* discards d — r irrelevant dimensions. The Gaussian
case follows from R(§) = (n/2)log(c?/d). [ |

IV. EXAMPLES

||2A. Gaussian Type, Linear Oracle

Let T ~ N(0, Y1) with Bp € R4 and ¢*(t) = At where
A€ R™4 r < d. Utility: U(t,a) = —(a — At) T (a — At), so
o = 8 = 2 (quadratic).

Standard derivation. Characterize the distortion-rate function
for the task loss /(t, a) = || At —al|?, optimizing over encoders
and decoders with a non-standard distortion measure. The
solution requires eigendecomposition of AX.7 AT and reverse
water-filling in the eigenspace.
MISES reduction.
D ¢*(T) = AT ~ N(0,AX7AT), an r-dimensional
Gaussian.
2) By Proposition 2 (tight for quadratic): Ri.sk(D) =
RKSA*SE(D) = reverse water-filling on the eigenvalues of
AS AT,
3) The optimal K-level quantizer (Proposition 3), standard
vector Lloyd-Max on AT.
The rate saving is (d — r)/2 nats per symbol, the bits wasted
by reconstruction-optimal coding on the d —r dimensions that
the task ignores.

B. Nonlinear Oracle, Non-Gaussian Source

Let T = (T3, T») with T; s Uniform[0, 1]. A coordinator
allocates a shared resource proportionally to the product of two
demand attributes: U (t,r) = —(r — t1t2)?, so ¢*(t) = tito.
This is quadratic (¢ = 8 = 2), nonlinear, and dimension-
reducing (d =2 — r =1).

The source ¢*(T') = T1T5 has density fy-(z) = —Inz on
[0, 1], which concentrates near zero.
Standard derivation. Optimize a K-level quantizer for the
task loss £(t,a) = (tita — a)? over the joint distribution of
(T1,T5), a two-dimensional integral at each Lloyd iteration.
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Fig. 1. Nonlinear example: ¢*(t) = t1t2, T; ~ Uniform[0, 1]. Left:
density fg+(z) = —Inz with K =4 Lloyd-Max boundaries (dotted) and
representatives (dashed). Right: task MSE vs. number of quantizer levels.

MISES reduction. Run scalar Lloyd-Max on ¢*(T') = T1T
with density f(x) = —Inz. The two-dimensional task-
loss optimization becomes a one-dimensional MSE quantizer
design. Figure 1 (left) shows the K = 4 Lloyd-Max partition
on fg-, with boundaries bunching near zero where the density
concentrates. Figure 1 (right) compares the task MSE of
the MISES quantizer (1D Lloyd-Max on ¢*(T")) against a
2D k-means quantizer on 71" with a task-optimal decoder
(ar = E[¢p*(T) | cell k]). The MISES quantizer achieves
lower task distortion at every K because it allocates all
codewords to the one-dimensional task-relevant variable, while
the 2D quantizer wastes codewords distinguishing types that
map to the same oracle allocation.

The example illustrates two effects absent from the Gaussian
case: the oracle allocation is nonlinear (¢* is multiplica-
tive, not affine), and the induced source distribution is non-
Gaussian (the — In  density has no closed-form rate-distortion
function). Both effects are irrelevant to the reduction, which
requires only A1-A2.

V. DISCUSSION

Propositions 1 to 4 replace the following components of the
task-oriented source coding programme:

o« The GOQ high-resolution analysis of Zou et al. [1]

(Propositions 1-2, ~5 pp. including appendix proofs) and
the task-weighted quantization algorithm (Algorithm 1,
~2 pp.), which reduce to standard Lloyd-Max on ¢*(t)
(Proposition 3, 4 lines).

« The joint precoding-quantization design of Sun et al. [2]
(Algorithm 2, Egs. 26-28), whose modified en-
coder/decoder conditions become standard nearest-
neighbour and conditional mean (Remark 1).

o The task-oriented rate-distortion characterization, which
requires random coding with task-distortion typicality and
task-specific Fano arguments in general, and reduces to
standard rate-distortion on ¢*(T") (Proposition 2, 5 lines).

o The finding that Ri,sk < Ryecon, Which reduces to a
dimension count (Proposition 4, 3 lines).

The reduction holds because the MISES mechanism class
specializes the task-oriented setting in one structural way: the
task-relevant quantity ¢*(¢) is a known deterministic function
chosen by the designer, not a latent variable to be inferred.
Combined with strong concavity, the task loss becomes MSE
on ¢*(t) via Taylor’s theorem with a zero linear term, and the
entire downstream apparatus inherits the simplification.

The reduction also applies to the information bottleneck
(IB) [4]. The IB minimizes I(7T'; C') subject to I(C;Y") > Iy,
where Y is a relevant variable. Under A1-A2, the relevant
variable is Y = ¢*(T'), a deterministic function of 7' chosen
by the designer. Since ¢* is deterministic, I(C;¢*(T)) <
I(C;T) with equality when C depends on 7' only through
¢*(T). The optimal encoder therefore compresses ¢*(T)
directly, and the three self-consistent IB equations [4] reduce
to standard rate-distortion equations on ¢*(7") with MSE
distortion (by Proposition 1). The Gaussian IB is a known
special case of this reduction [8]; the MISES result shows it
holds for the entire mechanism-design class.

The scope of the reduction is the smooth-utility mechanism
class (A1-A2, deterministic oracle allocation). The GOQ
framework and its machinery remain necessary for the general
stochastic-source setting, where the task-relevant quantity is
not designed but given by nature [1, 5]. The contribution
here is that a practically important subclass exists, resource
allocation, power scheduling, and network coordination, where
the task-relevant quantity is a deterministic function chosen by
the system designer and the utility is smooth and concave by
construction [6]. For this designed-source subclass, a substan-
tially shorter path is available.
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