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Two Iri'Triangles which are similar to the Pedal Triangle.
By R. TUCKER. Received September 7th, 1900. Read
November 8th, 1900.

1. If ABO is the primitive triangle, then the angles of the pedal
triangle are TT—2A, IT—22?, v — 20. The in-triangles, whose sides are
anti-parallels, are triangles which are similar to the pedal triangle-
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The in-triangles «/3y, a By', wliose sides are perpendicular to anti-
parallels, are another pair of similar triangles.

• For wq have , Aafi = T- — B, . Aay = ^ —XA + 0;

'2 a == Aay—Aa(} =s7r'—2A,

and so for the other angles.

Again, Bftfa = - - — A , .

therefore. Z/3'.= 7r-2£,

and so for the other angles.

Hence afty, <xft'y are similar to the pedal triangle.

2. If A be a constant to be determined, and if, for brevity, we write
p, q, r for sin 2/1, sin 2B, sin 20, we have

By Bin B=z\.p cos C and Cy sin G = A.rycos (0—A)>

then 2asin BsinG = 2\ [jpsin Gcos C + qain Bcos (0—

and A = 472.n sin.4/2 (qr). (i.)

If A' corresponds to A, then

#0 ' Kin B + Gp sin G = A' [r cos (4 —2?) + y cos B],

whence, an before, A' = 4Z2.II sin.4/2 (qr) = A,

i.e., «/3y, «73'y' a re congruent.

3. Now /3'y = Bfi—By — A [rcos (>1—B)— JPCOS 0 ] / s inB

= \ cos (7. j/sin ly = 2\ cos iJ cos G oc sec- /I.

4. Using trilinear coordinates, we have

(a) qconA 0 rcos(A-B)

(ft) pcos (Ti-G) rcosB 0

(y) 0 j cos ((7— 4̂) pcosO

(a) rcos A qcoa(G-A) 0

03') ., . 0 pcosB rcos(A-D)

(y) pcos (B—O) 0 qcoaO
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5. The lines aa\ /3/3' are

—qr cos (A—B) COB (C->-A) a+r* cos. A cos (A—B) ft

+ q*cosA COB (C—A) y = 0r

r8 cosBcos (A-B) a—rpcos (B-G) cos (yi—I?) £

+2>* cos J3 cos (J5 - C) y = 0;

hence oa', y8y3', yy' cointersect in P, the centre of similitude* of the
triangles, given by

a/p cos (B-C) = . . . = . . . . (iii.)

6. The equations to a/3, yV are respectively

—r cos J5|cos (A — B) a+pcos (4 — B) cos (I?— C)/3 + gcos A cosB. y = 0,

(iv.)

—gco8Ccos(C—i4)a+r cos-4cosO/5+^cos (i> —o')cos(C—^4) y = 0.

(v.)

Let their point of intersection be P' ((2, -K' for the analogous
pairs); then AP\ BQ', Git' meet in

a/coH(B—G), ..., ..., t.c, in the nine-point centre. (vi.)

7. The equations to u'fi\ ya are

gcos (A—B) cos (C — A) a —r cos.4 cos (A—B)P+pco$A.cosB. y = 0,

(vii.)

rcos (C—A) cos (A — B) a+p coBCcosA.fi—qcoBA cos (C-A) y = 0.

(viii.)

Let their point of intersection be P" (Q", iJ" for the analogous
pairs) ; then AP", BQ", GR" meet in

a/cod A =... — .:., i.e., in the oircumcentre. (ix.)

• [Many of the geometrical r'eBults follow at once from thin fact, but the equations
to the lines and points are given, as they may suggest other properties. Further, 1'
is'the P" of my paper " O n a Group of TriangL s inscribed in a given Triangle
AliC, &c," Vol. xxiv., pp. 131-142, whence other properties can.be derived than
those given in the present paper.]
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8. The centroids of a/3y, a'/3'y' respectively are given by

a/cos4(2g+r) = . . . = ... (QM
y; (x.)

and a/coa A (q + 2r) = ... = ... (G,')J

therefore their join is given by the equation

2 cosB cos 0 (qr—p*) u = 0, (xi.)
and this passes through (q+r) coaA,...,..., i.e., through p cos (B - G),
..., ..., i.e., the point P [c/. (iii.)].

9. If 0\ 0" are the in-centres of afiy,dfiy' respectively, then, since

Z GaO' = Cay + yaO' = (f~

aO' is parallel to BG, and similarly /3O' is parallel to GA, and
yO' is parallel to AB.

In like manner, a'O', '/3'0", y'O" are respectively parallel to BG,
CA, AB. Hence their coordinates ai'e given by

o cos A rcos.8, ipconC\ , ...
\- (x n)

and rcosA, pcoaB, qcosG)
Hence the equation to O'O" is

2a cosi?co80 (qr— p*) = 0, ... [cf. (xi.)],

and the mid-point of O'O" is P (in.).

10. The symmedian line through o [cf. (iv.) and (viii.)] ia

—rcos2?cos (A—B) a + ^ c o s (A—B) cos (B—C)(i + (j co»A cos B.y

— \ [rcoa(C—A)coa(A—B)a+pcoaOco!iA.fi—qcoHAcoK(0—A) y\.

If, for the moment, this line cuts /3y in D, then

/3I> : Dy = rs : q2;

hence, from (ii.), we get the coordinates of D to be proportional to

pq'1 cos (B—C), q'r cos JB+jr8 cos (0—A), r̂ p cos 0.

Substituting in the above equation to al), we get, after dividing by
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and the equation to a£) becomes

ar cos (4 — 70 [ r cos (0—A) +q cos B]

+/3p [rcos 0008-4—9 008 (.4— B) cos(J9—O)]

— yq COBA [^cosB-f-rcos ((7—-4)] = 0. (xiii.)

The symmedian through /3 then is

— ar cos .7? [r cos 0 +p cos (A—B) ]

+/3jpcos (B-0) [pcos (-4-B)+roos 6'] #

+ V2 [pcos-4 cosB—rcos (B — 0) cos ((7—-<4)] = 0.

Hence the sym median point of a(5y is

pq [p COBA + q cos (J? — C)] , . . . , . . . ; (xiv.)

and similarly of a'/3y is

'"jp[.p cos 4 + rcos (B

11. Drawing aXj perpendicular to /3y, to meet it in X (i.e., parallel
to an anti-parallel), we get X given by

£008 20008 (JB — C), — grain!?, rcos27»'.cos 20 ;

and from « and X we can find the coordinates of if, (the orthocentre
of ufiy) to be

a cos 20, b cos 2.4, c cos 2B; ~\

MA.J

similarly H2 (for a'/3V) is given by j" (xv-)

a cos 2#, & cos 20, c cos

Hence the equation to HlHi is

2,hcu (cos* 2^ - cos 2# cos 20) = 0, (xvi.)

a line which passes through P.

12. The circles «/3y, u'/3'y are given by

6'2.2a/3y = 22aa [S^rsin Ocos (A-B) sin (20-^1) a ] \

S\ 2a/3y = 22aa [$qr sin B cos (0—^1) sin (277 — 1̂) a] I. (xvii.)

('•/• § 10)J
Their radical axis is

2 [cujrsin A sin (B — C)(cos'3A — 2cosS cos 0 ) ] = 0 , (xviii.)

and it passes through the circumcentre.
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13. The circles (7/3'y', Ay'a have for equations

8.2a/3y = 22aa [^ sin JEfa-|- (p+q) sin.4/3] cos C, !(xix.)

£.2ft/3y = 22aa [gsiri C/3 + (g+r) sin By] cos A ; (xx.)

and the circles Bfiy, Oya are given by

= 22aa [ r sin 0a + (r+p) singly] cos-B, (xxi.)

25aa[psinyj/3 + (p + 5)sin5a] cos 0. (xxii.)

Hence the radical axis of Cfi'y and Oya is

a/a = /3/6;

and therefore it, and the analogous radical axes, pass through if, the
symmedian point of ABG.

14. From the above We see that the radical axis of the circles

5/3y, tf/3'y' is

a \jp sin B cos 0 — r sin 0 cos 0 ]

+ [0 (jP + q) cos 0 — y (r +£>) cos 2?] sin A = 0 ; (xxiii.)

hence, if it cuts BG in L, and the analogous radical axes cut GA, AB
in M, N respectively, then these axes meet in P.

15. The circles Ami', Bfifi', Oyy have their equations

S. 5a/Jy = 2«a (cr/3 + bqy) cos A, (xxiv.)

#. 2a/3y s= 2«« (ft.PY 4-era) cos />', (xxv.)

S.tafiy = 2aa (tga + a /̂3) cos (7. (xxvi.)

The radical axis of (xxiv.) and (xxv.) is

rr (« cos B —ft cos A)+ (ap cos B—bq COB A) y = 0.

If this cuts AB in N' (and //, M' are analogous points), then AL\
BM', GN' pass through the circumcentre.

16. The equation to the conic through the six points is

2 \qra*/coaA cos (B-G)] = 2 [(<S + 2p3)/3y/cos(C-.-l)cos(^l-B)],

(xxvii.)
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17. It may be noted that

tAap = ^--B=Cy'P

18. To construct the figure, let DEF be the pedal triangle; then
its sides are l\p, Uq, Ur.

If T)K, EL, FM are the perpendiculars of DEF, then

DK = Iiqr, EL = llrp, FM-Ttpq. (a)

Now \ = 4RII (sin 4 ) / 2 (qr),

DK+EL+FM'

Hence the sides of a/3y, a'fi'y' (i.e., A. Rp, A,.i2g, \.Rr) are known.

[ I am indebted to a referee for a suggestion which enables me to
considerably simplify the construction, viz.,

By : yfl' : fi'O — cosec 22?: cosec 2A : cosec 20,

i.e., by (a), -EL: FM: DK.]

On Quantitative Substitutional Analysis. By A. YOUNG. Com-

municated November 8th, 1900. Received November 9th,

1900. Received, in revised form, January 12th, 1901.

From any function P of n variables may be obtained n! functions,
not necessarily all different, by permuting the variables in P in all
possible ways ; or, what is the same thing, by operating on 1' with
each of the n ! substitutions of the symmetric group of the variables.
It frequently happens that between these functions linear relations
with constant-coefficients exist; such may be written

(Al
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