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We present a conditional shell-geometric selection mechanism for the fine-structure coupling within
the Relator framework on the paired spaces C and R3. Starting from the kinematical lock Rw = c,
the construction fixes the minimal pinned electron branch, its matching-shell geometry, the scalar
cavity—shell slowdown block Dc(a), the vector shell constant Ageom, and the universal single-log
coefficient Ciog = 1/3. The Alpha Lock Point then selects the coupling through the compatibility
condition between the scalar shell law and the vector shell geometry. No measured value of «, no
QED anomaly coefficient, and no fitted parameter enters this primary closure.

The resulting finite-rank realization places the emergent coupling in the immediate neighborhood
of the accepted fine-structure benchmark, while keeping all benchmark comparisons external to
the derivation. As a secondary consequence, the same scalar branch, lifted through the ALP map
and the operational orbital slowdown map, generates a pure-photonic electron g — 2 series. Its first
benchmarked coefficients provide a stringent cross-check against the universal QED sequence, and
its higher coefficients, beginning with the twelfth-order pure-photonic term A§12), are falsifiable
predictions of the specified no-free-parameter shell realization.

Why o can be treated as an emergent quantity in the present framework.

The central proposal of this paper is that, on the minimal electron branch, the fine-structure constant need not be
inserted as an external input, but can arise from a closed geometric—dynamical equilibrium. The framework is based
on a minimal set of explicit postulates stated below, not on hidden tuning or phenomenological fitting of « itself. Its
first kinematic ingredient is the Relator light-lock

Rw=c,

which ties the internal phase-evolution scale of the Schrédinger wavefunction to the speed of light. Its second structural
ingredient is that the electron is not modeled as a point source from the outset, but as a Gaussian, equivalently
maximum-entropy, branch in an internal complex space C, while the observable phenomenology is read in the orthogonal
physical space R3. In this setting the familiar particle-field image in R? is treated as an emergent projection of a more
primitive object in C. The corresponding vector image takes the form of a Dirac-type loop, and that projection fixes a
purely geometric quantity, denoted Ageom, from the internal geometry of the branch rather than from external fitting.

From the same construction one obtains a closed least-action equation for the one-particle Relator branch. This
equation is differential, explicit, and rapidly solvable, and it provides the scalar and vector data that enter the coupled
closure studied in the main text. Within the resolved orders analyzed here, the resulting coefficient structure matches
the expected QED pattern at the level documented later in the paper, while higher orders remain structurally accessible
within the same scheme. In parallel, the electron g, factor is interpreted as a derived observable associated with
self-induced time dilation on the same branch; it serves as a stringent cross-check of the construction, but it is not the
primary claim of the paper. The primary claim is that « is selected by a balance law between the scalar, Coulombic
sector and the vector, magnetic sector of the electron. Once the geometric quantity Ageom is inserted into that balance
through the ALP (Alpha Lock Point) closure, the value of « is no longer free, and becomes a derived equilibrium
quantity of the theory. In this sense, the key mechanism identified in the paper is that

Rw=c¢, Ageom, and the ALP closure

combine into a single structure in which the fine-structure constant appears as an emergent quantity rather than as an
externally prescribed parameter.

Code and reproducibility: For reproducibility, the numerical scripts and supporting code used in this work are
available in the public repository https://github.com/pajuhaan/AlphaEmergent. The repository contains the
implementations used to generate the numerical solutions, diagnostic scans, and tables reported in the paper.
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Part 1
Foundations

I. INTRODUCTION AND MAIN RESULTS

The fine-structure coupling a occupies a distinguished place in modern physics. It governs atomic spectra, relativistic
wave equations, and electromagnetic interaction strengths, yet in standard practice it enters as a measured dimensionless
input rather than as a quantity selected by an internal geometric closure law [1-3]. Its numerical value is known
with extraordinary precision [4-8|, while the question of its origin remains open. In ordinary formulations of QED,
perturbation theory predicts radiative dependence on « after the coupling has been specified; it does not, by itself,
select the numerical value of o from an internal equilibrium of the electron branch.

The construction developed here addresses this origin problem by fixing, within the stated postulate set, a kinematical
selection principle before the coupled shell problem is solved. This principle ties phase evolution, spatial propagation,
and relativistic causality across the paired spaces C and R?. In RELATOR this role is carried by the lock Rw = c.
Within the explicit postulate set adopted later in sections IT and III, this relation enters as a branch-admissibility
condition rather than as a fitted condition on «. It places luminal phase transport inside the electron-branch kinematics
and fixes a definite geometric relation between internal phase rotation in C and observable propagation in R3.

Within this locked branch class, the minimal electron branch is built from a Gaussian generator distribution in
C. This choice is consistent with the special role of Gaussian and maximum-entropy states in wave mechanics and
statistical inference [9-11]. The observable shell data then arise from a projected one-loop reduction in R3.

The central result of this paper is conditional on the explicit postulates, branch calibrations, scalar evaluator, and
vector-shell datum stated below. Once the branch has been constructed and reduced to its matching shell, « is not
inserted as an external numerical input. It is selected as the admissible shell equilibrium at which the Coulombic scalar
block and the gauge-invariant transverse inductive shell response close consistently. Equivalently, within the baseline
shell closure, the admissible point is the one at which the canonical single-log shell coefficient takes its internally
derived shell-geometric value 1/3.

Primary claim. Under the stated shell postulates, the minimal electron-branch reductions, a specified
scalar evaluator, and a fixed vector-shell input, the Alpha Lock Point selects a unique admissible coupling a,
whenever the scalar admissibility hypotheses hold.

Primary firewall. No measured value of o, no QED anomaly coefficient, and no fitted parameter enters the
primary scalar—vector lock.

Current realization. The printed value of o, is a realization-level output of the current rank-5 scalar

evaluator and the reduced vector input Aégé)m It is not asserted to be a certified operator-limit value.

Falsifiable continuation. After the primary lock has been fixed, the same scalar realization generates a
secondary mass-independent A; electron-anomaly sequence. The higher coefficients beginning with Agu)
are conditional outputs of the specified realization. Disagreement with future independent pure-photonic
calculations outside the combined realization, truncation, and independent-calculation budgets would falsify

that specified realization.

The paper has two technical tasks. First, it establishes that the RELATOR construction supplies the infrared
structures needed later in the argument, including charge quantization, the Dirac limit, and the tree-level result
g = 2. These structures fix branch data and consistency conditions; they do not import a numerical value of a.
Second, it constructs the scalar slowdown block D¢(«), the gauge-invariant vector shell response, the logarithmic
shell coefficient Ciog, and the baseline shell lock of the minimal electron branch. These ingredients are built from the
explicit assumptions and branch selections introduced in sections II to IV, and their closure determines the internal
lock output a.

The numerical value reported below should be read with this logical split in mind. The value of «, reported for the
present realization is a QED-independent output of the geometric lock. The displayed digits have realization-level
status and are controlled by two independently improvable ingredients; the reduced vector-geometric input used for
Agé)m and the scalar evaluator Dc(a). A QED-assisted branch is used only as a one-way reference check and not as
part of the primary derivation.

The geometric one-loop electron setting used throughout the paper is shown in fig. 4. The geometric lock and the
resulting internal fine-structure coupling are developed in sections IX and X, and the fixed notation is collected in
table I.



Theorem 1 (Electron branch theorem). Under the standing postulates of sections II and III, together with the
mazimum-entropy generator construction and the minimal one-loop calibration of section 1V, the minimal electron
branch constructed in this paper is characterized by a Gaussian generator profile of width

(1)
and a first-node matching shell

re = TR, n= (2)
After gauging the compact carrier phase, imposing the corresponding canonical quantization, and taking the minimal
spinorial infrared completion, with the charge-orientation convention fized in section V, the same branch carries a
quantized charge slot, an infrared Dirac reduction, and a tree-level magnetic-moment normalization with g = 2. The
resulting shell data are the inputs to the emergent-a construction.

Proof. The Gaussian width follows from the maximum-entropy generator sheet together with the minimal one-loop
calibration. In the notation of section IV, the Gaussian first-moment calculation gives the generator angular scale L¢,
and the minimal one-loop calibration fixes

1
Lc = §mcR.

Substitution into the width computation in proposition 12 gives

_ R
=7
which is Eq. (1).

The matching shell is the first positive node of the regular isotropic radial Helmholtz mode. By proposition 16, the
regular origin-normalized profile is

. sin(kpase”
SHelm(T) = jO(kbaser) - %~
basel
Its positive zeros satisfy kpaser = pm with p = 1,2,.... The first-node selection therefore gives kpasers = 7. Since the
minimal branch has kpase = R, proposition 17 yields
R 1
Ty = T =T7R, n=—=—.
kbase T T

This proves Eq. (2).
The charge statement is the compact-phase quantization result of theorem 4, which gives

Qk = k‘qo, keZ.

The electron sector is the minimal negative-charge sector fixed by the charge-orientation convention in section V.
The infrared first-order spinorial completion is theorem 5, which gives the minimally coupled Dirac form on the
four-component spinor representative. Finally, the tree-level magnetic normalization follows from the geometric
normalization in corollary 3 and from the Pauli reduction in theorem 6. Both routes give the coefficient multiplying

Q/(2m) as
g =2.
Therefore the stated branch data follow from the cited postulates, branch-selection steps, and infrared reductions. [

Theorem 2 (Alpha lock theorem). Assume the standing postulates of sections II and III, the minimal electron branch
of sections IV and V, the scalar slowdown block Dc(a) from section VI, the exact operator-level vector-shell constant
Ageom from section VII, and the baseline shell-lock closure Eq. (464). Let the dimensionless scalar target be

3 KarAgeom
D, = Dlock(Ageom) = 5 KALPAgeom (1 + AL;ﬂ_S) . (3)
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Here Kupp and Ageom are dimensionless shell inputs, with K,.p fized by Eqgs. (428) and (430) and Ageom fized by the
vector-shell construction. Assume further that the admissibility condition Eq. (492) holds with this value of . for the
chosen scalar evaluator. Then the scalar mother branch has a unique admissible lock oot a, € (0,1) such that

De(ax) = D.. (4)
FEquivalently, with
KALPAgeom
C* = ) )
the scalar and vector shell sectors close at the baseline logarithmic shell equilibrium

2

1
— (1 +¢) = . 5
T G+G) = )
Proof. The baseline shell-lock closure is the zeroth-discrepancy ALP equation of Eq. (464). By theorem 20, inserting
C, =2r? and

C _ KALPAgcom
21?2

gives the scalar target

3

Kap A eom
Qlock(Ageom) - 5 KALPAgeom (1 + AL;ﬂé) .

This is exactly the quantity denoted by @, in Eq. (3). The hypotheses of theorem 21 are the positivity of this scalar
target, membership of this target in the admissible scalar domain, radicand positivity at the target, and placement of
the resulting positive branch in 0 < o < 1. These are precisely the admissibility assumptions stated here through
Eq. (492). Therefore theorem 21 gives exactly one admissible physical branch root

Oy :WL € (071)7
ERmoth(gﬂs)
and this root satisfies
Dc(a*> = Q*

This proves Eq. (4) and uniqueness on the chosen admissible scalar branch.
It remains only to verify the displayed logarithmic equilibrium. From

= KALPAgeom
* on2

one has
2
KALPAgeom =27 C*

Substituting this identity into Eq. (3) gives

= 3772(*(1 + Co)-
Dividing both sides by 39, gives

™

D.

C*(l +C*) = %»

which is Eq. (5). O



Numerical realization and reference-only checks. The present realization uses the theorem-level reduced

vector input Agekcl,)m together with the current rank-5 scalar evaluator for Do (). This choice gives the following
realization-level internal lock output

o, = 0.007297 352 565 050 600, a; ' = 137.035999 163 494 704. (6)

The numbers in Eq. (6) are rounded central values of the specified reduced realization. Their arithmetic residuals and
working-precision stability are audited in section X and appendix C. They do not include a certified operator-limit
uncertainty for the unresolved scalar and vector tails.

A separate one-way reference check reconstructs a comparison scalar slowdown branch from the retained external
universal pure-photonic QED coefficients of the electron g/2 factor, denoted ge 2, and then feeds that reconstructed

branch into the same theorem-level geometric target C‘Dith). Using the retained coefficients through M = 5, one obtains

—-1
bk p = 0.007 297 352 564 484 953, (ag’}EIH D) = 137.035999 174 116 901. (7)

The numbers in Eq. (7) are rounded central diagnostic values obtained from the retained M = 5 external benchmark
coefficient set. Their precision is limited by the retained benchmark inputs and by the truncation order of the reference
branch. This reference-assisted value plays no role in the primary derivation. It serves only as an external consistency
check on the same theorem-level geometric target, using a comparison scalar branch reconstructed from retained QED
data.

The values in Egs. (6) and (7) inherit the realization-level status of both the reduced vector input Agé)m and the
scalar evaluator. They are not presented as the final exact operator-limit value of the physical fine-structure constant.
Improved first-principles evaluations of the vector shell constant, or operator-level improvements of the scalar mother
law beyond the current truncation, will propagate into the realized numerical value of «,. The local sensitivity of
the lock to the vector representative is quantified in proposition 55, and the arithmetic and rank-stability audits are
recorded in section X and appendix C. The QED-induced cross-check is developed in section XIB.

Remark. Within the stated RELATOR framework on the paired spaces C and R?, the internal derivation is self-contained.
The main text contains the load-bearing definitions, propositions, theorems, and proofs needed for the downstream
results summarized in theorems 1 and 2. The appendices provide extended calculations, deterministic error audits,
implementation-level formulas, reference-only diagnostic maps, and reproducibility material. No appendix imports a
measured value of a or a QED coefficient into the primary lock.

For reference, the dependency graph of the primary closure is

standing postulates and fixed notation

4
minimal generator branch and matching shell
\
infrared charge, Dirac, and tree-level magnetic structure
4
Dc(a), Ageoms Ciog
!
Diock (Ageom) = D
\
De(an) =D..

Equivalently,
postulates = branch = scalar and vector shell data => ALP target = av.

Sections I and III fix the postulates, notation, and paired-space kinematics. Sections IV and V construct the minimal
electron branch and derive its infrared gauge structure. Sections VI to VIII build the scalar and vector shell blocks
and establish the logarithmic shell lock. Finally, sections IX and X determine the admissible geometric-lock root for
the specified scalar evaluator and vector representative, and evaluate the resulting internal value of a,.

The logical order of the paper is strict. The branch is constructed first, its shell quantities are derived next, and the
shell equilibrium is solved only at the end. External benchmarks, retained QED coefficients, and measured values of «
enter only after the last arrow in the graph above, as comparisons or reference-only diagnostics. The value of « is
therefore an output of the closure, not an inserted input or a benchmark-matched parameter.



II. STANDING POSTULATES AND FIXED NOTATION

A. Minimal postulate set

The derivation developed below rests on a standing postulate set that fixes the kinematical arena and the admissible
shell class. These assumptions do not include the minimal electron branch, the numerical value of «, the scalar
slowdown evaluator, the vector-shell constant, any QED anomaly coefficient, or the final scalar—vector shell closure.
All of those objects are introduced or derived later within the stated framework.

Assumption 1 (Split generator—propagation arena). The basic arena is the orthogonal split
CoR3. (8)

The factor C is the internal generator space that carries the primitive phase source. The factor R? is the observed
propagation and measurement space. The split is structural; the internal factor C is neither an additional observed
spatial dimension nor a second copy of physical three-space.

Assumption 2 (Relator lock and rate decomposition). There exists a branch radius parameter R > 0, with SI
dimension of length, a total phase rate w > 0, and nonnegative split phase-rate magnitudes we > 0 and wgs > 0. All
three rates are measured with respect to one common branch time parameter and have SI dimension T—'. The angular
phase itself is dimensionless. These rates are associated with the orthogonal C- and R3-sectors of the split arena
C @ R3, and satisfy

w? = Wi +wis, Rw=c. (9)
The equality Rw = ¢ fizes the branch kinematical scale using the SI light speed c. By itself, it is not the observed
velocity of a point particle in R3, and it does not identify R with an empirical electromagnetic length scale. When a
worldline is introduced later, the corresponding rest-branch rate is interpreted as a proper-time rate only on the rest
branch. We then define the dimensionless master slowdown variable by

2 2
Dtotal = (WR3> ) 1- Dtotal = (ﬂ) ’ 0 S Dtotal § 1. (10)
w w

This decomposition is the standing kinematical input for the later shell closure. At this stage Diotal @S only a dimensionless
split-rate variable; it is not yet the scalar slowdown law of the electron branch. The rest-branch normalization and
the coherent one-loop realization are derived later from the relativistic rest-branch argument and from the generator
reduction.

The symbol R is, at this stage, only a branch-level radius parameter. It is not fized here by «, by a measured charge,
by the electron mass, or by any empirical electromagnetic radius. Its minimal one-loop realization, together with its
relation to the Gaussian width and the first-node shell, is derived later.

Assumption 3 (Shell admissibility and gauge regularity). Fvery admissible stationary branch considered in this paper
admits a smooth matching shell

P3N :{r:r*}:SQ, re > 0,

together with a collar whose thickness is controlled by a positive branch width scale oc. At this postulate level, oc is
only a reqularity scale for the admissible shell class. On the minimal electron branch, its value is derived later from the
generator construction and the one-loop branch selection.

Tangential shell data on %,., are represented by angular fields on S?. They belong to HL, (S?), hence also to L2, (S?),
are globally single-valued on the matching sphere, and carry no singular string or monopole-type surface defect. For
every such datum Xian, the weak surface divergences of Xian and *Xian lie in L2(S2) and have zero mean. The surface

Hodge potentials are the unique zero-mean weak solutions of
ASQ hcx = diVSz Xtan; Agz hCO = — dngz (*Xtan), / hcx dQ) = hco dQ2 =0.
2 2

Elliptic reqularity on the smooth closed surface S? gives

Rex; heo € H?(S?)/R.



Thus the standard surface Hodge decomposition is
Xian = vSQhex +*VS2hc07 hexvhco S HZ(SZ)/Ra (11)

with equality in HL (S?). Here x denotes the Hodge rotation on the oriented sphere induced by the outward normal
convention. The first term is the exact surface-gradient component, and the second term is the coexact surface
divergence-free component. The harmonic one-form sector is absent on S?, since Hir(S*) = 0; see, for ezample,
[12, 13].

The admitted shell gauge transformations are represented by smooth globally single-valued scalar functions on the
matching sphere. Thus a pure tangential gauge datum has the form Vg A, with \ single-valued on S?. This is a
reqularity restriction on the admissible shell class, not a gauge fixzing and not a fitted condition. The geometric

tangential-transverse shell projector is therefore the standard L?, (S?)-orthogonal Hodge projector

M Xian = *VSZ hco = Xtan — VSZ hexv

2

tan -0Tthogonal,

where heyx and heo are the Hodge potentials of Xian. Since the exact and coexact Hodge subspaces are L
Il is bounded, self-adjoint, and idempotent. If Xian = Vs2 A, then the zero-mean exact potential is
1

hox =A— — [ AdQ,  he =0,
47 S2

and hence
Vg A = 0.

Thus pure tangential gradient data lie in the null space of Ilpr. The operator Ilpr is a geometric operator associated
with the shell reqularity assumption, not an independently fitted shell object.

Assumption 4 (Exterior vacuum regularity). Outside the matching shell, the exterior field associated with any
admissible shell-reduced interior branch is a stationary source-free vacuum field on r > r.. It has finite energy
and belongs to the decaying exterior branch at spatial infinity. In the axisymmetric reductions used later, scalar
representatives of tangential shell traces are written in the polar-cosine variable v = cosv. Endpoint reqularity is
imposed in the flux-compatible form

f(v) = V1-v?f(v),

whenever a tangential vector trace carries the standard polar endpoint factor. The reduced profile f, or equivalently the
energy-dual representative obtained after the endpoint factor has been removed, is required to extend real-analytically to
an open neighborhood of the closed interval [—1,1].

The odd shell expansions used later in the construction of AAqyt are defined only for traces in this exterior-regularity
class. FEquivalently, when the odd toroidal basis and the flur pairing are introduced, admissible exterior data are
restricted to the coefficient class for which the displayed exterior-energy series and the AAqy series are absolutely
convergent. This summability requirement is part of the exterior-domain assumption, not a conclusion derived at the
postulate level. For the exact Mazwell trace of the filamentary carrier used later, the endpoint factorization and the
square-summability needed for the exact ANy construction are checked separately in lemma 18 and theorem 12. This
exterior regularity condition fizes the admissible function class for ANy, it does not tune AAqy to any value of «.

These four assumptions are intentionally lean. The Gaussian generator profile, the minimal electron branch, and
the first-node shell r, = 7R are derived later from the generator construction and the branch-selection steps. The
charge slot follows later from the compact phase sector and its canonical quantization. The infrared Dirac limit is
derived later within the stated local first-order infrared operator class. The tree-level result g = 2 then follows from
the minimal spin normalization and, independently, from the Pauli reduction of the minimally coupled Dirac equation.
No measured magnetic anomaly or QED radiative coefficient enters that tree-level statement. None of these objects
belongs to the standing postulate set. The schematic hierarchy in fig. 1 is organizational only and adds no further
assumption. The higher-family boxes in that figure are placeholders only; they are neither generator-winding labels
nor shell-node labels.

B. Fixed notation and conventions

We now fix the notation for the shell geometry, scalar reduction, vector reduction, and the auxiliary operators used
in those constructions. Only symbols that remain active in the paper are recorded here. Composite quantities whose
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FIG. 1. Organizational schematic of the branch hierarchy used in the paper. Only the minimal electron branch enters the
present construction. The muon and tau boxes are conditional family placeholders for downstream extensions; they are neither
generator-winding sectors nor shell-node sectors, and they add no standing assumption.

full assembly is introduced later are described here only by role, dimension, and notation. The appearance of such a
symbol in this subsection does not promote it to a standing postulate or a numerical input to the closure.

v=cos¥ € [-1,1], n:£>0, 1=2C>o. (12)

Ty T
At this stage r. > 0 and o¢ > 0 are symbolic branch quantities, while 7, ¢, and v are dimensionless. Accordingly, r.
and o¢ carry SI dimension [L]. Their minimal electron-branch values are derived later and are not part of the standing
notation.

Here 9 € [0, 7] denotes the polar angle on S?, whereas 6 € [0,27) denotes the azimuthal coordinate on the oriented
loop S'. The parameter ¢ always denotes the shell-bandwidth ratio entering the tangential-transverse shell-admission
construction. The scalar symbol x denotes the dimensionless coupling variable in scalar-lock, QED-series, and
coupling-variable contexts,

Q@
T=—
7r

This is only a change of variable once « is treated as the unknown coupling; it does not assign a numerical value to
«. Spacetime coordinates z* and spatial coordinates x, when used, remain distinct by index and boldface notation.
Whenever the parity-restricted exterior axisymmetric multipole expansion is used, the harmonic degree is indexed by
odd integers,

je{1,3,5,. ..}

This odd-degree convention belongs only to that restricted exterior sector; it is not a global removal of even modes
from the full shell data.

TABLE I: Canonical notation and symbol definitions.

Symbol Meaning Dimension and notation rule

Spaces and kinematics

C generator space geometric space; internal phase sector; its radial coordinate has dimension [L]

RS propagation space geometric space; observed Euclidean three-space with coordinates of dimension
(L]

Relator radius [L]; branch-level generator radius

w total phase rate [T~1]; total rate in Eq. (9); w is reserved for rate-like or frequency-like
quantities

we C phase rate [Tfl]; generator-side share

wg3 R3 phase rate [T~']; propagation-side share

Continued on next page



TABLE I continued from previous page

Symbol Meaning Dimension and notation rule

Wph physical phase rate [Tfl]; gauge-invariant local phase-rate representative

Wdot dot/clock phase rate [T7!]; clock-rate member of the Relator rate family

Diotal master slowdown dimensionless; split-rate variable defined in Eq. (10) before the electron branch
is selected

De(e) scalar slowdown evaluator dimensionless function of the unknown coupling; derived from the Coulombic
shell block

ADy vector slowdown correction dimensionless; derived from the inductive shell response

T =oa/T scalar coupling variable dimensionless; used in scalar-lock, QED-series, and coupling-variable contexts;

" and x remain coordinate notation

Shell geometry and shell data

Sl

S2

TWeol (‘5)
Neol
dsh

dcoll
I

ais!
S
A

Pecn
Ag

Ash
hox
heo
Bu

oriented loop / compact phase
circle

matching sphere

matching radius

branch width parameter
shell-radius ratio
shell-bandwidth ratio
polar-cosine coordinate

normalized shell cylindrical
radius

half-Gaussian collar weight
L%-mass of the collar weight
generic tangential shell trace

collar-averaged branch shell
trace

TT-cleaned branch shell trace
Hamilton—Jacobi action
electromagnetic vector potential

gauge-invariant mechanical
momentum

electromagnetic gauge-transform
scalar

shell-averaged gauge scalar
exact Hodge potential
coexact Hodge potential

local toroidal one-form

dimensionless angular manifold; positive orientation in 6

dimensionless angular sphere after radius extraction; outward normal toward
T > Ty

[L]; branch-dependent shell radius; minimal value derived later
[L]; Gaussian width after the minimal generator branch is fixed
dimensionless; n = R/r.

dimensionless; £ = o¢ /T«

dimensionless; v = cos ¥ € [—1, 1]

dimensionless; cylindrical radius of a normalized shell point; p remains the C
radial coordinate
dimensionless; collar weight on £ > 0
. . 2
dimensionless; N¢ol = ”wCUlHL2(0,oo)
shell datum; generic tangential trace used in shell-admission functionals

shell datum; tangential branch trace obtained by collar reduction

shell datum; tangential-transverse representative after applying It
[ML?T~']; action-valued field; VS has SI momentum units
[MLT~'Q;"]; SI vector potential in R3

[MLT’I]; Prech = VS — QA, with the sign carried by the charge Q

action per charge in SI units; gauge scalar in electromagnetic transformations

same units as \g; gauge scalar obtained after collar reduction
zero-mean scalar on S?; exact potential in the shell Hodge decomposition
zero-mean scalar on S2; coexact potential in the shell Hodge decomposition

one-form; local toroidal form used in the toroidal Hodge calculation

Scalar evaluator and visible finite-rank data

Rmoth (D)
O1 et
Bglue

o)
3,

Bll ?
Ayis,o

AR
AN

ir
Suv
Sir
XN
N
iy (D)
geLN(D)

scalar mother radicand
effective first static load
visible static glued load

three-channel static completion
load

common visible dynamic
baseline

visible UV dynamic amplitude
visible IR dynamic amplitude
visible UV pole scale

visible IR pole scale

visible dynamic cross coefficient
visible dynamic response

visible glued dynamic evaluator

dimensionless; radicand of the retained admissible scalar branch
dimensionless; static first-order coefficient entering Rmotn (D)
dimensionless; two-channel visible static coefficient

dimensionless; reduced static load in the no-free-parameter static completion

dimensionless; common baseline entering the visible dynamic amplitudes A‘(l{y)
and Ai(rN>

dimensionless; finite-N visible dynamic amplitude

dimensionless; finite-N visible dynamic amplitude

dimensionless; pole scale in the visible two-mode dynamic block
dimensionless; pole scale in the visible two-mode dynamic block
dimensionless; finite-N off-diagonal coefficient in the visible dynamic block
dimensionless; finite-N dynamic block entering the scalar mother radicand

dimensionless; two-mode realization-level evaluator for <I>((11;7H)(D)

Vector quantities and lock maps

Aina
AAuv IR (45 Fsh)
AAout(n)

Ageom
A

geom

filamentary reference core
admitted UV-to-IR transfer
exterior shell subtraction
vector geometric constant

finite-rank vector representative

dimensionless; leading logarithmic loop-core contribution

dimensionless; shell functional of £ and a supplied tangential shell trace 7,
dimensionless; signed exterior vacuum functional at radius ratio n
dimensionless; exact branch-fixed vector self-return invariant

dimensionless; Galerkin finite-rank representative of Ageom

Continued on next page
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TABLE I continued from previous page

Symbol Meaning Dimension and notation rule

Ag{‘,)m reduced vector representative dimensionless; current reduced vector-shell representative used in the numerical
realization

R (p) C radial density ratio dimensionless; local ratio w(p)/wc(p) in the entropy proof

Ger collar—log gluing operator operator; collar—log gluing object in scalar-shell evaluation contexts

et collar—log scalar overlap dimensionless; scalar overlap associated with the reduced collar—log gluing
calculation

Diock (A) scalar target map dimensionless; baseline scalar target map assembled from the ALP closure

D, exact scalar target value dimensionless; exact vector-input scalar target Dock (Ageom)

ol current reduced scalar target dimensionless; reduced target ’Dlock(Age];)m)

Kap central ALP scalar coefficient dimensionless; scalar coefficient entering the ALP target map

Projectors, admission operators, and geometric constants

It geometric tangential-transverse dimensionless operator; Lfan—orthogonal projector onto the divergence-free
shell projector tangential sector
Q (€) shell-admission operator dimensionless operator; bandwidth-dependent admission map
@(@) normalized shell-admission dimensionless operator; normalized shell-admission map
operator
PI(;;) (€; Fsn) scalar admitted weight dimensionless Rayleigh quotient associated with a nonzero tangential shell trace
vQ{sh
Clog shell logarithmic coefficient dimensionless; common logarithmic coefficient from the shell calculation
Cluni uniform shell constant dimensionless; scalar shell constant
Céc\;/auss) Gaussian UV constant dimensionless; Gaussian finite part entering the shell transfer calculation
Cy shell angular constant dimensionless; fixed geometric shell constant

Two sesquilinear shell pairings are used repeatedly. Both are fixed as unnormalized reduced pairings. Whenever
a Rayleigh quotient is formed with the same pairing in numerator and denominator, any common positive angular
normalization factor cancels identically. For 2m-periodic loop data f,g € L?(0,27) on S!, we use the loop pairing

2

(f.gde= [ F(8)g(6)de. (13)

0

For scalar amplitudes representing axisymmetric flux-compatible tangential shell data on S?, written after removal of
the standard polar endpoint factor in the form

f)=V1-0vf), g)=V1-02G(), [ geL(-11), (14)

with the factorization understood almost everywhere, we define

177 1
f(v)g(v -~
e = [ 22800 = [ Tz (15)
-1 —-v -1
Thus the map f — f is an isometric identification of the flux-compatible class with L?(—1,1). Hence

(f, P = 13211y > 0,

with equality only if f = 0 almost everywhere. The apparent endpoint singularity in (1 —v2)~! is therefore removable
on the flux-compatible class.

The pairing Eq. (13) is used for loop tangential shell amplitudes and the associated Rayleigh quotients. The
weighted pairing Eq. (15) is used for the reduced exterior shell subtraction. It is the pullback of the standard L?*(—1,1)
pairing under the endpoint factorization. It is compatible with the standard axisymmetric vector-spherical-harmonic
conventions on S?, provided the same endpoint factor and the same unnormalized angular convention are used
throughout; see, for example, [13, 14].

Although the symbols IItr, Q,(¢), and PI(? (¢; o) are listed together in table I, they play distinct roles. The
first is the geometric L2, -orthogonal projector onto the divergence-free tangential sector fixed by the admissible
gauge-regular shell class. The second is a bandwidth-dependent shell-admission operator. The third is the scalar
Rayleigh quotient generated by that operator on a nonzero tangential shell trace <7y. Their exact definitions are given
later in their natural settings. None of the three is a fitted parameter.

The orientation conventions are fixed once and for all. The loop S! carries the positive orientation of increasing
azimuth @, and the normal on S? is the outward unit normal pointing into the exterior region r > r,. All later
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sign choices refer to these orientations. In particular, AAyv_r carries the positive admitted-transfer sign, whereas
Aoy is defined later as the signed exterior-subtraction functional. The negative sign in AAyy is therefore fixed by
orientation and subtraction convention; it is not introduced as an adjustable sign. The exact formulas are stated later,
and these conventions remain unchanged throughout the paper.

Definition II.1 (Operational matching shell). In the present paper, a shell is neither a microscopic material boundary
of a particle nor an empirical radius inserted from outside the closure. Instead, it is an effective matching surface
r = r, in the observed space R3, where the interior branch is represented by shell data and an exterior source-free field.
For the minimal branch constructed later, the generator-side profile in C is Gaussian and has no compact support.
The radius 7, therefore marks the first geometrically distinguished matching interface between the interior branch, the
local shell data, and the exterior vacuum field, rather than a literal material boundary.

Remark (Scope of the present paper). The present work studies the shell reduction of the minimal one-loop electron
branch and the coupled scalar—vector equilibrium defined on that shell. It does not address the deeper dynamical
selection of the electron rest mass. Once the branch has been constructed, its observable infrared data are organized
at the shell level. After the scalar evaluator and the vector-shell input have been specified, the admissible value
of « is selected by shell-level closure within the stated postulates and branch choices. No measured value of «, no
electron-anomaly coefficient, and no additional rest-mass input beyond the earlier branch normalization enter this final
selection step.

C. Logical status of the main objects

The principal objects of the paper are classified as standing postulates, definitions, derived shell objects, summary
objects, reduced representatives, numerical realizations, and external benchmarks. This classification fixes the role
each object plays inside the closure. In particular, it prevents a derived, reduced, or numerical representative from
being mistaken either for defining shell data or for an independent input to the closure.

TABLE II. Logical-status ledger for the principal objects used in the shell closure. Standing postulates, derived objects,
summary objects, reduced representatives, numerical realizations, and external benchmarks are kept distinct throughout the
paper.

Object Status Basis

CoR? standing postulate assumption 1

Rw = ¢, rate split standing postulate assumption 2

Diotal kinematic definition Eq. (10)

It derived shell operator shell Hodge class of assumption 3

Tw,0C, N, L derived branch data minimal-branch construction in section IV

Dc (o) primary scalar object scalar mother law

Aind, AAUV IR, AAout primary vector-side ingredients vector-shell construction

Clog derived logarithmic coefficient two-path shell calculation

Ageom conditional exact summary exact vector-shell return under the stated vector hypotheses
invariant

A(Jc\i,)m finite-rank Galerkin realization Galerkin vector evaluator

Aztel(‘))m theorem-level reduced reduced vector evaluator
representative

A = Dioek(A) summary target map baseline ALP closure

charge spectrum Q = kqo
infrared Dirac equation
tree-level g = 2

(e

aret, CODATA, QED coefficients

derived theorem-level statement
derived theorem-level statement
derived theorem-level statement
conditional lock root
external benchmarks

canonical phase quantization of the compact phase sector
minimal first-order infrared completion

spin normalization and Pauli reduction

scalar law, fixed vector input, and admissibility
comparison only

Definition I1.2 (Primary objects of the shell closure). The primary objects entering the shell closure are

DC (04)7 Aind7 AAUV—>IR (Ea JZ{sh); AA/\out (77)7 Clog-

Here primary means load-bearing within the shell closure. It does not mean postulated, fitted, or numerically imported.

Each listed item is introduced later either as a defining shell object or as a theorem-level derived shell quantity.
More specifically, Dc(a) is the scalar slowdown branch extracted from the scalar shell problem, with « treated

as the unknown coupling. The functional AAyv_r(¢; %%p) is the admitted ultraviolet-to-infrared shell transfer

associated with a nonzero tangential shell trace %, at bandwidth ratio £. The functional AAy,s(n) is the signed

exterior shell-subtraction functional at shell-radius ratio 7. The quantity Aj,q is the intrinsic filamentary reference

carried into the vector shell chain and is not adjusted to the lock output. The coefficient Cog is the logarithmic shell
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coefficient fixed later by the two-path shell calculation, not by importing a QED logarithm. Branch-fixed specializations
obtained by freezing ¢, i, or the shell trace do not replace these primary objects.

Definition I1.3 (Summary objects). A summary object is any assembled quantity or map built from primary shell
objects, fixed geometric constants, and explicit remainder terms, with no new shell-level input. In the present paper the
principal examples are the operator-level vector-shell invariant Ageom and the target map A — Dige(A). Reduced or
finite-rank representatives of a summary object inherit their meaning from the corresponding exact or conditional-exact
summary object and are identified by explicit superscripts, rank labels, or realization statements. A summary object
is therefore derived rather than primary, and any representative of a summary object remains derived rather than
constituting a new shell-level input.

Definition I1.4 (Reduced representative, numerical realization, and external benchmark). A reduced representative
is a theorem-level or model-reduced expression that descends from an exact shell object under stated hypotheses. It
is not a new shell-level input. A numerical realization is a finite-rank or otherwise implementation-level evaluation
of an exact object or of a stated reduced representative. It may be used to produce a reported number, yet it does
not replace the exact object from which it descends. Examples include Aggé\g)m, finite-rank scalar evaluators, and the
printed numerical value of «, obtained from specified scalar and vector inputs. The quantity Age}é)m is treated as a
reduced vector representative, not as the exact operator-level invariant Ageom-

An external benchmark is a value imported only for comparison after the internal shell closure has been evaluated.
Examples include measured or adjusted values of «, recoil determinations, electron-moment determinations, CODATA
adjustments, and perturbative QED coefficients. Such quantities are not part of the standing postulates and do not
enter the primary closure.

Remark. The distinction between shell-level objects and reduced representatives is especially important for AAqys,
AAyvr, and Ciog. These objects are fixed first at the shell level. Any reduced formula or evaluator attached to them
is introduced only afterwards as a derived representative, with its hypotheses and range of validity stated explicitly.

Remark. The classifications introduced in this subsection concern logical role rather than analytic domain or coordinate
convention. They record whether an object is postulated, defined, derived, reduced, numerical, or external. They
introduce no additional dynamical assumption, no value of «, no charge spectrum, no scalar evaluator, and no new
shell closure.

ITII. GENERATOR SPACE C AND RELATOR KINEMATICS
A. C and the split C®R?

We now make explicit the geometric meaning of the split arena fixed in assumption 1. The point of this subsection
is not to introduce a new dynamical law, a value of a, or a shell evaluator. Its purpose is to explain why C is the
natural minimal metric lift of the compact complex phase carried by a quantum branch, and why the direction sphere
of the observed R3-factor is naturally encoded by the minimal projective spinorial lift.

The logical distinction is important. The complex value line of a coarse-grained wavefunction will be denoted by
Cpn. It is an auxiliary phase-amplitude line attached to a representative ). The generator plane C, by contrast, is the
autonomous metric carrier used by the RELATOR branch construction. The two are not identified pointwise. The
compact phase of Cp, motivates the S carrier direction in C, while the radial coordinate in C is an independent
branch-scale coordinate. Likewise, R? is not obtained from a single complex line alone. A single complex line carries
a circle of phases. Observed spatial directions arise only after the minimal two-component projective lift, whose
complex-ray quotient is

CP' == (C*\ {0})/C* ~ %

The observed radial coordinate then gives the metric cone over this direction sphere, which is Euclidean R3. This
explains the split as a minimal generator-projection arena. It is not a derivation of physical three-space from a scalar
complex value line alone.

Definition III.1 (Auxiliary complex phase fibre). Let a coarse-grained scalar branch representative be defined on a
nodal-free region by

Y(t,x) € Cppn \ {0}.
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The auxiliary phase fibre is the punctured complex value line Cpy, \ {0}, with polar decomposition
Y =|p|e, ppn € R/27Z. (16)
Equivalently, in the Madelung notation used later,

Y= pg et pon=8/h mod 2r.

The modulus || is the normalization-dependent amplitude of the wavefunction representative. It is not the generator-
plane radius in C.

Proposition 1 (Canonical compact phase carried by a non-nodal branch). On every simply connected nodal-free
region of a scalar branch, the normalized phase

_ VX)) isexn
Uy(t,x) = e = t (17)

is a well-defined map into U(1) ~ S'. Under an electromagnetic gauge transformation
P e Mh Ay ARV, B & — O,
where g\g has SI units of action, it transforms by multiplication with a U(1)-valued phase,
Uy s P/,

Thus the compact phase circle is forced by the complex Schrédinger representative and gauge covariance. No metric
radius in C is fixed by this statement.

Proof. Since ¥ # 0 on the region under consideration, the quotient ¥ /|¢| is pointwise defined and has unit modulus.
Hence Uy, € U(1). On a simply connected nodal-free region the U(1)-valued map admits a continuous real phase lift, so

Uy = 'S/,
Under
v ey,
the modulus is unchanged, since
e/ = .
Therefore

K S W
] 7 Jee ] ~ ¢ ol

This proves the stated U(1) transformation law. The construction uses only the normalized phase and does not assign
any length scale to the modulus of 9. O

Definition ITI.2 (Autonomous generator lift). The autonomous generator lift replaces the auxiliary phase circle of
Cpn by a metric carrier with an independent radial coordinate. The lift is required to satisfy the following minimal
properties.

1. It carries a nontrivial continuous orthogonal U(1) phase action whose nonzero orbits are circles.
2. It has one positive radial invariant measuring branch scale.
3. It is the lowest-dimensional real Euclidean vector carrier with these two properties.

The resulting carrier is a Euclidean real two-plane, equivalently a complex line. In this paper it is denoted by C. Its
angular coordinate records the internal generator phase, while its radial coordinate records generator scale. This lift
promotes the compact phase from an auxiliary value-space coordinate to an autonomous geometric carrier. It does not
identify the generator radius with |¢].
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Proposition 2 (Minimality of the generator plane). A nontrivial continuous orthogonal U(1) phase action cannot be
represented on a one-dimensional real Euclidean carrier. The smallest real Euclidean carrier that supports a nontrivial
compact U(1) phase orbit together with an independent positive radial invariant is a real two-plane, equivalently a
complezx line.

Proof. A Euclidean carrier with an orthogonal compact phase action carries a continuous group homomorphism from
U(1) into the orthogonal group of the carrier. In real dimension one this target group is

O(1) = {£1}.
The group U(1) is connected, while O(1) is discrete. Hence the image of any continuous homomorphism
U(l) — 0(1)

is connected and therefore consists of a single point. The action is trivial. Thus a one-dimensional real Euclidean
carrier cannot support a nontrivial continuous U(1) phase orbit.
In real dimension two, the standard rotation representation

LN <cosﬁ —sinﬁ)

sinf8 cosf

is nontrivial and orthogonal. Its nonzero orbits are circles of fixed Euclidean radius. Writing this radius as p > 0 and
the orbit coordinate as ¢, one obtains polar coordinates

(p, ) € (0,00) x (R/27Z).

Filling in the regular point p = 0 gives the Euclidean plane with its usual complex coordinate. Thus a complex line is
the minimal real Euclidean generator carrier of a compact phase together with a radial scale. O

Definition ITI.3 (Generator space). The generator space C is the internal factor of the split arena fixed in assumption 1,
understood as the autonomous metric lift of the compact phase fibre described above. The notation C denotes the
standard complex plane regarded as a real Euclidean two-plane with its fixed metric structure. Every nonzero point
z € C\ {0} has the polar representation

z = pelee, p=lz| >0, oc € R/27Z, (18)
and the Euclidean line element is
dsd = dp® + pdet. (19)
Thus
C\ {0} =~ (0,00) x (R/27Z).

At p =0, the angular coordinate ¢ is undefined, whereas the Euclidean metric extends regularly across the origin.
The radial variable p is the generator-plane radius and has SI dimension of length. The angular coordinate ¢c is
dimensionless and carries the internal generator phase. The word amplitude, when used for p, refers only to this
generator-coordinate convention. It is not the pointwise modulus of the coarse-grained wavefunction .

Definition IIT.4 (Projective observation directions). A single complex generator line carries the compact phase circle.
To obtain observed spatial directions in a rotationally covariant way, use the minimal two-component complex lift and
retain only the complex ray

S2

decr = @voer o= (3).

Equivalently, one may choose the normalized representative

and then identify
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The vector ¢ is an auxiliary projective coordinate for observed directions. It is not the Dirac spinor and it is not an
additional physical spin degree of freedom introduced at this stage.

Let the Pauli matrices be
(01 (0 —i (1 0
91=\10) 27\i o) 97 o-1)

The associated projective direction is

_ logg
SIS

na([s])

. a=1,23. (20)

Proposition 3 (Emergence of the observed direction sphere). The map in Eq. (20) is well defined on CP!, satisfies
na([<)? +na2([c])? +na([)* = 1, (21)
and induces the standard identification
CP' ~ §°.

It is rotationally covariant under the adjoint action of SU(2). More precisely, for every U € SU(2) there is a unique
R(U) € SO(3) such that

n([Us]) = R(U) n([<]).
The two-component complex lift is minimal in the projective sense; one complex component gives CP?, a point, while
two complex components give the first nontrivial projective direction sphere. Adding an observed radial coordinate gives
the metric cone
Cone(S?) := ([0,00) x S*)/({0} x S?),
which is Buclidean R3.

Proof. First we verify that the map is projectively well defined. If A € C*, then

_ (As)Toa(Xs) B IN%sToas _
nq([As]) = 09T~ MEcke = nq([<]).

Hence n, depends only on the complex ray [¢] € CP!.
Next, using the Pauli identity

3
Z(Ua)aﬁ(ga)'yé = 25&5567 - 50465'757
a=1
we compute
3 3
Z(§T0a§)2 = fagﬁfygé Z(Oa)ozﬂ (Ua)'y§
a=1 a=1

=2 (Z <a|2> > lesl | = (s79)?
a=1 B=1
= (sT¢)2.

Dividing by (sf¢)? gives Eq. (21), so n([s]) € S2.
Conversely, every direction

n = (sin¥ cos ¢, sin I sin ¢, cos V) € S?
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is obtained from the normalized spinor

cos(1¥/2)
s(W,9) = (ei¢> sin(ﬁ/2)> .
Indeed,

cTorc = 2R(S162) = sin ¥ cos ¢,
sToas = 23(S152) = sin¥sin ¢,

sToss = [61]> — [s2)? = cos .

Thus the map is onto S2.
It remains to identify the fibres. For any normalized spinor ¢, the rank-one projector onto its complex line is

P = ggT.

Using the Pauli matrices and ¢f¢ = 1, direct matrix multiplication gives

P= (12 +Zna<m>aa> .

Therefore two normalized spinors with the same direction n have the same rank-one projector and hence span the
same complex line. They differ by one overall phase. Consequently

S}/U(1) ~ CP! ~ §?.

We now verify rotational covariance. The real vector space of traceless Hermitian 2 x 2 matrices has basis {0, }3_;
and inner product

(X,Y)p = %tr(XY).

For U € SU(2), conjugation X ~ UTXU preserves this inner product and maps traceless Hermitian matrices to
traceless Hermitian matrices. Therefore there is a real orthogonal matrix R(U) such that

Uto,U = R(U)a00.
Since SU(2) is connected and R(I3) = I3, one has R(U) € SO(3). Hence

_ tUte, U _
¢te

R(Uﬁﬁ'f = R(U) s ([S)).

g ( [UC])

This proves the stated covariance.
The minimality statement follows from projective dimension. A one-component complex lift has projectivization

CP’ = (C\ {0})/C*,

which is a single point and carries no direction sphere. The first projective lift with a nontrivial continuum of directions
is the two-component lift, whose quotient is CP! ~ S2,
Finally, define

Cone(S?) = ([0,00) x §*)/({0} x §?).
The map
[(r,n)]—rn

is well defined from this cone to R?, since all pairs (0,n) map to the same zero vector. For r > 0, every nonzero vector
in Euclidean three-space has the unique polar representation

X =rmn, r=|x| >0, n=x/recS%



17

The endpoint r = 0 gives the origin. On r > 0, the Euclidean metric is recovered from
dx =ndr + rdn, n-n=1, n-dn =0,
SO
|dx|? = dr? + r?|dn|? = dr? + 2dQ%
Hence the metric cone over the projective direction sphere is Euclidean R3. O

Remark (Why a single complex line is not enough for R?). The generator line C supplies a compact phase orbit and
an internal radial scale. By itself,

C\ {0} ~ (0,00) x S,

which does not contain the direction sphere S2. The passage to observed three-dimensional directions therefore uses
the minimal projective spinorial lift

C?\ {0} — CP' ~ §2.

This is why the present split should be read as a generator-projection decomposition. The internal generator phase
lives in C, while observed directions are read through the projective S? image.

Definition II1.5 (Observed propagation space). The observed propagation space is the R3-factor of the split arena
fixed in assumption 1. It is identified with Euclidean three-space, equivalently with the metric cone over the projective
direction sphere described in proposition 3,

R? ~ Cone(S?) = ([0,00) x §)/({0} x §?).
For x € R3\ {0}, define
r=|x| >0, n=x/recS%
Then
R3\ {0} ~ (0,00) x S?,
and the Euclidean metric takes the form
dsgs = dr? + r?dQ% (22)

No single angular chart on S? is used globally. At r = 0, the angular variables are undefined, whereas the Euclidean
metric remains regular. Time is not part of the present split geometry. This arena is a spatial bookkeeping device
rather than a spacetime metric. Time enters later through phase evolution, rate decomposition, and worldline dynamics.
Throughout the paper, p denotes the radial coordinate in C, whereas r denotes the observed radial coordinate in R3.

Definition III.6 (Split kinematical arena). The kinematical arena is the orthogonal direct sum C @ R? fixed in
Eq. (8). Under the standard identification of an orthogonal direct sum with the corresponding Cartesian product, its
points are pairs

(2,x) € COR3, (23)

The generator component z carries the autonomous phase-scale lift, while the observed component x lies in the
projective propagation space. The bookkeeping metric is block diagonal:

ds?® = ds? + ds3s. (24)

There are no off-diagonal C-R? terms at the kinematical level. This orthogonality is the convention used for the later
rate decomposition. It does not preclude branch relations, projection maps, shell reductions, or lock equations that
depend on data from both sectors.

Remark. The block metric Eq. (24) is a kinematical product metric on the split arena. It is neither a five-dimensional
physical spacetime metric nor an additional observed spatial geometry. Observable propagation, shell geometry, and
measured fields live in R3. The factor C supplies the autonomous internal phase carrier and branch-scale coordinate.
The R3-directions may be read as the minimal projective spinorial image CP* ~ S?, while the observed radial coordinate
completes the Euclidean propagation space.
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Definition ITL1.7 (Generator radius). The symbol R > 0 is the branch-level radius parameter already appearing
in the RELATOR lock. It is not fixed here by a, by a measured charge, by the electron mass, or by an empirical
electromagnetic radius. When the generator sector is later reduced to a coherent one-loop carrier, the same radius
parameter is represented in C by the Euclidean circle

I'p={z€C||z| =R}, (25)
where |z| is the Euclidean norm induced by Eq. (19). Equivalently,
I'p~S', 2(pc) = Re'#c.

The full generator profile remains two-dimensional in C. The circle I' records only the collective carrier representative
of the branch radius within the coherent one-loop representation. The minimal electron-branch construction later fixes
the relations among R, oc, and r,. It does not turn I'g into a material boundary of the generator profile or into an
empirical input surface.

Remark (Angular notation). The coordinate ¢¢ is the polar angle on the generator plane. The auxiliary phase angle
©ph belongs to the complex value line Cp}, of a coarse-grained representative. The collective carrier phase 6 is
introduced later only after the coherent one-loop reduction has been carried out. The symbol 6 is reserved for oriented
loop coordinates in later shell formulas. These angular variables are not identified unless an explicit reduction states
the identification and preserves the stated orientation convention.

Remark (Logical status of this subsection). The objects C, R3, and the split C & R? remain the standing kinematical
arena of the paper. The added phase-fibre and projective-spinor arguments explain why this arena is a minimal natural
choice rather than an arbitrary doubling of space. They do not introduce the Gaussian generator profile, do not fix
oc/R, do not impose the first-node shell r, = 7R, do not choose the electron branch, do not quantize charge, do not
define the scalar slowdown law, do not compute the vector-shell invariant, and do not select a. Those objects are
introduced or derived only in the later sections where their hypotheses and reductions are stated.

B. The lock Rw =c

At the coarse-grained branch level, with spin degrees of freedom suppressed because they do not enter the lock
kinematics of this subsection, a charged branch is represented by a scalar phase representative

Y: I x R® = Cpp,

where I C R is the time interval and C,, ~ C is a complex phase-amplitude line. This value space is not the
metric generator plane C itself, and no identification between Cy, and C is assumed here. For each fixed t € I,
(t,-) assigns to every observed spatial point x € R3 a complex branch amplitude. Its pointwise modulus has the
normalization-dependent units of a wave amplitude, whereas only its phase enters the gauge-covariant kinematics
developed below.

The collective radius R is the branch-level generator radius associated with the coherent one-loop reduction. It is
not identified with |¢(¢,x)|, and |¢| is not used as a radial coordinate on C. Any comparison between the phase of 9
and the internal generator phase is deferred until that coherent branch reduction has been invoked.

At finer resolution, R and w are interpreted as collective descriptors of microscopic generator constituents in C.
That construction is derived later in section IV A. In particular, the collective one-loop radius is obtained from the
generator measure rather than from the pointwise modulus of the wavefunction. The present subsection therefore fixes
the kinematical and gauge-covariant language, not the microscopic branch construction itself.
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,\Im 1/1 (cph line
Re

R? slice seR

FIG. 2. Coarse-grained branch picture. A one-dimensional slice s — (o, x(s)), where s € R parametrizes a fixed line x(s) C R3,
is drawn as a helical curve in the product of that observed line and the complex phase—amplitude line of the scalar representative.
The dashed tangents indicate local phase transport. The label ¢ is not the Euclidean speed of the plotted curve; it marks the
later branch-lock convention Rw = c¢. The figure is schematic. It illustrates the bookkeeping split between an observed line in
R3 and the complex value line of the scalar representative, not a literal embedding of C @ R?® into Euclidean three-space.

Proposition 4 (Gauge-covariant Schrédinger branch equation). Let ¢ be C* in t and C? in x on the region under
consideration. Let ® and A be C' there, and let Ay be C? there. In SI units, consider a coarse-grained charged branch
whose infrared scalar representative satisfies

1 2
ihon = [2m (—mv - qA) +q® + VGI] ¥, Vailt,x) € R, (26)

where q is a signed generic branch charge parameter in this subsection and Vg is a real gauge-inert scalar potential
with SI units of energy. No charge quantization is assumed in this subsection. Equivalently, with

. . 3
1q q 2 2 :
D, = —d D, =0, — an, D = D,D,,
t at + h ’ a h ~

one may write

ih Dy = —% D2 + Varep.
Under the SI gauge transformation
A=AtV O -09), e Ps/hy (27)
where A\g has units such that g\g has units of action, one has
Dy = e' /P Dy, D’y = e'e/"Dyp.

This convention is equivalent to the covariant four-potential convention
) 1
A, =—,—-A), o,=1-0,V], A= Ay — 0.
c c

Hence Eq. (26) is gauge covariant. On any simply connected nodal-free region where 1 = | /py e S/ with py = [|* >0,
one may choose the smooth transformed phase branch so that

S SH+qhg. (28)

Proof. The covariant-derivative form is the identity

3
~ihDg = —ihd, — qAa,  —h?D? = (~ihD,)? = (—ihV — qA)’.

a=1

We now verify the gauge-covariance identities explicitly.
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For the time derivative,
1ol ﬂ l ighg/h
D' = {0 + A o (6 ¢ 1/’)

= (at + %q(@ - atAg)> (etars/Mp)

— piarg/h {@w + Eq(at/\g)z/} + %qqnp — Eq(at)\g)'(/)

= eithe/h (at + ’g@) Y
= e'Ps/MDyap.

For the spatial derivative, for each Cartesian component a = 1,2, 3,
Dy = (aa - ’SA;) (e"e/ M)
_ (aa _ %(Aa =+ 8a)\g)> (eiQ/\g/ﬁw)
— e o+ o - Fau - T

— eiade/h (@1 _ Z};]Aa) "

= eiq)‘g/hD,ﬂ/J.
Hence

D/'I/Jl — eiq)\g/th.
Applying the same identity once more to each component gives

D,Dyt" = Dy (e"*/"Dyyp) = ¢"/" D, Dy,

Summing over a yields
D/2¢I _ Biqu/th’l/}.

Therefore the transformed equation is exactly e*@*s/" times the original one, so Eq. (26) is gauge covariant.
Finally, on a simply connected nodal-free region, p, = |¢' | = py, and

W = eiq)\g/hw _ \/;Twei(8+qu)/h~

Since the phase on such a region is defined only up to an additive constant multiple of 27wk, one may choose the
continuous transformed branch so that

S =8+ g\
This proves Eq. (28). O
Definition ITI.8 (Gauge-invariant mechanical momentum). On any simply connected nodal-free region where the
phase S is chosen smoothly, and with ¢ denoting the signed generic branch charge parameter used in proposition 4,
the gauge-invariant mechanical momentum is
Prech = VS — gA. (29)

It is gauge invariant because

VS — gA’ = V(S + gA;) — q(A + V) = VS — gA.
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Definition ITI.9 (Gauge-invariant local phase rate and spatial winding rate). On any simply connected nodal-free
region of a branch with fixed R > 0, the gauge-invariant local phase rate is

1
Wph = —ﬁ((?tS +q®), (30)
and the local spatial winding-rate vector is
o Pmech (t7 X) o _ o
WIS (t,x) = — WS (t,x) = Hwﬁesc(t,x)H . (31)
When a branch-level scalar rate is needed, we write
DPbr Z 0

for the chosen shell-reduced or branch-representative magnitude of P ecn, and set

w _ Pbr
R3 = .
mR

In a pointwise reading one may take pp, = ||Pmecn (£, X)||; in the shell closure it is the shell-reduced scalar representative
specified by the relevant shell construction.

Proposition 5 (Madelung form in gauge-invariant variables). Let 1) be C' in t and C? in x on a simply connected
nodal-free region, and let ®, A, and Vg be C' there. Assume

py =P >0, = pyedn

Then the Schrédinger Eq. (26) is equivalent to

Oupy+ V- (2 Prneen ) = 0, (32)
and
—&S:P%?+ﬂ¢+Wn—;;?;§%, (33)
where
Prech = VS — ¢A.
Equivalently,

2
Pilech N 7 7h72v Vpd’
2m 2m  \py

hwph =
which is manifestly gauge invariant.
Proof. Set
u:Vp’ S:Sa Pmech:vs_qA'

Since u > 0 on the nodal-free region, division by u is legitimate.
First,

8t¢ = €is/h <8tu + %U atS) 5
SO

ihdw) = e/ (ihdyu — ud,S).
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Next,
(=ihV — qA)tp = —ihe™/" (Vu + %u vs) —qAue™/m
="M (u(VS — gA) — ik Vu)
= 6is/h(u Prech — th Vu).

Apply the operator once more componentwise. Writing (Pech)q for the Cartesian components of Prech,

3
(=Y — A)*% = 3 (=it — ada) (/" (u(Preen)a — i Do) )

a=1

3
= ¢i5/h Z [(Pumech)a (W(Pmech)a — i705u) — ih0q (w(Pech)a — i 0u) ]
a=1

="M [uP2 , — ihPecn Vi — ih V- (UPean) — B2V 2]
= iS/h [u P2, — H2V?u— m(z Peen- Vit + 1 v-Pmech)] .

Substituting these identities into Eq. (26) gives
. 1 . 2
iS/h ) ; 1 U
=e th |Oiu + —Preeh Vi + —V-Prcen
m 2m
P2 h? v?
“+u [—@S—me"h—q@—v(;1+u}}.
2m m

Since

2 2
Dipy = 2udpu, V- (L’d’ Pmech) — U Vit LV P,
m m m

the imaginary bracket is
1 1
8tu + *Pmech'vu + ;u V'Pmech = 5 {@Pw + V. (&Pmech)] .
m 2m 2u m

Therefore the Schrodinger equation implies Egs. (32) and (33) by vanishing of the imaginary and real parts.

Conversely, assume that Eqgs. (32) and (33) hold. Replacing the two square brackets in the displayed identity above
by those equations shows that the full right-hand side vanishes identically. Hence 1) satisfies Eq. (26). This proves the
equivalence.

Finally, by Eq. (30),
hwph = —8,55 — q(I)
Substituting Eq. (33) into this identity yields the displayed gauge-invariant form. O

Remark (Energy normalization). The quantity wpn is gauge invariant. Its absolute value is nevertheless shifted by any
additive constant in the gauge-inert part of the Hamiltonian. The energy zero must therefore be fixed before wy, can
be identified with an intrinsic branch frequency. That choice normalizes the rest representative; it is not a fit to « or
to a radiative correction.

Proposition 6 (Relativistic rest-branch identification of the internal phase rate). Assume that the field-free rest
branch is normalized by the relativistic rest dispersion

E* =m’c! + ”PmechH2627 Preen = 0.

Thus Eg = mc?. Assume also that the scalar representative used here is not rest-energy-subtracted; the gauge-inert
energy zero is fixed so that, in a field-free representative,

q‘I) - 07 Pmech = 07 1/J(t7 X) = e—i’mczt/hdjo(x).
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This fizes the rest-phase normalization of the representative. It does not determine the electron rest mass and does not
introduce a value of o. Equivalently, if the scalar Eq. (26) is used literally for this rest carrier, the gauge-inert scalar
term contains the corresponding constant rest-energy offset on the rest branch. Then

]

we = Wit = (34)

Proof. On the field-free rest branch the relativistic dispersion gives

Ey = mc?.

The de Broglie phase law E = hw therefore gives the carrier frequency
E, mc?
W= — = .
" h o h
In a field-free gauge one may write
P(t,x) = e_imczt/hwo(x), S = —mc?t + Sp(x), o = 0.
Hence

mc

res 1
(.(.)pht = 7?L(at8+ qq)) = T

Since wypp, is gauge invariant by Egs. (28) and (30), the same value holds in every gauge representative. This proves
Eq. (34). 0

Corollary 1 (Rest-dispersion identity for the reduced Compton radius). Let

h

be the reduced Compton radius associated with the same rest branch. Then
Rcw(c = C. (36)

This identity motivates the Relator lock, while the branch-level radius R remains the collective generator radius specified
by the coherent branch construction.

Proof. Using Egs. (34) and (35),

This proves Eq. (36). O

Definition IT1.10 (Total rate, projected rates, and rate admissibility). For the stationary one-loop branch under
consideration, let wc denote the branch-level internal phase-rotation rate, and let wgs > 0 denote the scalar magnitude
of the observed projected rate. Equivalently, if wﬂ% denotes the branch-level projected-rate vector, then

wrs = |Jwps]| -

By the block metric on C @ R3, the total rate is defined as the Euclidean norm of the orthogonal pair (wc,wps).
Therefore

w? = W + wis. (37)

On the field-free stationary rest branch, wc agrees with wg‘ft by Eq. (34). A stationary branch is rate-admissible if its
projected rates are real, with w > 0, w% > 0, and wﬂ% > 0.
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Definition IT1.11 (Relator lock). A stationary coherent one-loop branch is called RELATOR-locked when its collective
generator radius and total branch rate satisfy

Rw = c. (38)

This condition is the branch-level admissibility condition motivated by the rest-dispersion identity Eq. (36). It is
imposed on the collective branch pair (R,w) and does not by itself identify R with an empirical radius.

Remark (Status of the lock). The identity Eq. (38) does not follow from the Schrédinger equation alone. It is
the RELATOR branch-admissibility condition used to extend the relativistic rest normalization to coherent one-loop
branches. It is not a fit to «, to the electron anomaly, or to an empirical radius. Its microscopic realization within the
generator reduction is obtained later from the coherent annular construction; see proposition 13.

Proposition 7 (Observed rate fraction and slowdown). For every rate-admissible stationary branch satisfying the
Relator lock, let pyy > 0 be the branch-level mechanical-momentum magnitude used in the projected-rate definition,

s — DPbr
R mR’
Then the observed rate fraction is
Qps = B2 _ Pbr, (39)
w me
and the master slowdown variable is
2 p%
_ _ T
Dtotal = QR3 - m2c2 . (40)

In a pointwise local reading, py, may be replaced by ||Pmech(t,X)||. In the shell closure, pp, is the shell-reduced
representative fized by the scalar or vector shell construction. Equivalently,

we 2
1- Dtotal = (7> . (41)
w
Consequently,
0 S QR3 S ]-7 0 S Dtotal S 17 0 S DPbr S mec.
If the pointwise representative poy = ||Pmech(t, X)|| s chosen, the last bound becomes the corresponding pointwise bound

on || Pmech (t, X)||. The same identities give

C &
w= =, WR3 = ﬁ V Diotal-

R
Proof. By definition of the branch-level projected rate,

WR3 = Phr
TR
Using the Relator lock Eq. (38), one has
c
w=—.
R
Therefore
Wr3 _ Pbr
w mc’

which proves Eq. (39). Squaring gives Eq. (40). Dividing the orthogonal rate split Eq. (37) by w? > 0 gives

() +(5) =,

w w

hence Eq. (41). Since the projected squared rates are nonnegative on a rate-admissible branch, the normalized squared
rates lie in [0, 1]. The bounds on Qgs, Diotal, and py, follow from Egs. (39) and (40). The pointwise bound on ||Pech||

follows only under the pointwise representative choice. Finally, wgrs = wv/Diota together with w = ¢/R gives the stated
projected scale. O
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Remark. The bound pp, < me, equivalent to 0 < Dygra < 1 through Eq. (40), is not a consequence of the Schrodinger
equation by itself. It is the kinematical admissibility condition induced by the locked split. A pointwise bound on
[|IPmech || is obtained only when py, is chosen to be the pointwise mechanical-momentum magnitude.

Remark. The quantity Diota1 measures the propagation share of the locked rate split. When Dot is close to one, most
of the squared total rate is carried by the projected R? sector. When Dyl is small, the internal generator contribution
dominates. At this stage Diotal is purely kinematical and gauge invariant; it is not yet the scalar mother law D¢ («).

Definition IT1.12 (Bookkeeping vectors for the slowdown). The gauge-invariant local quantity behind the shell
slowdown is the minimally coupled mechanical momentum

2
pbr
m2c

Pmech =VS§ - qA7 Dtotal = (42)

5
Here py, is the branch-level or shell-reduced magnitude extracted from P, by the representative specified in the
relevant shell construction. In a pointwise local reading one may instead define DI | = ||Pmecn (¢, x)[|?/(m2c?). Under
the shell gauge transformation

A= A+V), S S+ qhg,
one has
V(S +qrg) —q(A+ V) = VS —¢A.

Hence Pecn is gauge invariant. The induced quantity Dyosa) is gauge invariant whenever py, is obtained from Pecn by
a gauge-invariant pointwise, branch-level, or shell-reduced representative. The scalar and vector shell blocks introduced
later are therefore not independent gauge-dependent fields. They are dimensionless representatives of two channel
contributions to the same invariant slowdown quantity Diotal-

On the matching shell, introduce dimensionless vectors D¢ and D, in an auxiliary Euclidean bookkeeping space
and represent the dimensionless quantity Diota) by the auxiliary norm

Diotal = || Dc + Dy || (43)
P
scalar  vector
part part

Here the scalar part denotes the Coulombic shell contribution, while the vector part denotes the inductive transverse

shell contribution. The norm in Eq. (43) is the auxiliary bookkeeping norm; it is not a new physical norm on R3, not a

new Hilbert-space norm on the wavefunction, and it does not introduce additional dynamical degrees of freedom.
Assuming D¢ > 0, define

D¢ = ||[De|, ADy=Dc-Dy, Dc=—2. (44)

Proposition 8 (First-order resolution of the slowdown). Assume D > 0. Then, in the regime

| Dl
Do —0

with D¢ held fixed, one has

D 2
Diotal = Dc + ADp + O(H DAH ) . (45)
c

More precisely, there exist constants ¢y > 0 and C > 0, independent of Dy, such that whenever

DAl
D¢

S €o,

one has

D 2
|Diotal — Do — ADy| < C DA
D¢
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Proof. Starting from Eq. (43),

Diotal = V/(Dc + Da)-(Dc + Da) = /D + 2D AD, + [ D2

Hence
Diotal = Dcm, = 2%% l%%2
Since
ADy=Dc- Dy, |Pof =1,
the Cauchy—Schwarz inequality gives
|ADA| < || Dall-
Therefore, with
1Dl
Dc '’
one has
le| < 26 + 62,
If § < 1, then
i io2 oy
2 16 16
Let g(t) = /1 +t. By Taylor’s theorem at ¢t = 0,
gle) =1+ % + gﬂ(;s) €2

for some &. between 0 and e. Since

1
gt = 1+ 1),

—3/2 3/2
" 1 9\ % 1/16
<-11-— =—- (= .

Thus there is a constant C; > 0, independent of Dy, such that
\/1+g:1+g+R5, |R.| < C1e2.

and since || < 9/16, one has

Multiplying by D¢ gives

Dce D 2
Dtotal = DC + 70 + DCRE = DC + A,Z)A + M + DCRE.
2 2Dc
Moreover,
O NIE
Delel? < Do(20 + 62)? < Oy Do 6% = Cs ||DiA||
C
for some constant Co > 0 valid whenever § < i. Hence
D2
DoR.| < ¢y 1AL
Dc
Therefore
1 D2
|Dt0tal_DC—ADA| g 74[_0162 ”71&”
2 De
This proves Eq. (45). .

Remark. Equation (45) is a first-order bookkeeping expansion about the nonzero baseline D¢, not an independent
postulate. It prepares the later separation between the Coulombic scalar shell block D¢ and the inductive vector
correction ADy; see sections VI and VII.
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C. Coarse graining, shell variables, and admissible regularity

The eventual a-lock closure is not imposed directly on bulk fields. Instead, it is formulated in terms of shell-level
data extracted at the matching radius 7., either by collar reduction of tangential bulk fields or by one-sided exterior
traces on the shell. In the present subsection we fix the corresponding shell geometry and admissible regularity. The
vector-shell representatives introduced here enter later into AAyv_r and AAgy;. The scalar law defining D(a) is
introduced separately in section VI. No value of «, no scalar slowdown law, and no vector-shell invariant is fixed in
this subsection.

Definition III.13 (Matching shell and collar). Let r, > 0 be the matching radius of the stationary branch under
consideration, and let S? denote the dimensionless unit sphere of directions,

§2:={QeR}||Q = 1}.

Fix once and for all a dimensionless auxiliary collar half-width ¢, > 0, held fixed and not varied to tune the lock,
such that

CoolOC < T (46)
Define the matching shell and its collar by
S, ={r.Q|Qes?, (47)
and
C(ry) = {x € R ; ||x| — 74| < ceol0c}- (48)

The condition Eq. (46) ensures that the collar remains in the region of positive radius. In particular, every point
x € C(r.) can be written uniquely as rQ with r > 0 and Q € S?, so the radial projection to 3, is well defined. The
specific branch value of r, is fixed later; for the electron branch it is shown to equal wR. This later value is not
assumed in the collar definition.

Definition III.14 (Collar reduction to the shell). Let
@ =Ty — CcolOC, b= r,+ cco10c.

Let uj be a tangential field on C(r.), meaning that ) (r, Q) - Q = 0 for almost every (r,Q) € [a,b] x S?. For each fixed
Q € S?, the tangent spaces of the concentric spheres along the ray r — {2 coincide as vector subspaces of R3,

T’I"QZT‘ = r*QEr* = {’U € RB ;U 0= O}

We therefore identify tangential vectors along a fixed ray by viewing them as elements of this common plane. The
collar reduction is then defined by

1 b 1 Tx+Ccol0C
<u||>collar(Q) = h—a “H(T, Q) dr = 2erOC / U|\(7“aQ) dr, (49)

* —Ccol0C
where 2 € S? labels the shell point 7,0 € ¥,_. In particular,
vQ{”COH = <A\|>Collar- (50)

This is the shell-reduction map used in the present subsection. It should not be confused with the Gaussian collar
extension E, that appears later inside the shell-admission operator Q, (¢). The present map reduces physical bulk data
to shell data; the later operator Ey, acts on shell data that have already been extracted. Neither operation introduces
an adjustable shell coupling or a value of «.

Definition III.15 (Axisymmetric exterior shell trace). When the branch is axisymmetric with respect to a fixed
symmetry axis, shell data on ¥, = S? are written as functions of the fixed polar-cosine coordinate v = cos € [—1,1]
from Eq. (12), where 9 is the polar angle with respect to that axis. Let B$**(r,v) denote the polar component of the
stationary source-free exterior magnetic field. Its one-sided exterior shell trace is

b (v) = B (rl,v). (51)
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For a regular axisymmetric exterior vacuum field, this trace is understood in the endpoint-regular form

b () = /1 — 02 K (),

where A%t is smooth and, in the admissible analytic class used later, extends real-analytically to a neighborhood of
[-1,1]. The corresponding flux-compatible datum is

b (v) = bef‘t(v).

The dimensionless exterior datum used later in AAyy,; is obtained from this endpoint-regular shell trace after the
common SI prefactor has been removed. This removal is a normalization convention for the exterior functional and is
not a numerical fit.

Proposition 9 (Boundedness of collar reduction). Let

a: =71y — Ccoloc > 0, b=r,+ ceco10c, L:=0b—a=2cc0oc.
For every tangential field uy € L, (C(r+)), the collar reduction (u)coliar belongs to LY, (E,.,) and satisfies
o < =l (52)
U||)collar|| L2 S = |u 2 )
[ Lianre) =07 WL, (C(r))

In particular, the same bound holds for every uy € H{,, (C(rs)).

Proof. Using the parametrization ¥, = {r.Q ; Q € S?}, the shell norm is

ol g5,y = 72 [ lo(@) a0

Similarly,

b
lellZe,, ey = / /S Juy (r, Q)2 2 dQ

For each fixed Q € S2, Cauchy-Schwarz in the radial variable gives

10 o )
E/ u(r, Q) dr| < E/ |y (7, )| dr.
a a

Integrating over S? and multiplying by 72 yields

’ <UH >collar(Q) |2 =

2o
”<UH>COIIMI|%?M(ZT*) < f/ / |U|| (r, Q)|2 dr dQ.
S2 Ja
Since r > a on the collar, one has
1
| (7, Q) < = |u‘|(r,Q)|2r2.

Therefore

b
H<UH>COHaT”22 < 7”3/ / |uH(T Q)|27“2 dQdr = iHu”||22 .
Lean(Era) = La? a Js2 ’ La? L. (C(rs))

Taking square roots gives Eq. (52). The H! statement follows from the continuous inclusion

1
Htan

(C(rs)) = Liyn(C(ry)).
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Proposition 9 shows that collar averaging defines a bounded linear map from L2, (C(r.)) to L%, (%, ), with explicit
norm control given by Eq. (52). Thus the passage from a finite-thickness collar field to an effective shell representative
introduces no uncontrolled norm loss. The later H.,  fields therefore lie automatically in its domain.

The shell reduction and the associated axisymmetric exterior trace are shown schematically in fig. 3. The figure
summarizes the two shell representatives used later; the collar-averaged tangential field on ¥, and the exterior

magnetic shell trace bS<*(v). It is conceptual, introduces no additional assumption, and is not part of the proof.

(a) Collar reduction to the shell (b) Axisymmetric exterior shell trace
symmetry axis

A
g B:;Xt(T‘j, U)
|

v

<'U«H >collar (Q)
on X,

u(r,Q) fora <r <b v =cos? € [~1,1]
bt (v) == B (rf,v)

FIG. 3. Schematic shell reduction and axisymmetric exterior trace at the matching radius. Panel (a) shows the collar C(r.)

and the radial averaging map that sends a tangential bulk field u (r, ) to its shell representative (u)conar(€2) on 3., . Panel

(b) shows the one-sided exterior magnetic shell trace b2*(v) = B§**(r,v) in the axisymmetric exterior sector. The figure is

schematic, introduces no additional assumption, and is not part of the proof.

Definition IT1.16 (Shell-admissible branch). A stationary branch is called shell-admissible at r = r, if the following
shell representatives are well defined and satisfy the stated regularity conditions. These conditions define the admissible
shell domain; they do not select a value of «.

1. The shell density trace
Px = Py S,
belongs to H(X,.,).
2. Tangential shell traces belong to HZ  (2,.,).
3. The gauge-invariant mechanical momentum admits an L? trace on X, _,
Pucen|y, € L*(3,.3R?),

with ST units of momentum. Any scalar momentum scale p, or pp, used later is obtained from this trace only
after the corresponding shell-reduction or matching rule has been stated.

4. Collar-reduced tangential traces such as Eq. (50) are well defined in the sense of proposition 9, with the collar
parameter fixed as a reduction convention rather than a fitted shell datum.

5. In the exterior vacuum sector, the axisymmetric exterior trace has the endpoint-regular form
b () = VI - 02 S (v),
where h®* extends real-analytically to a neighborhood of [—1,1]. Equivalently, the flux-compatible datum
B (v) = VI = 2B (v) = (1= )R (v)

is real-analytic near [—1, 1] and vanishes at v = £1. This analytic class is an exterior regularity domain for the
shell expansion and is not tuned to a.
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These are the shell-level regularity requirements inherited from assumptions 3 and 4.

The shell data carried forward are precisely the representatives fixed above. The gauge-invariant projected collar

field o7 ggl! = HTT.Q/‘fOH and the exterior trace b*(v), after the stated SI normalization is removed where appropriate,
feed the vector shell channel. The density trace p, and the gauge-invariant mechanical-momentum trace Pmech|zr*
feed the scalar shell channel. Their exact roles in D¢(a), AAuv iR, Alout, and Ciog are specified only when those
objects are constructed.
Remark. The analyticity requirement is stronger than smoothness. It is imposed on the exterior vacuum representative
as the admissible regularity class for the exterior shell expansion. This choice is compatible with the source-free
analytic elliptic character of the stationary exterior Maxwell problem on r > r,., whereas the interior branch enters
only through shell data at » = r,. The resulting regularity yields absolute convergence of the parity-restricted odd
shell spectral expansion defining AAy,;. The choice fixes the exterior function class; it is not adjusted to obtain a
target value of AAqys or a.

Proposition 10 (Gauge compatibility of collar reduction). Let A be a gauge potential on C(r.) whose tangential
component belongs to L2, (C(r.)), and let Ay € H'(C(r.)) be a single-valued admissible gauge function. Set

A=A +V),.

Let yﬁf"“ and ,@/HC"“' denote the collar reductions of the tangential components of A and A’, respectively. Then there
ezists Asn € HY(X,.,), with the same SI units as \g, given by

. T+ +CcolOC by 0O
Aa(@) = o / D) g gese
colOC Jpr r

* —CcolOC

such that

AN = N £ Vs, A in L (5.
The projector Ilrt on %,., is understood through radial pullback to the unit sphere S®. This pullback changes the metric

scale but not the exact/coexact Hodge splitting. Consequently, the projected collar representative is gauge invariant
within the admissible shell-gauge class,

Hrr ||C°H/ = Hppa. (53)
Proof. Write

a4 =Ty — CcolOC, b=rs+ ccor0c, L=0b—a=2co0cC.

We first treat the case Ay € C°°(C(r4)). In spherical coordinates one has
Vg = (OpAg) 7+ % Vs Ag.
Hence the tangential component of V), on the sphere of radius r is
(VA (r,9) = + VesAy(r, D).
By linearity of the collar reduction,

coll’ coll coll
o =N+ (V)

— el L blv Ag(r, Q) d
= I 7 T s2Ag(T, T

1 b Q
— ”Q{HCOH + = VSQ (/ /\g(""y ) d?") )
L o r

On ¥, , the surface gradient satisfies



Therefore

b
%coll JZ{COH“FVZW <7z/ )\g(:aQ) dT>

= " + V3, A

This proves the identity for smooth Ag.
Next define, for smooth g,

b
Th() = = / Mj; D ar.

We show that T' extends boundedly from H'(C(r.)) to H'(%,,). For the L? part, Cauchy—Schwarz gives
) |
2 2 T« g\
ITrles, =2 [ |5 [ 22 ar

4 b 2
s2

Q) [2r? dr dQ

dQ

IN

IN

La4
T;;H)\gﬂzp(cm)y
For the surface gradient, the smooth identity above yields
1/
VET* TAg = E ; VS2 )\g(?", Q) dr.

Hence

2

Vs, Thel2os, ) = / L g (r, Q) dr| do

< // [Vs2 Ag (r Q) drdQ
S2

g—//|v/\ (r,Q)> dr dQ
S2

* 2
< m”v/\gﬂm(cm))-

Therefore T extends uniquely to a bounded linear map
T:HYC(r.)) — HY(Z,.,).

We define Agp, == T')\g, 50 Ash € H'(Z,.,).
Since

Clr,) ={xeR?®; a <|x| <b}
is a bounded C'*° annulus, the standard density theorem yields
C*>(C(r,)) is dense in H'(C(r.)).
Choose a sequence

Agn €CP(C(ry))  with  Agp — Ag in HY(C(r)).

31
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For each n, the smooth identity gives

(V)™ = Vs, Adhn-
Moreover, by proposition 9 applied to (V(Agn — Ag,m))|s

Tx

coll coll
I Aemd) ™ = (VAgmd) iz s, < 7 IV Qs = Asm)lizaecr))-

Hence

coll

(VAgn) )" = ((VAg))) in L7,,(Sr,),

while boundedness of T' gives
Ashn = Ash in HY(Z,).

Passing to the limit in the smooth identity yields

1l .
(VA))™ = Vs, A in LE(Sr,).
By linearity of the collar reduction,
g = a4 (V) = M+ Vs, A
Since ¥, is a smooth compact sphere, C*°(X,.,) is dense in H'(%,,). Choose A\, € C*®(%,,) with
)\n — >\sh in Hl(zr*)
Then
VZr* )\n — VZ,«* )\sh in L‘?an(ET* )

The radial pullback of Vs A, to the unit sphere is a smooth exact tangential gradient. By assumption 3, every such
single-valued exact gradient lies in the null space of IItr. Hence

ItrVs, An=0 for every n.

2

Because Ilpr is bounded on Lf,

(X,,) under the same pullback convention, passing to the limit gives

HTTVZT* >\sh = lgm HTTVZT* >\n =0.

Applying It to the identity above proves Eq. (53). O

Remark. The raw collar-reduced field ,527“‘30“ is not gauge invariant. The gauge-invariant vector-shell representative
is gt = HTT,!Z{”COH, and this is the object on which the later shell-admission operator Q, (¢) acts. Together with

the exterior trace b%*(v), after the stated SI normalization is removed where appropriate, it feeds the vector shell
channel. The representatives p, and Ppecn|s,, feed the scalar shell channel. No gauge-dependent raw potential enters
the primary vector-shell invariant.

Remark. The present subsection closes the kinematical shell-reduction layer used in the primary electron-branch
construction. From this point onward, each load-bearing object in the primary closure is either a derived shell scalar, a
derived shell vector functional, or a coupled map assembled from them. Later branch selections, operator reductions,
and numerical realizations may still be introduced with their stated logical status. They are not additional kinematical
postulates for the shell-extraction layer.
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Part II
The self-contained electron branch

IV. GAUSSIAN GENERATOR MICROSTATE AND ONE-LOOP REDUCTION

This section constructs the minimal branch data used later in the electron shell closure. The logical status of the
ingredients is kept explicit. The Gaussian generator sheet is derived within a radial maximum-entropy class with fixed
normalization and a fixed second radial moment, in the sense of Shannon and Jaynes [10, 11]. The microscopic luminal
rule, the coherent annular reduction, the minimal one-loop calibration, and the first-node pinning are branch-selection
conditions within the standing kinematical framework. They are not additional standing postulates, and they do not
encode a value of a. The branch ratios used in the later shell construction are derived at the end of the section in
Eq. (85).

A. Maximum-entropy Gaussian state on C

We begin with the rotationally invariant sector of generator ensembles on C. Since the standing postulates introduce
no preferred direction in C, the minimal stationary branch is evaluated in the radial sector. This is a symmetry-
sector selection for the minimal branch, not a separate dynamical postulate. At the variational stage, the retained
generator data are the normalization and a single radial second moment. No mass value, charge value, value of «,
spin normalization, or shell-lock condition enters this variational step. The total generator mass parameter m is
reintroduced only after the maximizing probability density has been fixed.

The radial restriction can also be justified directly by rotational symmetrization. Let W (p, pc) > 0 be any areal
probability density on C such that

w
/ Wd?z =1, / |2|°W d%z = o2, Win— € L*(C),
C C w.

*

for some constant reference areal density W, > 0. Define its angular average by

1 27
Wrad(p) = Gy ; W(p, ¢c) dec.

Then W,.q is a radial areal density with the same normalization and the same second radial moment as W, because

[e’e) [e%e) 27
277/ P Wrad(p) dp =/ / pW(p,pc)dpcdp = / Wd*z =1,
0 0 0 C

o] o] 27
277/ p°Wraa(p) dp :/ / p°W(p, pc) dpcdp = / 2|*W d?z = o
0 0 0 C

Moreover, since u — ulnw is convex on [0, 00), Jensen’s inequality applied pointwise in p to u(eoc) = W(p, oc)/ W
gives

and

1 2m

L I/Vrad (p)
2w

W,

s pc)

doc > Wraa(p) In

for almost every p. Multiplying by 27mp and integrating in p yields

/ Wiaa In=25 Wrad d2 / Wln

Hence angular symmetrization does not decrease the entropy at fixed normalization and fixed second radial moment.
The maximum-entropy problem may therefore be restricted to radial densities without loss of any maximizer.

Definition IV.1 (Radial generator probability density). A radial generator probability density is a measurable
function

w(p) =0, p € [0,00),
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normalized with respect to the C area measure
27 /0OO pw(p)dp = 1. (54)
Its second radial moment is
Maful =27 [ uo)dp (55)

Definition IV.2 (Entropy functional on C). Fix a positive constant reference scale w, > 0 with the same physical
dimension as w, namely an areal density on C. This reference scale only makes the logarithm dimensionless and is not
a physical input to the branch selection. For a radial generator density w, define

w(p)

W

Selul =25 [~ puip) n"= 2 ap (56)

with the standard convention 01n0 = 0. For a prescribed moment label o¢c > 0, let

27r/000pw(p) dp =1,
Aoe = {w=0] Mafw] = o2, 3 (57)

pw(p) lnM € L'(0,00), with the same convention 01n0 = 0

Wi

At this stage oc is only the fixed second-moment scale of the variational class. Its relation to R is not fixed until the
minimal one-loop calibration in Condition IV.2. Replacing w, by kw,, with any constant x > 0, shifts S¢ by the
additive constant In x, because the normalization Eq. (54) is fixed. Hence the maximizer on A,, is independent of the
choice of constant reference scale.

Theorem 3 (Maximum-entropy radial state on C). For fized oc > 0, among all radial generator probability densities
w € Ay, the unique mazimizer of Sc is

we(p) = % exp (—”z). (58)

7TO'C UC

This theorem fizes the Gaussian shape at fized radial second moment. It does not fix the branch value of oc, its relation
to R, the generator mass parameter m, or any value of . With the normalization and second-moment convention of
Egs. (54) and (55),

Mg [wd = (7(%7

so o¢ 1s the root-mean-square radial width of the two-dimensional generator sheet. Equivalently, if z = x1 + ixo is any
orthonormal Cartesian chart on C, then

o2
/ riwe d?z = / ziwe d?z = €.
C C 2
Proof. We first determine any stationary point under the normalization and second-moment constraints. Consider
Jw] = Sclw] = o (27r/ pw(p)dp — 1) — A2 <27r/ pPw(p)dp — 03:) :
0 0
Let h be a compactly supported bounded variation for which w + eh remains positive for all sufficiently small . Then

%J[w + eh)

= - 27r/ p[lnM +1+4+ X+ )\2,02} h(p) dp.
e=0 0 w

*

Since h is arbitrary, stationarity gives

IHM +14 X+ Xp?=0 for almost every p > 0.

*
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Hence

w(p) = Ce 2, C = w,e 1720,

The normalization and finite second-moment constraints force Ay > 0; otherwise the radial integrals either diverge or
fail to define a probability density with finite second moment. Using

= —>\2,02d :L /Oo 3—/\292d - 1
/ope P Ny o pe P 2/\%7

the constraints give

e C o C
1= 2770/ pe_)‘”’2 dp = T 0(2: = 27TC’/ p?’e_)‘”’2 dp = il
0 0

Az A2
Therefore
AQ -2
C=—, Ay = ,
™ 2= 0%
and the only stationary point is
2
welp) = — exp( -2 ).
er o2
This stationary density indeed belongs to A,.. Its normalization is
> 1 2 [ 2 o
27r/ pje—pz/oé dp = 72/ pe= P17t dp = = 9c _ 4
0 TOE oz Jo oz 2
Its second radial moment is
> 41 2 [ 2 o
277/ 3 26_p2/a§ dp _ 72/ pge_p2/g§ dp - = oc — 0(%
0 TOG oz Jo oz 2

The entropy integral is finite because

[ V)

pwe(p)In wfu(p)

:mw@ﬂ—mw%wn—

SR

and both [ pwc(p) dp and [ pPwc(p) dp are finite.
It remains to prove global maximality and uniqueness. Define

dp(p) = 2mpdp.

For any w € Ay, one has

Inwe(p) = —In(no) — p2 .
9c
Hence
Sclw] — Sclwe] = f/ wln—- du+/ we In € du
0 W 0 W
= —/ wlnﬂdu—/ (w—wc)ln%du.
0 wc 0 Wi
Since

2
wce 2 p

1 = —1 —_ —
n n(Togw,) o

W
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the second integral vanishes because w and w¢ have the same normalization and the same second radial moment.
Therefore

Selu] = Selue] == [~ w(p) 2 du(p).

To make the sign explicit, set

with the standard convention 01n0 = 0. Since wec(p) > 0 for every p > 0, this ratio is defined dp-almost everywhere.
Since w and w¢ have the same normalization,

/OOO we(p) (%w(p) — 1) du(p) = 0.

Hence

/(><> win-—dy = /OO we(p) (Zuw(p) 0 B (p) — R (p) + 1) duu(p) > 0,
0 wc 0

because slns — s+ 1 > 0 for s > 0, with equality only at s = 1. Therefore
Sclw] — Sclwe] <0,

with equality if and only if w = wc almost everywhere. Hence wc is the unique maximizer on A,..
Finally, let z = 1 + iz be any orthonormal Cartesian chart on C. Since

1 2 + x2
we(xy,x2) = P exp| — p
C C

/:ﬂfwchz:/xgw@dZZ.
C C

is rotationally invariant, one has

Moreover,
/(x% + 23w d?z = / |z[Pwe d*z = Mswe] = o2
C C
Therefore
o2
/ x%wc d?*z = / x%w@ d?z = €.
C C 2
This proves the final sentence of the theorem statement. O

Definition IV.3 (Gaussian generator mass sheet). After a positive total generator mass parameter m > 0 has been
assigned to the normalized Gaussian density as an overall mass normalization, the areal mass density on C is

m 2 >
pm(p) = mwe(p) = — exp (—'02) , 2#/ P pm(p) dp =m. (59)
moc Ic 0

In polar coordinates on C, the local areal mass element is

dmiee = pm(p) pdpdepc.

The corresponding radially integrated mass element is

2
dm = / dmioe = 27p pm(p) dp. (60)
0

This definition normalizes the generator sheet by a mass parameter. It does not derive the observed electron rest mass,
and it does not select the numerical value of m.
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Condition IV.1 (Microscopic luminal generator rule). In the minimal one-loop branch construction, the following
internal generator-side kinematical rule is adopted as part of the branch-selection package. Each microscopic generator
element at radius p > 0 is assigned the tangential speed scale ¢ in C, relative to the chosen positive orientation of the
generator plane. This is an internal kinematical rule; it is not the velocity of an observed massive point particle in R?,
not a statement about signal propagation in observed space, and not a fit to a, g — 2, or a measured lepton mass.
The local oriented tangential momentum element is defined by
loc

dptan = Cdmloc £C7

where t¢ is the unit tangent compatible with the chosen orientation. Its radially integrated positive magnitude is

2
dpian = / |dpi(;';| =cdm. (61)
0
The corresponding local angular rate is
¢
wdot (P) = o (62)

The constant c is the same SI speed scale that appears in the Relator lock. It is not inferred from a measured generator
motion. The singular behavior of wqet(p) at p = 0 is harmless for the quantities used below. Indeed, for every ¢ > 0,

§ é 5
C
/ Wdot (p) dm = / = 27p pm(p) dp = 2mc / pm(p)dp < 2mcd sup pm(p) < oo,
0 o P 0 0<p<s

because p,, is continuous at the origin by Eq. (59). The full Gaussian sheet is used below only through finite radial
moments such as [ pdm, whereas collective angular rates are assigned only to coherent annular reductions whose
support is compactly contained in (0, 00).

Proposition 11 (First radial moment and generator first moment). For the Gaussian sheet Eq. (59), the first radial
moment s

(o) = / " pam =Y o (63)

Under the microscopic luminal generator rule Condition IV.1, the associated oriented generator first-moment functional
s not the net linear momentum of the rotationally symmetric sheet, whose angular average vanishes. It is the positive
magnitude of the axial moment relative to the chosen orientation,

L¢ ;:/ pdptan:/ pcdmz?mcmc. (64)
0 0

This is a generator-level kinematical first moment with the dimensions of angular momentum. At this stage it is
not a spin operator, not the relativistic mechanical momentum of an observed point particle, not the net tangential
momentum of the sheet, and not an independently measured angular momentum. Reversing the chosen loop orientation
reverses the associated axial direction, while Lc denotes the positive magnitude used in the minimal branch calibration.

Proof. To separate the vanishing tangential linear momentum from the nonvanishing axial first moment, write the
local microscopic tangential momentum element in polar coordinates on C as

dples, = ¢ pm(p) pdpdec telpc),
where
te(ec) = (—sinpc, cos ¢c)

is the positively oriented unit tangent on the generator plane. Then

27 27 27
/ te(eoc) doe = (—/ sin ¢¢ dsﬁc,/ €os ¢ dwc) = (0,0),
0 0 0
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and therefore the net tangential linear momentum of the rotationally symmetric sheet vanishes,

[ee) 2 [e’e) 27
/ dpiS, = C/ pm(p) p (/ te(ec) d@c) dp =0.
0 0 0 0

By contrast, the local axial angular-momentum element has positive magnitude

loc

dLE® = p|dpids| = pcpm(p) pdpdec.
After integrating over ¢c, this becomes

2m
dL¢c = / dLEC = pedm.
0

Using Eq. (60),

1 [ 2 [, s
<,0><c=%/ pdm = /er”/Cdp-
0

0—«2: 0
Set
P’ oc
u:%, p = ocVu, dp*ﬁdu
Then
o0 oo
/ PQe_"Z/Ug dp==£ / ul/2eu dy = 2€ F(g) = ﬁ(f%
Therefore
2 T 4 T
{(p)c = % Ty ’cT 590
which proves Eq. (63).
Using Eq. (61),
oo oo T
Lc = / pdpian = c/ pdm =mc{p)c = 5 meo,
0 0
which is Eq. (64). O

Condition IV.2 (Minimal one-loop calibration). The minimal one-loop branch is selected by the calibration

L¢c = % mc R. (65)
This is a branch-selection condition. It does not follow from the maximum-entropy variational problem and is not a
numerical fit to o, to g — 2, to a measured spin value, or to a measured lepton mass. It also does not identify R with
the reduced Compton radius and does not insert %/2 as an external datum. Its role is to set the generator first-moment
scale equal to one half of mcR for the single collective radius R of the minimal one-loop branch. The rational factor
1/2 is therefore part of the explicit minimal branch calibration, and the later spin-sector normalization is conditional
on this calibration.

Proposition 12 (Width of the Gaussian sheet). For a branch with fized collective radius R, and conditional on the
branch-selection calibration Condition IV.2, the Gaussian width is fized uniquely relative to R as

o B (66)
and therefore

(67)
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(p>O

3 c
Wdot(pP) = —
+(p) p

v

FIG. 4. Generator-side geometry on C. After the minimal one-loop calibration, the maximum-entropy Gaussian generator sheet
has width oc = R/+/m. The coherent carrier representative is shown at radius R, and a representative microscopic element is
shown at radius p with tangential speed scale c. This speed is not an observed particle velocity in R®. The figure is schematic
and displays generator-side bookkeeping only. Charge assignment and current normalization are introduced later.

Proof. Insert Eq. (64) into Eq. (65). This gives

1
gmcmc = imcR.

Cancelling the common nonzero factor %mc yields

Vmoc =R,
which is Eq. (66). Dividing by R gives Eq. (67). O

Remark. The role of Condition IV.2 is to calibrate the generator width against the single collective radius R. After
division by mcR, it is a dimensionless branch-selection rule, not a numerical fit. The factor 1/2 is part of the
minimal-branch calibration, not an inserted measured spin value. Its interpretation within the charge-spin sector is
discussed later.

Figure 4 summarizes the generator-side geometry. It displays the maximum-entropy Gaussian sheet on C, the carrier
circle |z| = R, and the microscopic luminal generator rule. The figure is schematic and is not part of the derivation.
Charge assignment, current normalization, and the specialization ) = +e are introduced later in section V.

B. Collective reduction to the one-loop branch

The Gaussian sheet has noncompact support and is therefore not itself a one-dimensional carrier. The loop used
later in the shell construction is a collective reduction of the Gaussian microstate. Within the minimal one-loop
branch class considered here, this reduction is restricted to lock-compatible annular representatives and to the minimal
nonzero azimuthal winding sector. It belongs to the branch-selection layer; it does not introduce a measured value of
«, a QED loop coefficient, or an empirical lepton datum.

Definition IV.4 (Coherent annular reduction). A coherent annular reduction is a positive Borel probability measure
tieoh on (0, 00), normalized by

/ dpteon(p) = 1. (68)
(0,00)

Its support is required to satisfy

SUPP ficoh C [p—, p+] C (0,00), 0 <p_ < py < oo (69)
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The associated collective rate is defined by the branch-reduction convention that linearly averages the microscopic
angular rates,

1
o= [ o) o) = [ = dpeanlp) (70)
(0,00) (0,00) P

This averaging convention is part of the coherent annular reduction and is not a fit to any external frequency or
coupling.
The harmonic-radius functional of the coherent annular reduction is

Ru [Mcoh] = </(O ) ;d,U/COh(p)>

A coherent annular reduction is compatible with the calibrated branch radius R only when this harmonic radius equals
that same branch radius, namely

-1

Rulttcon] = R. (71)

This compatibility condition matches the radius used in the one-loop calibration to the lock-preserving radius exported
by the annular reduction. It is a branch-consistency condition, not an adjustable radial fit. The compatible class is
nonempty. For example, the Dirac point measure

Hcoh = 6R

has support {R} C (0, 00), satisfies

1 1
dUcoh = 17 / - ndoh<p) = 5
/(0,00) (0,00) P R

and therefore satisfies Eq. (71). More general coherent annular reductions may have finite radial width, provided their
harmonic radius is R.

This measure encodes only the radial coarse graining of the phase-coherent annular representative. It is not identified
with the full Gaussian area measure 2wpwc(p) dp, and it is not an additional probability law for the whole generator
sheet. The Gaussian sheet fixes the width o¢ through the maximum-entropy result and the one-loop calibration,
whereas ficon records the annular reduction whose harmonic radius is exported to the carrier description. No uniqueness
of picon is asserted here, and no reconstruction map from the full Gaussian sheet to pcon is used below. Only the
existence of at least one compatible annular reduction is required.

Proposition 13 (Lock-preserving harmonic radius and uniqueness of the radius functional). Let w be the collective
rate associated with peon through Eq. (70), and recall

1 / 1
- e = dpicon(p)- 72
RH[Ncoh} (0,00) P h( ) ( )

Then Ry |tcon] is well defined and satisfies
p— < Rulptcon] < ps-

If the annular reduction is compatible with the calibrated branch radius, so that Ry[ucon] = R, then the lock identity
holds,

Rw=c¢ (73)
Moreover, let Rucon] > 0 be any radius functional defined on coherent annular reductions and satisfying
R[Mcoh] w==c

for every admissible coherent annular reduction, where w is the collective rate defined by Eq. (70). Then necessarily

R[MCoh] =Ru [Mcoh] = (/(0 : ;dﬂcoh(0)> .
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Proof. Since

SUpP feon C [p—, p+] C (0,00),

one has
1 1 1
— < -< — for peon-almost every p.
P+ P P
Integrating and using
/ d,ucoh(p) =
(0,00)
gives
1 1 1
- S / 7d/~1/coh(p) S - -
P+ (0,00) P pP—

Hence the integral in Eq. (72) is finite and strictly positive, so Ry[ticon] is well defined and
p— < Rultcon] < p+.
Using the microscopic luminal rule Eq. (62) in the collective average Eq. (70) gives

c

1
w=c — dpteon(p) = =——-
/(O,oo) 14 «© ( ) RH[/Lcoh]

If the annular reduction is compatible, then Ry[ucon] = R, and therefore

c
w=—
R’
which is equivalent to Eq. (73).
Finally, let R[ticon] > 0 be any radius functional with the property
R[Ncoh} w=c

for every admissible coherent annular reduction. Substituting the already proved identity

c
W= _—-—""-7
RH [,ucoh]
yields
-1
c 1
R[ﬂcoh] = — = - d,ucoh(p) =Ru [,Ucoh]a
w (0,00) P
which proves uniqueness of the harmonic radius within the stated single-radius closure class. O

Definition IV.5 (Collective carrier phase). The collective carrier phase is the angular variable
0o € R/27Z, (74)

parametrizing the carrier circle ' C C. Let tp, denote the branch evolution parameter used for internal phase
transport, with SI units of time. Whenever 6 is differentiated with respect to ty,, the derivative is understood through
any smooth local lift 8y of 6y to R. Any two such local lifts differ by an additive constant in 277, so their derivatives
agree. For a compatible coherent annular reduction, the locked branch convention therefore reads

d60 L dgo - . C
dtpr - dtpr Tv= R (75)

When the branch center is later represented by a timelike worldline, ¢, is identified with the corresponding rest-frame,
equivalently proper-time, parameter only within that worldline convention. Until then, ¢}, denotes only the internal
branch evolution parameter, and dot notation is avoided for 6.
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Proposition 14 (Azimuthal Fourier modes on the carrier circle). Parametrize the carrier circle by
2(90) = Rewo, 0 <6y < 2.

In this subsection the carrier Hilbert space is taken to be the normalized angular phase space

de
2 0
L (R/27TZ, o ) .

This choice uses the angular parametrization of the carrier and is distinct from the arc-length space L?('g;ds). Then
for every

dé
felL? (R/ZWZ, 0)
2m
there exists a unique sequence (cn)nez € (*(Z) such that
infg . 2 dby
f= che in L R/QWZ,ﬁ , (76)
neL
with Fourier coefficients

1

2m
= % ) f(@o)e_m@() d907 Z |c7l|2 = ||f||%2(R/2ﬂ'Z,d00/2ﬂ')'

nez

Cn

The basis mode €% has winding number n. In particular, n = 0 is constant, and the minimal nonzero winding sectors
are n = £1.

Proof. With the normalized measure df/(27), the family {¢™%},,cz is orthonormal because
1 27
— [ ™0y = G,y
2 0

By the Fourier-Plancherel theorem on L?(R/27Z,dfy/27), this orthonormal family is complete. Hence every f in the
normalized angular Hilbert space has a unique coefficient sequence (¢, )nez € £2(Z) such that

. de
— ~ Z’I’Leo 3 L2 R 2 Z 70
f nEEZc e in ( /277, o |

and Parseval’s identity gives

Z |Cn\2 = Hf||2L2(1R/27rz,d00/27r)-
nez

The coefficient formula in Eq. (76) is the orthogonal projection of f onto the basis vector €%,
For the basis mode f, () = €% the winding number is

1 2m 1 2
— 1 (00) 7" O, £ (00) dOg = — indfy = n.
57 [ 00 a0t = o [ inasy =
Hence n = 0 is the constant mode, while the minimal nonzero winding sectors are n = +1. O

Definition IV.6 (One-loop branch). The Fourier decomposition separates the winding sectors. The one-loop branch
is the branch-selection choice that retains the minimal nonzero azimuthal winding sector. Here one-loop means one
closed carrier winding in the generator phase sector; it is not a QED loop order and does not import any radiative
coefficient. After fixing the positive orientation, we represent this sector by

fi(0o) = €. (77)

The mode e~ "% has winding number —1 and represents the opposite orientation. At the present stage the two
orientations are equivalent, and charge and current conventions are fixed later.
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Remark. The Gaussian sheet and the one-loop carrier play different logical roles. The Gaussian is the maximum-
entropy generator microstate on C, whereas the one-loop carrier is its minimal closed azimuthal reduction. The
maximum-entropy theorem fixes the Gaussian shape at prescribed oc, while the minimal one-loop calibration fixes the
ratio oc/R. A compatible annular reduction then exports the lock-preserving pair (R,w), with w = ¢/R. The carrier
is neither a rigid material ring nor an empirical radius inserted into the shell closure.

After the n = 1 azimuthal sector has been selected, the carrier-level construction depends only on the Gaussian width
og, the calibrated collective radius R, the carrier circle I'g, and the lock-preserving rate w = ¢/R. By proposition 13,
every compatible coherent annular reduction satisfies

C C

W= _—————= .
RH[/J’COh] R

Thus the detailed radial profile of pcon does not enter the minimal carrier-level construction beyond the compatibility
condition Ry[pcon] = R. No unique compatible annular reduction is required, and no additional tunable radial profile
is carried into the primary shell closure.

C. Electron branch selection

We now select the free minimal geometric branch that is identified with the electron only after the charge sector has
been fixed. At this stage, the label electron refers only provisionally to the minimal one-loop, first-node branch and
carries no charge-sign assignment. The generator side has already selected the minimal circulating sector n = 1. On
the propagation side, the free minimal branch is required to carry no preferred spatial direction in R3. This selects the
rotationally invariant propagation sector. We therefore first identify the isotropic propagation mode and then choose
its first regular shell node. The result is the minimal geometric branch used later in the shell closure. It does not
introduce a value of «, a measured lepton mass, or any QED input.

Proposition 15 (Minimal isotropic scalar propagation sector). For the scalar propagation factor of a free stationary
branch on R3 with no preferred spatial direction, the angular dependence must lie in the rotationally invariant sector of
the spherical-harmonic decomposition. This sector is exactly the orbital mode Loy, = 0. Consequently the minimal
angular propagation sector is the isotropic s-wave sector.

Proof. Let U(r, ) denote the scalar propagation factor. Rotational invariance means
U(r,RQ) =U(r,Q) for every r > 0, Q € S?, R € SO(3).

Fix r > 0. The action of SO(3) on S? is transitive. Hence for any Q1,Qs € S?, there exists R € SO(3) such that
ROy = Q. Therefore

U(T‘7 Qz) = U(T, RQl) = U(T, Ql),

so Q +— U(r,Q) is constant on S?. Constant functions on S? are precisely the Lo, = 0 spherical-harmonic sector.
Hence the only rotationally invariant angular sector is Lo, = 0, which is the isotropic s-wave sector.

The Helmholtz equation introduced next operates within this already selected isotropic sector. Rotational invariance
fixes the angular sector, whereas the Helmholtz condition fixes the radial propagation representative. O

Definition IV.7 (Base shell wavenumber). The base shell wavenumber is defined from the total locked branch rate by
w
kbase = —. 78
b - (78)
Since w > 0 and ¢ > 0, one has

kbasc > 0.

It has SI units of inverse length. This is a branch-geometric wavenumber used to define the free propagation
representative. It is not an observed de Broglie wavenumber, not a measured inverse length, and not a fitted input.
On a Relator-locked branch, Rw = ¢, and therefore

1
kbase = = (79)
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Definition IV.8 (Regular isotropic radial Helmholtz problem). After the isotropic angular sector has been selected,
the free stationary scalar propagation representative of the minimal branch is chosen to be the regular s-wave solution
of the scalar Helmholtz equation with base wavenumber kp,se. This is a propagation-side branch-selection equation; it
is not a consequence of rotational invariance alone, and it does not import a measured wavelength or a value of «.

For base wavenumber kpase, the radial profile Sgeim (7) is required to satisfy the Lo, = 0 radial reduction of the
scalar Helmholtz equation

(AR3 + k%ase)U = 07 U(’I", Q) = SHelm<r)~

Since

1d dSHelm 2
ARSU = 7,72@ (TQd,:) = SI/-IIelm(r) + ;S{-Ielm(r)a

the radial equation on (0, 00) is

i () + = St () + B Stctm(r) =0, 7> 0. (50)
The selected branch is further required to admit a smooth extension to r = 0 with
Stiern(0) =L Siga(0) = 0. (81)
Here L1, = 0 denotes the orbital index and is not to be confused with the shell bandwidth 4.

Proposition 16 (Regular origin-normalized isotropic shell mode). The unique function Sgeim € C*°([0,00)) whose
restriction to (0,00) satisfies Eq. (80) and whose origin data satisfy Eq. (81) is

sin s s £0
SHelm<r) = jO(kbaser)v JO(S) = S ’ ’ (82)
1, s=0.

Proof. Set
v(r) =7 SHelm (T)-
Then, for r > 0,
V' (r) = Stemn (r) + 7Sam (1), 0"(1) = 28401m (1) + 7SHetm (1)

Multiplying Eq. (80) by r gives

7SHetm () + 28fte1m (1) + kpase” Stietm (1) = 0,
hence

"' (r) + kR o(r) =0, r>0.
Because Speim extends smoothly to » = 0 and satisfies Eq. (81), one has
v(0) =0, v'(0) = Sheim (0) = 1.

The unique solution of

v+ kv =0, v(0) =0, v'(0) =1,
is
sin(kpaseT)

v(r) =

kbase

Therefore, for r > 0,

SHelm(T> = ’U(’I“) = Sin(kbaser).

r kbaser
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To verify the origin data explicitly, expand at r =0

Sin(kbascr) -1 k%aser2 + O(’I"4)

kbaser
Hence the quotient has a smooth extension to r = 0, with
SHelm(O) =1, Sﬁelm(o) =0.
This extension is exactly jo(kpaser). It is the unique smooth solution satisfying Eqgs. (80) and (81). O

Definition IV.9 (First-node matching shell). The minimal free branch is selected by first-node pinning. The matching
shell is placed at the first positive zero of the regular isotropic radial mode Sgen- Thus the matching shell ¥, is fixed
by

KbaseTs = . (83)

This is a geometric branch-selection condition, not a material boundary condition and not an empirical radius fit. The
zero of 7 Speim (1) at 7 = 0 encodes regularity at the origin and does not define a shell. The higher positive zeros

kbaseT:pW7 p:273a"'7
define higher-node branch candidates and are not used in the minimal branch considered here.

Proposition 17 (Minimal first-node shell radius). For the first-node matching shell of definition 1V.9, and using the
locked branch relation kp.se = 1/R, one has

R 1
e = TR, ni=— = (84)
w« T

Proof. Since w > 0 and ¢ > 0, Eq. (78) gives

kpase > 0.
By Eq. (82), for r > 0,
sin(kpaser)
SHelm (1) = ————=
Hel (T) kbaser

For r > 0, the denominator kpaser is strictly positive. Hence the positive zeros of Syem are exactly the positive zeros
of sin(kpaser), namely the radii satisfying

Kbase? = pTr, p=123....

The value at » = 0 is the removable regular value Sgeim (0) = 1, so 7 = 0 is not a node. The first positive zero therefore
corresponds to p = 1, which is precisely Eq. (83). Using Eq. (79),

T kb:sc =l
Therefore
R 1
n=—=-,
Ty T
which proves Eq. (84). O

Definition IV.10 (Minimal electron-branch geometry). The minimal branch geometry later used for the electron
sector combines

1. the minimal nonzero winding sector |n| = 1 on the collective generator loop I'g, with the positive carrier
orientation represented by n = 1;

2. the first positive regular shell node . = 7R of Syeim(r).
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TABLE III. Logical-status ledger for the branch data constructed in section IV.

Object Status Dependency

radial variational class ‘A”C definition fixed normalization and second radial moment
Gaussian density wc derived theorem maximum entropy at fixed o¢

mass sheet pn, definition overall mass normalization, not mass selection
microscopic luminal rule branch-selection condition internal C kinematics, not observed velocity in R®
minimal one-loop calibration branch-selection condition Eq. (65), not a spin datum

width ratio e = o¢/R derived branch datum Gaussian first moment and one-loop calibration
coherent annular measure ficon reduction representative compact support and compatible harmonic radius
harmonic radius Ru[ftcon) derived representative lock-preserving average of 1/p

compatibility Ry [fcon] = R branch-consistency condition calibrated collective radius

winding sector n =1 branch-selection condition minimal carrier winding, not a QED loop order
first-node shell radius r. = 7R derived branch datum Helmholtz mode, lock, and first-node pinning
branch ratios 7, £ derived branch data Eq. (85)

At this stage, this is only a geometric branch selection. The charge quantum number is a separate compact-phase
momentum quantum number introduced later. The negative minimal charge sector is identified with the electron only
in section V. Thus the carrier orientation n = 1 is not the electron charge sign, and the label electron in this definition
is only a later sector label, not an input to the charge construction. Higher winding sectors and higher radial nodes
define higher branch candidates and are not used in the present paper.

Corollary 2 (Geometric electron-branch ratios). For the minimal branch geometry later used for the electron sector,

oc 1 R 1 oc 1
=—=— =—== (= —==en=——.
€ 7 i - , - en N (85)

3

Proof. From Eq. (66) one has

oc 1
E= — = —.
R 7
From Eq. (84) one has
R 1
77 = — = —,
Te T
Therefore
, oc oc R 1
= — = — — = &N = .
T R 7. K /T
This proves Eq. (85). O

Remark (Exported branch data). The only branch ratios exported to the later shell construction are those in Eq. (85).
They are derived branch data, conditional on the radial maximum-entropy class, the microscopic luminal generator
rule, the minimal one-loop calibration, the locked base wavenumber, and the first-node shell selection. No value of «,
no charge assignment, and no QED coefficient enters these ratios. Unless a different branch is stated explicitly, all
later uses of o¢, 7, 1, and /¢ refer to these minimal-branch values.

V. GAUGE COUPLING, CHARGE QUANTIZATION, DIRAC LIMIT, AND g =2

This section supplies the infrared gauge structure used later in the vector shell channel. Its ingredients have distinct
logical status. The compact collective phase, the gauge convention, the charge scale ¢y, and the covariant phase
derivative are definitions. The gauged lock action represents the infrared phase-lock sector on a prescribed worldline.
Charge conservation follows from that phase-lock action, whereas integer charge quantization appears only after
canonical quantization of the single-valued compact phase sector. The worldline current and the effective loop current
are induced currents used for the infrared and shell-source descriptions, respectively. The minimal local spinorial
equation and the tree-level value g = 2 are infrared consequences of the stated completion conditions.

The charge unit qq is a fundamental gauge scale of the compact phase sector. The quantization result fixes an integer
spectrum in units of qg; it does not determine the laboratory numerical value of that unit. The generator inputs
needed here are the coherent loop degree of freedom summarized in fig. 4 and, for the geometric g = 2 normalization,
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the minimal one-loop calibration Eq. (65). The inertial parameter m enters only through the infrared normalization of
the branch. The prescribed worldline used below is an infrared representative of the already selected branch. It is not
varied in the gauged phase-lock sector, and no Lorentz-force equation is derived in this section.

The generator geometry relevant for this section is summarized in fig. 4. The Gaussian sheet supplies the generator
mass distribution used in the calibrated branch normalization, whereas the coherent loop at radius R supplies the
compact phase degree of freedom gauged below.

A. Gauged phase and conserved momentum

We now introduce a prescribed smooth timelike worldline x#(7) € RY3, where 7 is proper time, as the infrared
worldline representative of the collective loop. With the metric convention fixed below, this means

Nuita” = c?.

In this subsection the worldline is treated as prescribed. No worldline equation of motion is derived, and no
electromagnetic field equation is imposed. We retain the compact collective phase

0o(1) € R/27Z

introduced in definition IV.5. Throughout this subsection, a dot denotes d/d7. In this proper-time worldline convention,
the rate ¢/R is the rest-frame branch rate of the coherent loop; it is not the coordinate-time frequency of a moving
laboratory trajectory. We use the SI four-potential convention

1 [
x* = (ct, x), Oy = % = (cat,v) , A, = (c’ —A) , (86)

where A is the ordinary SI three-vector potential. Thus the spatial covariant components of A, are —A;, while later
three-vector formulas use A = (A1, Ay, A3). With these conventions,

A, dz! =@dt — A -dx. (87)
The four-volume element used below is
d*z = da¥ d®x = cdt d*x. (88)

Definition V.1 (Gauge charge scale). Let go > 0 denote the fundamental gauge charge scale carried by the compact
collective phase. At this stage ¢o is an intrinsic scale of the phase degree of freedom and fixes the unit in which the
conserved phase momentum is later expressed as a charge. It is not a measured laboratory input, not a value inferred
from «, and is not yet assigned the conventional name e.

Definition V.2 (Gauge transformation of the collective phase). For any smooth single-valued gauge function Ag(x),
chosen with SI units of magnetic flux, equivalently action per charge, so that goAg/h is dimensionless, define

Ay Ay — Ny, 00— 0y — %0 A(2(7))  in R/27Z. (89)

The conjugate action variable J is taken to be gauge invariant. The shift of 6y is independent of 6 itself, so this is
the canonical momentum convention associated with a gauge translation of the compact phase coordinate at fixed
prescribed worldline. The gauge scale gy > 0 fixes the unit of charge. The sign of the branch charge is not fixed by the
orientation of this coordinate shift; it is encoded in the conserved momentum J through Eq. (94).

With the convention A, = (®/c,—A) and z° = ct, this is equivalent to the three-vector transformation

DD -0, A A+V, (90)

This sign convention is chosen so that the induced worldline coupling for a signed charge @ takes the standard SI form

—Q/Audx”:/(QA-(j;;—Q‘I’>dt

when the worldline is parametrized by coordinate time.
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Definition V.3 (Gauge-covariant phase derivative). The worldline gauge-covariant derivative of the collective phase is
D, 0y =0y — %0 it Ay(x(7)). (91)

Proposition 18 (Gauge invariance of the covariant phase derivative). The quantity D,6y defined in Eq. (91) is
invariant under Eq. (89).

Proof. Under Eq. (89),

bo(7) = bo(r) = T Ae(@ (7).

Differentiating along the worldline gives

q d

b Ne((m) = 00 — 20 5, -

90’—)(9.0— 3

At the same time,
A=Ay =0, = VA, — 3FA, — 310N

Substituting both transformations into Eq. (91) shows that the two shifts cancel exactly. Hence D.fy is gauge
invariant. =

Definition V.4 (Gauged lock action). Let 7 denote proper time along a prescribed smooth timelike worldline (1),
and let J(7) be the action variable canonically conjugate to the compact phase 6y(7) € R/27Z, with dimensions of
action. In the present subsection, z*(7) and A, (x) are treated as background data, and the variation is taken only
with respect to J and with respect to a local real lift of 5. Thus the action below derives the phase-lock constraint
and the conserved phase momentum, not the Lorentz-force equation and not Maxwell dynamics.

Let I C R be any connected proper-time interval on which a smooth real lift of ) has been chosen. Writing again
0o : I — R for that lift on I, define the local gauged lock constraint action by

et = [ ar ar) (Dotolr) - ). (92)

Different lifts on the same connected interval differ by an additive constant 27n, with n € Z. Hence the Euler-Lagrange
equations obtained from compactly supported variations on I are independent of the chosen lift. This is the first-order
phase-lock constraint sector of the branch action. It is not the full relativistic worldline action for z# (7).

Because D6 is gauge invariant by proposition 18, because J is gauge invariant by the convention of definition V.2,
and because R is a geometric scalar, the integrand in Eq. (92) is pointwise gauge invariant along the prescribed

worldline. Hence the action Sﬁiiged is gauge invariant. This statement concerns only the phase-lock sector, with x#
and A, treated as background data.

Proposition 19 (Lock equation and conserved conjugate momentum). Holding z(7) and A, (z) fired and varying only
J and a local lift of the compact phase 0y, with compactly supported variations in T, the phase-sector Euler—Lagrange
equations of Eq. (92) are

D0y = %, J=0. (93)
Proof. Write
L(80.60.J) = J (Db — =) = J (o = A, — 7).

A variation with respect to J gives

5y 5gneed = / ar 67 (D+0y — %) .

Since §J is arbitrary, one obtains

C
D-,-90 == E
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For variations of 6y, one has
gauged % Tf 7
Gp, SERuEd — / dr J 80y = [To0y| |~ / dr J 86,.

The boundary term vanishes for compactly supported variations. Since §6y is otherwise arbitrary, one obtains
J=0.
This proves Eq. (93). O

Definition V.5 (Classical charge parameter carried by the collective phase). Once the gauge scale go has been fixed,
the classical charge parameter carried by the branch is

_ D
Q=3 (94)

By Eq. (93), @ is constant along the worldline. Since go > 0, the sign of @ is determined by the sign of the conserved
conjugate momentum J. At this classical stage @ is a conserved signed charge parameter, not yet an integer quantum
number and not yet identified with e. Charge quantization is a separate statement and arises only after quantization
of the compact phase sector.

Proposition 20 (Worldline interaction term and induced distributional current). Exzpanding Eq. (92) and using
Eq. (94) gives, after imposing the phase-sector equation J = 0 so that Q is constant on the segment, the standard
worldline interaction term

i = — O / A, da. (95)
With the convention
Sint = - /d493]“(;z:) A/L(I)7 (96)

this identifies the induced distributional worldline current of the prescribed infrared representative,
#(z) = Q / dr i (r) 69z — 2(r), (o7)

where Q is signed and 69 is normalized with respect to the four-volume element d*z = dz° d3x fized in Eq. (88).
In the z° = ct convention, j* is the current density paired with the four-volume element d*x = cdt d®x. Thus each
component of j* has SI units of charge density,

[j*] = Cm™?,
and j* is related to the conventional electromagnetic current Jt = (cpch,Jconv) DY

. 1 . 4 1.
]# = E‘Lf‘t)nv? .70 = Pch; .]Z = E‘]czonv' (98)

Indeed, using d*z = cdtd3x and A, = (®/c,—A), one has

(b JCOHV

jMAu:pch;_ “A.

C

Hence

(I) conv
—/d%‘j“Au = —/cdtdgx (pChc — L . A) = /dtd3x (JCOer A — pch(I)),

C

which is the standard SI interaction convention.
For the restriction of the worldline current to a smooth segment [1;,7s], define

@) =@ [ dr a0) 590 - 0).
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Then, in the sense of distributions,
(‘3Mj[imf](x) =QéW(x —a(n)) — QW(z — x(ry)).
Consequently, on every open spacetime region whose test functions vanish near the segment endpoints, one has
a”jf:'m‘f] =0

In particular, if the full prescribed worldline has no endpoint in the spacetime region under consideration, the full
current j* satisfies

9,4 = 0. (99)

This conservation statement is distributional and local to the region in which no endpoint source is present. It is the
standard worldline current; see, for example, [14].

Proof. Insert Eq. (91) into Eq. (92). The term linear in A, is, before imposing the phase-sector equation,

Sint = —/dT Q(r) & (1) Au(z(7)), Q1) = %J(T).

The Euler-Lagrange equation for , gives J = 0, hence Q(7) = Q is constant on shell. Therefore
Sur =~ Q [ Audor,

which proves Eq. (95). To identify the current distributionally, let a,, € C2°(R'3) be a test four-potential. Then, with
6 normalized relative to d*z,

/ da [Q / dr i (7) 5z - x(r))] a,(@) = Q / dr i (7) a, (2 (7)).

Hence the A,-linear part of the action is represented distributionally by

Sinaa] = — / Qo @) au(@), (@) = Q / dr () 5@z — ().

which is exactly Eq. (97).
For the divergence of the current restricted to the segment [7;, 7], define

Gt (@) =Q / | "dr i"(1) 6D (x — (7).

Let ¢ € C2°(R13) be a test function. Then

<8Mj[l:—i,7—f]7 Q0> = - <j[lfri,‘rf]7aﬂ('0>
Tf

=-Q [ dri"(7)Oup(x(r))

Hence

8ijfri,7f](x) =Q 6(4)(96 —z()) - Q 6(4)(30 — (7))
in the sense of distributions. This proves the segment formula. The full conservation statement Eq. (99) then follows
immediately on every spacetime region containing no worldline endpoint. O

Remark. Once the scale gp has been fixed, the classical charge parameter @ is not introduced as a second independent
primitive. It is the conserved momentum conjugate to the compact collective phase, expressed in units of ¢yp. The
same signed quantity () determines the distributional worldline current and provides the charge parameter used later
in the loop-current normalization of the shell vector sector.
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B. Charge quantization
The collective phase is compact. Quantization is performed on the single-valued periodic sector of that phase

coordinate. With the operator identification

A qO/\
=2J
Q=217

the compact phase representation yields an integer charge spectrum in units of the intrinsic scale go. This step
quantizes charge relative to qg; it does not insert a measured value of e, a measured value of «, or any QED coeflicient.

Proposition 21 (Momentum operator on the compact phase circle). On the Hilbert space

de
L? (R/QWZ, 27?> , (100)
with domain H}..(R/277Z), the canonical momentum operator
J=—ih 8%0 (101)
1s self-adjoint and has pure point spectrum hZ. A complete orthonormal set of eigenfunctions is
©r(0y) = 0o, ke, (102)
with eigenvalue equation
J o = khog. (103)

Proof. Define the Fourier-series unitary map

dé, 1

27
U:L? (R/2WZ,27T> — (3(7), (U)p = %/0 Y(Bp)e*% d6,.

Then ¢ € H}.(R/27Z) if and only if

Uy = (ck)rez with Zk2|6k|2 < 00.
keZ

On this domain,

~

UJU (ck)rez = (khep)rez.
Hence J is unitarily equivalent to the multiplication operator

M (ck)kez = (khck)kez

on

D(M) = {(ck) € *(z)

Zk2|ck|2 < oo}.

kEZ

Since the multiplier kf is real, M is self-adjoint. Therefore J is self-adjoint.
For each k € Z, let e®) € £2(Z) be the standard basis vector,

655) = Okm.-

Then

Me®) = khe®),
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Since {e(®)} ez is a complete orthonormal basis of £2(Z), the spectrum of M, and therefore the spectrum of J, is pure
point and equals AZ.
Transporting the basis back by U~! gives

U™ (fg) = e = o1 (6p).
Thus {¢k }rez is a complete orthonormal set in L?(R/277Z,dfy/(27)), and
J o = khog.
This proves Eq. (103). O

Remark (Single-valued phase sector). The periodic domain H}, (R/27Z) implements single-valued wavefunctions
on the compact phase circle. The present model introduces no additional flat holonomy and no twisted boundary
condition. Hence the spectrum is the integer spectrum k € Z, with no shifted sector k + vy,q).

Theorem 4 (Quantized charge spectrum). On the same domain as f, define the charge operator

A._@A
Q=737 (104)

Then Q 1s self-adjoint and has pure point spectrum
Qr = kqo, ke Z. (105)

In particular, charge is quantized in integer units of the fundamental gauge charge scale qy. The theorem fixes the
integer spectrum relative to qo, whereas the later notation qo = e is only the conventional naming of the minimal charge
magnitude and not an empirical numerical input.

Proof. By definition Eq. (104),

A_@A
Q=7

on the same domain H} (R/277Z) as J. Since gq /h € R and J is self-adjoint by proposition 21, Q is self-adjoint as a

per
real scalar multiple of J.
Applying @ to the complete orthonormal eigenbasis {@y }rez from proposition 21 gives

90

Qpn =2

(kh)pr = kqo i

Thus {pf }rez is a complete orthonormal eigenbasis of Q Therefore the spectrum of Q is pure point and equals
o(Q) = {kqo | k € Z}.
This proves Eq. (105). O

Proposition 22 (Compatibility of compact-phase and field gauge phases). Let

_ 9
ag(z) = %Ag(x).

The collective coordinate transforms as
0o — O — ag(x(7)).

For each fized value of T, the number ag(x(7)) s a real shift on the compact phase circle. On wavefunctions on that
circle, the corresponding active unitary action at that value of T is the pullback by the inverse coordinate shift,

(Ug(T)¥)(60) = ¥(00 + ag(z(7))) .- (106)
Therefore, on the charge eigenstate @, (6p) = €%

Uy(T)n = k@A @(T)/h ) (IQEA@(M)/A (107)

Thus the compact-phase gauge convention induces the same phase factor later used for an infrared field of charge Qy,
evaluated along the prescribed worldline.
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Proof. Since the transformed coordinate is
0, = 6o — ag,
a scalar wavefunction on the circle transforms by pullback,
P (0o) = ¥ (0o + ag(z(7))).
This map preserves the normalized measure dfy/(27), because it is a rigid translation on R/27Z. Therefore
[ w0 = [T e+ agPie = [T ore,

so U, is unitary.

Applying this unitary to ¢y () = e*%

gives
(Ug(T)SDk)(QO) _ 6ik:(90+ag(z(-r))) _ eikqo)\g(x(r))/heikeg'

Since Qr = kqq, this is exactly

Ug(T) o = e @rAa((M) /By,
This proves Eq. (107). O
Definition V.6 (Electron and positron sectors). By convention, the minimal negative-charge sector k = —1 is
identified with the electron charge sector,
Qe =—qo = —¢, (108)

whereas the minimal positive-charge sector k = +1 is identified with the positron charge sector,
Qp = +qo = +e. (109)

The symbol e > 0 denotes the conventional name for the elementary charge magnitude. The identification gy = e is
therefore only a naming convention for the minimal charge quantum in the k = +1 sectors. It fixes the charge-sign
labels used below; it does not insert a measured numerical value of e, «, or any QED coefficient, and it does not
determine the fine-structure coupling.

Remark (Charge quantum number versus winding number). The charge quantum number k is distinct from the
generator winding number n introduced in definition IV.6. The integer n labels the geometric degree of the carrier map

00 6in00

used in the one-loop branch selection. By contrast, k labels the eigenvalue of the canonical momentum operator
J = —ihdy,

acting on quantum states over the compact phase circle. Thus n is a configuration-space winding label, whereas k is
a phase-space momentum label and, after quantization, a charge label. In the minimal electron branch, the carrier
orientation is fixed by n = 1, whereas the electron charge sector is k = —1. These signs are not identified.

Remark. The result Eq. (105) is structurally analogous to the Kaluza—Klein relation between electric charge and
momentum along a compact coordinate [15, 16]. The analogy is purely structural. The compact variable here is the
collective internal phase 6y, not an additional spacetime dimension, and no Kaluza—Klein radius or higher-dimensional
metric is introduced.

Proposition 23 (Loop charge measure and shell-source current). On the collective loop T'r C C, a branch of signed
total charge @ is represented for shell-source bookkeeping by the distribution

Q
0))=——=4d6(p— R 110
pQ(pu O) 27 R (p )a ( )
with respect to the polar area measure pdpdby. Equivalently, for every test function f € C([0,00) x R/27Z),

2m

21 oo
[ pato.b0) 0.0 pdpdsn = 32 [ sr.60)at
o Jo ™ Jo
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In particular,

27 poo
[ roto.tn)papase = (111)
0o Jo
With respect to arc length s = ROy, the corresponding uniform signed line charge density is
Q
Ao = ——.
® 7 orR

Along solutions of the phase-sector Eq. (93), equivalently D,0y = ¢/R, the gauge-invariant shell-source current, defined
as transported charge through an oriented radial cut per unit proper time, is

@ Qu _ Qe

IseziDT = = .
hell = o #7790 = o T 7R

Its sign is the sign of Q relative to the chosen positive loop orientation.

(112)

Proof. For any test function f,

2w oo Q 27
/0/0 pQ(p,Go)f(p,Go)pdpd%:ﬁ/o ; d(p—R) f(p,00) pdpdby

B Q 27
=2 /0 F(R, 00) RAf,

B Q 2
=5 | SR 00,

This proves the distributional identity. Choosing f € C2°([0, 00) x R/27Z) equal to 1 on a neighborhood of the support
of pg gives Eq. (111).
The corresponding uniform signed line charge density with respect to arc length s = R6y is

Q

Ao = .
©T R
Over a proper-time increment d7, the gauge-invariant phase advance transports the carrier through the arc length
ds = RD,0ydr.
The transported charge through an oriented radial cut is therefore

_ _Q . Q
dQuross = Agds = 5= R D0 dr = 7~ D0y dr.

Dividing by dr gives

dchoss Q
1. = = — D,0y.
shell dr o TY0
By proposition 18, this current is gauge invariant. Using Eq. (93),
c
DTQO = Ea
and the locked-branch rate convention
c
w= =,
R
one obtains
Q Quw Qc
1. =—D,0)=—=—"
shell o0 TY0 o 27TR’
which is exactly Eq. (112). Since D,y > 0 on the locked phase sector, the sign of Iy is the sign of @ relative to the
chosen positive loop orientation. O

Remark. Equation (112) is the only loop-current formula needed later in the shell vector sector. In the electron charge
sector one sets @ = —e by Eq. (108), whereas the carrier orientation remains the previously fixed positive one-loop
orientation. The resulting shell source is therefore a negatively charged carrier loop whose current sign is opposite to
the chosen positive orientation. This sign assignment descends from the compact-phase charge sector; it is not fitted
to the vector-shell response.



55
C. Infrared Dirac limit

The charge sector above is worldline-based. To connect it with standard low-energy relativistic physics, we now pass
to a minimal local infrared field representative. Only the infrared content needed later in the paper is retained. This
step imposes an infrared completion criterion for a branch of fixed signed charge Q. It does not introduce a measured
value of e, a measured value of a, a QED anomaly coefficient, or a microscopic ontology for the generator sheet.

Definition V.7 (Gauge-covariant momentum operator). We use the Minkowski metric
nt = diag(1,—-1,—1,—1). (113)

The coordinate convention is z# = (ct,x), so that

1
2= (0,7)
For a branch of fixed signed charge @, acting first on charged scalar fields
u € CHRY3;C), u s e @rs/ My,

define the gauge-covariant four-momentum operator

I, =ihd, — QA,, Im* == n¥11,. (114)
With the convention A, = (®/c,—A), the spatial covariant components satisfy

IL; = ihd; + QAT = —(pi — QA}*),  pi = —ihd,

where AY*¢ denotes the Cartesian components of the ordinary three-vector potential A. The physical minimally
coupled three-momentum is therefore carried by the raised spatial components,

T = pi — QAY™.

Whenever the composite expression II,II* is used below, it is understood to act on charged scalar fields in C?(RY3;C),
with the operator product taken in the displayed order.

Proposition 24 (Gauge covariance of II,, and the scalar infrared equation). Under the gauge transformation

A= Ay — 0ulg, w iy e'@rs/ Py,
with Q held fized as the branch charge, the operator 11,, = ihd, — QA, transforms covariantly,

,u s '@/ 0. (115)
If u € C*(RY3;C), then
(H#H“ — m202)u — eiQ’\g/h(HHH“ — mQCz)u.

Proof. Let

u = e'@ /Ny, A, = A, =0
Then

I = (ihd, — QA )e /M.

Expanding the derivative gives

H;Lu/ =1h (Z}? guAgeiQ/\g/hu + eiQ)\g/hauu) _ Q(AH _ 8H/\g)€iQ)\g/hu.

The terms proportional to d, A cancel, leaving

I = e1QAs/N (im0, — QAL )u = e 1Qe/
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which proves Eq. (115).

Since the metric n*¥ is constant, raising the index preserves the same gauge phase factor. Indeed,

M = I 0 = g e '@/ = e '@/ PTHy,
Applying HL once more, and using the already proved covariance of H;L, gives
I’ = 11, (e /M1 ) = 1O/, T,
Subtracting
m2u = e Qe/p?c2y
yields the stated covariance of the second-order equation. O

For a complex scalar infrared field representative u € C?(R%3;C), the associated second-order relativistic mass-shell
equation is

(IL, 11" — m?*c®)u = 0, (116)

where m is the infrared inertial parameter of the branch, and where II,II* denotes the ordered differential expression
built from Eq. (114). This equation is used only as an infrared representative motivating the first-order completion
below. It is not asserted as the microscopic ontology of the branch, and it does not determine the electron rest mass,
the charge scale qg, or the value of a.

Definition V.8 (Minimal spinorial infrared completion). A minimal spinorial infrared completion is a local, first-order,
Lorentz-covariant completion criterion. One seeks a differential operator

L =T"11, —mcly, (117)
acting componentwise on smooth spinor fields
¥ c CHRY; V),
where V is a finite-dimensional complex vector space and the coefficient matrices
I'* € End¢(V)
are constant. Its principal symbol is
o(L,p) =T"py, (118)
and is required to satisfy
o(L,p)? = (p.p") 1y for every covector p,,. (119)

The minimality condition is that the unital complex subalgebra of Endc(V) generated by the constant matrices
T# acts irreducibly on V. Once Eq. (119) yields the Clifford relations, this is equivalent to an irreducible complex
representation of Cl; 3(C). The square condition in Eq. (119) is a principal-symbol condition. It is not an assertion
that the fully gauged first-order operator squares to the scalar equation without lower-order electromagnetic curvature
terms. This definition is an infrared representation criterion, not a standing postulate about the microscopic generator
sheet.

Theorem 5 (Dirac infrared limit). Let £ be a minimal spinorial infrared completion in the sense of definition V.8,
for a branch of fixed signed charge Q) and infrared inertial parameter m. Then the coefficient matrices satisfy

DHTY 4 TVTH = 29" 1y (120)

Hence the assignment et — T'* extends to an irreducible complex representation of the Clifford algebra Cl; 3(C). By
the standard classification of complex Clifford algebras,

Cll’g((C) = Mat4 ((C),
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every irreducible complex representation is four-dimensional and unique up to equivalence. After choosing a basis of V
and fizing any standard 4 x 4 gamma-matriz system {y*}3 there exists an invertible constant matriz S € GL(4,C)

p=0’
such that
= SyrS—1, (121)
where
YA At = 2m 1y, (122)

After the field redefinition U = S™IW, and dropping the tilde afterwards, the infrared field equation for a branch of
charge Q takes the standard minimally coupled Dirac form

(v*11,, = mc)¥ =0, (123)
with U a four-component complex spinor [2, 17, 18].
Proof. For any covector p,, the principal symbol of L is
o(L,p) =T"p,.
By Eq. (119),
(F“pﬂ)2 = (pup")1lv for all p,,.
Let p,, and g, be arbitrary covectors. Evaluating Eq. (119) at p, + g, gives

2
(F“(p# + qu)) = (Pu+q.)P" +4")1v.
Expanding both sides yields
(FHPM)Q + p)(Mq) + (Mqu) (Ipy) + (FHQM)Q = (pup" + 2puq" + qud”) 1v.

Subtracting the identities at p, and at g, gives

(Tp) (T q) + (M) (Tpy) = 2pug” 1.
Renaming dummy indices in the second term gives

Tpu) (T qw) + (Mg ) (Tpu) = 2ppg” 1y
Choosing the coordinate covectors p,, = d;; and ¢, = 65, so that p,q" = NP yields

ror? + TP = 29281y,

which is Eq. (120).
By the universal property of the complex Clifford algebra, the assignment e* — I'* extends uniquely to a unital
algebra homomorphism

pr : Cly 3(C) — Endc(V).

The minimality hypothesis in definition V.8 states exactly that this representation is irreducible.

By the standard classification Cly 3(C) = Mat4(C), every irreducible complex representation is four-dimensional and
unique up to equivalence. Choose a basis of V, identify V ~ C*, and fix any standard gamma-matrix system {'y“}izo
satisfying Eq. (122). Representation equivalence then yields an invertible constant matrix S € GL(4,C) such that

I'* = 57”571.

Because S is constant in spacetime and acts only in spinor space, while ) and A,, are scalar coeflicients, one has for
every smooth spinor field ¥

I1,(SU) = ih,(SV) — QA, SV = S(ihd,V — QA,¥) = STI, V.
Hence
S™lLS = STITHSTL, — mely = AL, — mely.
If LU =0and ¥ = S~1W, then

(v*II,, — mc)¥ = 0.
Renaming ¥ as ¥ gives Eq. (123). O
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Remark. Theorem 5 is infrared in scope. It identifies the unique irreducible local first-order completion with the
required principal symbol. It does not claim that the Dirac field is the microscopic ontology of the branch. The
scale m enters only as the infrared inertial parameter in this completion and is not dynamically selected here. In an
electromagnetic background, squaring the operator produces lower-order Pauli terms proportional to F,,. These terms
arise from the noncommutativity of gauge-covariant momenta and are analyzed below. They are not QED radiative
anomaly coefficients and are not inputs to the a-lock closure.

D. Tree-level magnetic moment and g =2

The tree-level magnetic normalization appears here in two compatible infrared readings. Geometrically, an effective
axial bookkeeping moment is assigned to the collective loop current on C for shell-source normalization. Algebraically,
the same tree-level coefficient is read from the Pauli term obtained in the infrared reduction of the minimally coupled
Dirac operator. The two readings agree in the signed coefficient multiplying @/(2m), and that coeflicient is g = 2.
This is a tree-level normalization statement, not the insertion of a measured anomalous magnetic moment.

Proposition 25 (Effective geometric magnetic moment of the collective loop). Choose an auziliary bookkeeping
azial unit e perpendicular to the oriented carrier plane. This unit fizes the sign convention of the internal carrier
orientation and is not an observed spatial direction in R3. For the purpose of shell vector normalization, the charged
collective loop T'r is assigned the effective geometric magnetic moment

QcR

pc = Igen R g = nc. (124)

Equivalently, the signed scalar moment relative to the chosen orientation is

_QcR
be = 5
Thus, in the electron sector Q = —e, the effective moment is opposite to the chosen positive axial orientation, while in

the positron sector it is aligned with that orientation. This is a shell-normalization bookkeeping moment associated
with the effective loop source. It is not an additional measured magnetic moment, not a microscopic magnetic moment
in observed space, and not an anomalous magnetic moment inserted into the theory.

Proof. For a loop of signed current Iy and oriented area vector
7TR2f1(C,
the magnetic moment is
=1 R
HC = Lshell TLA"NC.

Using the loop current Eq. (112),

MCZ%WRQA _Qc;RQ c
The Relator lock Rw = ¢ then gives
QcR
HC = B) nc.
This proves Eq. (124). O

Corollary 3 (Geometric tree-level normalization of g = 2). If the effective infrared spin scale of the minimal one-loop
branch is normalized by the minimal generator first moment

Seft = Lc g, (125)
with L¢ fized by Eq. (65), then

_Q @

—— Ser- 12
2m ft (126)
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Hence, conditional on the effective spin-scale convention Eq. (125) and on the minimal one-loop calibration Eq. (65),

the coefficient multiplying Q/(2m) in the geometric normalization is
g=2.
This is a tree-level statement.

Proof. By Eq. (124) and the minimal one-loop normalization Eq. (65),

R 1
Bc = Q; Ac, Set = Lechic = §mCRfl<c-
Hence
uc = 9 Set = Q*Q Seft
m 2m

which is exactly the standard tree-level form with g = 2.
Proposition 26 (Squared Dirac operator and Pauli term). Let
i

o =S [Y 7], F, =04,

|

With the convention A, = (®/c,—A) and z° = ct, and with €123 = +1, the field-strength components are

E;

Foi = —, Fij = — €k By,

where

—0,A,.

E=-V®-8,A, B=VxA.

Then the minimally coupled Dirac operator satisfies

() = — & g

Proof. We first verify the field-strength components in the stated SI convention. Since x
Also Ag = ®/c and A; = —A}°°, where AY°° are the Cartesian components of A. Therefore

1 1 1
F07; = aoAZ - &AO = —EatA;/ec - Ealq) = E(_azq) - 8tA;]ec) =

Likewise,

Fij = 6114] - ain = —aiA;-,eC + @A;’ec = —eijkBk.

Use the decompositions

v 1 v 1 v 1
V=55l T = AT, T+ ST, T,

Since the contraction of a symmetric tensor in u, v with an antisymmetric one vanishes, one obtains

(v“I1,)? = y*9¥11,10,,

1 . 1 .
= i{,yﬂ7,y }{HH«7HU} + Z[W”f}’ MH;MHV]'

Using {v*,7"} = 2n*”1, the symmetric part is

1 v 1 v
Z{'Yua'y }{HwHV} = 5”“ {H#,HV} = HMHM'

F,.

(127)

(128)

(129)

(130)

= ct, one has Oy = ¢~ 19,.
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Next, for every test spinor wu,

(I, 11, Ju = [ihd, — QA,, ihd, — QA,u
= —ihQ (O Ay — 0, Ap) u

= —ihQ F u.
Hence
[, 11,] = — ihQ F,.
Using [y*,v"] = —2i o*¥, the antisymmetric part becomes
S T = 2 (-260) (i@ Fuu) = ~ L 0 .
Adding the two pieces yields Eq. (130). O

Theorem 6 (Infrared Pauli reduction and g = 2). For a branch of fized signed charge Q, choose the standard Dirac
representation for convenience. Assume a nonrelativistic infrared regime after subtraction of the rest energy. More
precisely, on the retained wave packets,

ihd, — Q® = O(cY), T =p— QA =0(), QP = 0("),

as ¢ — 00, with smooth external electromagnetic fields and with the derivatives of the fields bounded at the same infrared
order. After factoring out the rest energy according to

U(t,x) = e~ t/h <<P(t,><)> 7

x(t, %)

the upper two spinor components satisfy, to leading nonrelativistic order,

. 1 2 Qh _2 .
e = |5 (p-QA) +Qo— L' g }WO(C ) pe—ihV (131)
Equivalently, with
S = ga, (132)

the leading magnetic interaction takes the standard tree-level form

Q
Huyog = —p- B, u:g%& g=2. (133)
For the electron sector () = —e, this convention gives a magnetic moment antiparallel to the spin direction.

Proof. Choose the standard Dirac representation,
0 __ 1 0 i 0 ] O'i
’Y - 0 _1 9 'Y - _O_’L 0 )

7w i=p— QA =—ihV — QA.

and define

Multiplying Eq. (123) by ¢y° gives the Hamiltonian form
1hoyU = [ca-ﬂ'—i-ﬁmc2—|—Q<I>] v, a =%, B ="
Indeed, with A, = (®/c, —A), the raised spatial components give the physical three-momentum

T=p—QA, p = —thV.
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After extracting the rest energy,

U(t,x) = e met/h <¢Et,x;> ;

x(t,x
the Hamiltonian equation becomes the coupled block system

(1hoy — QP)p = co-mx, (134)

(ihdy — Q® 4 2mc?)x = co -7 . (135)

In the nonrelativistic regime after subtraction of the rest energy, the lower component is smaller by one power of
¢!, From Eq. (135),

x = (2mc® + iho, — Q@)_l co-To.

On the retained wave packets, ihd; — Q® = O(c’) and w = O(c%). Hence

1

2 . -1 _4
(2mc + ihdy — Q@) =53 +O(c™)
as an operator on the retained infrared class. Therefore
1 -3
xX=—omp+0(c”). (136)

- 2me

Substituting Eq. (136) into Eq. (134) yields
. 1 _
(ih0y — QP)p = %(0'7")2%) +0(c?).

Now compute

(0“71')2 = 0405 T;T;
= ((52] —|—i€,’jk0'k)ﬂ'iﬂ'j
9 .
=T + 1€,jLOLT;T;
7

_ .2
—7r+2

Giijk[Wz‘ﬂTj}-

Since, in this three-vector calculation, A}*¢ denotes the Cartesian components of the ordinary vector potential A, not
the covariant spatial component A; = —AY*°, one has

™ =p; — QAT = —iho; — QA]®C.

Therefore
(i, 5] = [ ih0; — QAT®C, —ihd; — QAT*] = ihQ (0; A}* — 0;A]*°) = ihQ €;51. By
Consequently,
%emk%[mﬂj] = %eijk'gk (ihQ €ijeBr) = —?(eijkeije)UkBé = —-Qho-B,
because
€ijk€ije = 20k0.
Hence

(0-w)?=n%—-Qho B.
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Therefore
. 11 2 Qh -2
1thoyp = %(p QA) + Qo 2 0 Bl p+0(c?),
which is Eq. (131).
Finally, using
S = Ea,
2

the leading magnetic term becomes

2m

Hmag:—gS~B:—<2QS>~B.

Hence the tree-level gyromagnetic factor is g = 2; see [2, 17, 19, 20]. O

The geometric loop normalization and the infrared Dirac—Pauli reduction therefore yield the same tree-level coeflicient
g = 2 multiplying the signed factor @/(2m). This is only a coefficient-level agreement. No stronger identification
between the bookkeeping spin scale S.g and the spin operator S is required here, and no anomalous magnetic moment
is inserted.

Definition V.9 (Pauli slot and anomalous magnetic moment). The anomalous magnetic moment is

g—2
a=>——. 137
. (137)
For operator classification only, we use natural-unit mass-dimension counting while keeping all displayed coefficients in
SI conventions. Within the local parity-even magnetic-dipole class, and excluding derivatives acting on ¥ and on Fj,,,
the retained infrared magnetic slot is the Pauli bilinear. At this stage a is a formal coeflicient slot for an anomalous
contribution, not a measured value. With

T 0
¥ =iyl
we write its coefficient convention as

auli

h -
Lt =cpa %n Vot F,, 0, sp = 1. (138)

Here Fy; = E;/c and F;; = —¢;;, By, follow the SI convention fixed in Eq. (129). With these conventions both QrB/m
and QhE/(mc) have dimensions of energy. Hence QhF),, /m has the correct energy dimension in both the magnetic
and electric components. If ¥ is normalized with the usual SI field dimension [¥] = L=3/2 then .Z5%%. has dimensions
of energy density. The sign ¢p is fixed by the action-to-Hamiltonian convention. Only the coefficient slot proportional
to a@Qh/(4m) is used later; no measured value of a, no QED value of a, and no coefficient from the electron anomaly is
inserted here.

Proposition 27 (Uniqueness of the retained Pauli magnetic slot). Within the local infrared operator class fized in
definition V.9, namely Lorentz-scalar, gauge-invariant, parity-even magnetic-dipole terms linear in F,,, and with no
derivatives acting on W or on Fy,,, the only retained dimension-five bilinear slot is

o F,, U

up to an overall real coefficient and the action-to-Hamiltonian sign convention. This is a classification statement within
the restricted infrared slot, not a derivation of a numerical anomalous moment.

Proof. A local bilinear without derivatives has the form
TOU,

where O is built from the Dirac matrices. The independent Lorentz bilinear types are scalar, pseudoscalar, vector,
axial vector, and antisymmetric tensor. To contract linearly with the antisymmetric field strength F},,, and obtain
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a Lorentz scalar without introducing any extra fixed tensor, the spinor bilinear must also carry two antisymmetric
Lorentz indices. Thus the only candidates are

VoW F, and  Wo"yUE,,.

Equivalently, the second term may be written as a contraction with the dual field strength. With the four-dimensional
orientation fixed by €923 = +1, the standard identity is

with the corresponding sign changed if the four-dimensional orientation is reversed. The first bilinear gives the
magnetic-dipole Pauli slot in the nonrelativistic magnetic reduction. The second is the parity-odd electric-dipole slot
and is excluded by the parity-even restriction in definition V.9. Therefore the retained parity-even magnetic slot is
unique within the stated local infrared class and is precisely

o F,, .
O

Remark. For the later a derivation, this section supplies only the quantized charge slot Q@ = kqg, the shell-source
loop current Eq. (112), the tree-level magnetic normalization encoded by g = 2, and the formal Pauli coefficient slot
Eq. (138). No measured value of e, no measured value of «, no measured magnetic anomaly, and no QED anomaly
coefficient enters this input layer.

E. Heuristic geometric picture of the one-loop electron branch

This subsection is heuristic and does not enter the derivation. It introduces no postulate, no shell-closure definition,
and no numerical input. The scalar and vector channels used in the paper are defined by the operator equations stated
in the surrounding sections, and every quantitative claim rests on those equations. The discussion below is only a
geometric mnemonic for fig. 5.

In this mnemonic reading, C and R? remain distinct. The generator side is pictured as the maximum-entropy
Gaussian sheet together with its coherent one-loop carrier, rather than as a rigid wire or a sharp material torus. The
only load-bearing data carried forward from this picture are the derived width oc, the collective radius R, and the
matching shell .. The split-rate balance itself is not assumed in this heuristic picture; it is fixed later by the scalar
and vector shell equations and by the coupled closure.

Near the coherent carrier, the Gaussian sheet is most naturally visualized as a filamentary one-loop core together
with a Gaussian transverse dressing. This picture motivates the later separation between the filamentary Maxwell
source and the finite-width collar effects. In the Relator construction, R is fixed by the lock and by the internal phase
kinematics; no independent identification with a laboratory Compton scale is assumed at this stage.

The projected image in R? should not be read as a rigid material torus or as a solid body embedded in an ambient
medium. It is only a kinematic trace of the projected branch geometry. A Gaussian-dressed circulating branch in C is
represented heuristically in R? by a toroidal tube of transverse scale oc. Because the Gaussian profile has infinite
support, this torus marks the dominant core region rather than a hard boundary. The matching shell then surrounds
the toroidal core region used in the mnemonic picture.

This is the intended reading of fig. 5. Panel (a) shows the generator-side mnemonic in C, together with the already
derived minimal-branch width o¢c = R/+/7 from Eq. (66). Panel (b) shows the corresponding projected toroidal
mnemonic in R?, enclosed by the already derived matching shell 7, = 7R from Eq. (84). The figure asserts no literal
map C — R3. In the exact vector construction, the exterior shell datum is the polar magnetic component B on
that sphere, equivalently the shell trace b$**(v). The Gaussian profile enters only through the collar scale oc, the
extension operator Ey, the shell-admission operator Q,, (¢), and the renormalized shell-return kernel. It does not enter
by replacing the exact Maxwell source with a smeared current at this stage. This separation prevents double counting
of finite-width effects.

The intended mnemonic is that of a closed feedback branch. The carrier circulates, supplies the effective shell
source, and the returned shell response is evaluated on the same branch. This language remains heuristic only; the
quantitative content is carried entirely by the scalar and vector shell operators.

Remark. This subsection is included only to aid intuition. None of its geometric phrasing is used as an independent
axiom in the derivation. The load-bearing content remains the scalar shell law, the vector shell functional, and the
shell operators associated with them.
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(a) heuristic generator-side mnemonic in C

. P 3
S (b) cutaway toroidal mnemonic in R
A
filamentary carrier--_ .
N Gaussian transverse .
\ - . matching shell
\ { dressing
\ \ r. =TR
\ \ ext
\ \ B19
\ \ s
\ \
\

) Gaussian dressing
() exposed on cut faces

filamentary carrier
of radius R

filamentary carrier in C
with Gaussian transverse dressing

FIG. 5. Heuristic generator-side and projected branch mnemonics. Panel (a) shows the filamentary carrier of radius R in C
with Gaussian transverse dressing of width oc. Panel (b) shows the corresponding projected toroidal mnemonic in R*, enclosed
by the matching shell 7. = 7R. In the exact vector construction, the exterior shell datum is the polar magnetic trace BS** on
that sphere. The figure is schematic and serves intuition only. Finite-width effects enter the exact construction through oc, the
extension operator Ey, the shell-admission operator Q, (¢), and the renormalized shell-return kernel.
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Part III
Scalar and Vector Channels of the Electron

VI. MATCHING SHELL AND THE SCALAR SLOWDOWN BLOCK

This section fixes the scalar side of the emergent-a construction. The defining scalar-side object is a boundary-
coupled scalar cavity pinned to the minimal-branch shell and coupled to a strictly positive self-adjoint glued shell bath.
Eliminating the shell reaction field gives the scalar slowdown branch D¢(«). The scalar shell matching rule below is a
branch-level matching condition, while the mother cavity—shell pencil is the defining operator-level scalar law.

The scalar sector is kept separate from the vector shell channel. No vector quantity enters the definition of Dc¢.
Once the scalar branch has been fixed, the later shell lock compares it with an independently computed vector input.
The vector channel is not determined inside the scalar definition.

The dependency order in this section is as follows. The minimal branch fixes r,, 79, £y. The scalar matching rule

fixes the Coulomb anchor Dg) ) = 2 on the Compton-baseline shell. The mother cavity—shell pencil, together with the
strictly positive glued shell bath, defines the scalar branch D¢(«). Finite visible, static-hidden, and Lanczos—Jacobi
constructions are finite-rank evaluators of that scalar branch. External numerical orientation points are used only after
the scalar evaluator has been fixed.

A. Matching shell and branch pinning

The scalar block is built on the matching shell selected in the minimal branch construction. We recall here only the
geometric data needed for the scalar derivation, namely the locked one-loop radius, the first-node shell, and the fixed
dimensionless ratios exported to the shell problem. This subsection introduces no new branch postulate, no value of «,
no QED coefficient, and no empirical scalar input.

Definition VI.1 (Pinned scalar shell data). The scalar shell problem used in this section is pinned to the minimal
branch geometry obtained in propositions 16 and 17 and corollary 2. The relevant regular isotropic radial profile
is therefore the previously derived mode jo(kbaser), with branch-geometric base wavenumber kpase = R~!, and the
pinned shell is its first positive node. This pinning was already fixed in the minimal branch construction; it is not a
material cavity boundary and not an empirical radius fit.

In the notation used below,

1
re = TR, N=—=—. (139)
Te T
With the previously derived minimal-branch width o¢c = R/+/7, one has
1 1
oc _ 1 0 =2C = = 1o (140)

R Jr re m/T AT
No new scalar symbol is introduced here for o¢/R. This ratio is written explicitly in the scalar discussion below, so

that €¢ retains its standard SI meaning as the vacuum permittivity throughout this section. When no ambiguity arises,
the unsubscripted shell ratios n and ¢ are specialized to the minimal-branch values 7y and #y.

Proposition 28 (Rest-frequency normalization and symbolic reduced-Compton baseline). Adopt the infrared rest-
frequency normalization

e — M (141)

For a locked stationary branch with this internal normalization and projected branch-rate magnitude wgs, the orthogonal
rate split gives

2\ 2
w? = <mhc) +ws. (142)

When a nonzero projected share is retained, the branch no longer sits at the zero-projected symbolic reduced-Compton
baseline. The lock then relates its collective radius to the projected branch-rate magnitude by

B B202 -1/2
R=CS=" (14 0% . r.o=7R (143)
w  mc m2ct
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This identity is purely kinematical; it does not select wgs, m, or a.
The scalar Coulomb normalization anchor used below is evaluated at the zero-projected symbolic reduced-Compton
baseline,

wrs = 0. (144)

This baseline serves only as a normalization anchor for the scalar Coulomb block. It is not the final locked branch
with nonzero scalar slowdown, and it is not a fitted reference to a measured value of a. Whenever this anchor is
used, T, denotes the baseline shell radius associated with the zero-projected normalization, not a redefinition of the
nonzero-slowdown locked branch radius. In that baseline,

ch

h )
Here R¢ is the symbolic reduced Compton radius associated with the same infrared inertial parameter m. No measured
rest mass is introduced.

h
R:RcEf, T*:Tch. (145)
mc

W =wc =

Proof. The adopted rest-frequency normalization gives

For any locked stationary branch with this internal normalization, the orthogonal rate split gives

o\ 2
mc
w2 :LU((Q:-FW]}%?, = <h) +w§3.

The lock Rw = ¢ then yields

R= ‘ :h(1+h2‘0112<<3>_1/2.
(mcg/h)z + UJE@ mec m2c4

The pinned first-node relation gives r, = 7R, which is the displayed formula Eq. (143).
The symbolic reduced-Compton baseline is the special zero-projected case

WR3 = 0.

Therefore
o me? R_ c i h
TEET TRy  me2/h me me’

This proves Eqgs. (142), (143) and (145). O

B. Gauge-invariant scalar dilation on the pinned shell

We now formulate the scalar block D¢ in the form used both for the derivation and for later computation. The
guiding point is that the scalar block is not an ad hoc closed formula. It is the shell-reduced scalar-channel representative
of the gauge-invariant slowdown variable of RELATOR, extracted from the pinned scalar shell problem and from the
positive self-adjoint shell-bath construction defined later in this section. No measured value of o, no QED coefficient,
and no fitted scalar parameter enters this definition layer.

Remark. The quantity D¢ denotes the scalar-shell contribution to the full gauge-invariant slowdown variable Dyga
introduced in Eq. (10). At the branch level the full observable is represented as

Do (wmz)z _ P
total — - 2 929
w m2c
where py, is the chosen gauge-invariant branch or shell representative extracted from

Prech = VS — QA.

In a pointwise local reading one may use D%, = [|Pmecnl|?/(m?c?). The present subsection isolates the purely

scalar Coulombic shell channel. The resulting quantity D¢ is therefore a gauge-invariant scalar-channel slowdown
representative rather than a full-space electromagnetic self-energy.



Definition VI.2 (Shell-weighted radial inner product). For radial functions on 0 < r < r,, define

r

(f.g)s = /Or*f(v")g(r)ﬂdTZv"f/o fray) gtray) v dy,  y=—.

T

Definition V1.3 (Pinned scalar ground line). The normalized pinned s-wave is
) ™
UO(T) = N.]O(kbaser)a Ebase = 7; 47T<UO,U()>* =1.

*

In the reduced cavity coordinate y = r/r,, define the reduced line variable

v(y) = yuo(r.y).

A convenient complete orthonormal Dirichlet eigenbasis of L2(0,1) is

bn(y) = V2sin(nmy), n > 1.
Using kpase = 7/7« and jo(z) = sin z/z, one has
) sin(my)
v(y) =N Ty) =N —"=—"—— .
() yjo(my) - N4 ()
Hence v is smooth on [0, 1], vanishes at both endpoints, and therefore
v e H*(0,1) N H}(0,1) C L*0,1).

Define the normalized reduced ground line by

vo(y) = VArriv(y).

Lemma 1 (Normalization and ground-mode expectation of y?). For the mode Eq. (147),
s T

=,
27

and the normalized radial expectation of y* = 12 /r? is
Ty 2
9 9 9 T 1 1
=4 —dr=- - —.
Wt = [P Spar = 5 - o

*

Moreover, the normalized reduced line defined in Eq. (151) satisfies

1
[ P =1 ) =aw.
0
and, for 0 <r < r,, equivalently 0 <y <1,
L ¢1(y) _r

wo(r) = 4mrd oy Ty

Proof. Write y = r/r,. Using the explicit ground radial mode in Eq. (147),

ug(r) = NM’ =T, dr = r, dy.
Y

Hence

T 1 s 02 2..3 1

4
47T/ 72 |ug(r)|? dr = 47TJ\/'27“3/ y? = Q(Zy) dy = M\/Q ik / sin®(7y) dy.

0 0 ™y T 0

Since
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(146)

(147)

(148)

(149)

(150)

(151)

(152)

(153)

(154)

(155)
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the normalization condition gives

CAmNEE 1 2N

1 —
w2 2 ™
hence
T
NE= .
2r3

This proves Eq. (152).
For the expectation value,

T r2 Ar N33 1 )
(%o = 47T/ 72\“0(7")\2772 dr = T/ y? sin®(my) dy.
0 0

*

Now

1 1 1 1 1
/ y?sin®(my) dy = / y?dy — - / y? cos(2my) dy
0 2 0 2 0

11 [yz sin(27y) N 2ycos(2my)  2sin(2my)]"
6 2 27 (2m)? 2m)3 |,

1

6 4n?

Substituting Eq. (152), we obtain

Finally, by Eq. (151),

vo(y) = VA4mrd yuo(rey).

Therefore
1 1 Ts
| ooy = amr2 [ PunrapPdy = am [ 2 fun(r) P = 1
0 0 0

Thus vy is normalized in L?(0,1). Using the explicit form of ug, we also get

wn(y) = vy S T S B () = on (),

T T

where N2 = 7/(2r2) was used. This proves Eq. (154). For 0 < y < 1, the same identity gives

" (7" y) _ vo(y) _ 1 ¢1(y)
o Varrdy 4 oy

Equivalently, with y = r /7.,

1 ¢i(y)
uo(r):m . 0<r <y,
which proves Eq. (155). O

Definition VI.4 (Gauge-invariant scalar shell dilation). On the scalar side, the shell slowdown block is the scalar-

channel representative of the gauge-invariant slowdown observable restricted to the Coulombic shell channel. We
define

Do = Px (156)



69

where p, is the shell-matched scalar momentum scale associated with the one-sided scalar shell representative. Thus
D¢ is the scalar Coulombic contribution to
(%)
w
after isolation of the Coulombic shell channel.
The scale p, is not obtained by taking a pointwise derivative of the pinned Dirichlet mode at its node. When a

nodal-free scalar collar representative is used and the one-sided trace exists, p? is the one-sided shell trace of the
gauge-invariant mechanical momentum square,

pi = tI‘i ||PmcchH2a Pmcch =VS - QA (157)

r—r,

The pinned Dirichlet mode supplies the scalar cavity shape and the shell susceptibility, whereas the scalar momentum
scale itself is fixed below by the shell matching rule.

In the purely electrostatic scalar channel, assume the magnetic field vanishes on the collar and the collar is simply
connected. Then V x A = 0 implies A = Va for a single-valued scalar a on the collar. The gauge transformation with

Ag = —a sets A’ = 0. In that gauge one may evaluate the same gauge-invariant representative as
vsi) "
tr,.,,- [VS|? (tr,0,, 1952
Do= 2" 1 "0 52 o= - . 158
c m2c2 c c me (158)

Condition VI.1 (Scalar shell matching rule). In the purely Coulombic shell sector, the scalar shell momentum scale
is fixed by the branch-level leading nonrelativistic matching condition
p?
2m

= Utar(74). (159)

This condition is the scalar Coulomb-anchor matching rule for the pinned shell. It is not an empirical fit, and it is
not the final scalar—vector lock equation. Here Us,, (7, ) is the positive electrostatic field energy stored in the exterior
region r > r, for total charge magnitude |Q| = qo, later denoted by e in the minimal & = +1 sectors. The use of
p?/(2m) is the leading Coulomb-anchor reading of the relativistic kinetic energy in the scalar channel. More precisely,

as pi/(me) — 0,
2 2 4 6
1 -1 = — (0] . 160
me < T ea ) 2m  8m3c? * <m5c4) (160)

This uses the charge quantum defined earlier and does not insert a measured numerical value of e, a measured value of
«, a rest-mass benchmark, or any QED coefficient.

Proposition 29 (Far-field Coulomb anchor). Under the shell matching rule Eq. (159), let the symbolic dimensionless
coupling variable associated with the compact charge scale gy be

" 4qeghc’

(161)

where €q s the SI vacuum permittivity. At this stage « is an unknown dimensionless coupling variable, not a measured
input. Then the purely exterior Coulomb anchor is

Wi (r,) R h
p® . Wenlr) _ Fe p I (162)

mec2 Ty me

In particular, on the symbolic reduced-Compton baseline shell r, = TR,

P =2 .=z (163)
T
Proof. By the shell matching rule,
2Ufar(r*)
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For a charge of magnitude qg, the exterior Coulomb field magnitude is

qo0
E(r)| — > ..
E)] dmegr?’ r=r
Hence
o o % o q 2 q2
Utar(rs) = YE 24%1:/*0 0 4rr? dr = —0—.
wr) = [ JEEPamtar= [C 9 () atar =
Therefore
PO _ % _ 4@ h1 _ R
C dregrame?  dweghe me 1. Ty

On the Compton-baseline pinned scalar shell r, = TR, this gives

O

Definition VI.5 (Uniform interior Coulomb baseline). The standard spherically symmetric interior Coulomb baseline
used in the scalar channel is the positive charge-magnitude potential-energy profile

2 2
Vo (r) = —20 (3 - T) . 0<r<r,. (164)

Here ¢¢ is the SI vacuum permittivity. In the minimal & = +1 sectors one may write go = e. This is a naming
convention for the charge unit and does not insert a measured value of e. The sign of the branch charge does not enter
this scalar Coulomb baseline, because this profile is built from the positive quadratic charge scale Q* = ¢2. It is a
scalar-channel baseline profile, not an additional electromagnetic self-energy definition.

Definition VI.6 (Uniform near-shell coefficient). The shell-averaged interior baseline is

T
Unear(7+) = 47r/ r2\u0(r)|2Vbu1k(r) dr. (165)
0
Let
h
RC =
me

denote the symbolic reduced-Compton baseline radius obtained in the zero-projected-share limit. The associated
dimensionless uniform near-shell coefficient is

1

amc?

Cvuni = Unear(r*)

(166)

r«=mRc

Proposition 30 (Uniform near-shell coefficient and Coulomb-anchor load). In the symbolic Compton-baseline pinned
scalar shell problem, the uniform near-shell coefficient is

1 /4 1
Cumi=—|z+-— ). 167
™ (3 + 47r2> (167)
Moreover, for the pinned s-wave shell geometry, the uniform interior load is tied to the Coulomb anchor by
2Unear(r*) 0
— 2 = 27 Cuni Dy, (168)

Proof. By lemma 1, the normalized pinned ground state satisfies

1 1

Ty T 2
47r/0 TQ\uo(r)\er =1, <y2)0 = 47r/0 TQ\uo(r)\z:—gdr =3~ 3.3
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Insert the uniform interior Coulomb baseline
Vhulk(r) = G <3 - 72)
into the definition of Uyear. Then
Unear (1) = 4m /OT* 72 [uo () [* Vo (r) dr

o (3= (¥")o)

- 8megrs

2 8 1
__D 24— ).
8megrs \ 3 272

In the symbolic Compton-baseline pinned scalar shell problem,

h %
. = TR, Rc = —, =
© €7 e dmeghce
Therefore
Cni = ——Uneur ()
ni — near (T«
b ame? " ro=nRg

1 @ 8 1
=———2 -+
amc? 8regmRc \3 272

(8 L\ _1/4 1
T2 \3  272)  w\3 4n2 )"

This proves Eq. (167).
The exterior Coulomb anchor is

DO _ 2Ufar (1) _ %
c mc? dmegramec?’
Hence
2U11ear(r*) 8 1 (0)
— L ===+ —= | D5’
mc? 3 + 2m2 C
Since
8 1
2 Ouni = 5 PYECE)
T 3 + 272

one obtains
2 Unear (T’* )
me?

This proves Eq. (168). O

= 27 Cyni DY,

Definition VI.7 (Core static scalar load and self-consistent uniform shell load). The core static scalar load associated
with the uniform interior baseline is

8 1
O1core =21 Cupni = = + —. 169
1, m 3 + 272 ( )
The closure-level uniform near-load map is
E(Dc) = @Lcore Dc =27 Cuni Dc. (170)

This is the self-consistent replacement of the Coulomb-anchor load by the scalar slowdown variable D¢. It is a
scalar-channel closure map used later. By itself it neither solves the scalar—vector lock nor introduces an additional
fitted parameter.
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C. Mother cavity—shell pencil

The defining operator-level object is not a closed one-line radicand formula. It is a linear cavity—shell pencil. The
scalar block Dg¢ is recovered only after elimination of the shell reaction field, namely through a Feshbach reduction of
this mother system. Thus the abstract scalar law is fixed before any finite-rank evaluator or numerical realization is
introduced.

Lemma 2 (Reduced-line transform of the pinned radial cavity). Let

(Ureau)(y) == /Arr3 yu(ryy), O<y<l. (171)

Then Useq is a unitary map from L?((0,7,),4wr?dr) onto L?(0,1;dy), with inverse

(UZkw)(r) = \/4% w%’") 0<r<r,. (172)
Let the pinned radial cavity operator be
Kraa = —kp 2, (83 + ?@) , (173)
with domain
Dom (K yaq) = {u € L2((0,7.),4mr2dr) 3 ru e H2(0,r,) N Hg(o,r*)}. (174)
Then
Urea KraaUoy = Ko, Ko :=—7%9;, Dom(Ky) = H?*(0,1) N H}(0,1). (175)

The operator K is the nonnegative self-adjoint Dirichlet realization on L?(0,1;dy), with eigenbasis ¢ (y) = v/2sin(nmy)
and eigenvalues n?. Consequently K, .q is nonnegative and self-adjoint on L*((0,r.),4mr?dr) by unitary equivalence.
Moreover,

Urequo = ¢1~ (176)

Proof. Let r = r,y. Then

1 1 T
/ |(Uredu)(y)|2 dy = 47?7"3/ yz|u(r*y)|2 dy = 47r/ 7°2|u(7°)|2 dr,
0 0 0

80 ULeq is isometric. The inverse formula Eq. (172) is immediate, hence Uyeq is unitary.
Writing

one computes

VT =R Yy y?
and
1 1 " 2w’ 2
) = Ay & (P10 200 20
\Arrs Ty Yy Y Y
Therefore
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so the singular terms cancel and

(o2 =20 )u) = i oy (w0

2 one obtains

Since 7, = m/kpase, equivalently r2 = 72 /k

base?
Urea KraaUqw = =7 0w = Kow.
Moreover,
w(y) = Varriyu(ray) = Varr, (ru)(rey).
Hence

ru€ H*(0,7,) N Hy(0,7,) <= we€ H*0,1)NH0,1),

which proves the domain statement.
Let

wn = (W, Gn)120,0), W=y Wby in L*0,1).

n>1

If we H?(0,1) N H}(0,1), then ¢, € H*(0,1) N H}(0,1), ¢! = —(nm)%¢,, and integration by parts twice gives

1
(Kow, d)pz = 12 / W () () dy

== [0 )80 ~ 0T~ [ ) Ty
2 2
=n*{w, Pp)r2 = N wy,

because w(0) = w(1) = ¢,(0) = ¢,,(1) = 0. Therefore

Kow = anwnqﬁn in L*(0,1), Zn‘l|wn|2 = ||K0w||2L2(0’1) < oo.

n>1 n>1
Conversely, if Zn21 n*|w,|? < oo, then the partial sums wl) = 25:1 Wy Oy, satisfy
N
lw®™ — w2, = 3" Jwnl?,
n=M+1
N
(™) —w™Y 7. =72 > nPlw, ],
n=M+1
N
(™) —w™D) )72 =7t " ntfw, [,
n=M+1

Hence (w™)y is Cauchy in H?(0,1). Since each w™¥) € H?(0,1) N H}(0,1), the limit belongs to H2(0,1) N H}(0,1).
Thus

Dom(Kp) = qw = an¢n ; Zn4\wn|2 <0, Kow = Zannqﬁn.

n>1 n>1 n>1
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Therefore, under the Fourier—sine unitary map w — (wy,)n>1, the operator Ky is unitarily equivalent to multiplication
by the real sequence (n?),>1 on the domain

(wy) € 02 ; 2714|u/n|2 < o0
n>1
Hence K is nonnegative and self-adjoint. The self-adjointness of K,,q then follows from the unitary equivalence
already proved.
Finally, by Eq. (151),
(Ureato)(y) = 1(y)-
This proves Eq. (176). O
Definition VI.8 (Reduced cavity line space and reduced bulk load). We identify the reduced cavity with
Heav == L*(0,1;dy), (177)
using the unitary map Uyeq of Eq. (171). The associated Dirichlet basis is Eq. (149), and
Kopn = n’on, n> 1. (178)
The reduced bulk Coulomb operator is multiplication by
Viiik(y) =3 —y". (179)
The multiplication operator Vgﬁﬁ( is bounded and self-adjoint on H.,y, and satisfies
2oy < Vit < 3lecay-
Definition VI.9 (Shell bath, source vector, and derivative trace). The shell-bath coordinates in this definition are
dimensionless reduced coordinates. To avoid confusion with the physical generator radius p on C, we write the collar
coordinate as £ € Ry and the logarithmic-line coordinate as ¢ € R4. This ¢ is an internal logarithmic coordinate of the
shell bath and is not physical time. The shell-bath Hilbert space is
Hen = Heont ® Hiog = L* (R4, d€) @ L* (R, dt). (180)
On Hco, define the dimensionless collar operator
Heon =l *(—0Z + %), (181)
with Dirichlet boundary condition at £ = 0 and operator domain
Dom(Heon) = {f € HYRy) 5 —f" + €3] € L*(Ry) . (182)
Equivalently, for this half-line harmonic oscillator realization,

Dom(Heon) = {f € HA(Ry) N HY(Ry) 5 €3] € L3(Ry)}.

The operator H. is the self-adjoint Friedrichs realization of the closed quadratic form

heon[f] = 552/0 (IF QP +&1f©P)de,  feHy(Ry), &f € L*(Ry).

In particular,
Hcoll > 0

as a self-adjoint operator.



(6]

On Hiog, define
1
Liog = —0}7 + T Dom(Liog) = H*(Ry) N HE(RL). (183)
This is the self-adjoint Dirichlet half-line realization of —9? + 1/4, and
1
Llog > i-[log~

For the abstract scalar reduction, let Ges : Hiog — Heotl be bounded and define

LE = (Hw“ Gd) , Dom (L&) = Dom(Heon) @ Dom (Ligg). (184)

Gci* Llog
0 Gcé
Gee® 0

is a bounded self-adjoint perturbation of Heon @ Liog, the block operator Lfkll is self-adjoint on the displayed domain.
The scalar mother law assumes the strict glued-bath lower bound

Since

Lflll > cenlsn  for some cgy > 0. (185)

This is an explicit positivity hypothesis for the abstract shell bath. It is fixed before the scalar branch is solved and is
not tuned to a measured value of a or to a QED coefficient. The finite evaluators introduced later specify reduced
representatives of this glued bath. In the abstract scalar law, the D-dependence enters through the shifted resolvent

(ILE}I1 + DIg,) 1. Static overlap formulas such as g.,(D) introduced later belong to a particular reduced evaluator and
are not a second definition of the abstract glued-bath operator. Let Jg, : C — Hgy be the fixed shell source injection,
chosen as part of the abstract shell-bath realization before the scalar branch is solved, and write

Jsh = Jsn(1) € Hsn. (186)

The source vector is not adjusted against a measured value of a or against any QED benchmark. Define the derivative
trace by

Tou = u'(17), u € Dom(Kj). (187)
For notational brevity, set
TU = jon Tou € Hgp, u € Dom(K)). (188)

Lemma 3 (Continuity of the boundary derivative functional). For every u € Dom(Ky), expanded as

U = Z UnPn, Kou = Z nZUnana
n>1 n>1
the derivative trace satisfies
Tou =27 Z(—l)"nun (189)
n>1

and the estimate

2

|Tou| < 7 (| Kol (190)

cav '’

In particular, Ty is continuous on Dom(Ky) equipped with the graph norm of Ko, and T is a graph-norm continuous
map from Dom(Ky) to Hgp.-



Proof. Let

Up = (u, ¢n>?—£cav7 u = Z Un®n  in Heay.

n>1

Since u € Dom(Kj), the Fourier characterization of the Dirichlet domain proved in lemma 2 gives

Kou = anun,¢n in Heav, Zn4|un|2 = ||KOUH§-LCBV < Q.

n>1 n>1
For N > 1, set
N
uV) = Z Uy, O -
n=1
Then

Ju— U(N)Hiz(o,n = Z |Un|27
n>N

[[(u— U(N))/H%?(O,l) = Z n2|un|2,
n>N

[(w— U(N))HH%%OJ) =7t Z n4|un|2.
n>N
Hence u(N) — « in H?(0,1). In one dimension, the trace map H?(0,1) — C, w — w'(1), is continuous

Tou=4/(17) = lim (u™¥))'(1).

N —o0
Since
¢! (1) = V2nwcos(nm) = V2 (—1)"n,
one has
N
@MY (1) = V27 3 (~1)
n=1
Moreover, by Cauchy—Schwarz,
1/2 1/2
1 1
Z|nun\:zg(n2|un|)§ Zﬁ 2714|un|2 < 0.
n>1 n>1 n>1 n>1

Hence the series for Tyu converges absolutely, and passing to the limit N — oo yields

Tou =27 Z(—l)"n Up,

n>1

which is Eq. (189).
Using the same identity and Cauchy—Schwarz again,

1/2 1/2

1
[Tou| < V2w Zﬁ > ntu,?

n>1 n>1

. Therefore

76
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Since
1 w2
Y= Yo ntul = Koulf,,,.
n>1 nzl
one obtains
2
Tou| < —= [ Kouln

V3

which is Eq. (190). Since 7u = jsnTou with fixed jgn € Hgn, the graph-norm continuity of 7 follows immediately. [

cav?

Definition VI.10 (Mother cavity—shell saddle functional). Let = a/7 > 0, where « is the symbolic compact-charge
coupling variable, and let K > 0 be dimensionless, with the scalar slowdown written as

D =D¢ = xk.

The parameter « is the scalar dilation unknown of the mother pencil, not a fitted constant. All operators and pairings
in the reduced mother pencil are dimensionless. In particular, Ky, Vg]‘jﬁ{, ]Lflll, and the shifted argument zx have been
normalized by the pinned shell scales before the reduced pencil is written. Define the quadratic cavity—shell saddle
functional by

x
Lclu, Xsh; &y 2] = <u, (Ko — K 2y + Evggﬁ() u>

cav

- <xsh, (LE, + xﬂfsh)xsh> ] (191)

€T _— .
_ 2\/;770 §R(T6U <jsh, Xsh>7—lsh)7

where I, denotes the identity operator on Hgp, v € Dom(Kjy), and ysn € Dom(ILflll).

Proposition 31 (Mother cavity—shell pencil in weak form). The Euler—Lagrange equations of £¢, understood in the
sense of real Gateaux variations along arbitrary complex directions, are

€T
(LE, + zrlon)xen + \/;770 Tu =0, (192)
and
- € re z =2l .
<“7 (KO — K Loay + ;Vbu?k> U>H - \/;770 Tov (Jshs Xsh)Hay, =0 (193)

for every v € Dom(K).
Proof. Set

_ x T
Am,n =Ko— kK 2Icauv + 7Vbr§?k7 Cp.n = \/>770~
K K
For ¢ € Dom(ILf}ll)7 consider the real variation xsn — xsn + €¢, € € R. Then

d .
Le [u, Xsh + Q5 K, JU]‘ = -2 §R<<a (Li + x’fIsh)Xsh + Cyi JshT6u>
€

de
Stationarity for every ( implies, by testing with both ¢ and i(,

sh

(Lskll + x"i-[sh)Xsh + Ce,k jshTa'U/ =0,
which is Eq. (192), since Tu = jsn Thu.
Now let v € Dom(Kjy) and vary u +— u + ev, € € R. One finds

d —_—
—Lcu + ev, Xsn; K, 7] =2 §R(<v, Ax,nu>7{cav — Ca Tov (Jshs Xsh>Hsh) :

de

Stationarity for every v, and again testing with both v and iv, gives

e=0

<Ua Aa:,nu>’Hca\, — Cx.k m <jsh7 Xsh)Hsh = Oa
which is Eq. (193). O
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Remark. The sign pattern in Eqgs. (192) and (193) is fixed by the saddle structure of £¢. In particular, the shell
variable xg, acts as a linear reaction field and must be eliminated by a Schur complement rather than by a naive
positive-definite minimization.

Definition VI.11 (Scalar shell-memory function). For every D > 0, define

m& (D) = (jsn, (L& + DIg) " sh) gy, - (194)

h

This is well defined at D = 0 because the strict lower bound in Eq. (185) makes (]Lflll)_1 a bounded positive self-adjoint
operator.

Lemma 4 (Exact elimination of the shell reaction field). If x > 0, k > 0, and (u, xsn) satisfies Egs. (192) and (193),
then

x _
Xsh = —\/;770 (]Lfll1 + wkly) ru. (195)
Substitution into the cavity equation yields the reduced weak pencil

<U, (Ko — K 2 eay + %VQSFQ u> + %778 mf}ll(:c/ﬁ)mTau =0 (196)

for every v € Dom(K)).

Proof. Equation (192) gives

; x
(L&, + zhlsn)Xsh = —\/;770 TU.
hence Eq. (195). Substituting this into Eq. (193), one finds

_ T [ p—— 1.
<v, (KO — 5 2y + EVbuﬂ() u> + ;778 Tov <]Sh, (]Lfll1 + zrlgn) 1jsh>HShT8u =0.

cav

Using Eq. (194) yields Eq. (196). O

Remark. After elimination of the shell reaction field, the entire glued shell bath enters the reduced scalar problem only
through the single scalar memory function mflll(D), multiplying the boundary form Tpv Tou. This is the precise scalar

Feshbach compression of the shell bath.

Definition VI.12 (Scalar shell-memory measure). Let Fp (o) be the spectral measure of Lfﬁl, and let jon = Jan(1).
Define the positive scalar measure

(o) = (e, AEL(0) jsn)yy., (197)

h

Proposition 32 (Scalar Stieltjes shell-memory function). For every D > 0, the scalar shell-memory function Eq. (194)
satisfies

[e’e) d gl (O’)
¢ (D) = Fsh 1
mg, (D) /0 ot D (198)

Moreover, because Jg, is injective, one has jsn = Jsn(1) # 0,

m&(D)>0  (D>0), (199)

sh

and for every D > 0,

i gl _ > dlu’flll(o—)
Smi (D) = - /O s <o (200)
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Proof. By the spectral theorem,

- > dEL (o)
L8 + DI, 1:/ L%
( sh+ h) 0 0'—|—D

. *“ dEL(o)) . * (Jsh, dEL(0)Jsh)
gl D) = L _ shs
msh( ) <.]Sh7 </0 O'+D >.]Sh> /0 O'+D )
which proves Eq. (198).

Since ]Lffll > 0, the measure ,ui is positive and finite, with total mass

Hence

1 . . .
/’th([oa OO)) = <jshvjsh>7{s1, = ||.]Sh| %lsh < o0.

Because Jg, is an injection, one has jg, # 0, hence Mf}ll is not the zero measure. Since ]Li1 > csnlsh, the support of Nf}ll
is contained in [cgp, 00). Therefore for every D > 0,

1
o+ D

>0 on supp ,ufkll,

and the integral
< dpf
mé (D) = /O dugn (o)

is strictly positive. This proves Eq. (199) including D = 0.
For differentiation, fix Dy > 0. Since o > ¢g, > 0 on the support, for D in a sufficiently small neighborhood of Dy
inside [0, 00) one has

1 < 1
(0+D)2 N Cgh.

The right-hand side is integrable with respect to the finite measure ,uf,}ll. Dominated convergence therefore justifies
differentiation for D > 0, and also gives the right derivative at D = 0. Hence

d [ dpB(o)
@mbkll(D) - _/O (o _|_hD)2 (D> 0)'

Since Hf}ll is a nonzero positive measure and (¢ + D)2 > 0 on its support, the derivative is strictly negative:

d

This proves Eq. (200). O

Theorem 7 (Mother pencil and reduced weak pencil). Let x = /7 > 0, with a the symbolic compact-charge coupling
variable, and let k > 0 with D¢ = xk. The following two conditions are equivalent.

I (u, xsn) # (0,0) such that (192) and (193) hold. (201)

Ju # 0 such that (196) holds. (202)

Moreover, for every nontrivial reduced solution u, the shell reaction field is reconstructed uniquely by Eq. (195). Since
]Lfll1 + zrlyy > 0, one has u =0 = xsn = 0, so every nontrivial mother solution has u # 0.

Proof. By lemma 4, every nontrivial mother solution (u, xsn) satisfies the reduced weak pencil Eq. (196).
Conversely, let u # 0 satisfy Eq. (196). Define

x _
Xsh = \/;770 (]Lf]}1 + xrly) ru.
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Since
Lf}ll +aklsp > (Csh + IEK})ISh > 0,

this operator is self-adjoint and boundedly invertible. Its inverse maps Hgp, into Dom(Lflll). Hence xsn € Dom(ILflll).
By construction, Eq. (192) holds. Substituting the same g, into Eq. (193) reproduces Eq. (196). Therefore the pair
(u, xsh) satisfies Egs. (192) and (193). This proves the equivalence of Eq. (201) and Eq. (202).

If u = 0, then Eq. (192) reduces to

(]Lfll1 + zklgn) Xsh = 0.

Since Lflll + xklgy, is strictly positive, its kernel is trivial, so xsn = 0. Hence every nontrivial mother solution must have
u # 0. O

Definition VI.13 (Physical scalar branch selection). For fixed z > 0 and k > 0, with = /7 treated as an unknown
symbolic coupling variable, define the reduced scalar Rayleigh functional

x x
(1, Ko}y + (0, V)t + S6mG (25) | Toul?
Ry wlu] = e , u € Dom(Ky) \ {0}. (203)
Heav

By Eq. (190), the boundary term |Tpu|? is finite for every u € Dom(Kj). Since Ko > 0, V4 (y) =3 —y? > 2 on [0, 1],
and mi(mﬁ) > 0, the numerator is nonnegative and the functional is well defined.

The scalar mother branch used later in the primary closure is selected in two steps. First, for the given = > 0 and
k > 0, one requires the existence of a nontrivial reduced-pencil state u € Dom(Ky) \ {0} satisfying Eq. (196). Second,
among all such branches at fixed x, one selects the ground-state branch by imposing

inf R rlu] = 72, Dg = zk. 204
u€Dom(K()\{0} ’ [ ] © ( )

together with the Coulomb-anchor condition
k(z) =1 asx | 0,
equivalently
De(z) =z + o(x) (x ] 0).

This is the scalar branch-selection rule of the glued mother pencil, not a reduced numerical proxy and not a fit to a
measured value of «.

Remark. The quotient R, . is the scalar quadratic quotient associated with the reduced weak pencil Eq. (196). If
u # 0 satisfies Eq. (196), then choosing v = u gives

x x
0= <u, (KO — K ooy + ;VgﬁﬁJ u> + ;ngmfil(x/i) | Toul?

cav

x x 1 _
= (s Ko}t + 0, Vi), + i () [Tl = 62l
Hence
Rawlu] = k2.

The infimum condition in Eq. (204) is therefore an additional ground-state selection among nontrivial reduced-pencil
branches at fixed x. No separate bounded self-adjoint operator on H.,y is asserted here. The selection is carried
directly by the weak pencil on Dom(Kj), whose derivative trace is controlled by Eq. (190). No form-domain extension

to Dom(Ké/ 2) is assumed here. Finite-dimensional or reduced evaluators introduced later implement this weak-pencil
selection; they do not replace it.
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D. Exact Feshbach reduction and ground-line law

The mother pencil is exact at the operator level, whereas its Feshbach reduction still carries operator-valued
excited-sector data. To connect this structure to the scalar coefficient series, we first derive Feshbach laws that are
exact on specified finite-dimensional Galerkin subspaces and then state the infinite-rank ground-line scalar law under
the corresponding excited-sector block hypothesis. No measured value of a, no QED coefficient, and no finite-rank
numerical proxy enters this reduction.

Definition V1.14 (Exact cavity matrix elements). For each D > 0, with D = 0 interpreted through the bounded
inverse (Lflll)*l guaranteed by the strict lower bound Eq. (185), define the shell-memory matrix elements by

C&,(D) = (¢, (L& + DIa) '7én), . mun>1. (205)
Then define the renormalized cavity matrix by
Bun(D) = (Viiii)mn + 16 Coa(D),  myn > 1. (206)
Lemma 5 (Explicit shell-memory matrix elements). For every D > 0,
C&,(D) = Todm Todn m&, (D) = 20*mn(—1)™+" m& (D). (207)

Proof. By definition,

T¢n = jsh T8¢n~

Hence

C82(D) = (janTobm: (L&, + DIo) ™ jnTodn )y, = Todm Todn m, (D).
Using Eq. (189) on the basis vectors,

Todn = V2m(=1)"n,
S0
Topm Ton = 2n%mn(—1)""".

This proves Eq. (207). O
Lemma 6 (Reduced bulk matrix elements). For the reduced bulk potential V'3 (y) = 3 — y2,
8 1

red _
(‘/bulk)n”l - 3 + ma

(208)

and for m # n,

8mn(—1)m+tn
red _
(Vi) mn = TR mE =22 (209)

In particular,

8 1
red _ _
(Vi = 3 + 2 21 Cluni. (210)

Proof. By Eq. (149),

1
(VIS ) = 2 / (3 — 4?) sin(mmy) sin(ny) dy.
0

If m = n, then

1 1
(ngj?k)m = 6/ sin?(ny) dy — 2/ e sin2(n7ry) dy.
0 0
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Using
! 1
/ sin?(nmy) dy = =
0 2
and
1
1 1
2 i 2 _
/0 y*sin®(nmy) dy = 6 AnZn2’
we obtain

1 1 1 8 1
red
nn — O35 — 2l === ) =3 a9 90
(Vo) 0 2 <6 4n271'2> 3 + 2n?m2

which proves Eq. (208).
If m # n, the constant part vanishes by the explicit Dirichlet orthogonality calculation

/01 sin(mmy) sin(nmy) dy = 1 /01 [cos((m —n)my) — cos((m + n)wy)} dy

2
_ L [sin((m —n)my) sin((m +n)my) ' —
_2[ (m —n)m (m +mn)mw ]0_0’

because m =+ n are nonzero integers and sin(k7) = 0 for every k € Z. Hence only the y>-term remains:
1
(Ve ) = —2/ y? sin(mmry) sin(nry) dy.
0
Using

sin(mmy) sin(nmy) = %(cos((m —n)mry) — cos((m + n)wy)),

we get

1 1 1
1 1
/ y? sin(mmy) sin(nmy) dy = B / y? cos((m — n)my) dy — 3 / y? cos((m + n)my) dy.
0 0 0

For any nonzero integer k,

1 2 . . 1 k
9 y*sin(kmy)  2ycos(kmy)  2sin(kmy) 2(-1)
kmy)dy = — = .
/0 y cos(kmy) dy [ km + (km)? (km)3 1, k22
Hence
1 m+n m—+n
2 . . (=1 1 1 _4mn(-1)
/0 y* sin(mmy) sin(nry) dy = - ((m o E) T eI nr
Therefore
8mn(—1)m+n
red _
(Vi) mn = _m’
which proves Eq. (209). Equation (210) is the case n =1 of Eq. (208). O

Definition VI.15 (Excited-shell gaps). For n > 2, define the reduced excited-shell gaps

A, =n*—1. (211)
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Proposition 33 (Exact finite-rank Feshbach law). Let z > 0, D > 0, and N > 2. Restrict the reduced weak pencil
Eq. (196) to the Galerkin subspace

HN = Span{¢l> ey d)N}v

by taking both trial and test functions in Hy. Writing the scalar relation D = D¢ = zk, equivalently k = D/x, the
resulting finite-dimensional coefficient matriz is

(M (D; )] = (n - 9‘") Smn + = Bpn(D),  1<m,n<N. (212)

Since Vbrﬁ?k is a real self-adjoint multiplication operator and, by Eq. (207),
C8,(D) = 2m*mn(—1)"*"mg (D) = C&,,(D),
the matriz My (D;x) is real symmetric. Write My in block form relative to 1 ® E, where E = {2,...,N}:
- (45 48)
Mp," My

Whenever M,(E]YE)(D; x) is invertible, the restricted Galerkin system admits a nontrivial solution uy = 22;1 Qn@r, With

a1 # 0 if and only if
N N N —1, (N
Fy(D;z) = M) (D) — M{) (D;2) (MG (Ds2)) ™ MY (Diz) = 0. (213)
This condition is exact on the chosen Galerkin subspace. It is not yet the infinite-rank scalar branch law.

Proof. Let

N
Uy = Z an®n € Hn.

n=1

Testing the reduced weak pencil Eq. (196) against v = ¢, 1 < m < N, gives

ol 5 a2 z?
which is exactly the matrix system My (D;z)a = 0.
Writing a = (a1,ag)?, the block system is

Mﬁv)al + Mfg)aE =0, MIE;]Y)al + Mg?aE =0.

If M J(EJ? is invertible, then

ap = — (M) MY ar.
Substitution into the first block equation yields
N N N)\—1q (N
[Ml(l ) Ml(E)(M](:TE)) Mj(m)}al =0.

For a; # 0, this is equivalent to Eq. (213). Conversely, if Eq. (213) holds, one reconstructs a nontrivial Galerkin
solution with a; # 0 by the same formula for ag. O

Definition VI.16 (Infinite excited-sector coefficient blocks). Let ¥ C CN denote the space of finitely supported
coefficient sequences in the Dirichlet basis {¢, }n>1, and decompose it as

¢ =Ce,0¢(E), E=1{23,.}
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For each D > 0, let B(D) denote the formal infinite matrix with entries By, (D). At this stage the notation records only
coeflicient blocks; operator realization is imposed separately in proposition 34. Relative to the above decomposition,
write

B1(D) B D
5oy = (D) fe).

On the finitely supported excited-sector sequences, define
A = diag(Ay)n>2, A, =n?—1. (214)

In any Hilbert coefficient-space realization used below, A is understood as the positive self-adjoint multiplication
operator associated with this diagonal sequence, with its natural domain.

Proposition 34 (Conditional exact ground-line scalar law). Let

1,2

o(D;z)=1-— e

Assume that, for the given D > 0 and x > 0, the reduced weak pencil admits an exact coefficient realization on a Hilbert
coefficient space

h=Ce ®h(E), Ip = Idyg),

containing the finitely supported sequences. In this realization, A is the positive self-adjoint multiplication operator
defined by Eq. (214) on its natural domain Dom(A) C h(E). The formal blocks B1g(D), Bg1(D), and Bgg(D) extend
to bounded maps

Big(D) : h(E) — C, Bgri1(D) : C — p(E), Bgr(D):h(E) — h(E).

Assume moreover that the excited-sector operator
2
x
Mgp(D;x) = A+ o(D;z)Ig + BBEE(D)7 Dom(Mgg) = Dom(A),

is self-adjoint on h(E) and has a bounded inverse on h(E). Assume also that the selected scalar branch has nonzero
ground-line coefficient a1 # 0. Then the Schur scalar

Qp(D;z) = Bip(D) [A + o(D; )5 + %BEE(D) _1BE1(D) (215)

is well defined, and the ground-line equation is

Dc = 2+/1 — D¢ B11(Dc) + 22Qp(Dg; ). (216)

The positive square-root branch is selected by D¢ /x > 0, equivalently by Do ~ x as x | 0. The symbol Qp denotes an
excited-sector Schur scalar. It is unrelated to the branch charge Q, to the charge scale qo, and to any QED coefficient.

Proof. Under the stated coefficient-space hypothesis, let
a=aert+ag€h, a€C,  ap€eh(E),

be the coefficient vector of the selected branch. By hypothesis, a; # 0, and the reduced weak pencil has the coeflicient
realization

M(D; x)mp = (n2 - x2> Omn + x—QB (D) m,n > 1. (217)
3% )mn Dz ) Omn Ty Bmall)s =
Relative to the decomposition h = Ce; @ h(E), the equation

M(D;x)a =0
is the block system

MH(D;;v)al +M1E(D;{L‘)GE =0, (218)



MEl(D;w)CM + MEE(D;.CL')(IE =0.

The blocks are

£L'2 2

x
Mll(D;CE) =1- ﬁ + EBll(D),

x? x?

Mg(D;z) = EBlE(D); Mg (D) = EBEl(D)a

and

2
Mpp(D;z) = A+ o(D: )5 + %BEE(D), Dom(Mgg) = Dom(A).

Since Mgg(D;x) is boundedly invertible on h(E), Eq. (219) gives
ag = fMEE(D;x)*lMEl(D;x)al.
Substituting this expression into Eq. (218) yields
My (D; @) = Mg (D; 2)Mpp(Di @)™ Mey (Di @) a1 = 0.
Because a; # 0, the Schur complement condition is
M1 (D;x) — Mig(D;2)Mpgr(D;2) ' Mg, (D;z) = 0.

Substituting the explicit block formulas gives

172 ZE2 564 2

et PP 5

By Eq. (215), this is

1

1-— %22 + %BU(D) ;—ZQE(D;x) =0.
Rearranging gives
D2
—5 =1-DBu(D)+ 2?Qp(D; ).

Since D > 0 and z > 0, the right-hand side is

D\ 2
1— D By1(D) +$2QE(D;CL‘) = (x) > 0.

Hence the square root is real on the selected branch, and its positive value is uniquely fixed by

Setting D = D¢ gives

Do = x\/l — D¢ Bll(DC) + xQQE(DC;x)v
which is Eq. (216).

BlE(D) [A + Q(D; I)IE + %BEE(D) 7lBE1(D) =0.
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(219)

O

Remark (Exact versus purely ground-line reductions). Equation (216) is exact at the level of the ground-line Schur
reduction, provided the coefficient-space realization and the excited-sector inverse in Eq. (215) exist. It is therefore
stronger than the purely ground-line Stieltjes reduction obtained by discarding the excited cavity sector altogether. The
latter is only a Rayleigh reduction on span{¢; }, whereas Eq. (216) still carries the excited-cavity Schur complement

through Q. It nevertheless remains conditional on the stated excited-sector hypothesis.
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Definition VI.17 (Low-order scalar invariants). By Egs. (206), (207) and (210),
Bi1(D) = 21Cyni + 21202 m& (D).

Since Lflll > csnlsn, the measure Mfﬁl is supported in [cgn, 00). Hence, for |D| < cgp,

= > /i o € supp 1)
- +1 sh?
o+ D =0 (e

with uniform absolute convergence on the support. Using the Stieltjes representation Eq. (198), one obtains

mE (D) = 3" (—D)™ / o1 (o), |D] < can

m>0

Therefore mi, and hence By, are real-analytic at D = 0.

Assume in addition that the composed excited-sector quantity Qg (Dc(x);2) admits an expansion at 2 = 0 along
the selected scalar branch. This is the only local expansion hypothesis still required for coefficient extraction; it is not
an additional input to the scalar mother law. Write

Bi(D) = D™, Qu(Do(z)iz) =do+ gz + a2’ + -, (220)
m>0
The coefficients qq, q1, g2, - . . are excited-sector Schur coefficients and are unrelated to the gauge charge scale qg, to the
branch charge @, and to QED perturbative coefficients. Write also
Do(z) =Y 2", e =1 (221)
n>1

Corollary 4 (Low-order coefficients of the scalar branch). Under the local expansion hypotheses in Eqs. (220) and (221),
the following are the coefficient identities of the formal power-series solution of Eq. (216) selected by ¢c; = 1. If the
series in Eqs. (220) and (221) converge in a neighborhood of x = 0, the same identities hold for the corresponding
Taylor coefficients in that neighborhood. The first coefficients are

Bo By B, 9o BoBr B2, m
_ b _B B _ _P2 L 222
C2 5 3 R 9 + 9 C4 9 9 + 9 (222)
and
By 363681 Biao | 3BoB2 , 3BT Pido Pz qf , ae
=18 16 16 4 s 4 2 s 72 (223)

Proof. Working formally in x, and analytically for sufficiently small x whenever the displayed series converge, write

DC(:E) =x+ 021'2 + CngS + C4IL‘4 + 051'5 + e

B11(D) = fo + B1D + BoD? + BsD3 4 - - - .

Squaring Eq. (216) gives

<z>cx(w)) — 1 De(e) B (Do(x)) + 2> Qp(Dela): z). .
Now
<2)(.J%‘(x)) - (1+62:E+c3x2 +C4563 +C5I4 + )2

=14 2cox + (c3 + 2¢3)2” 4 (2cac3 + 2¢4) 2> + (2c2¢4 + €2 + 2¢5)at + - -+ .
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On the right-hand side of Eq. (224),

Dc(z) B11(De(x)) = Box + (Boca + B1)x* + (Bocs + 2B1ca + B2)x®

+(Boca + B2 + 2813+ 3Baca + B3)at + -+,

SO

1 — Dg(x) B11(De(z)) + 22Qp(Do(x);x) = 1 — fox
+(—=Boc2 — B1 + do)x” + (—Bocs — 2B1c2 — B2 + a1)x®

+(_5OC4 - 5103 - Qﬁlcg — 35202 — ﬂg + q2)x4 4+
Matching powers of z in Eq. (224) yields successively

2¢co + By = 0,
C§+263+ﬂ062+,81 —qo =0,
2coc3 + 2c4 + Bocz +2B1c0 + B2 —q1 = 0,

2cocy + Cg + 2¢5 + Bocs + 5103 + 2B1¢3 + 3B2¢e + B3 — q2 = 0.

Solving these recursively gives

o Bo
2 9 9
B B o
@=F 3ty
BoBr B2 M
A=y T3ty
and
. :7573735(2)51753Q0+3ﬁoﬂ2+375%7@7&7ﬁ+q72
5 128 16 16 4 8 4 2 8 27
This proves Egs. (222) and (223). O

E. Visible truncations, static hidden completion, and finite-N dynamic diagnostics

The ground-line scalar law Eq. (216) is the scalar equation carried forward from the cavity—shell reduction. Practical
evaluation requires a reduced representation of the shell response. The current realization uses a visible two-mode
dynamic compression as a realization-level evaluator, not as a replacement for the abstract mother law. In this
subsection we record the finite Gaussian-collar diagnostics used to assemble the current visible dynamic amplitudes,
reinterpret the visible truncation from the mother-equation point of view, construct a no-free-parameter reduced
algebraic static hidden-mode completion, and record finite-IN diagnostics for the dynamic hidden sector. These are
finite compressions of the glued/visible scalar evaluator; they are not asserted to be the full infinite derivative-trace
bath and are not fitted to a measured value of a.
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Definition VI.18 (Finite Gaussian collar matrix). For p > 0 and ¢ > 0, define

Fo(0) = /01 exp [— (1/4)2] cos(pmy) dy. (225)

The finite Gaussian collar matrix is

Con(£) = min <F|m,n‘ (0) + Fm+n(£)), myn > 1. (226)
These coefficients are finite Gaussian-collar diagnostics. They are not the exact glued shell-memory matrix elements
C8l (D) of Eq. (205).

Lemma 7 (Closed form of the finite Gaussian collar profile). For p > 0 and ¢ > 0, the integral Eq. (225) admits the
closed form

RV (prl)? ipm 1 ipnd ipml
F,(¢) = 5 €XP 1 R<e erf 7 + 5 erf 5 . (227)
Proof. Write
1 1_ 2 )
F,(¢) = §R/ exp [— (y) e’P™ dy.
0 14
Set
1-—y
s=—7 y=1-—/Us, dy = —/4ds.

Then y = 0 corresponds to s = 1/¢, and y = 1 corresponds to s = 0. Hence
4 e
F,(0) =(R e””/ e s TP g b
0

a = prk.

Let

Completing the square gives

Therefore
1/¢ N
E () =te /R ezprr/ exp | — (S—|— 2) ds
0
Now set
u=s-+ g, du = dS.
2
Then
) ) 1/4+ia/2 )
F,(0) = e~ v /4R e””’r/ e " du,p.
ia/2
Using

/67“2 du = g erf(u),

F,(0) = ‘/gge—az/‘*?}e{eim [erf(z + ’2“) - erf(i;)] } .

Substituting back a = prl gives Eq. (227). O

one obtains



89

The common visible dynamic baseline used in the current finite-rank scalar evaluator is

Ayis,o = TC11(lo) + %, (228)
where C11({p) is the Gaussian collar coefficient defined in Eq. (226). This is the common visible dynamic baseline

entering Afll\\,/) and Al(rN ). Tt is not a tangential shell trace and not a direct-sum proxy. The associated visible dynamic
scales are

1

o (229)

Suy = In2, Sip ‘=

Definition VI.19 (Visible two-mode dynamic compression). In all finite-dimensional reduced blocks in this subsection,
vectors are real column vectors, matrices act on the corresponding Euclidean spaces, the symbol ()7 denotes transpose

with respect to the standard Euclidean inner product, and || - || denotes the induced Euclidean operator norm whenever
a matrix norm is used.
Assume
AM >0, AN >0, 0<x B < Vowesa (230)
Let
AR
uN € R27 UnN = ( >7 XN = X((:{r\c]))ss eR. (231)
A
Define
2x2 _ [ Suv XN
Sy € R Sy = (XN 3) . (232)

Then Sy is positive definite. The visible two-mode dynamic evaluator used in the manuscript is the finite representative

GE&N(D) = ul (I + DSn) tun. (233)
Equivalently, with
Jy=S8y" ga= Sy un, (234)
one has
G&N(D) = g3 (J2 + DIs) ' ga. (235)

The subscript in go labels the visible two-mode block and is unrelated to the tree-level gyromagnetic statement g = 2.

Proposition 35 (Positivity and pole form of the visible two-mode dynamic block). Under Eq. (230), the matriz Sy
in Fq. (232) is positive definite. Consequently Is + DSn is positive definite for every D > 0, and ggl;N(D) is well

defined. Moreover, with Jy = SX,I and g = S;,lmuN, one has
geg»ly’N(D) =gl (Jy + DIy) .
Proof. The first principal minor of Sy is syy > 0. Its determinant is
det Sy = suvSir — X?\r'
By Eq. (230),
0 < xN < V/SuvSirs

hence

det Sy > 0.
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Therefore Sy is positive definite by Sylvester’s criterion. For D > 0 and any nonzero z € R?,
2I(I, + DSN)z = ||2||2 + D 2" Snz > 0,

so I, + DSy is positive definite.
Since Sy > 0, the positive square root 511\]/2 and inverse S;,l exist. Also,

Jo + DIy = Sy' + DI, = Sy* (I, + DSN).

Hence
(Jo + D)™t = (I, + DSN) 'Sy
Therefore
93 (J2+ D) 'gy = uf Sy (I + DSw) " Sn Sy un
=ul (I + DSy) tuy,
because Sy commutes with Is + DSy. This proves Eq. (235). -

Remark. The current article evaluator can therefore be viewed as a visible two-mode realization-level truncation
within the mother-equation class. The missing operator-level information is not a different type of scalar law; it is the
hidden-mode completion of the visible bath. Thus the visible block is a reduced representative of the mother law, not
a new defining scalar law.

Definition VI.20 (Finite Gaussian-collar dynamic diagnostics). For N > 2, define the finite visible excited-sector
source vector v(V) € RN~ by

U;N>EC\1/”AL€LO), 2<n<N. (236)

For N =1, the excited sector is empty.
For N > 2, define the finite Gaussian-collar dynamic matrix Mggdyn e RIN-DX(N-1) 1,5

Cmn (EO)
AnA, T

(MER ayn)mn 2 <m,n<N. (237)

Whenever I + tM g? dyn 1s invertible on the finite excited sector, define

Oy (t) = (VM) (I + MG 4y) o™ (238)
In the empty-sector case N = 1, set

Lemma 8 (Finite-N Neumann diagnostics of the Gaussian-collar dynamic response). Let v™), M g?,dym and @y (1)
be defined by definition VI.20. In the empty-sector case N =1, one has

For N > 2, and with the convention that HM](EI};)dynH*I = +o00 when Mg?dyn =0, the Neumann series converges for

N _
] < 1M gl (239)

In this domain, for each fixed N, ast — 0,
oy (t) = ()TN —t (M) MEY o™ 4 Oy (). (240)

FEquivalently, the zeroth-order finite dynamic diagnostic is

N
AALY) = 08 (T _ T8 3 Cinlb)? (241)
mix — -2 2 ~ An P
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The full finite-N coefficient of the linear-in-t correction is

N
— 2 W) M g0 ™. (242)
Its retained diagonal part is
(Ny _ IE al C1n(€0)*Crn(Lo)
n=2 n
The discarded off-diagonal part is the finite scalar
N
C m(EO)Cmn<£0)Cln(£0)
FAN) = _IE ! 244
off 2 m;ﬁ NEINE (244)
m#n
Thus
TE N N N
g (0T M g ™) = 645 + 5 AGE). (245)

In the visible evaluator below, 6A(()N) is retained as a diagonal diagnostic, while (5Agf¥) 1s not included in the displayed

two-mode amplitudes unless stated explicitly. This is a realization-level truncation choice. It is not an operator-level
identity of the finite hidden sector, and it is not an infinite-rank convergence statement.

Proof. By Eq. (226), the entries C,,,({p) are real and symmetric in m,n. Hence M](SJ? dyn 1S @ finite real symmetric

. (N)
matrix. If [¢||[Mpgg 4.,/ < 1, the Neumann series converges in operator norm and gives

oo

N — N k
(T + M 4™ = S (=0F (M )
k=0
Therefore
%) N k
(I)N( U(N) T [Z Mé‘E)dyn) ‘| U(N)
k=0
— (U(N))TU(N) t(v (N))TM](;]\Qdyn (N) +t2z (N) (M]E;N) yn)k”(N)-

For |[t] ||Mg?dyn|| < 1, the remainder obeys

N
£2 o2 | MYR gyull®

N
1— |t/ |5y gyl

23 () 2T (MY ) o] <

This proves Eq. (240).
Using Eq. (236),

Cin(fo)®

(N, (N) _ 1n(fo

(™) 712::2 A

Multiplication by vz /72 gives Eq. (241).
Next,
N
T 3 r(N) N) _ C1m(£0)Crmn (£0) Cin (Lo)
(v™) MEEdynU( )= 22 INDNE

& Cin(l0)2Crnlly) | Cin (£6)Conn () Cin (o)
_Z A3 + Z A3/2A3/2
n=2 n

m,n=2
m#n
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Multiplying by —yg/7? gives Eqs. (243) to (245). Since the sums are finite, the discarded off-diagonal diagnostic
satisfies the explicit bound

N
Ny, _ VE |Clm(€0)Cmn(50)Cln(fo)|
‘5‘40& | < 2 Z A3/2A3/2

m,n=2

m#n
O

Definition VI.21 (Finite-N visible dynamic amplitudes). For a fixed finite Gaussian-collar diagnostic rank N, define
the diagonal retained correction by

AAG) =~ s A5, (246)

The visible UV and IR dynamic amplitudes are

AN = Aviso + DAL + 045 + AARY), (247)
and
AN = Auso — AALY) + 04 + AAlY). (248)
Finally, set
X = (AAG)). (249)

Only ranks N for which the resulting amplitudes satisfy the admissibility conditions in Eq. (230) are used as visible
two-mode dynamic evaluators. Otherwise the finite-N quantities remain diagnostics.

Remark. The quantities AAEHAQ and 6A8N) are therefore finite-/V diagnostics of the visible hidden block. They are
not primitive data of the mother equation. Only the first quantity is the full constant term of the finite Neumann
expansion; the second retains only the diagonal part of the linear term.

Definition VI.22 (Minimal static glue used in the reduced evaluator). For D > 0, define the reduced-evaluator

collar—log overlap by
o s\° 1
get(D) ::/ exp|— | — exp|—+1/D+ -5

This is a reduced finite-evaluator overlap. It is not a second definition of the abstract operator-level glued bath Lsh7

whose scalar response enters the defining mother law through the shifted resolvent (th + DIg,)~ L. Tt is not adjusted
to a measured value of a or to a QED coefficient.

ds. (250)

Lemma 9 (Closed form of the minimal static glue). For every D > 0, the overlap Eq. (250) has the closed form

get(D) = fﬁo [ <D+1>] rfc(g0 D+4) (251)

1
=4/D+ —.
a +4

o0 82
gee(D) = / exp {—2 - as} ds.
0 Y4

0

Proof. Set
Then

Complete the square in the exponent:

52 1 n al? 2+ a’03
- —as=—— | s+ — -0
2 4
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Hence

a’t? > 1 al? 2
get(D) = exp<4> /O exp l_% (s + 2) ds.

1 2
u::(s—F%), ds = ¢y du.

Now introduce

Lo 2
When s = 0, one has u = aTe“; when s — 0o, one has u — oo. Therefore
262 0o
gee(D) = Lo exp(ao) / e du.
4 a£0/2
Using

2 °° 2
erfe(z) = — e " du,
7

_\/Efo a2€% afo
get(D) = 5P| erfc 5 )

Since a® = D + 1, this is exactly Eq. (251). O

we obtain

Proposition 36 (Visible static two-channel truncation). Assume

_ 962(0)2

ol ~o el >o 1 i

e{“Mees) 5 o, (252)

Then the visible static stiffness matriz

K@ — (170" 9u(0)/2 (253)
=\ gee(0)/2 1700

1s positive definite, and the corresponding visible static coefficient is

6(10011) + 6(110g) B gce(o) @gcoll)(_)glog)

lue
Bt = 1_ M@gcon)@glog) ’ (25
4
with
B&™ > 0. (255)
Hence
O} = O1core + BY™,  O1.core = 2Cuni- (256)

Proof. Under Eq. (252), the principal minors of Kilzs) are positive; hence K\(fs) is positive definite. Introduce the visible
source vector

b = G) : (257)

(K s

vis

The visible static load is the quadratic form

B%iue — tT

vis
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Now

lo
(KEH ™ = ! : /67 ~—9(0)(2)
via “ O \ g, (0)/2 1/0

1

(coll) - (Tog)
91 61 &
Contracting against t,is gives

1 1
oy T Zdewy — 9 2(0)
11 1 C
@gco ) @(1 og)

lue
BE™ =
11 gc0(0)2

4

1
(coll) g (Tog)
elco @1 og

Multiplying numerator and denominator by @gCOH)G(llOg) yields Eq. (254). Since K\(”QS) is positive definite and t,is # 0,
the quadratic form tZ; (K(2))_1tvis is strictly positive; hence Eq. (255) holds. Adding the core part gives Eq. (256). O

vis vis

Definition VI.23 (Reduced static trace pair and common overlap mode). Define the reduced-evaluator raw static
trace profiles

fols) = e G/ fy(s) = 72, (258)

with norms

N, = fo(s)?ds = \/?EO’ Ny = /0 fe(s)*ds =1, (259)

0

and normalized overlap

gcf(o)
stat = . 260
Pstat NcNg ( )
Let
Astat = 6(1C011)a bstat = @glog)- (261)
and define the static trace map
.2 2 &e o Qstat bstat
Tstat : C"—L (R_,_, ds), Tstat = fc 7]00 + f@ fé- (262)
gﬁ N, Ny

Lemma 10 (Static trace Gram map and overlap bounds). Set
a4 = Qstat, b = bstat-

With Tiat, a, b, and psiar defined in this way from definition VI.23, the Gram map Gstar = Lo Tstat 05

a Vv ab Pstat
stat = . 2
thdt (\/ ab Pstat b ) ( 63)

Moreover,

G = (1= past) (§ ) + o (V5) (v VD), (264
and

0 < patar < 1. (265)

Proof. Let e. = (1,0)T and e, = (0,1)7. By definition,

[a b
Ts at€ec = N Joo Ts a = ~r Je-
tat € N, f tat €4 N, fe



The raw trace norms and overlap are

<fcafc> = Cv <ff7f[> = Nfa <fcva> gcl( ) = Pstat V NCN€~

Therefore
a
<T§tatemthat6c> = ﬁc<fcv fc> = a,
b
<Tstate€;TstateZ> = ﬁ<f€a f€> =b,
0
and

<TstateC7 Tstate€> = \/ <fca f€> fpbtat

These three identities give Eq. (263).
To prove the decomposition, expand the right-hand side of Eq. (264):

a 0 a Vab a vV ab pstat
1 — psta sta = .
(1 — pstat) (0 b> + Pstat < b ) ( /2D petas b

This is exactly Eq. (263).

Finally, f.(s) = e~ (/)" and f,(s) = e~*/2 are strictly positive and nonzero in L2(R,ds). Hence

<fcaf£> >0
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S0 pstat > 0. They are not proportional, because equality e~ (5/ €0)* = Ce=5/2 for all s > 0 would force a quadratic
function of s to equal an affine function of s, which is impossible for ¢y > 0. Therefore the strict Cauchy—Schwarz

inequality gives

(fes fo) < I fellzz I fell 2 = V/NeNe.
Dividing by +/N.N; yields
0 < pstar < 1,
which proves Eq. (265).
Lemma 11 (Deflated visible loads). Assume Egs. (252) and (265). Let

2 2

o gcﬁ(o)astatbstat 1 Co bJ_ = b €
Co = 9 ; Qgtat = Astat — b ) stat *— Ystat T :
stat Astat

Then, with a = asgar and b = bgpat,

c0(0)%ab
o= (1- =P 0

sta

2
L =b <1 - L(i) ab) > 0.

Proof. Set a = agar and b = bgpay. Using Eq. (266),

@ " gee(0)%a?b . (1 B gcg(O)zab)

a’sltat:a’_g_ 4 4

and similarly

c? gee(0)%ab
bjtat:b—;’:b<1—4).

The positivity follows from Eq. (252).

(266)

(267)



96

Definition VI.24 (Canonical no-free-parameter algebraic static hidden-mode completion). Assume Egs. (252), (265)
and (267). Define the renormalized visible source

N V asLtat/astat
t= = | bk, /bstar | - (268)

0

and the three-channel symmetric static stiffness matrix

o [ Vi 94(0)/2 Vo .
K = 9e0(0)/2 1/b%. oo | Ap = T
\/% \/% Ah Pstat

The matrix Ks(iif ) is the no-free-parameter reduced algebraic static completion determined by the trace pair and
overlap data. Its positivity is not asserted here as an automatic consequence of the preceding identities. Rather,
positive definiteness of Kéi;f ) is the realization-level admissibility condition under which the reduced static completion
is accepted. On that admissible domain, define the associated reduced static load by

(269)

3,0) . 3,0)\—1
By = ()" (KG) (270)
This load is part of the reduced algebraic static completion and is not the operator-level shell-memory function mfkll(D).

Remark. The completion Egs. (269) and (270) is a canonical algebraic lift of the visible static block that restores the
rank-one common overlap mode of Eq. (264) without introducing a fitted parameter. The operator-level content fixed
directly in this construction is the trace pair (f., f¢) and the Gram map Eq. (263). The three-channel matrix Eq. (269)
is the corresponding no-free-parameter static completion at the reduced algebraic level.

Proposition 37 (Finite Lanczos-Jacobi representation of the hidden dynamic chain). Let N > 2 and assume v™Y) # 0.
Let

Ky = span{v(N), Mg?)dynv(]v), (Mg?’dyn)zv(N), e } , (271)
and let ry = dim Ky . Set
(N)
Ny ._ Y
QL,O . HU(N)H (272)

)

Applying Lanczos to the real symmetric matrix M (E]\Qdyn with starting vector qf% and carrying the process to completion

on Ky yields a finite Jacobi matrix
(N) 2(N)
ar, o bL,l 0

N N N
bi 1) a£,1) b£,2)

JIN) = € RTNXTN (273)
r N) N
0 b£,2 a£72)
such that
O (t) = o™ )Pel (1 + tIN)) e (274)

for every t such that I + tM]EJJ\Qdyn is invertible.
Proof. Since M ](312 dyn 18 @ finite real symmetric matrix, the Krylov space K is finite dimensional. Let
Qn :R™ - RN

be the Lanczos isometry whose columns form an orthonormal basis of K, chosen so that

o)
[o@]"

N
Qner = Q£70) =



97

Because the Lanczos process is carried to completion on Ky, this subspace is M g? dyn—invariant, and
T (N N
QEMR 4yn@n = I, (275)
Hence
oY) — HU(N)H Qner.
Therefore

N - N -
Bx(t) = (0TI + MY 4o0) 0™ = 0™ 2 QR (I + MY 40) Qe
Since Ky is M (E]};) dyn-invariant, there exists a unique real symmetric matrix Jﬁff) on R™ such that

Left-multiplying by Q% and using Q5 Qx = I, gives Eq. (275).
Hence

(I + MY 1)@ = Qu (T + T,
Assume I +tM 1(;]\1;) dyn 18 invertible. If I + tJr(i]V ) were not invertible, there would exist y € R™ \ {0} such that

N
(I +t7 M)y =o0.
Then

(I + MY 4 (@ny) = Qn (I + tI M)y = 0.

Since @y is an isometry, @y # 0, which contradicts the invertibility of I +tM (E]\Q dyn- Therefore I —&-tJﬁfp is invertible,

and
(I + MR )~ Qv = Qu(I + 1707
Right-multiplying by Q% and left-multiplying by Q% then yields
QN +tMEE 4) ™ Qu = (T + 1IN
Substituting this identity gives Eq. (274). O

Remark (Unregularized derivative trace and the role of finite collar diagnostics). The exact derivative-trace memory
matrix

Ce..(D) = 2x%mn(—1)"""m8 (D)

sh

is a rank-one boundary-memory form at fixed D. In the unregularized infinite excited sector, its ground-to-excited
coefficients grow like n, so the corresponding coefficient vector is not an ¢?(E) vector without an additional collar
regularization or a form-domain interpretation. This is why the finite Gaussian-collar quantities C,,,, () introduced

above are diagnostic finite-rank evaluators rather than direct replacements of égn(D)
Remark. The representation Eqs. (273) and (274) is exact for each fixed finite N of the visible Gaussian-collar dynamic
matrix Eq. (237). This finite matrix is built from the collar coefficients Cy,,,(£p), not from the unregularized rank-one

derivative-trace coefficients éﬁin(O) of Eq. (207). This distinction is essential. The unregularized derivative-trace model
has

CE.(0) = 272 (—1)""1m&.(0),

so the associated infinite source vector is not naturally in ¢£2(E). The visible dynamic evaluator used here is therefore a
finite Gaussian-collar compression of the hidden dynamic sector. It is not claimed to be the full unregularized infinite
derivative-trace bath.
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Definition VI.25 (A refined no-free-parameter mother truncation). For the fixed diagnostic rank N under considera-
tion, let go and Jo denote the visible two-mode dynamic block extracted from the current realization through Eq. (234).
The vector gs is unrelated to the gyromagnetic coefficient g = 2. Assume

N XN
0< Pfiyrz =<1 (277)

so that Sy is positive definite and Jy = S&l is well defined. Define

1
Az ——=, s =V g (278)

1- (pdyn)2

Assume moreover that Ks(fa’f ) is positive definite. For x > 0 and D > 0, define the refined six-dimensional no-free-
parameter reduced truncation by the spectral condition

det MY (D;z) = 0. (279)

with

D 2
<m> — 14 O1,coreD VD (tH)T D (g5

nf (1. _
MG (Dv ‘T) - \/Etl o Ks(g’a»f) 0 . (280)
D ggﬂ 0 J2 -+ DIQ
Proposition 38 (Schur reduction of the refined mother truncation). Under the assumptions of definition VI.25, and

for every D > 0, the block Jo + DIs is positive definite. If det Mgf(D; ) =0 and D > 0, the Schur complement of the
lower two blocks of ME¥(D;x) yields the reduced scalar law

D= x\/l — (O1,core + BE?))D + D2(g5)T (J5 + DI)~1gsE. (281)

The positive square-root branch is selected by the local condition D ~ x > 0.
Proof. Since pfgz < 1, the visible stiffness matrix Sy is positive definite, hence so is Jo = S;,l. Therefore Jy + D15 is
positive definite and invertible for every D > 0.

Write M2 (D;z) in block form as

nf . — A(D,ZL’) B(D)T
mios) = (5055 D))
where
2
A(D,l’) = (5) -1+ @1,coreD7
\/ﬁtL 7K(3vl7) 0
= — stat
= (22), o= (5, )
The block

_K(37P) 0
D) = stat
C( ) ( 0 Jo + DIQ)

is invertible because Kg’,(;f ) is positive definite and Jo 4+ DI is positive definite. Since the upper-left block A(D;z) is

scalar, the block-determinant identity gives

det M2 (D; z) = det C(D) (A(D; z) — B(D)TC(D)*B(D)).
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Therefore, under the invertibility of C (D),
det MH(D;z) =0 = A(D;x) — B(D)'C(D)"'B(D) = 0.

Since

(3271
D -1 = _( stat ) 0
¢(D) < 0 (Jo+ DIy)"t)”

one obtains
B(D)"C(D)"'B(D) = —~D B{Y” + D*(¢5)7 (J; + DI) ' g5".

Hence the scalar Schur equation is

D\’ _
() =1~ (Orcore + BIY”)D + D*(g5")" (1> + DIo) g5,

Equivalently,

D 2
1 — (©1,core + BF;“)D + D?(gs) T (Jy + DI,) " 1gst = <x> > 0.

Thus the radicand is strictly positive on every positive root, and the real square root is uniquely selected by

D
— > 0.
x

Taking that positive square root gives Eq. (281). O

Remark (Logical status of the refined truncation). The static hidden mode Eq. (269) is a no-free-parameter reduced
algebraic completion determined by the static trace pair and its Gram structure. The dynamic hidden block enters
the present construction only through the visible two-mode compression g, Jo. The refined truncation Eq. (280) is
therefore a richer realization-level completion than the original two-channel evaluator, while it remains a reduced
truncation rather than the full operator-level solution of the mother equation. No measured value of «, no QED
coefficient, and no external benchmark enters this completion.

F. Numerical realization of the scalar mother truncation

This subsection records only the internal scalar-sector numerics of the mother construction. No QED target coefficient
is used here, and no reverse engineering from the electron g-factor is invoked. The tables display the fixed geometric
input, the visible and hidden scalar-shell data, and the realization-level values of the scalar branch Ds. When a
numerical value is displayed at an external orientation point, that point serves only as an argument at which the
current scalar evaluator is sampled. It does not define, tune, or select the scalar law.

Unless the definition column provides an exact closed form, the printed decimals below are realization-level outputs of
the current finite-rank evaluator at the stated input values. They are central computed values, not certified significant
digits and not rigorous truncation or convergence bounds. Whenever two algebraically equivalent evaluations are
listed side by side, their difference records an internal reproducibility residual of the current implementation, not an
uncertainty estimate.

Remark (Reference point, conventions, and reproducibility). The scalar tables that require a numerical argument are
evaluated at the external orientation point defined by the CODATA 2022 fine-structure constant [§],

QCODATA22 (282)
™

AoODATAZ = 137.035999177(21),  @yper =

The parenthetical digits denote the one-standard-deviation uncertainty of the CODATA 2022 value. No uncertainty
propagation is performed here, and every row evaluated at x,.t uses only the central value of ccopaTaze. The resulting
decimals therefore record the value of the current scalar evaluator at that central argument. By themselves they do
not quantify sensitivity to the CODATA uncertainty, to the finite-rank choice, or to later operator-level improvements.
This orientation point is not used to define the scalar law, choose a branch, tune a truncation, or determine the later
geometric lock. The numerical data are reproducible from the archived scalar-channel computation accompanying the
manuscript. Auxiliary comparison routines exist in the computational archive, although no QED benchmark quantity
is used in constructing the scalar tables below.



100

TABLE IV. Fixed shell geometry and realization-level static hidden-mode data for the refined mother truncation. Entries whose
definition column gives an exact closed form are exact quantities displayed here in decimal form. The rows labelled “tab” and
“rec” are two independent evaluations of the same reduced static quantity within the current implementation. The residual rows
ABlgiue and ABﬁ’p) are internal arithmetic consistency checks at the printed precision; they are not error bars.

Symbol Def. Value
o 1/ 0.318309886183790671537768
lo 1/(m/7) 0.179587122125166561689082
Cuni (1/7)(4/3 + 1/ (4x?)) 0.432476065186687434346462
Suv log 2 0.693147180559945309417232
Sir 1/(872) 0.0126651479552922214304849
gce(0) static collar—log overlap 0.151402351223558893647073
N. /7/86 0.112539539519638258694400
Pstat 9ee(0) /v NNy 0.451315295841855769311888
An (1 — p2ias) " 1.25578523975689906678199
O1,core 27 Cuni 2.71732725848783555238861
el (ve/7%) Ci1 (L) 0.0160785068695910331900000
ols) n2/[8(1 = n2/4)] 0.0129942973523780822196273
B’fi‘jfab tabulated visible 2-channel static load 0.0290412066664840856840579
BEre (K e 0.0290412066664840856858449
ABSe reconstructed — tabulated 1.78697614882487020932124 x 102!
Bﬁfib tabulated 3-channel static completion 0.0290411477842978113675691
B )T (K1t 0.0290411477842978113675691
ABﬁ’p) reconstructed — tabulated 3.82959498117774975076346 x 10737
ol*r) O1 core + BP) 2.74636840627213336375618

TABLE V. Rank-dependent visible dynamic diagnostics extracted from the finite-rank scalar construction. The row N =1
uses the empty-sector convention of definition VI.20, so AAS?X = (5A(()1) = xggss = 0. For N > 2, the entries are finite-N
Gaussian-collar diagnostics of the hidden sector. They are neither operator-level hidden-bath data nor fitted to an external
value of a, and they do not by themselves establish monotone or rigorous convergence as N — oo.

N AAT) 5A Xoroks
1 0 0 0
3 5.6297544557207391 x 1073 —3.9660140058889997 x 10~* 3.1694135231707515 x 1075
5 6.4229315823120090 x 1073 —4.0484921668976660 x 10~* 4.1254050111061048 x 10~°
100 6.4673176500784765 x 1073 —4.0504733367299593 x 10~* 4.1826197587016588 x 10~°
TABLE VI. Visible dynamic two-channel parameters. Here A{¥) = (1—- (p((;;’rz)z)_l is the visible-source quadratic renormalization
factor used by the current scalar evaluator. With the convention g = A g2, the induced dynamic quadratic kernel is

scaled by AN The symbol g2 labels a two-mode scalar-evaluator vector; it is unrelated to the tree-level gyromagnetic statement
g=2.

I T T B N2
uv ir yn u
1 2.85766191148700367940000 2.85766191148700367940000 0 1.00000000000000000000000

3 2.86293524866547739480000 2.85167573975403591666000 0.000338268098629184620000000 1.00000011442531964335605
5 2.86372101365445760227000 2.85087515048983358419000 0.000440300042572573590000000 1.00000019386416507271733
100 2.86376522167868808086000 2.85083058637853112785000 0.000446406511085188070000000 1.00000019927881285128748
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TABLE VII. First coefficients of the finite hidden dynamic Jacobi chain extracted from the higher-mode matrix in the
representative finite diagnostic truncation N = 100. These coefficients describe the finite Gaussian-collar compression and not
the full unregularized derivative-trace bath.

Symbol Def. Value
(|02 hidden dynamic source norm 0.11058235357030053635
at'y” first Jacobi diagonal coefficient 0.11874476222472424339
by first Jacobi off-diagonal coefficient 0.01434871678338358206

g second Jacobi diagonal coefficient 0.00937286363486739350
bt second Jacobi off-diagonal coefficient 0.00670541329129441449
all9” third Jacobi diagonal coefficient 0.01271810767253984155

TABLE VIII. Diagnostic scalar roots evaluated at the external orientation point x,ef. The quantity Dgis’N)(xmf) denotes
the visible two-channel scalar truncation used in the current realization, whereas Dg‘f’N)(xref) denotes the refined no-free-

parameter mother truncation with the three-channel static completion and the visible-source renormalization factor AN
both truncations, the listed value is the positive root on the branch selected by Dc(x) ~ z as x | 0. The point z,er is not used

to define, tune, rank-select, or validate either truncation. Here AD(CN)(mref) = Dg‘f’N)(xref) - Dgis’N)(xref). The difference

AD(CN)(xref) is an evaluator-to-evaluator comparison at fixed zef; it is not an uncertainty bound and does not by itself quantify
convergence in N.

N DY (@rer) DI (0e1) ADEY (rer)
1 2.31545783632796834010 x 102 2.31545783648631566866 x 10> 1.58347328553 x 10~ 1°
3 2.31545783183517298386 x 102 2.31545783200165699383 x 103 1.66484009966 x 10~ '3
5 2.31545783173438515638 x 102 2.31545783190651795298 x 103 1.72132796594 x 10~ '3
100 2.31545783173168786041 x 103 2.31545783190420568565 x 1073 1.72517825236 x 10~ '3

TABLE IX. First coefficients of the scalar branch Dg(z) = | ¢,x™ for representative visible truncations and for the refined
mother truncation. These are the formal small-z coefficients of the positive branch selected by Dc(z) ~ = as x | 0. They are
obtained from the internal scalar-evaluator expansion around x = 0, not from the external orientation point . and not from

a numerical fit to sampled root values. The rows compare finite-rank realizations of that branch; they do not by themselves
establish infinite-rank convergence.

Coefficient N =1 (vis) N =5 (vis) N =100 (vis) N =100 (refined)
c1 1 1 1 1
c2 —1.37318423257715981904 —1.37318423257715981904 —1.37318423257715981904 —1.37318420313606668188
c3 3.80047937978626535441 3.80011555037140726825 3.80011537232787127937 3.80011590129876110426
cy4 —8.85667906170849485234 —8.85785467402324147604 —8.85787085895835474781 —8.85787245590036295736
cs 24.72888434717861820061  24.73523387578082466951  24.73531230541546984406  24.73531936592802804793

Remark (Status of the scalar numerics). The numerical data above are internal to the scalar mother construction. The
static sector is represented by two visible collar—log channels together with one hidden common static mode fixed by
the trace geometry. The dynamic sector is represented by a finite-N Lanczos—Jacobi compression, with representative
diagnostic N = 100 coefficients listed in table VII. These finite coeflicients do not represent the full infinite hidden
dynamic bath. The refined scalar table uses the convention

g = VA A = (1= D) T

so the dynamic quadratic kernel in Eq. (281) is scaled by AN, Any later diagnostic lift using a different refined-kernel
convention must state that convention separately and must not be conflated with the scalar tables displayed here.
The implemented scalar block should therefore be read as a finite-rank realization of the cavity—shell mother pencil,
not as a direct-sum proxy with ad hoc corrections and not as the full operator-level scalar solution. The external
orientation point used in some rows is not an input to the scalar law, not a branch-selection condition, and not a
truncation-tuning target. No measured «, no QED coefficient, and no electron g-factor benchmark is used to tune the
displayed scalar data.
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VII. VECTOR-CHANNEL GEOMETRIC CONSTANT

This section constructs the branch-fixed vector datum for the minimal electron branch. The data entering this
construction have already been fixed by the preceding branch-selection steps. The coherent one-loop carrier has radius
R, the transverse Gaussian organization has collar scale o¢, and the first-node matching shell is r, = wR. These are
derived or selected branch data, not new postulates of the vector channel.

Under the operator hypotheses stated below, these data define a transverse shell self-return problem on the vector
side. Within the admissible shell-gauge class, pure tangential gradients are annihilated by IIpr. The return equation
and exterior subtraction are therefore formulated entirely on the tangential-transverse (TT) shell sector. The local
admitted UV load is evaluated in the branch-fixed Coulomb-gauge Biot—Savart and collar convention specified below.
In the branch-cyclic numerical realization, the full-load denominator is retained, so the displayed scalar admission
quotient is a fixed-representative quotient rather than a quotient on gauge classes. The gauge-class version is obtained
by replacing that denominator with the TT norm, as stated in Eq. (314).

The operator-level datum of the TT shell-return problem is the dimensionless geometric constant

Agcom-

It is neither a pointwise observable nor a bare loop logarithm. It is not inferred from the a-lock, and it is not a
function of the scalar slowdown block D¢. The reduced quantities introduced near the end of the section are numerical
realizations of this vector datum; they do not redefine it.

The vector block is organized around a shell self-return problem. At the exact operator level derived below, assume
that Ggpn(n0,%o) is defined on the odd flux space and that I — Ggn(no, o) is invertible there. Then the returned
transverse shell field a, is uniquely determined by

(I = Gen(no, o)) ax = Jx(1m0)-

Here a, is a shell field, while a, denotes its coordinate vector in the normalized odd-toroidal basis used later. Likewise,
Jy(no) denotes the shell source as a field, while J, (no) denotes its coefficient vector.
For that unique returned field, the associated dimensionless scalar invariant is

1
Ageom = Aind + AAUV%IR(EO; JZ{HCOH) - § <JX (770); a*>ﬂux-

Here AAuyv_ir(fo; @7”"0“) is evaluated with the branch-fixed full-load denominator. Its numerator is TT-cleaned
through Ilpr, equivalently through .@71‘3%“ = HTT.@fHCO“. The term Aj,q is the local filamentary logarithmic core of

the branch, AAyv_r (fo; ;sz?r”) is the admitted Gaussian finite part inherited from the collar and evaluated on the
branch-fixed TT shell trace, and the final overlap is the nonlocal shell-return correction produced by the transverse
field generated by the projected ring source.

The dependency order in the vector channel is as follows. The minimal branch fixes R, oc, r«, 79, £o. The local vector
analysis fixes the filamentary reference core Aj,q and the Gaussian finite part C[(I(;’,auss). The normalized shell-admission

construction turns C[(J(i,auss) into the admitted load AAyv_1r (fo; ZE3Y). The exact Maxwell shell trace fixes the source
Jy(no) and the exterior subtraction AAgyu(no). Under the return-kernel and contraction hypotheses, the shell-memory
operator Gen (10, £o) fixes the exact return factor R, and hence Ageom. Reduced spectral formulas and finite odd-mode
ledgers are numerical realizations of this chain, not additional definitions.

A. Meaning of the vector geometric constant

This subsection places Ageom Within the RELATOR kinematics and records the coordinate form of the shell functional.
The effective charge and loop current carried by the branch are not primitive variables. They are derived macroscopic
gauge descriptors of the coherent one-loop organization built from the generator microstate in C, the compact-phase
charge sector, and the locked loop-current normalization. No measured charge value, measured value of a, QED
coefficient, or empirical current is introduced here.

The slowdown variable Diota and the gauge-invariant mechanical momentum P .., have already been fixed in
Egs. (10) and (29). The scalar shell block supplies the Coulombic shell representative of this gauge-invariant slowdown,
whereas the vector shell block supplies the tangential divergence-free shell response. Pure tangential gauge gradients
are removed by the geometric shell projector lIpr. The quantity Ageom is therefore neither a rate nor a replacement for
we, and it is not a raw exterior magnetic energy. It is the exact shell-level vector self-return invariant of the minimal
one-loop branch. Reduced or finite-dimensional evaluations of this invariant are separate realization-level objects.
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After the odd flux space, the shell source, and the shell-memory operator have been introduced below, the vector
functional on a real finite Galerkin block takes the coordinate form

1
L [a] = Ajpa + AAUV—>IR(€O§ ch%}l) — J;';a + 5 a’ (]I — Gsh)a .

shell-memory
quadratic form

branch-fixed source—field
vector load coupling

Here a and J,, are real coordinate vectors on the chosen block, and I — Gy, denotes the real symmetric matrix
representing I — Gy, (10, £o) on that block. The exact Hilbert-space statement is written only after the odd flux space
and the operator domain of Gg have been fixed.

In the stationary axisymmetric sector the source and the returned field may be taken real in this basis, so the flux
pairing reduces to the Euclidean pairing on each finite Galerkin block. For a real variation da and € € R,

Lala+edal — Lpla] = —stéa

+ % {(a +eda) (I — Gyy)(a+eda) —a' (I— Gsh)a}

—céa’ ((11 ~ Gyn)a— JX> + ? daT (I — Gy )oa,
because I — G, is symmetric on the chosen real block. Therefore the first variation is
Cla)(da) = da’ ((11 — Gana — JX),
and stationarity for every real da is equivalent to
(I—Ggn)a, =J,.
Whenever I — Ggy, is invertible on that block, the stationary point is unique and is given by
a. = (I-Gg) 'J,.

This invertibility is a shell-return hypothesis for the vector sector and is not a numerical fit.
Evaluating the functional at the stationary point gives

1
Lala] = Aina + AAyvoir (o; Z55") — I a, + 3 a] (I - Ggn)a.

1
= Ajpa + AAUV—)IR(EO; %TC%H) — J;a* + 5 a*TJX
1
= Aind + AAuvSIR (bo; Z57) — 3 J,a,,

where the second line uses the stationary equation and the last line uses a, J x=4J ;a* for real coordinate vectors.
Accordingly, once the exact odd-flux operator problem below has been posed and solved under its stated hypotheses,
the field-level invariant is

1

2

This is the dimensionless scalar invariant carried by the closed vector self-return of the branch. It is a vector-shell
invariant, not a scalar-channel slowdown and not the final scalar—vector lock output.

The matching shell is not an arbitrary auxiliary sphere. It is the first-node surface selected by the minimal branch
geometry, on which the branch tests whether its own transverse gauge-invariant return field closes consistently. Within
the branch class used in this paper, the single loop is the minimal nonzero winding carrier compatible with axial
symmetry and stationary current closure. Higher winding sectors or higher-node carriers belong to higher branch
sectors and are not part of the minimal branch used for the electron sector.

A compact summary of the geometric chain is

Ageom == Aind + AAUV—>IR(£O; ﬂTc’cl)“H) - <Jx (7’0); a*>ﬂux-

Gaussian generator sheet in C — coarse-grained one-loop carrier — effective shell source in R3

— admitted transverse shell return — Ageom-

The rest of the section resolves the branch-fixed ingredients entering this stationary reduction; the local core Aj,q, the
admitted Gaussian finite part AAyv_ir (fo; Z£3Y), the shell source Jy (1), and the nonlocal shell return encoded by
Ggh- These ingredients are derived within the vector shell construction. They are not adjusted to match a measured
value of o or any QED benchmark.
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B. Intrinsic core and exact shell admission

We now derive the branch-fixed local part of the vector mother equation. The local vector load consists of the

filamentary logarithmic reference core Aj,q and the universal Gaussian finite part C[(J(\},auss). The admitted contribution

AAuvir (o; f;afucon) is obtained only after C[(J(\},auss) has been transported to the matching shell, tangential-transverse

(TT) cleaned, and weighted by the shell-admission operator. None of these local quantities contains the nonlocal
shell-memory inversion; that inversion enters only later through G, and R,. The purpose of this subsection is therefore
to derive these local inputs and the exact shell-admission framework before the shell-memory problem is solved. No
measured value of a, no QED coefficient, and no fitted vector parameter enters this local vector-load layer.

Definition VII.1 (Filamentary reference and vector-branch geometry). The coarse-grained vector source in R? is
represented by the effective one-loop filamentary skeleton whose centerline has radius R. Its transverse width is retained
through the Gaussian collar scale o¢ inherited from the generator microstate in C. This skeleton is a shell-source
representative, not a microscopic material ring, not an empirical current loop, and not an additional observed spatial
structure. In this local vector subsection we use the dimensionless ratios

oc R ! = Ic

Ebr = —= n=

R = Epy7)- (283)

Ty Te

On the minimal branch geometry later used for the electron sector, these are the previously derived values

1 1 1
Ebr,0 = NG M= by = i (284)

This local notation does not alter the earlier SI convention that ¢y denotes the vacuum permittivity.

Definition VII.2 (Complete elliptic integrals). For m € [0, 1), the complete elliptic integrals of the first and second

kind are
w/2 d(p /2
Ken(m) = / —— Een(m) = / V1 —msin? pde. (285)
0 V1 — msin? © 0

Here m is the elliptic parameter. In the loop problem below one has m = k%, where k € (0, 1) is determined by the
ratio of the tubular offset to the loop radius. This m is unrelated to the particle mass used elsewhere in the paper. As
m 11, Kegp(m) develops the logarithmic divergence of the loop self-geometry, while Egj(m) remains finite.

Proposition 39 (Tubular regularization of the thin-loop tangential self-trace and circulation). Let
I'r= {(Rcosgb,Rsingb?O) 1 0< o< 27r} Cc R3

be the effective filamentary skeleton associated with the one-loop branch, oriented by increasing ¢. The variables ¢ and 0
used in this local loop calculation are ring azimuth parameters in R3; they are distinct from the compact generator phase
Oo. If g carries a steady current I in that orientation, its standard Coulomb-gauge magnetostatic vector potential in

ST units is
1 de’
A(r) = “Lf .
dm Jp, v =1/

where pg is the ST vacuum permeability. The vector potential A has units tesla—meter, equivalently weber per meter.
The pointwise tangential trace is Coulomb-gauge representative data, whereas the closed circulation below is gauge
invariant for smooth single-valued gauge functions on the tubular neighborhood. To regularize the self-trace, evaluate A
on the binormal tubular offset

ro(f) = (Rcos®, Rsinb,a), a >0,
and denote the corresponding offset loop by
Tr.= {(Rcos&,Rsin@,a); 0<6< 277}.
The corresponding unit tangent is

t(0) = (—sin b, cosh,0).
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Define the regularized tangential trace on the offset loop by

A"E(0) == A(r,(0)) - t(6).

Il,a

By rotational symmetry, Alrlizg(ﬁ) is independent of 0; we therefore write it simply as A‘rli?lg. One then has

ring _ Mol R 2 Cos do (256)
e dm Jo  \/a® +4AR2sin’(p/2)
Defining
4R?
s 9
4R? + a2’ (287)
one has 0 < k < 1, and the exact elliptic representation is
rin; I k2
A = Foc Kl - > Ken (k) — Eell(k2):| . (288)
’ wk 2
Asa/R — 0,
ving _ fol |, 8R a R
A”’“ o7 {ln a 2+0 R? 1na ' (289)

In particular, identifying the tubular offset with the Gaussian transverse scale,

a=oc, (290)
gives
2
: 0[ 8R g, R
Aringres _ FOZ ) B0 Lol . (291)
Il 2 oc R2 ac
leading logarithmic local finite-width
filamentary core tubular remainder.

FEquivalently, define the regularized vector potential on the offset loop by
Areg(0) = A(roc(0)),
and denote that offset loop by

Iroc = {(Rcos&,Rsin&ac); 0<o< 27r}.

Since A‘rling’reg = Ayeg(0) - t(0) is constant along TR o, the reqularized closed-loop circulation is

S8R o2 R
Ao, - de = 7 |ln— —2 <L n=)]. 292
‘%FR,U” ¢ IuOR |:n0-(c +O<R2 na(c>:| (9)

Proof. Parameterize the source loop by
r'(¢) = R(cos ¢,sin ¢, 0), dt' = R(—sin ¢, cos ¢,0) de.
Fix the offset field point r,(6). Writing ¢ = 0 + ¢, one finds
t(0) - d¢' = Rcos pde,
and

[ra(8) — /(0 + ©)|* = a® + 4R sin?(¢/2).
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Hence, from the SI Biot—Savart potential formula and the definition of AH”;g7
- IR [*" cos
ring _ M0 ¥
Aa = de,

dmJo /a2 + 4R?sin®(p/2)

which is Eq. (286).
Set u = /2. Then

ring _ wolR [T cos(2u)

7a’ .
I a? + 4R2sin® u

The integrand is invariant under u — 7 — u, because

cos(2(m — u)) = cos(2u), sin?(7 — u) = sin® u.
Hence
/ cos(2u) du— 2 /2 cos(2u) du.
a? +4R?sin?u 0 Va?+4R?sin’u

Now substitute u — 7/2 — u. Then

cos(2(m/2 — u)) = —cos(2u) = 1 — 2cos? u, sin?(7/2 — u) = cos® u.
Therefore
cos(2u) w2 /2 1 —-2cosu
a? +4R2sin?u 0 a? + 4R? cos? u
Hence
qring _ Mol R /”/ 2 1-2cos?u
Il.a a? + 4R? cos? u
With
o AR
4AR? + a2’
one has
4R?
a? + 4R? cos* u = -z (1 —k*sinu),
hence
yrine _ nolk /21— 2cos?u
Ia 2 Jo 1 — k2sin?u

Using 1 — 2cos? u = —1 + 2sin? u, together with

/ = Ken(k?),
1— k2 sin? u

and

w/2 i02
Eon(k?) = Ken (k2) — k2 Y g,
0 1—k2sin?u

we obtain

w/2 02 K 2y _ R 2
S~ u du eu(k ) eu(k‘ )

0 1—k2sin?u k2




Substituting this identity gives
Armg _ IU’OIk k2

ll.a 27 k wk 2

which is Eq. (288).
For the thin-tube asymptotic, define the complementary modulus

a2

=1k = —"
LS F  4R2 4 a2’

As a/R — 0, one has

1 1
F=14+0(?),  1- =3 +0k?).

The standard complete-elliptic expansions for k¥’ | 0 are

4 1 1
Ken(k?) = In-= + O(k’2 lnk/> ., Ba(k®)=1+0 <k’2 1nk,> .

Substituting these into Eq. (288) yields

ol
ring __ . /2
AHa = 27r [l n. 2+O<k lnk,>}.

Next,
4 4\/4R2 4V4R? +a? a? 8R a?
In— = =ln—+0(—= |,
k' a a R2
and
a> R
k/2 lny O(_R2 lna> .
Therefore
I 8R a®> R a
Armg /4LO n2=t — 9 2 el
lha = om { a +O(R2n )]’ Rio’

—Ken(k?) + %(Kcn(kQ) - Ecn(kQ))} pol [(1 - ) Ken(k?*) — Een(k?)|
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which is Eq. (289). Here the O(-) term is with respect to the dimensionless parameter a/R with R fixed. Substituting

a = o¢ gives Eq. (291). Since Aﬂing,rcg

f Areg - A€ = AT (27R),
I'r oc

which gives Eq. (292). Finally, if A, is smooth and single-valued on a neighborhood of I'g 4, then

7{ V) -d€ =0,
TR op

is constant along the offset loop I'g 4., the circulation is

because the integral of an exact differential over a closed loop vanishes. Hence the closed circulation is gauge invariant

within that gauge class.

O
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Remark (Meaning of A and its relation to the magnetic field). The quantity A denotes the standard magnetostatic
vector potential in the projected physical space R3. In SI units it has units tesla-meter, equivalently weber per meter.
It is not the magnetic field itself; rather,

B=VxA,

where B has units tesla. For an ideal thin filament, the pointwise self-field on the carrier is singular. Accordingly,
the finite quantity extracted in the present calculation is not the local value of B on the loop, but the regularized
tangential trace A‘rlmg’reg, namely the component of A parallel to the loop tangent on the offset circle I'g ».. The

earlier quantity A‘r'ir;g is the same tangential trace evaluated on the tubular offset at distance a; after the identification
' Aring,reg
[ ‘

f Aoy - de
I

R,o¢

a = oc one obtains the regularized value
The closed-loop circulation

has units of magnetic flux. Because the integration path is closed, any gauge transformation A — A 4 VA, with Ag
smooth and single-valued on a neighborhood of I'r . changes the integral by

f Vg -d€=0,
FR,UC

so the circulation is gauge-invariant. In regularized Stokes form it is the regularized self-flux linked by the offset loop.
After division by the current I, it yields the regularized self-inductance

re, 1
L= 7 ﬁ Aoy - de.
R,oc

In this sense, the bracketed term in Eqgs. (289) and (292) is the dimensionless geometric factor controlling the strength
of the loop’s coupling to its own magnetic field.

Definition VII.3 (Filamentary reference core). The filamentary reference core is the dimensionless leading logarithmic
coefficient extracted from the gauge-invariant regularized circulation Eq. (292). Equivalently, in the Coulomb-gauge
Biot—Savart representative Eq. (291), it is the leading bracket after the local tubular remainder has been separated.
Thus

8R
Aind =Iln— — 2. (293)
ac
On the minimal electron branch,
Aina = In(8y/7) — 2. (294)

Remark. The coefficient Ay,q is a filamentary reference core. It is the leading logarithmic contribution extracted from
the exact tubular regularization of the thin loop; it is not the full finite-width self-circulation of the dressed branch.

The remainder
o2 R
ol =L n—=
(R2 nO’c)

is a local finite-width correction. In the theorem path of the present section, that remainder is not set to zero and is
not identified a priori with the later Gaussian dressing unless such a matching is proved separately.

On the minimal branch geometry later used for the electron sector one has

oc 1
€y = — = —= ~ 0.564,
br R \/771_

which is not an asymptotically small parameter. Therefore Ajyg = In(8y/7) —2 must be read as an extracted logarithmic
reference core, not as a claim that the local tubular remainder is numerically negligible on that branch.

In particular, the exact theorem path uses Aj,q only as the fixed filamentary logarithmic core. The finite transverse
structure retained explicitly in the later vector channel is carried by C’[(ﬁ/auss), the Gaussian collar extension Ey, the

swirl-compliance operator S;, and the full shell-admission operator Q, (¢). This separation prevents double counting of
finite-width effects.
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Definition VII.4 (Normalized Gaussian collar density on the transverse normal plane). Let y € R? denote a local
transverse displacement from the carrier in a normal plane to the loop. The Euclidean norm [y| is the local transverse
distance from the carrier. The normalized Gaussian collar density of width o¢ is

Lo y2/e? 2
gac(y)zﬁt(%e lul*/oc, y € R,

so that

/ Joe(y) Py = 1.
R?

The density g,. has units of inverse area. Therefore any average taken against g,.(y)d?y is dimensionless whenever
the integrand is dimensionless.

Lemma 12 (Gaussian finite part). The single-point Gaussian collar average of the local logarithm is
ac TE
/ Joe(y) In—d’y = ==, (295)
R2 |yl 2
where vg is the Fuler—-Mascheroni constant. The integral is absolutely convergent, dimensionless, and independent of
oc.
Proof. Write
1
Ia = / Joe(y) 75 d%y = 72/ e W T dPy.
R2 ly| o JR2 ly|

The integral is absolutely convergent because the Gaussian factor gives exponential decay at infinity, while near y = 0
one has fol rllnr|dr < oo.
In polar coordinates s = |y|, with d?y = 27sds, one finds

2 o
Io=— | e /tsmZC ds.
UC 0 S
Now set
2 2
s 0,
t=—, sds = -Cdt
¢ 2
Then

I /Oo -t 1 dt 1/00 “tntde
G = e n— = ——= e n .
0 \/{t 2 0

The dependence on o¢ cancels exactly at this step. Using the standard Gamma-function identity

o0
/ e tlntdt = —yg,
0

one obtains

which proves Eq. (295). O

Theorem 8 (Gaussian UV constant). Let Y and Y’ be independent transverse collar points with common density gy .
Define

uss 2
Cov™ = / / Goe (V) Goe () InT—- a2y dy . (296)
R2 xR2 \y -y |
Then C’I(J(\;,auss) is absolutely convergent and satisfies
s 1 1
C[(J(i/au %) = 5(1n2 +7E) = 3 In2 + V?E (297)

relative-width  single-point Gaussian
doubling term finite part
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Proof. Set

IUV = C[(JC\Q/auss).
Because gy is Gaussian, the integrand in Eq. (296) decays exponentially for large |y| and |y’|. Near the diagonal y = ¢/,
the singularity is only logarithmic, and f‘z |In|z||d?z < co. Hence the double integral defining Iy is absolutely
convergent.
Introduce the relative variable

<1

By Fubini’s theorem,

20
Ivv = / (/ Goc (y) Yoc (y - Z) d2y> lnl d?z.
R2 \JR2 |2]

The inner integral is the Gaussian convolution. Since

1 2, 2
S —lyl*/og
Joc (y) 770(%6 )

one has

/ Yoc (y) Joc (y - Z) d2y = ! / e—(|y\2+|y—z|2)/og d2y.
R2 R2

254
0

Complete the square,

1> + |y — 2| =2‘y—§‘2+¥,

to obtain
2 002
Hence
Iyy = / e_lz|2/(2"é) 111%ﬂ d2z.
2102 J2 2]
Now scale

z=+20cw, d*z = 202 d*w.

Then

1 2 1 1 1
Iyv = 7/ e~ vl 1n£ d®w==-In2+ 7/ e 1P In— a2,
T Jg2 |w] 2 T JR2 |wl

The second term is exactly the single-point Gaussian finite part at unit width; by Eq. (295),

l/ e—\ﬂ)lz lni d2w = E.
™ JRr2 |U)| 2

['herefore
(Gauss) 1 VE 1
CUV —511’12"—72 —5(1H2+7E),

which proves Eq. (297). The decomposition displayed in Eq. (297) is then immediate. O
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Remark. Up to this point the derivation is local on the transverse normal plane of the carrier. The shell enters only
through the TT projector, the Gaussian collar lift, and the shell-admission chain. For a tangential shell trace 7y, the
admitted ultraviolet contribution will be

AANyvor (G Han) = Cé(\;/auss) P}E),fuu(é; yn ),

with P{%) (6 ) defined in Eq. (313).

Definition VIL.5 (Axisymmetric tangential shell space). Let ¥, C R3 be the matching shell, identified with S?
through the angular coordinates (¢, ¢). We work throughout with dimensionless angular shell operators and with the
dimensionless solid-angle measure

dQ = sin¥ dd de.

The symbol H2X (3, ) denotes the real L?-based Hilbert space of axisymmetric tangential shell amplitudes

tan
U W) = Uy(0) & + Up(9) &,
such that
Uy, U, € L*((0, ), sind dv).

Physical SI fields enter this space only after their common SI prefactors have been removed, as in the normalized shell

trace En below. Thus the shell pairings in this subsection are reduced geometric pairings unless an SI prefactor is
explicitly restored. Equip this space with the real shell pairing

(U, V)sn = /S

If the space is complexified, this pairing is extended sesquilinearly by conjugating the first entry. With the above
convention that U and V are dimensionless shell amplitudes, (U, V)4, is dimensionless.

The measure df2 and the angular differential operators are dimensionless. Hence, when U and V are dimensionless
shell amplitudes, the pairing is dimensionless. If U and V are Sl-valued tangential traces, such as traces of the vector
potential, the pairing carries the product of their physical units. All scalar Rayleigh quotients below are dimensionless
because their numerators and denominators carry the same units, or because the common SI prefactor has first been
removed. All tangential differential operators below are taken in this angular shell representation. Here Vi, and +¢an
act on shell scalars and shell tangential fields in the standard way. We use the scalar Laplace—Beltrami sign convention

U.VdQ = 27 /O (U (9)Vo(9) + U, (9)V,,(9)) sin 9 do. (298)

2
T

Atan = +tanvtanv _Atan >0

on nonconstant scalar spherical harmonics. The inverse A;&l used below is the inverse of Ay, on the mean-zero
axisymmetric scalar subspace. Thus, with the convention —Ay,, > 0, this inverse is the inverse of a negative operator
on nonconstant modes. The toroidal Hodge Laplacian introduced later is denoted separately by Ay, with the same

nonnegative convention for —Aye,.

Theorem 9 (Shell TT projector on the axisymmetric tangential shell space). Every U € H{X (S2) admits the
orthogonal Hodge decomposition, in the reduced L?-tangential sense,

A 1 2
U= Viwhex + 0 X Vinheo :  hexs heo € HL(S2)/R. (299)
S—— N——
exact / gauge  coexact / physical
part TT part

The potentials are therefore unique modulo additive constants. In the axisymmetric sector this decomposition is explicit;
the exact part is purely meridional and the coexact part is purely toroidal. Equivalently,

U@W)= Us(W) ey + UpW)e, . (300)
exact / gauge  coexact / physical
part TT part

On smooth azisymmetric tangential fields, the orthogonal projector onto the gauge-invariant tangential-transverse,
equivalently tangential divergence-free, sector is

Mpp =1 — Vian AL <tan - (301)
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Here A{ai is the inverse of Atan = “tan Vian 01 the mean-zero azisymmetric scalar subspace. For general U € HZX (X,..),
this formula is understood in the weak Hodge sense; first define the exact component Vianhex by
Vihoo Vinf a2 = [ U-VinfdQ  for all f € HL(S2)/R. (302)
52, S2,
and then set
IIttU = U — Vianhex.
This weak definition agrees with Eq. (301) whenever +i.,U is represented by an L? scalar.
12 = Iy, I = Iy, MrrVianA =0 for every A € Hy (S2), (303)
and, explicitly,
HTT(Uﬁ(ﬁ) &y + Uy () ég,) = U, () é,. (304)

Moreover, It is the unique bounded self-adjoint idempotent on HX (52 ) that annihilates all tangential gradients

and acts as the identity on every axisymmetric tangential divergence-free field.

Proof. By the standard L? Hodge decomposition for tangential one-forms on a closed smooth sphere, see for example
[12, 13], every L2-tangential field on Sf* decomposes orthogonally into exact, coexact, and harmonic parts. Because

HéR(SQ) = Oa

the harmonic one-form sector is trivial. Hence every U € H2X (5? ) admits the orthogonal decomposition

U == vtanhex + ﬁ X Vtamhcov heXa hCO € ‘E[alx(s'?‘*)/IR7

and restricting to the axisymmetric sector gives Eq. (299).
In the angular shell representation, if f = f(¢) is axisymmetric, then

vtanf = f/<'l9) é197 n x Vt'a»nf = f/('ﬂ) éga-

Thus the exact part is purely meridional and the coexact part is purely toroidal. This yields Eq. (300).
We now show that the axisymmetric tangential divergence-free sector is precisely the toroidal sector. Let

U(9) = Up(9) &y + U, (9) &,

be axisymmetric. Then

while

! i(sin19U19(19)).

Fan (Un (V) &) = 2555

If U is divergence-free, then the toroidal component has zero surface divergence, and therefore the meridional component
must satisfy

d
79 (sind Uy (¥9)) = 0.

Hence
sin v Uﬂ (19) =C
for some constant C. If C' # 0, then

/|wwWamMﬂ=wﬁ/ dv
0 0

sin 9

+00,



which contradicts U € H2X (5% ). Thus C = 0, and

tan
Us(9) =0.

Therefore every axisymmetric tangential divergence-free field is purely toroidal.
Let

Pex = VtanAi

tanT an -°

Because S?_ is closed and has no boundary, one has

tan

/ +anUdQ2 =0 for every U € H (S2).
S2

Hence +t,,U belongs to the mean-zero scalar subspace on which A, is defined. For

tan

U= vtanhex +10 x vtanhcm

one has
~tan (fl X Vtanhco) =0, “tan(Vianflex) = Atanlex-
Hence
“FtanU = Atanhex-
Since A} is taken on the orthogonal complement of the constants,
Apah Atanhex = hex — Pex,

where hey is the mean value of hey on the sphere. Taking the tangential gradient removes the constant and gives

PexU = Vian(hex = hex) = Vianhex.
Therefore
(I = Pex)U = A X Vianheo,
which is precisely the coexact divergence-free tangential part. Hence
Opr =1~ Py =1 — VianAph “tan -

Now P,y is a projection. For any U,

Pe2XU = VtanA;aL ~tan (VtanAt:;}l ~—tan ) vtanAtanAtanAtail ~tan U= PexU-

Consequently,

% = (I — Py)? =1— P, = Ilpr.

The exact and coexact subspaces are orthogonal. For smooth axisymmetric potentials f and g, one has

vtanf = f’(ﬂ)éﬂ’ n x vtang = g/(ﬁ)étp

Therefore
<vtanfa n x Vtamg> = 277/ F (g (9 )Eg-éw sin ¥ d

—277/ ' (9)g' (¥)0 sinydd = 0.

113
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Equivalently, if V' is a smooth axisymmetric tangential divergence-free field, then for every smooth axisymmetric scalar

[

(VianSs V)sn = Vianf - V dQ
s2,

- f ~tan VdQ = 0,
52,

because the sphere has no boundary. By density, the same orthogonality holds in the L2-tangential Hodge decomposition.
Thus Ilpr is the orthogonal projection onto the coexact sector, and consequently

oy = pp, Mg = Opr.
For any A € H} (S?),
PexVianA = VeanApnAtanA = Vean(A = A) = Vean),
and therefore
IIrrVianA = (I — Pex)Vian A = 0.

This proves Eq. (303). The explicit formula Eq. (304) follows from the identification of the axisymmetric divergence-free
sector with the toroidal sector.
Finally, let P be any bounded self-adjoint idempotent on HZ* (Sf*) such that

tan
PVianA =0 for every A € HL (S2),
and
PV =V for every axisymmetric tangential divergence-free field V.
For any
U = Vianhex + 0 X Vianheo,
one then has
PU = PVianhex + P(ﬁ X Vtanhco) =0+ 10 X Vignheo = HppU.
Hence P = Ilpt. The projector is unique. O]

Remark. The projector entering the vector channel is therefore not an additional fitted object and it is not ¢-dependent.
Its role is purely geometric and gauge-theoretic; it removes pure tangential gauge-gradient data and retains the physical
transverse shell content. It should not be confused with the earlier geometric emergence of the one-loop branch from C
into its coarse-grained Dirac-ring image in R3. That earlier step produces the shell data; the present projector acts
only after those shell data already exist. In the present Gaussian closure the explicit ¢-dependence enters through the
swirl-compliance operator Sy; the notation Fy is retained because it belongs to the same one-parameter shell admission
family.

Definition VII.6 (Shell-admission operator). Let

M (S2) = Ran Ilpy C H(S2)

tan

denote the axisymmetric tangential divergence-free shell sector. Let & € [0,00) be the dimensionless transverse collar
coordinate, measured in units of o¢c. On the collar space
L2([0, 00)¢: Hizg, (S7.)):

tan

use the pairing

(F, Geot = / TR (6, ). G, d. (305)
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Define the half-Gaussian collar profile

Teol(§) = —=e €, £>0. (306)

2
Nz

It is normalized in L1 ([0, c0)),

/ Seat(€) dé = 1,
0

and its L2-mass is

Neot = /0 ea(E)?de = /0 2 dg = ﬂ

The Gaussian collar extension is
(Eeen)(€,7) = weol (§) en(V), g, € HE(S2). (307)

Its adjoint is

(B; F)(0) = / " eat(€) F(£,9) dt. (308)

The notation Ey is retained because the extension is used inside the one-parameter shell-admission family. In the
present Gaussian closure, Ey itself is the fixed half-Gaussian lift in the dimensionless collar coordinate £, while the
explicit /-dependence enters through the compliance operator defined below.

Let —Agor be the nonnegative self-adjoint toroidal Hodge Laplacian on HX.(S2 ), with operator domain

Dom(A¢or) C HEX (Sf*).

tor
With the solid-angle shell normalization used here, A¢o, is dimensionless. For ¢ > 0, define by spectral calculus

Se = (—Awr) (I— A " (309)

dimensionless bounded resolvent
toroidal scale regularization

On the toroidal collar sector, Sy acts fiberwise,

((SeF)(€))(9) = (Se(F(€,))) (D)

The unnormalized shell-space admission operator is

1
*
Quen(0) = Ty B (11 - Sz) E,  pr . (310)
~—~— N7 3 ~—~— ~—~—
TT filter return from \_V_/ Gaussian  TT filter
on shell data Gaussian collar SWirl-compliance extension on shell input
weight

When no realization tag is needed, we write Q, (¢) for this shell-space operator locally.

Lemma 13 (Gaussian collar extension). The operator E; is bounded and satisfies

|BeotnlZor = Neot | Fanlln,  on € HEL(ST).

col — tan
Its adjoint is given by Eq. (308), and
E}Ey=Negl  on HX (S?). (311)

tan

Proof. For oy, € HX (S?2), one has

tan

Bl = [ ||wcol<£>%h||§hds:(/ wcol(£)2d§> |l = Noon | et
0 0
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Hence E, is bounded with

HE€” = v/ Neor-

For F € L*([0,00)¢; HE (S2.)), the Bochner integral

tan
| maore) ac
is well defined in H2X (52 ), because

tan
/ wcol )

<EE$2{sh;F>col == /Oo<wcol(£) shy (57 )>sh dg

—< bh,/ - >d£>sh.

This proves Eq. (308). Applying the adjoint formula to F' = E, %y, gives

< ||wcol||L2(0,oo) ||FH001‘

Therefore

B} Eoy, = / Seot(€)2 A A€ = Noor o,
0

which is Eq. (311). O

Lemma 14 (Basic properties of Sy and Q,(¢)). For every £ > 0, the operator S; is bounded and self-adjoint on
HX (52 ), and its fiberwise lift is bounded and self-adjoint on

tor

LQ([Ov 00)57 Hio, (Sr2 ))

tor
The shell-admission operator Qy (£) is bounded and self-adjoint on HEX (S?.). Moreover,
OSSZS]L OS@)((K) SNCOIHTT7

where the second inequality is understood in the quadratic-form sense on HX (5?2 ). In particular, Q,(¢) is positive
semidefinite and is not idempotent in general.

Proof. Let
T :=—A¢tor >0

on HX (Sf*). By the spectral theorem applied to T,

tor

2 2 —1 e ng
0

with spectral multiplier

2
e
Hence
0<S, <1, QHSH—ESZSH.
3 3
Therefore

1
BZ ::]I—ggg
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is bounded, self-adjoint, and positive.
Since Ipron1 € HEX (STQ*), the collar lift E,IIpro%p1 lies in the toroidal collar sector, where By =1 — %Sg is

tor

defined. For o/ 1, “n,2 € HEY (Sf*)7

tan
(“en,2, Qy (£) sn 1)sh = <E4HTTJ275h,2, BeEZHTTJZfsh,1>

= <B€EZHTT%h,27 EZHTT%h,1>
= (Qy (0) 2, Han 1 )sh,

ol

ol

because By is self-adjoint on the toroidal collar sector. Hence Q, (¢) is self-adjoint. Its boundedness follows from

1Qx(ON < [Mer [HIEZ || | Bell [ Eell [Trr|| < Neor-

For o, € HX (52),

tan

(en, Qu(0) an)sn = (Eellvr an, BeElrr s, = HBg}/zEEHTTJZ{shHQ > 0.

co col —

Hence Q, (¢) is positive semidefinite.
Using 0 < By <Tand Eq. (311), we obtain

(o, Qy (O) et )sn < || Bl an |21 = (v an, Ef Eellrr an)sh = Neot (Tlrr o, e i ) sh-
Since Il is self-adjoint and idempotent,
(Ilpr an, U Sen)sh = (Fon, Lrren sh-
Therefore
(on, Qy (0) Hen)sh < Neot(en, rr s ) sh,
which is exactly the quadratic-form statement
0 <Qy(¢) < Neot Ipr.

Finally, Q, su(¢) is not idempotent in general. At ¢ = 0 one has Sy = 0. Since the Gaussian collar lift itself is
independent of ¢, this gives

Qy,s0(0) = I E§ Eollpr = Neot .

2
Ncol = \/77é la
™

(QX7Sh(O))2 = 0201 1_[TT 7é Ncol 1_[TT = Qx,sh(0)~

Hence Q, sh(£) cannot be idempotent for all £ > 0. O

Because

it follows that

Definition VII.7 (Full shell-admission construction and normalized scalar admitted weight). The operator Qy ¢ ()
is the unnormalized shell-space admission operator. The sole normalization defect comes from the L2-mass of the

half-Gaussian collar lift,
> 2 2 *
Neol = wcol(é) d§ = ;; E@ Ey= N L.
0

For scalar admission weights we therefore use the normalized shell-space admission operator

Qysh(0) = N Qysn(0). (312)
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For any nonzero branch-fixed tangential shell-load representative <y, € HX (52 ), define the normalized admitted
full-load weight by

<~Q{sha Qx,sh(g)%h>sh
(Gen, Dan)sh '

PJ%),full (0; Hon) = (313)

The denominator is the full shell norm of the chosen branch-load representative 7y, not the TT-cleaned norm
(Tl “n, IlrT%%n )sn. This choice is deliberate in the branch-cyclic numerical realization; it measures the admitted
TT—yx content as a fraction of the full coarse-grained shell load carried by the fixed branch representative.

This full-load quotient is not a gauge-class functional of an arbitrary vector-potential trace <7y, because adding a
tangential gauge gradient changes the denominator in general. It is used in this paper only after the branch shell-load
representative has been fixed by the stated Coulomb-gauge Biot—Savart/collar convention. This convention fixes the
branch representative and is not adjusted to a measured value of « or to a QED benchmark. If a quotient on gauge
classes is needed, the corresponding TT-normalized quotient is

(en, Qy 50 (£) Zan)sh
(pr in, Hrr an)sh’

PI(}(C),TT(& Aen) = Irrety, # 0. (314)

For the distinguished collar-averaged tangential shell trace of the one-loop branch, we use its dimensionless branch-
load representative and denote it by ,;z{HCO“. All common SI prefactors have been removed before this representative is

inserted into the shell-admission quotient. We abbreviate
PIR(0) = PR (6 "),
Its TT-cleaned representative is
At = HTT,QKHCO“.

Lemma 15 (Bounds for the normalized admitted weight). For every nonzero tangential shell trace oy, € HZX (S2),

0 < PRun(l ) < 1. (315)
Proof. By Eq. (312) and the quadratic-form bound 0 < Q, u(¢) < NeoillrT, one has

0 <Qysn(f) <Ipr.

Therefore

0 < (Fen, Qy 50 (O) Fon)sh < (Ao, IrT Fip )sh-
Since IIpt is an orthogonal projector,
(on, Mot o )sn = |[Trren|Z, < | Fen |2 = (Fons Fen)sh-
Dividing by (%%n, %n)sn > 0 gives Eq. (315). O

Before passing to the shell-return problem, one must reduce the local Gaussian finite part from the transverse collar

picture to the shell sector. The constant Céc\;,auss) computed above still lives on the local normal plane of the one-loop
carrier. To enter the vector block it must be transported to the matching shell, cleaned of pure tangential gauge
gradients, weighted by the toroidal shell response, and represented back on shell data. The next theorem states that,

after Gaussian collar normalization by N;Oll / 27 the entire reduction is encoded exactly by the normalized shell-admission
operator Q,, sn(¢).

Theorem 10 (Shell-reduction identity for the normalized Gaussian UV transfer). Let <%, € HE (S2) be any nonzero
tangential shell trace. Define the normalized Gaussian collar lift by

E,=N_"?E,, E,=N_"FE;.

col col

Then

- . 1N~
BB =1, Q) =l E, (11 -5 Sg) E, Ty,
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Define the normalized shell-reduced Gaussian UV quadratic form by

() : (Gauss) /| 1 o
UUVHIR(& ,beh) = CUV E@HTT,KZVSh s I-— g Sg EgHTT,Q{Sh . (316)
~— — co
TT-cleaned %’_/ TT-cleaned
collar-normalized lift swirl-compliance collar-normalized lift
weight

If oy, is a dimensionless shell amplitude, then this quadratic form is dimensionless. If @, carries a physical SI unit,
then Z/{&;_,IR(E; i) carries the squared unit of . In all cases the admitted load

(x)
U 0; oy
ANy IR (6 Han) = W

1s dimensionless. It is well defined because Ity € H?C’)‘r(Sf*), hence Edrrelsn lies in the toroidal collar sector on
which Sy acts fiberwise.
Then

UK 1x (6 o) = O3 (o, Qo () Fat s

Therefore the admitted Gaussian UV load associated with the branch-fixed full-load scalar admission convention is

(x)
U g; '% auss
AbvoR (6 Fn) = W = CGv™ Pl (t; San)- (317)

This is a dimensionless scalar load for the chosen branch-load representative </g,. For the minimal-branch numerical
realization,

PO = PR (), AAuyoir(0) = AAuvom (6 0.

If one instead wants a gauge-class quotient for arbitrary shell traces, the denominator in Eq. (317) must be replaced by
(TIpr n, lrr n )sh, as in Eq. (314). For the distinguished collar trace szu‘“’”, namely the Gaussian collar-averaged
tangential shell trace of the one-loop branch, we abbreviate

AAyvoir(f) = AAuvsr (4 %fou) = C[(J%auss) PI(;%) (0).

Proof. By the definition Eq. (316),

auss Tl 1 1
U(U?/)HIR(& an) = C[(JC\}/ )<E4HTTJZ7Sh7 (]I —3 Se) EEHTTrQ{sh>C .

ol

Using the adjoint relation for EZ gives
x) : _ (Gauss) Nl LAY
Uy (6 en) = Cyy yraan, B, (1— 3 Se ) E llrron g
Since It is self-adjoint and idempotent,

s —% 1 —
UG i (6 ) = O™ )<%hv HrrE, (H ~3 SE)EKHTT%h>Sh
= O (Aon, Qo (€) ).
Dividing by (%, “n)sh # 0 and using Eq. (313) yields Eq. (317). 0

Condition VII.1 (Branch-cyclic realization of the normalized TT—y admission). This condition gives the branch-cyclic
scalar realization of the already defined normalized admission quotient for the distinguished minimal-branch trace. It
is not a second definition of the shell-admission operator on the full tangential shell space.

Let £ > 0, and let

Hy=L((0,1),dy),  y=—€[01], sk =1-y

T
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The first-node scalar branch on the pinned cavity carries the real cyclic amplitude

ay(y) = ysin(my). (318)
Define
AP ay(y)
M= [ o sin (), i =S5 (319)
The associated probability measure is
Ay ) = oy ()P dy = L) gy, (320)
X

In the branch-cyclic realization used for the scalar admitted weight, the cyclic compression of the normalized
shell-admission operator is represented on H, by

w(1- %SLX)Wg, (321)
where
(deozw%—;ng)]ﬂw, (322)
and
B -1 C(1-y)?
Sty = n,x (]I + n,x) ) (ﬁ,xf)(y) = 72 fy). (323)

The branch-cyclic condition fixes the one-dimensional realization used to evaluate PI(I)%) (¢) for the distinguished
minimal-branch trace. It is a conditional realization of the already defined scalar quotient, not a second definition of
the full shell-space operator and not a replacement for the shell-space Rayleigh quotient for arbitrary traces. The full
shell-space operator remains Q, g (€).

Lemma 16 (Cyclic multiplier identity under the branch-cyclic realization). In the branch-cyclic realization of
Condition VII. 1, the cyclic compression of Qy sn () s multiplication by

W (y) = exp [— (1;1’)21 [1 - ;(1(_1;)3);2] . (324)

Proof. By Eq. (322), the normalized Gaussian collar lift YW, is multiplication by

=4 (7)]

Therefore the quadratic collar lift WyW, = Wg contributes the multiplier

)

Next, by Eq. (323), the operator 7y, is multiplication by

(1-y)?
22

Hence

Sf,x = ﬁ’x (]I + 72’x) o
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is multiplication by

(1-y)?
2 __(1-yp
(1-y? (Q-y?2+e
14+ 7
Hence
1
I- 3 St
is multiplication by
L _(-y?
3(1—y)2+02

Multiplying the Gaussian factor from Eq. (322) with the swirl factor from Eq. (323) inside the compressed operator
Eq. (321) gives exactly Eq. (324). O

Lemma 17 (Normalization of the cyclic y-admission measure). The normalization constant in Eq. (319) is

1 1
- 2
Nx 6 An2 (325)
Hence dyiy, is a probability measure on [0,1].
Proof. Using
. 9 1
sin®(my) = 5(1 — cos(2my)),
we compute
1
Ny = / y”* sin®(my) dy
0
e I
= 5/ yrdy — 5/ y? cos(2my) dy.
0 0
The first integral is
1t 1
e dy = -
2 /0 v =%
For the second integral, two integrations by parts give
1 2 . . 1
9 y*sin(2wy)  2ycos(2my)  2sin(2wy) 1
2my) dy = - S
/0 y” cos(2my) dy [ 27 * (2m)? (2m)3 |, 2m?
Therefore
111 11
X6 2212 6 Ar?
Since y2 sin?(ry) > 0 and is not identically zero on (0,1), Ny, > 0. Thus dyu, has total mass one. O

Theorem 11 (Conditional closed cyclic evaluation of the TT—y admitted weight). For the distinguished collar-averaged
shell trace dfon of the minimal one-loop branch, and conditional on the branch-cyclic realization of Condition VII. 1,

the normalized scalar admitted weight is

<°<Z{”COH7 Qx,sh (é)vQ{HCOH>sh
coll coll
<5Zf” 7’52{H > h

PI(J)%) (0) = P]g;(%),full(é; ﬂucou) = (326)
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Equivalently, since ot = HTT,Q/”CO“ and Qy sn(¢) = 1 Qy su(€) v, the numerator may be written as

< COH’QX 5h( ) C011>5h _ <£{Toll QX bh( ) c011> b

The denominator, however, remains the full shell norm of &/lfon. Then, in this branch-cyclic realization and only for
the distinguished branch-load representative,

PR(0) = / W () dysx (9). (327)

Equivalently,

1
/ y? sin? (my) {1
0

1
(x) 3
P (0) = (328)
/ y? sin? dy
In particular,
0<PXW)y<1  (£>0). (329)

Proof. Since
Qy.sn(f) =t Q) sn(¢) Hrr,
and IIpp is self-adjoint and idempotent, the numerator in Eq. (326) satisfies

< COH: Qx sh( ) COll>sh = <HTT Couam( )HTT'Q{”COIBSh

< ’Ig%llaQXsh() ’19%11>

Thus the TT projection is applied inside the admitted numerator. The denominator in Eq. (326) remains H@fu"onﬂgh, S0
the scalar is the admitted fraction of the full collar-averaged branch load.

Under the branch-cyclic realization Condition VII.1, the distinguished branch-fixed full-load representative is
normalized by

ﬂcoll

||dcoll”gh wX'

This normalization uses the fixed full collar-trace norm of the chosen Coulomb-gauge/collar representative, not the
TT-cleaned norm. Therefore the scalar quotient transported to H, is the branch-fixed full-load quotient

co 1
PI%) () = IR fun(f f@ﬁ H) <1/’xv We (H ~3 SE,X)WK¢X>HX

Using the cyclic multiplier identity lemma 16, this becomes

1 1
PR(0) = / W (y) [y (9) 2 dy = / W () dpax (9),

which proves Eq. (327). Inserting the explicit density

dp (y) = y”sin (ry) Slj\l/ () dy
X

gives Eq. (328).
For/>0and 0 <y <1,

1—y\* (1—y)?
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Hence

0<WX¥(y) <1.

The equality WZ(X)(y) =1 can hold only at the endpoint y = 1, which has zero du,-measure. Since dyu, is a probability
measure and has positive density on every nonempty subinterval of (0, 1),

0< P < 1.
This proves Eq. (329). O
Corollary 5 (Minimal-branch value of the TT—y admitted weight). On the minimal electron branch,

1
_m.

A high-precision numerical evaluation of the one-dimensional integral Eq. (328) gives

Lo

P (€y) = 0.0857791925845556011097469 . . . (330)

The displayed decimal is a realization-level quadrature value. The quantity dquad used in the numerical ledger records
the internal quadrature stopping criterion; it is not a theorem-level analytic error bound for the exact integral. This
numerical value is not an external benchmark and is not fitted to a. Consequently, with

PR (to) = P (lo; "),
the admitted Gaussian UV load on the minimal branch is
AAuvoir(bo) = AAuvoir (Co; JZfHCOH) = C(U(\;/auss) PI(I)%) (). (331)

Proof. Evaluating the explicit integral Eq. (328) at £ = ¢y = 1/(m+/7) gives the displayed realization-level number.
The identity Eq. (331) then follows from Eq. (317). O

The closed cyclic formula Eq. (328) gives a direct visual diagnostic of the normalized x-admission mechanism. With

B y? sin?(7y)
px(y) - NX )

one has
) g
PR ) = [ W) o) v

This is shown in fig. 6. Within the branch-cyclic realization, the small value of PI(;,%) (¢y) follows from the overlap
between the near-shell Gaussian window and the first-node cyclic density, which is suppressed near y = 1.

Remark (Logical status of the admission objects). The geometric projector I, the unnormalized shell-admission

operator Q, (¢), the normalized operator Q, <1 (¢), and the scalar admitted weight PI(I)%) (¢; oZan) are distinct objects.
The first is an idempotent orthogonal projector. The second and third are positive admission operators and are not
idempotent in general. The last is a scalar quotient, not a projector and not a shell operator.

On the minimal branch, PI(}%) (¢) means P‘T(}é),full(& 424‘:0“). The TT-cleaned field /&5 = Ipre/! enters the

numerator through @, sn(¢), while the denominator remains the full norm of 7!, The closed formula Eq. (328) is
the branch-cyclic realization of this scalar quotient. It is not an auxiliary fit and not an independent scalar closure.

Figure 7 summarizes the geometry of the local vector load derived in this subsection. On the C side, the one-loop
carrier and its Gaussian collar determine the filamentary reference core Aj,q. On the shell side in R3, the same branch
is represented only through its tangential shell data, and only the TT-cleaned shell content is admitted into the vector
block. The central ribbon in the figure is therefore not a literal metric projection and not the action of Il itself. It is
only a schematic reminder that the local Gaussian collar data feed the exact shell-admission chain Q, (¢). The shell
quantities drawn on the right are shown only to indicate the downstream continuation to the later shell-return analysis.
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FIG. 6. Diagnostic profile behind the normalized y-admission. The dashed curve is p, (y) = y? sin®(7y) /Ny, hence duy (y) =

Px(y)dy. The solid curve is the admitted density Wég()(y)px(y). Its area equals the scalar admitted weight P;ﬁ) (o). The
vertical dotted line marks y = 1 — £y, indicating that the Gaussian shell window probes only the near-shell collar, where the
first-node cyclic amplitude is already suppressed.

C. Exact shell source and energy-dual exterior subtraction

We now turn from the local Gaussian collar reduction to the part of the vector channel fixed by the exact magnetostatic
shell trace of the filamentary carrier on the matching shell. The task of this subsection is twofold. First, it extracts the
exact odd-toroidal shell source launched by the one-loop branch onto the shell in R3. Second, it computes the exact
shell-normalized energy-dual exterior subtraction associated with that source. This is the first genuinely nonlocal part
of the vector channel. It nevertheless remains fully branch-fixed, requires no shell-memory inversion, and introduces no
measured value of a, no QED coefficient, and no fitted vector parameter.

At this stage the branch is read only through its exact magnetostatic shell trace in R?, after the common SI current
factor has been removed. The only branch parameter entering the dimensionless shell formulas is the ring-to-shell ratio

R
n:T—, 0<n<l.

The source shape extracted below is the exact shell datum that later feeds the shell-return operator and the exterior
subtraction term AAgy.

Definition VII.8 (Exact shell field of the filamentary carrier). Use the axisymmetric shell coordinate already fixed in
Eq. (12),

v=-cos? € [-1,1].

Work first on the normalized shell 7, = 1. In these normalized units, the circular filamentary carrier has cylindrical
radius 7 = R/r, with 0 < i < 1. For a shell point with polar variable v, write

p1L(v) =+V1—102 z(v) = v. (332)
Define the associated elliptic parameter by

2 _ 4n p1 (v)
= @ P

(333)
For every v € (—1,1), one has

0 < k(v)?<1.
Indeed, py(v) >0on (—1,1), and

(n+pL(v)® +2(v)* —dnpL(v) = (n— pL(v))* + 2(v)*.
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FIG. 7. Intrinsic core and exact shell admission. Left; the effective one-loop carrier of radius R with Gaussian collar width
oc. Extracting the leading logarithmic part of its regularized tangential self-circulation yields the filamentary reference core
Aina = In(8R/oc) — 2. Middle; a schematic reminder of the shell-admission chain from the local Gaussian collar picture to the
matching shell r = 7, = 7R C R?, with £ = oc/r« the corresponding shell bandwidth. The ribbon is not a literal map from C
to R3, and it is not the action of IIrr. Right; only the admitted tangential-transverse shell content is retained for the later
shell-return problem. The arrows labelled by Jy, a«, and Gsn, together with the box Ageom, indicate that later continuation and
are not part of the admission formula itself. The drawing is conceptual and not metrically to scale.

If the right-hand side were zero, then p, (v) = n and z(v) = 0, hence

1=pi(v)*+z(v)* =7,

which contradicts 0 < n < 1. Therefore the complete elliptic integrals in Eqs. (334) and (335) are evaluated at
admissible parameter values. For v € (—1,1), define the cylindrical shell shape functions of the unit-current filamentary
carrier by

z(v)
2mp1 () (n + pL(v))? + 2(v)?

0?4 p1L(v)? 4 2(v)?
(n—pr(v)*+2(v)?

B,(n;v) = [Kell(k(v)z) + Een(k(v)z)} , (334)

The displayed formula for B, has an apparent axial singularity because of the factor p, (v)~!. Its endpoint values at
v = %1 are always understood by the smooth axial extension proved in lemma 18, not by direct substitution into the
displayed quotient.

) = 1 0)2 n* = p1(v)? = 2(v)? 0)2
B T PO P Kalb(00) + = P S Falb01) (335)

<
~

where K and Eqp are the complete elliptic integrals defined in Eq. (285). These are the exact Biot—Savart shell
profiles of the circular filament after removal of the common ST factor ugl/r.. Thus

[By] = [B.] =T, [“OI} =T, [B)=[B.]=1

T
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By linearity in the current and dimensional scaling of the Biot—Savart field, the corresponding physical shell field for
a nonzero signed current I, with the positive orientation fixed by increasing ring azimuth, is

ol ol
B, (rv,vsn, 1) = TO B,(n;v), B.(rv,vsn, 1) = 7,0 B.(n;v).

* *

For the electron charge sector, @ = —e and hence the effective loop current has the sign fixed earlier by I = Qc/(27R).
The dimensionless shell shapes below are normalized by the same signed current /. Thus the sign of the physical
current is removed from b,, while the chosen orientation fixes the sign convention of the basis coefficients. This
normalization is a sign convention for the vector shell source and is not fitted to the exterior subtraction. In the shell
frame, the polar tangential unit vector is

6y =2z(v)é, —pi(v)é,.

Hence the shell-normalized tangential trace is

~ T

by(v) = . IBg(T*,’U;n,I) = v B,(n;v) — pr(v)B.(pv) . (336)
0 N—— N—————
- radial component axial component
shell-normalized projected tangentially  projected tangentially

tangential trace

Equivalently, in the earlier shell-trace notation,

I~
b (v) = B (rF ) = B0, (v).
Tx

Lemma 18 (Endpoint regularity and flux compatibility of the exact shell trace). For every fized 0 < n < 1, the
filament lies strictly inside the matching shell. There exists a function h, € C*([—1,1]) such that

By(©) = prL(®) hy(v),  puv) = VI 2. (337)
Consequently, the flux-compatible datum
By(v) = pi(0)by(v) = (1= v7) hy(v) (338)
extends smoothly to [—1,1], vanishes at v = %1, and all flur and energy-dual shell moments used below are finite.

Proof. The circular filament lies strictly inside the shell » = r,. Hence the source-free Maxwell field is real analytic in
Cartesian coordinates on a neighborhood of the shell, including neighborhoods of the north and south poles. Write the
field near the symmetry axis in Cartesian form

B(z,y,2) = By(x,y, 2) & + By(z,y,2) &, + B,(z,y, 2) &,.

Axisymmetry about the z-axis implies that B, is invariant under rotations in the (x,y)-plane, whereas (B, By)
transforms as a planar vector. Therefore there exist smooth functions F;, and G,;, defined near (p?, z) = (0, £1), such
that

Bz($7y7z) :an(‘r2+y2az)7 By(x7y7z) :yFn($2+y27z)u Bz(xuy7z) :Gn(x2+y27z)'
Passing to cylindrical coordinates p = /22 + y2 gives

B, +yB,

P) :pFT](p27Z)7 BZ(paz):G'fl(anz)'

Bp(p7 Z) =
Renaming F;, and G,, as H, and H, one obtains

By(p,2) :pHp(p2vz)v B.(p,2) ZHZ(p2,Z),
with H, and H, smooth near p = 0. On the normalized shell 7, = 1, one has

€y =2€p —pE€y,
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and therefore
By =2B,—pB..
Thus
By(p,z) = p[z H,(p?, 2) — H.(p?, Z)]
Restricting this identity to the normalized shell

p=pL(v)=vV1-—02 z=2z(v) =v,

and dividing by the common factor pgl/r., we get

bn(U) =p1(v) hn(“)7

with h, € C*°([—1,1]). This proves Eq. (337).
Multiplying once more by p (v) gives

By(v) = p1(v)by(v) = (1 = v*) hy(v),

which is smooth on [—1, 1] and vanishes at v = 1. Hence 3, is flux-compatible. Since 7;(v) is a polynomial multiple
of 1 — v2, both the flux pairings and the energy-dual moments used below are finite. O

Remark. The physical tangential shell trace is By(r«,v). The present definition introduces the dimensionless scalar

shape gn(v), obtained by removing the common SI factor pol/r. before shell-mode projection. The corresponding
flux-compatible datum is

Bn(v) = pL(V)by(v).

Thus the shell moments, the normalized source coefficients, and AAqy defined below are dimensionless.

For orientation, it is useful to display the same minimal branch on both sides of the split C ® R3. Figure 8 juxtaposes
the collar-side organization inherited from the Gaussian generator state with the corresponding physical shell field on
the matching sphere. The figure is diagnostic only. It introduces no additional shell datum and plays no role in the
proof. Its purpose is simply to make the collar organization and the observed shell-source geometry visually explicit
before the exact shell functional is written in mode coordinates.

The left panel should be read as a collar chart rather than as an ordinary physical-space picture. Its main message
is that the shell loading is concentrated near the admitted boundary ¢ = 0 and decays inward with the Gaussian
collar weight. The black arrows there do not represent a physical magnetic field; they represent the gradient of the
collar-side amplitude on the chart. The right panel is the observed-side counterpart in R3; it shows where the same
branch places field strength on the matching shell, which way the field itself points there, and in which tangential
direction the shell field becomes stronger. In this sense the two panels are complementary; the left panel displays how
the branch is organized before shell projection, while the right panel displays the physical shell geometry that enters
the exact vector functional and, ultimately, the computation of Ageom.

Definition VII.9 (Toroidal shell basis, flux pairing, and energy-dual moments). Let
T;(v) = (1 —v*)Pj(v), j=1,2,.... (339)

where P; is the Legendre polynomial of degree j. On the real flux-compatible class

f)=pi() ),  g@)=pi()G), [.§eL(-11),

we use the flux pairing

ganei= [ 5 a0~ [ Fojge) v (340)

This agrees with the pairing fixed in Eq. (15). The apparent endpoint singularity is removable on this class. The
functions 7; belong to the flux-compatible class and, by Eq. (341), form an orthogonal system under (-, )aux. The
corresponding flux space is the closed span of these modes in the associated flux norm.
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Coupled visualization of the geometric shell sector: collar chart + physical field on Z,.

collar chart proxy for the complex-side sector real shell field in 3

0.010 .
e oo Bl
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0.0
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v (real part of chart w=v +iu)

FIG. 8. Diagnostic visualization of the minimal one-loop branch. Left panel; a collar-side chart with complex coordinate
Ccol = v + i€. The horizontal coordinate v € [—1,1] labels meridional shell position, equivalently v = cos¥, whereas £ > 0 is
inward collar depth. The color scale shows the collar-side amplitude concentrated near the admitted shell boundary, and the
black arrows show its chart gradient in the (v, ) plane. Right panel; the physical matching shell ¥, C R? together with the
exterior field generated by the corresponding filamentary ring carrier. The surface color shows shell-field strength, the black
arrows show field direction on the shell, the red arrows show the surface gradient of shell-field strength, and the blue curves
are representative exterior field lines of the axisymmetric ring field. The figure is diagnostic only and introduces no additional
vector datum. It is included only to display the shell-source geometry before projection onto the odd toroidal shell basis.

On the same real sector, define the unweighted energy-dual pairing

1
[f, 9] = /71 f(v)g(v)dv.

The corresponding energy-dual shell moments are
~ 1 ~
B Tl = [ Bafo) ) v

This distinction is essential. The flux-compatible datum 8, = p1 E,, matches tangential shell traces, whereas the
energy-dual pairing supplies the source moments used by the exterior shell-energy quadratic form. The parity restriction
to the odd subsector is proved in lemma 20.

Lemma 19 (Flux orthogonality of the toroidal basis). For j, k > 1,

9i(i 4+ 1
(T3, Te)fux = L O, I = % (341)
Proof. By definition of the flux pairing and of 7j,
(1 - 0?)Plv) (1 - v?)Pl(w) !
(T5 The) frux = /1 Jl — P du = /1(1 — v?)P}(v)Pi(v) dv.

Integrate by parts. Since 1 —v? =0 at v = £1 and P}, P; are bounded there, the boundary term vanishes and

(T3, Ti) frux = — /_11 Py (v) % ((1 - U2)Pj{(v)) dv.
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Now use the Legendre equation

d

(=) P)) 3G+ DPi() = 0.

Hence
1
(T3 b =+ 1) [ Py(o)Pelv) do.

-1

Using the standard Legendre orthogonality relation
! 2
[1 Pj(v)Py(v) dv = 511 Ojks

we obtain Eq. (341). O

Proposition 40 (Energy-dual shell source moments). For j > 1, define the energy-dual shell moment of the exact
Mazwell tangential shell trace by

‘ 1 [t~ 2j(j+1)
aP(n) == by (v) T; (v) do, I, = ———. 342
)= [ BT = (342)
FEquivalently,
sh 1 T 2 /
aP ) = Ij/lbn(v) (1—02)P)(v) dv. (343)

The normalized amplitudes used in the shell-energy source are

aj(n) =20+ 1)n 2 a(n). (344)

This is the energy-dual normalization used by the shell-normalized exterior response in theorem 12. These amplitudes

are dimensionless. They are not flux expansion coefficients ofgn. They are the normalized shell-source amplitudes that
enter Egs. (352) and (356).

Proof. By lemma 18,

with h, € C*°([—1,1]). Since

the energy-dual integrand is
by (0)T3(v) = p(v)*hy (v) P (),

which belongs to L'(—1,1). Hence azh(n) is well defined. The expanded form Eq. (343) is simply Eq. (339) written
out, and the normalized amplitudes a;(n) are then fixed by Eq. (344). O

Remark (Normalized-shell versus physical-shell coefficient conventions). The coefficient ajih(n) in Eq. (342) is the
normalized-shell theorem coefficient. The shell is first scaled to r, = 1, and the common factor 1ol /7, is removed from
the Maxwell trace. The numerical tables may instead record the physical-shell rescaling

@ () = 0 a (),

because direct quadrature is performed on the physical shell r. = n~!. In that convention,
~ . ; h,phys
aj(n) = 2(j + L) T/2a3 P (),

which is algebraically equivalent to Eq. (344). The theorem path therefore uses ajh, whereas the low-mode numerical
. sh,phys
tables may display a; .
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Lemma 20 (Equatorial parity selection). For the equatorial filamentary carrier,

By(n; —v) = =By(n;v),  Bu(n;—v) = Bz(m;v),  by(—v) = by(v).
Moreover,

Tj(—v) = (=1)" "' T;(v).
Hence, for every even j,
a5 (n) = 0.
Therefore only the odd toroidal modes contribute to the energy-dual shell source and to AMoyt.
Proof. Since
pr(=v)=pr(v),  2(-v)=-z(v),  k(-v)®=k(v)*
the explicit formulas Eqgs. (334) and (335) imply
By(n; —v) = =By(m;v),  B.(n;—v) = B:(m;v).

Therefore, from Eq. (336),

so by, is even.
Further,

Pj(—v) = (=1 Pj(v) = Pj(-v) = (=1)*'Pj(v),
hence
Ti(—v) = (=1)*1T;(v).

If j is even, then 7; is odd. Since Fl;,, is even, the integrand in

S 1 ! 7
i) =7 [ BT dv
Ij —1
is odd, and therefore
aj’-h(n) =0 for every even j.

This proves the parity selection for the energy-dual shell source. O

Definition VII.10 (Exact normalized energy-dual shell source). Define the exact dimensionless odd-toroidal shell
source coefficients by

2T R .
TN () = Jasn, G = L35 (345)

G+1(2j+1
We also write
Jy(n) = (J;X)(n))j:m,s),... (346)
for the odd source sequence itself. Whenever the odd source sequence is nonzero and square-summable,
0< Z (JIEX)(U))2 < 00,
k odd

define the normalized weights by

(/)" ,
w; = 5 w; = 1. 347
2ok odd(‘]IEX)(n))Z jzo;d 7

The square-summability required here is proved in theorem 12.
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Theorem 12 (Energy-dual exterior mode identity and shell subtraction). For each odd j, define the energy-dual
exterior-response coefficient by

E _ ,—1/2 sh
dj(n) = aj'(n). (348)
Define the corresponding energy-dual exterior harmonic mode by

Tx

out E J+l
B =mldim) (Z) 7 Bw),  rxr (349)

This auziliary harmonic mode is not the flux-matching exterior Mazwell continuation of the shell trace. It is the
diagonal exterior harmonic mode assigned to the energy-dual shell coefficient d}E(n) under the shell-energy normalization
used below. On exterior fields with finite magnetic energy, define the exterior energy inner product by

1
<B, C>0ut,E = T’UO B-CdV. (350)
T>Tx

The word exterior in this theorem refers to this energy-dual exterior response, not to an additional fitted exterior field.
Let hy, be the smooth endpoint factor from lemma 18, so that

by(v) = pL(W) hy(v),  pL(v) = V1—v2
Define
Hy(v) = (1= 0%)by(v) = pi (v)hy(v).

Then H,(+1) =0 and H, € L?(—1,1). Consequently, the energy-dual moments satisfy

s 1 Hp 2 (=11 2 1/2 3 . )
a5t ()] < 5r1) < \g il 32 j—1,35,.... (351)
J

In particular,

Z (a;h(n))2 < 0.

j=1,3,5,...
For each odd j, let
By = Vg
Its exterior energy is
Jj+1
25 +1

Qut_ 1

= — (d%(n))* = 2mpo I rom™! J & ! (@™ (n))”. (352)
2:U'U T>Ty

|B§’“Et 2AV = 2rpI? 1,

The family {B;"jEt}] odd s orthogonal in the exterior energy inner product, and
Uout — Z UJg)ut < 0.
§j=1,3,5,...

The exterior subtraction functional is defined with the vector-channel subtraction sign convention as the negative of
the shell-normalized energy-dual exterior-response norm. This sign is fized by the subtraction convention and is not
adjustable,

2 2
out out
AAout (77) = - 1-2 U = - I2 E Uj ) (353)
Mo L =T« Mo L 7T« 1
~—— —— J=1,3,5,...
shell-energy shell-energy
normalization normalization

and therefore

_ Jj+1 2
Ahoue(n) = —dmn™" Y —(as"(m)". (354)
i=1,3,5,...



In particular, the normalized source vector belongs to €2,

Z (J](X)(n))2 < 00.

j=1,3,5,...
FEquivalently,
a;(n)* 00 1 2
Aloui(n) = = e = J = —5 x|z
j=1,3,5,... (7 +1)(25 +1) g 1,3,5,... 2
Hence

Alout(n) <0, AAoy(n) =0 = J,(n)=0.
Proof. By lemma 18,

Therefore
so Hy(£1) =0 and

Using Eq. (343),

1! ,
= Ij/l Hy(v) Pj(v) dv.

Integrating by parts, and using H,(£1) = 0, gives

1t
_Ij/l Hy (v) Pj(v) dv.

Hence
/ 1/2
PO < U1 I sy = Pl (2 3
Since
2 +1)
T2 +1
one has

J=1

1( 2 )1/2_ /72j+ \f _3/2
5 \27+1 V2iG+n - Ve’

because 25 +1 < 3j and j + 1 > j. This proves Eq. (351). In particular,

Z (a;h(n))2 < 00.

§=1,3,5,...
For each odd j, define
By = Vg
The radial component is

BStg(r,v) = =095 (r,v) = pol

132

(355)

(356)

(357)
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The polar component is
Bg“;E(r v) = 7879@;“1]5(7“ v).
Using v = cos ¥, hence

D9 P;(v) = —p1(v) P(v),

one obtains

ou 1 T itz
By p(r,v) = ol —dP(n) (5) 7 pu(v) P(w).

r
Therefore
d¥(n))? 2j+4
out |2 out _ 2 2( J N T'x
/S2 (|Br,j,E| + By &l ) dQ = 2mpgl 2 (7)
1 1
X [(] + 1)2/ Pj(v)*dv +/ (1—v*)P(v)*dv| .
—1 —1
Using
! 2 ! 25(5 + 1)
/ Pj(v)2 dv = — , / (1- 7)2)13{(71)2 dv = ———=,
1 25 +1 1 J 25+ 1
we obtain
2r2]+2
/SQ<|B;>H.f 4 |Byel?) A = AT -+ 1) (8 () Ty
Hence

1 o0
vy =g [ ] (1B + 1Bel?) 12 as2ar

oo
2l 4+ 1) () 2072 [ 22 ar

Tx

j+1 (dE(n))z.

= 2mpol? 7,
THOE T 557

Using Eq. (348), this is exactly Eq. (352).
For j # k, the angular cross term is

| (BeBss + BsB3 ) ac
1

= 2mudI? drdk (L*)ﬂk+4 [(j +1)(k+ 1)/ P;(v)Py(v)dv

* r —1

+/1 (1- UZ‘)P;(U)P,;(u)dU} .

-1

The first integral vanishes by Legendre orthogonality. For the second integral, integration by parts gives

/_1(1_0) ()Pl (v) dv = — /Pk (1 - o) Pl(0) o

<g+1>/_1PJ< )Py(v) dv = 0,

because j # k, and because the boundary term vanishes at v = +1. Hence the cross term is zero, and the family
{B?‘g}] odd 18 orthogonal in the exterior energy inner product.
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Since d¥ (n) = 77_1/2(1;11‘(17) and 23]+T11 <1, we have

>, U <omml ot 30 () < oo
J=1,3,5,... J=1,3,5,...

Hence the orthogonal mode family defines a finite exterior energy-dual response norm

prout — Z UJ(_)ut .

j=1,3,5,...

Substituting Eq. (352) into Eq. (353) yields Eq. (354). Finally, using

aj(n) = 2(j + 1)~ 2ah (),

we obtain
a;(n)?
AA =— —
ol == G+ 1) +1)
7=1,3,5,...
Then
COT 2 ~
J = - .
implies
1 02— L 2
Aow(n) ==5 > (;70) =5 13l
j=1,3,5,...

This proves Eq. (356), and Eq. (355) follows immediately. Since the right-hand side is —1 |3, (n)||%, Eq. (357) follows
as well. O

Remark. No proxy for AAgyy is used in the exact theorem-level construction of this section. The quantity AAgy is
the shell-normalized energy-dual exterior-response subtraction associated with the exact magnetostatic shell trace.
Equivalently, it is the signed quadratic source norm in Eq. (356). The exact tangential shell trace is carried by b, (v), or

equivalently by the flux-compatible datum £, (v) = p1 (v)by,(v), whereas the coefficients ajh(n) are the normalized-shell
Riesz-dual source moments seen by the exterior energy.
sh,phys

When numerical tables are written in the physical-shell convention, the displayed amplitude is a; (n) =

n*(jﬂ)a;h(n). This is only a rescaling convention for the numerical tables and does not alter a@;(n), J;X) (n), or
AAoui(n). Any lower-dimensional diagnostic formula introduced elsewhere is not part of the exact vector channel
constructed here. No measured value of @ and no QED benchmark enters the exterior subtraction.

D. Shell-memory operator and exact Galerkin formulation

The local vector load has already been extracted in the previous subsections. What remains is the genuinely nonlocal
part of the vector channel. A tangential-transverse (TT) shell field launched by the one-loop branch is extended
through the Gaussian near-shell collar, propagated by the renormalized Maxwell kernel, and returned to the matching
shell. This renormalized collar-mediated return is the shell-memory effect.

The key point is that the local logarithmic core has already been separated off into Ajnq, and the admitted Gaussian
finite part has already been reduced to AAyy_1r (o). The operator constructed here therefore does not reinsert the
local singular self-coupling. It records only the renormalized nonlocal shell return. No measured value of o, no QED
coefficient, and no fitted vector parameter enters this shell-memory construction.

Two logically distinct levels appear below. The finite odd-mode matrix elements R are defined by absolutely
convergent mode-pairing integrals under the endpoint hypotheses stated in proposition 41. The stronger statement
that these matrix elements are represented by a compact self-adjoint operator R%¥" on the full Hilbert space H3dd
requires the weighted-kernel hypothesis stated in lemma 25. The exact functional and the exact return factor R, are
asserted only under that operator hypothesis together with the later contraction hypothesis.
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Definition VII.11 (Symmetric shell-normalized azimuthal Maxwell kernel). The azimuthal Maxwell kernel G, is
the Coulomb-gauge Biot—Savart kernel for the azimuthal component of the vector potential produced by a circular
filament. In SI units, I G, has the units of a vector potential, namely tesla-meter. Hence G, has the same dimensions
as [, namely tesla-meter per ampere. For p,p’ > 0 and (p, z) # (p’, 2'), its shell-normalized dimensionless form is
chosen so that the coefficient of the local logarithmic singularity is exactly unity. Explicitly,

- 2
Golpzip ) = = [ L Go(p, 250 7). (358)
Koy p
where
/7 Ho p/ kQ 2 2
: =P 1- 2K - E
Golp.z10' ) = 20 7| (1= ) Kanh?) = Ban(4%)] (359)
with
4pp’
k2 = 0,1).
GroPrap C Y
Indeed,

(o= 9 + (2= =)

11—k =
(p+p)?+(z—2)°

>0

away from the coincidence set (p, z) = (o', 2’). Equivalently,

gkp(pwz;plv'zl) = % |:<1 - k2> Kell(kQ) - Eell(k2) . (360)

In the normalized form Eq. (360), the kernel depends on the two points only through the symmetric parameter k2.
Hence
Golp, 20 2') = Golp' 25 p, 2)

for p,p’ >0 and (p, z) # (p/,2').
No value at the cylindrical axis p = 0 or p’ = 0, and no value on the coincidence set (p, z) = (p’, '), is assigned by

Eq. (360). Axis and diagonal values, when needed, are understood only after shell-mode pairing or after the local
subtraction of Eq. (361).

Definition VII.12 (Local singular core of the azimuthal kernel). For p,p’ > 0 and (p,z) # (p/,2’), define the
dimensionless local singular core by

8Vor
V=P + (=27

No value on the cylindrical axis, and no value on the coincidence set (p, z) = (p’, 2’), is assigned by this expression.

—2. (361)

QNIOC(Pa Z; P/a Z/) =In

Lemma 21 (Local cancellation of the azimuthal singularity). Let

d((p:2): (' 2) = V(o= )2 + (2 = 2)2

Let
K € (0,00) xR

be compact. Then, as (p',2") — (p,z) with (p, z), (p,2') € K and (p,z) # (p',2'), one has

G 8 \ ' d 1) ) /a OE 2\/ /
Go(p,z;p,2") = ln+ — 240k ((p.2) (Ip ) In pp/ - . (362)
d((p;2), (¢, ")) pp d((p,2), (¢, "))
where the remainder is uniform on the chosen compact set K. Consequently,
ggo - gloc

extends continuously across the diagonal on every compact set with p,p’ > 0.
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Proof. Write k2 := 1 — k2. Since
(P40 +(z=2) =4pp + (p—p') + (2 = &) = 4pp’ + &2,
one has the exact identity

12 _ d2
dpp' + d?’

For k' | 0, the standard elliptic expansions are

4 1
Ken(k?) = lny +0 (k’2 1nk,> ,

Ean(k?) =1+ O(k:'2 ln;,> , % =1+ O(k").

Substituting these expansions into Eq. (360), and using

K2 1 k2
l-F=5+5 F=1T0G,
gives
~ 2 1 k?
G = | (5+ 5 ) k) - Ban(i?)
4 1
= lnp — 2 + O(k/2 111]{/) .
Next,
L d _ d <1+ d2 )1/2
Vapp' +d? 2vpp! dpp’ ’
SO
4 8V pp’ d?
In— =1 Ox| — ).
nk/ n d + Ok op
Also, using
12 d2
dpp’ +d¥

one obtains, locally uniformly on every compact subset of {p > 0, p’ > 0},

1 (d2 2\/pp’>
— =0k )

/2
k' In ¥ — In pi
Combining the last two displays yields Eq. (362). Subtracting Eq. (361) removes the logarithmic singularity. The
remainder is continuous across the diagonal on every compact set with p, p’ > 0. O

Definition VII.13 (Renormalized shell-return kernel). Let
X (0,€) = (p1(v,€), 2(v,€)) = (ree” 1 (v), T2e™ %), €20, (363)

Here £ is the dimensionless inward collar coordinate, and e~ ¢ transports the shell point radially inward along the
same spherical ray. Although X is written with the physical shell scale r,, the dimensionless kernels G, and G, are
homogeneous of degree zero under a common scaling of both arguments. Hence the common factor r, cancels from K"
Thus K" is a renormalized near-shell collar-return kernel. The exterior vacuum energy has already been separated
into AAgut, so the present kernel does not reinsert that exterior subtraction. Using the same half-Gaussian collar
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profile weo1(§) already fixed in Eq. (306), define, for v,v’ € (—1,1), the renormalized shell-return kernel, whenever the
following integral exists as an absolutely convergent improper integral, by

;ﬁn(v7 U/; 770760) = /OOO/OOO wCOI(g)wcol(gl) |:§LP(X(U7 5)7 X(UI7 5/)> - gloc(X(U, 6)7 X(U/, g/)):| d€ dgl (364)

Whenever the defining integral is absolutely convergent for both ordered pairs (v, v') and (v’, v), the kernel is symmetric:
K" (v,v'sm0, 4o) = K™ (v, v5mo, Lo).

This follows by exchanging the collar variables £ <+ £ and using the symmetry of both fng and §10c~
Endpoint extensions, when needed, are understood through the weighted-kernel hypothesis imposed below.
The exponential radial transport is a positive-radius parametrization of the inward collar. For small /&,

7y —rie” 08 = o€ + O(Lyoc?),
so £ agrees to leading order with inward depth measured in units of oc.

Remark (Diagonal subtraction versus polar endpoint control). The subtraction G, — Gioc is a diagonal finite-part
subtraction. Its purpose is to remove the local filamentary logarithm already accounted for by Ajng and AAyy—1r (o).
It should not be read as a proof of polar endpoint regularity. Indeed, the local core contains the factor In/pp’, so
endpoint behavior at p = 0 or p’ = 0 is a separate question from diagonal cancellation away from the axis. This is why
the full Hilbert-space operator statement below is placed under the weighted-kernel hypothesis of lemma 25. The
weaker finite-mode matrix elements can remain absolutely convergent even when the unprojected weighted kernel has
not yet been certified as Hilbert—Schmidst.

Lemma 22 (Equatorial parity of the renormalized shell-return kernel). For v,v’ € (—1,1), whenever the integral
defining KI" exists, one has

ren ren

sh (71}3 71)/;7’0360) = Ngh (UaU/QUOaEO)- (365)

Consequently, whenever the corresponding fluz-return transform with kernel K" is well defined on fluz-compatible
data, it maps even flux-compatible data to even flux-compatible data. Since

Tj(—v) = (=)' (v),

the odd-degree modes j = 1,3,5, ... are even functions of v. Therefore, after the odd-degree flux space is introduced

below, the resulting operator preserves Hgld,

Proof. First note that

pJ_(_U7€) :pL(U7§)7 Z(_U7§) = _Z(U7§)'
Therefore, under the simultaneous equatorial reflection (v,v’) — (—v, —v'), one has

pip = pip, 22 —(z=2),  (z-2)Pe (z-2)%

Hence the elliptic parameter

k2 _ 4pl_p,l
(2 + L)+ (o= 7

is unchanged. The normalized Maxwell kernel g} in Eq. (360) and the local core Gloc in Eq. (361) are therefore both
invariant under this simultaneous reflection. Since the collar weights weo1(§)w@co1(§') are independent of v and v, the

double integral defining K™ satisfies

srﬁn(—v, —U/;ﬂo,fo): ;ﬁn(v,vl;ﬁo,fo)

This proves Eq. (365).
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Now let f be an even flux-compatible function for which the operator R" f is well defined. Using Eq. (365) and the
change of variable v/ = —v’, one finds

do’

1 -7

(R )(— / K" (—v, 0570, £0) £(0)

1 I
dv

ren /. /
:/1 oh (v,—v,no7€0)f(v)1_v/2

do”
1— ,U//2

1
— [ Kz, ) f(=)
—1

1 "
dv
= / s (v, 0" mo, Lo) (V")

1 1— "2
= Ry f)(v).

Hence R} f is even. Since the odd-degree toroidal modes are even functions of v, the operator preserves the odd-degree
flux sector once that sector is defined below. O
Remark (Branch label and scale invariance of the return kernel). In the displayed definition of K, the common scale
r,. cancels from the dimensionless Maxwell kernel and from the local core. Thus the return kernel itself depends on the
minimal branch through the collar ratio £y = o¢/r«. The label 7 is retained only to keep the notation aligned with
the branch-fixed source and exterior subtraction, where 19 = R/r, enters explicitly through J, (19) and AAgue (7o)

Definition VII.14 (Normalized odd flux basis and toroidal identification). For odd j, define the normalized flux
basis functions

ej(u)_@(;), i=13,5..., (366)
J
where I; = 22(;111)' Since

Ti(v) = (1 =v)Pj(v),  Tj(-v) = (-1)/"'T;(v),

each e; with odd degree j is an even function of v, vanishes at v = +1, and belongs to the flux-compatible class. Hence
{e1,e3,e5,...} is an orthonormal basis of the closed odd-degree flux subspace

Hiad == spanfen, es, €5, ... }1Im. (367)

Here the superscript “odd” refers to the odd harmonic degree, not to odd parity in v. Under the isometry

/
V=02’

the basis vector e; maps, up to a sign and normalization, to the associated Legendre function le. By the standard
completeness of the fixed-order associated Legendre system, the odd-degree subfamily j = 1,3,5, ... spans the even-
parity subspace of L?(—1,1). Thus, with this standard completeness fact understood, H3!¢ may equivalently be
identified with the even-parity flux-compatible sector.

Let

Jf=

HEZ (X)) =Ranllptr € HE (X))
be the full axisymmetric tangential divergence-free shell sector, and define the odd toroidal shell sector by
Mo (Br) = Lo (Hi) C Hie(Sr)- (368)
Define

1 fl)

mm €o, fEHﬁig (369)

(Itorf)( )

Its inverse on HP34 (52 ) is

Tix (Up(v)ey) = V2r V1= 02Uy (v)
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Definition VII.15 (Renormalized shell-return form and operator). Let

odd
flux-

Dgdd = span{e;, es,e5,...} CH

flux

Assume the parity relation Eq. (365). For f,g € D334, define the renormalized shell-return bilinear form by

ren f Ks}eln v, v'; n05£0) ( ) 1
t'lfg / / T =TE) dvdv’. (370)

For finite odd-mode data the quotients f(v)/(1 — v?) and g(v)/(1 — v?) are finite linear combinations of Legendre

derivatives Pj(v). Thus the bilinear form is well defined on Dl whenever the endpoint and diagonal hypotheses of

proposition 41 hold for each finite mode pair. This finite-mode statement is weaker than the weighted-kernel hypothesis
used later to obtain a bounded operator on the full Hilbert space.

Whenever this form is represented by a bounded self-adjoint operator on ’Hgﬂi, we denote that operator by R (170, {o)-
On finite-mode data for which the pointwise representative belongs to the flux space, its action is

dov’

o (371)

1
R0 = [ K0, o) £()
—1
The weighted-kernel hypothesis in lemma 25 is a sufficient condition for this bounded self-adjoint representative to
exist.

Lemma 23 (Isometric identification of odd flux space with the odd toroidal shell sector). The map Zior is an isometric
isomorphism from HIY onto Hggrd(SQ ). In particular,

flux
<Itorf7 Z-‘corg>sh = <fa g>ﬂux- (372)

Proof. For axisymmetric toroidal shell fields

the shell pairing Eq. (298), together with Eq. (369), reduces to
(U,Vieh = 27?/ Uy, (9)V(9) sin ¥ dd.
0

Using v = cos ¥, hence dv = — sin 1} d1}, we obtain

1
(U, V)enh = 27r/ U, (v)Vy(v) do.

-1
Now set U = Zio, f and V = Zi,g. Then

1 fv)

Uy (v) = Eﬁ,

1
V@(v) = E

Substituting gives

(Tiorf, Trong)en = 27 /_ t(\/lﬁ \/% ) ( J;TT \/% ) N
N /_11 % dv = (f, 9) flux-

Hence Z,, is isometric. The explicit inverse formula shows that its range is exactly ’I—lﬁgrd(S,? ), s0 it is an isometric

isomorphism. O

Lemma 24 (Odd-degree invariance of the shell-admission operator). For every £ > 0, the shell-admission operator
Qy (€) preserves the odd toroidal shell sector HOdd(52 ). Consequently, its fluz-space realization preserves the odd-degree

tor
fluz sector HYd.
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Proof. On toroidal shell data, IlT acts as the identity. The operators E, and E; act only in the collar variable and
therefore do not mix angular harmonic degrees. The operator S, is a bounded Borel function of —Ay;, so it preserves
each toroidal harmonic sector. Hence

1
@X(g) = ]jTTE‘Ek (]I - g S[) EZHTT

preserves each degree-j toroidal harmonic sector, and therefore preserves the closed direct sum of the odd-degree
sectors. This is exactly Hg3d(S? ).

tor T

Since Zyor is an isometric isomorphism from Hdd onto H234(S2 ), the transported operator Qy, fux (£) = Zigr Qy () Zeor
preserves Hgdd. O

Definition VII.16 (Flux-space realization of the shell-admission operator). By lemma 24, the shell-space admission

operator Q, sn(¢) maps H?grd(SQ ) into itself. We may therefore transport it to odd flux space by

Qu.nux(?) = Zioy Qy.sn(0) Zior- (373)
The normalized shell-space admission operator used in scalar admission quotients is
Qusn(0) = Negi Qun(0)- (374)
The normalized flux-space admission operator, when needed, is
Quttux (£) = Negt Qe ux(0)- (375)

Thus Qy,sh, Qy fux; Qy,sh, and Q, aux are distinct representatives of the same admission construction on different
Hilbert spaces or with different normalization.

Remark (Notation for shell, flux, full-load, and TT realizations). The tag sh labels the shell-space realization of an
admission operator on Ht"‘;‘n(S2 ) or on its toroidal shell subspace. The tag flux labels the transported realization on

the odd flux space HSI4 under the isometric identification Zyo,. Thus

flux
QX’ﬂUX (f) tor QX Sh( ) Itor~

The normalized operators Q, sn(¢) and Q, aux(¢) differ from the corresponding unnormalized operators only by the
scalar factor NCO]1
For admitted weights, the tag full denotes normalization by the full shell-load norm of the fixed branch representative,

whereas the tag TT denotes normalization by the TT-cleaned norm. In the present minimal-branch numerical
realization, the quantity PI(E) (¢) always means the branch-fixed full-load quotient

PIR(0) = PiRa (6 o).

Definition VII.17 (Exact shell-memory operator under the return-kernel hypothesis). Assume that the return form
of definition VIL.15 is represented by a bounded self-adjoint operator R (1o, o) on ’Hﬂdi This is the return-kernel
hypothesis; it is not a numerical fit and not a consequence of the finite mode-pairing formulas alone. By lemma 24 and
by the positivity, boundedness, and self-adjointness proved in lemma 14, the flux-space realization Q, gux (o) restricts

to a bounded, positive, self-adjoint operator on ’H‘f’iﬁﬂ. Its unique positive square root on that subspace is therefore well

defined. The normalized scalar operator Q, ¢n (o) used in Pl(zé),fun (¢; o) does not enter the present vector-memory
definition.

The exact shell-memory operator on 7339 is

flux !

Gsh(nOng) = (@X,ﬂux(éo)l/2 rcn(n0750) Qx ﬂux(EO) . (376)

In the normalized odd flux basis introduced below, Qy aux(¢o) acts diagonally with positive eigenvalues g;(¢y) > 0, so
its positive square root is obtained mode by mode.

Lemma 25 (Basic properties of the shell-memory operator). Define the weighted kernel

K" (v, 050, o)

V=021 07

KM (v,0) = (377)
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Assume that IA(Srﬁ“ is real-valued, symmetric, and belongs to L*((—1,1) x (—=1,1)). Assume moreover that the integral

transform with kernel K" preserves the even-parity fluz-compatible sector; by lemma 22, this follows from the
ren

equatorial parity of the kernel. Then the form t;" is represented by a Hilbert-Schmidt, hence compact, self-adjoint
operator RY™ on 'Hﬁldli, Because Q, aux (o) is bounded, positive, and self-adjoint on the same space, the shell-memory
operator

Gsh(nm 60) = Qx,ﬂux(£0)1/2 ren(nOa EO) @X ﬂux(g())l/2

odd

is compact and self-adjoint on HES.

Proof. Introduce the isometry

f(v)
Vi—o?

odd
flux

Liven(=1,1) ={g € L*(=1,1) ; g(-v) = g(v) a.e.}.

Let Ty be the integral operator on L?(—1,1) with kernel [A(Srﬁn,

T Hisk =~ LA(-11),  (Tf)v) =

By the completeness statement in definition VII.14, the isometry J maps H3S onto the closed even subspace

(Trg)(v) = / R (0, 0') g(o') do.

—1
Since IA(Srfln € L*((—1,1)?), the operator T is Hilbert-Schmidt on L?(—1,1), hence compact. Since IA(Srﬁn is real-valued
and symmetric, T is self-adjoint.

Let P be the parity operator on L?(—1,1),

(Pg)(v) = g(=v).

1/2 is even, the parity relation Eq. (365) implies

Because the weight (1 —v?)~

K (—v, —v') = KX (v,0).

Therefore T commutes with P. Hence L2,.,(=1,1) is a reducing subspace for T, and the restriction
even .__ 1 __
g TRz
is again Hilbert—Schmidt, compact, and self-adjoint.
Define
ren .__ —1peven odd
a =T TTET on Higyy (378)

Then RE™ is compact and self-adjoint on Hgld.

It remains to verify that RIS" represents the form t'$". Let f,g € D3¢, Then

flux*
(f,RE"g)aux = Jf,Teve“ng( 1)

/ f Kgl’eln U v 7770780) ( )dUdUI
1 —v2)(1—v?)

=ti'lf,9 ]

Thus R" represents the return form.

The operator Q,, fux(o)'/? is bounded and self-adjoint because Q, aux(£) is bounded, positive, and self-adjoint on
H34d. Therefore

sh - Qx ﬂux(£0)1/2 Rren @X,ﬁux(€0)1/2

is compact as a bounded-compact-bounded product. Its adjoint is

G:h = Qx,ﬂux(€0)1/2 (R;in)* (@X,ﬂux(EO)l/2 = Gsh7

so Ggy, is self-adjoint. O
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Definition VII.18 (Flux-space shell source element). By Eq. (355), the normalized shell source coefficients define an
element of H34d. We therefore set

flux*
T =3 I m)es. (379)
§=1,3,5,...
Since {e1, e3, €5, ...} is an orthonormal basis of Hﬁﬂi one has
2
= Y- (m)° = [Tl
3=1,3,5,...

Theorem 13 (Conditional exact vector functional under the contractive shell-memory hypothesis). Assume the
hypotheses under which Ggn (o, €o) is a bounded self-adjoint operator on ’Hﬁﬁﬂ. In this coordinate display we restrict to
the real stationary axisymmetric sector. If the flux space is complexified, the corresponding formulas are understood
with the sesquilinear flux pairing and with real variations of the real functional. In the real sector used for the Galerkin

matriz realizations, transposes are ordinary matriz transposes.

1

Lala] = Aing + AAuvir(Go) — (Jx(M0), @) fiux + 3 (a, (I— Gen(no,to))a) (380)

flux”

Assume the contractive shell-memory hypothesis

[Gen (10, £o) || < 1.

This is a sufficient operator-level hypothesis for the exact vector functional. It is not a fitted numerical condition. Then
L is strictly convex on HY, it admits the unique stationary point

flux’
Ay = (H_GSh(noaeo))il']X(nOL (381)
and the branch geometric constant is
1
Ageom = Aind + AAuvir(bo) — 3 (Jx(m0), (T—=Gen(10,40)) " T (10)) g (382)

If Jy(no) = 0, then a, = 0. By Eq. (356), also AAgut(n0) =0, and
Ageom = Aind + AAUV%IR(&))'
If Jy (o) # 0, define

Ry = (Jy, (T=Gan(n0,£0)) ™" Iy ) g = m (383)
Moreover, with
pc = |G (mo, o)l <1,
one has
1 ij SRy<: _1pG. (384)
and then
Ageom = Aina + AAvvoir (bo) + AAous(10) Ry (385)
Proof. Let

T :=1— Ggn(no,lo)-

By lemma 25, T is self-adjoint. For any a,h € H394 and ¢ € R,

flux

1
Lala+ eh] = Aing + AAuvoir(bo) — (Jys a+ eh)aux + §<a +eh,T(a+¢eh))fux-



Expanding the last term and using self-adjointness of T,
(a4 eh, T(a+ eh))aux = (@, Ta)fux + 26(h, Ta)aux + €% (h, Th) fux.

Hence

&2

2

Lala+¢eh] = Lyla] +&(h,Ta—Jy ). + = (b Th)gux.

Therefore the first variation vanishes for every h if and only if
Ta=J,,
namely
(I—-Ggn)a = Jy.
Since ||Ggsn|| < 1, one has

(h, Th)ux = (hs ) ux = (b Genh) x> (1= |Ganll) 117
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for every h € 'Hﬁﬂi. Hence T is coercive. Moreover, the strict contraction bound gives the convergent Neumann series

oo
T '=1-Guq)'= Z G in operator norm,
n=0

and therefore

1
TY< ———.
0= e
The quadratic part of £, is thus strictly positive, so L4 is strictly convex. The unique stationary point is
a, =T I = (1-Ga) 'y

To evaluate the stationary value, use T'a, = J,, in Eq. (380):

1
EA[G/*] = Ajna + AAUV—)IR(KO) - <JX7 a*>ﬂux + §<a/*7 Ta*>ﬁux~
Because T'a, = J,,

<a*7Ta*>ﬂux = <a*7 Jx>ﬂux = <']X7 a*>ﬂux-

Hence
1
Lylax] = Aina + AAyvir (bo) — §<JX, ) Bl

Write, for brevity,

JX = Jx(no)’ Gsh = Gsh(n07£0)'

Substituting
a, = (I—Gg) ' Jy
gives
1 _
Ageom = Aina + AAyvoir(bo) — §<Jx7 (I — Ggn) 1Jx>ﬁux-
Now write

JX = ||Jx||ﬂux JX‘
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Then
<JX? (H - GSh)_1JX>ﬂux = ||JXH%1ux<JX7 (I[ - Gsh)_ljx>ﬂux = HJXHfziuxRx
Because {e1, €3, €5, ... } is an orthonormal basis of H34d, one has
2
1700w = > (77 00)" = 13 (o) I
§=1,3,5,...

Hence, by Eq. (356),

Ao (1) = =5 I (o) e
Substituting this identity together with
(Tr (= Gan) ™) = 1l B
into Eq. (382) yields Eq. (385).

Since Gg, is self-adjoint and ||Gg|| = pe < 1, the spectrum of Ggy, lies in [—pg, pe]. Hence the spectrum of
(I — Ggn)~! lies in

o )

L+pc’ 1—pc]’

Applying this spectral bound to the unit vector jx gives Eq. (384). O]
Theorem 14 (Exact diagonal action of the shell-admission operator on the odd flux basis). Here Qy aux({) denotes
the unnormalized fluz-space realization of the shell-admission operator introduced in Eq. (373); it is not the normalized

scalar-admission operator Qy on(£) = Nooj Qysn(£) used in Eq. (313). For every odd degree j, the normalized fluz basis
vector e; is an eigenvector of Qy aux(¢). More precisely,

Qy,aux(0) €5 = q;(€) €;, j=1,3,5,.... (386)

with exact eigenvalue

() = 1 (G +1) [ 2 \/5
00 =N (1= 37050 E D) M= [ w2 as =2 (387)

In particular, the admission matriz on the odd flux basis is
QY = (e, Qu aux(bo)er)nux = 5 (Co) dji. (388)
Proof. By Eq. (373),
Qustux(£) = Zigr Qush(0) Zeor-

Here Q, ¢n(¢) is the shell-space operator defined in Eq. (310). For odd j, define the axisymmetric toroidal shell
harmonic

Xj(v) = V1 =02 Pj(v) &,.
Using T;(v) = (1 — v?)Pj(v) together with Eqs. (366) and (369), one finds

1

X;.
\/271'[]' !

ZLior €; =

Moreover,

X;(0) = V1 =02 Pj(v) &, = sin® Pj(cos 1) &,.



To compute the toroidal eigenvalue explicitly, let
U(W) =u(0)é,
be a smooth axisymmetric toroidal field on the unit sphere, and identify it with the tangential 1-form
Bu = u(¥) sind de.

Since [y is coexact, hence divergence-free, one has

0By = 0.
Let Ag = dd + dd denote the nonnegative Hodge Laplacian on one-forms. On this coexact axisymmetric sector,
Anpu = 6dBy.
Our signed toroidal operator is normalized by
—Agor = Ag.

A direct calculation gives

d .
= (u(¥) sind) d9 A de,

and, with the standard Hodge star on the unit sphere,

dpy

1
*x(dY Adp) = g
Hence
1 d
*dfy = Smﬁ@(u(ﬁ) sin ),
S0
1 d ) o dJ[ 1 d : .
0dfy = — *d(smﬁdﬂ(u(ﬁ) smﬁ)) =3 [sinﬁdﬂ(u(m smﬁ)} sin ¥ de.

Therefore the tangential Hodge Laplacian on the axisymmetric toroidal sector is

(Ao U) (W) = —% Liiﬂ(;(u(ﬂ) sin 79)] é,.
Apply this to
u;(¥9) = sin ) Pj(cos¥).
Writing = cos}, one has

u;(9)sind = (1 — 2°)Pj(x).

Therefore

%(uj(ﬁ) sind) = —sin ¥ % ((1 - xQ)PJ’(x))

Using the Legendre equation

d
= (=2 P@)) + 5 + 1) Py(a) =0,
we obtain
L d

sin 9 dv (u;(0) sin9) = j(j + 1) P;(cos V).

145
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Differentiating once more yields

odr 1 d
dd | sind dv

(uj(ﬂ) sin19) =450 +1) sinﬂP;(cosﬁ) =j(J + Du,(9).
Hence

Ator *‘7(] +1)X

Hence

Zi(j+1)
S = T e

Because X; € HX.(S2),
HTTX]' = Xj.
The collar extension acts on shell fields by

(BeX;)(€,0) = weal(§) Xj(v),

and therefore
E}EX; = ( / wcol(f)ng) X; = Neot Xj.
0

Combining the previous identities yields

2 ./
Qx,sh(g) Xj = Neol <1 - ! Ej(]+1))> Xj~

314+ 02(j+1
Applying T} gives

1 i +1)
J— - j
Quans(f)es = Non (1= S s )

which is Eq. (386). The matrix identity Eq. (388) then follows from the orthonormality of the basis {e1, e3,e5,...}. O

Proposition 41 (Well-defined renormalized shell-return matrix elements). For odd indices j, k, let

ren ._ T;(v) K" (v, v'sm0, bo) T (V') /
= m/ / 0= o5 - 0?) dvdv’. (389)

Assume that K" is symmetric, is continuous across the diagonal away from the shell endpoints, and satisfies the
endpoint bound

| K5 (v,v"3m0, )| < Cii [1+ [In(1 = 0?)| + [In(1 — v"?)|] (390)
on the endpoint strips relevant to the fized finite pair (j, k). These are finite-mode hypotheses and do not assert

a Hilbert-Schmidt operator on the full flux space. Then the double integral in Eq. (389) is absolutely convergent.
Moreover,

ren — RIS (391)

If, in addition, the form of Eq. (370) is represented by a bounded self-adjoint operator RE™ (o, £o) on HIL, then

sh fAux~

e = (€5, R (10, Lo)er) fux-
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Proof. Under the hypotheses of the present proposition, K¢ (v,v’;m0, {p) is integrable on [—1,1]2. Indeed, on every
compact set away from the shell endpoints it is bounded by continuity, while on the endpoint strips its at-most-
logarithmic growth is absolutely integrable because

1
/ [Ins|ds < oo.
0

Using
Ti(v) = (1=v*)Pj(v),  Ta(v)) = (1—v?)P(v),
the quotient in Eq. (389) satisfies the exact cancellation

TOLW) o
(1—?)2)(1—11/2) _Pj( )Pk( )

Hence the integrand is
Pj(v) K" (v, 0510, bo) P (V).

Since PJ’» and Pj, are bounded on [—1, 1], the double integral is absolutely convergent.
If Kt is symmetric, then exchanging v <» v’ and j > k gives

ren __ pren
jk — tYkj >

which proves Eq. (391).
If the bounded self-adjoint operator RI"(no, %) representing the form i exists, then for the basis vectors

odd
ej,er € Dy,

(e, R (M0 Lo)er) fux = Ty (€5, €x]-

By the definition of vy and the explicit form of e; and e, the right-hand side is exactly the integral in Eq. (389).
Hence

(e, RS (10, Co)er) fux = R

O

Corollary 6 (Exact Galerkin matrix representation). Assume the hypotheses of theorem 13 and J, (o) # 0. In the
normalized odd flux basis Eq. (366), let

Hy = span{es,es,...,ean—1},

and let Iy be the orthogonal projector onto Hy. Then, by theorem 14, the exact Galerkin matriz of the shell-memory
operator is

(GN)jk = (&), Gsn (o, o)er) aux = 1/q;(Co) B35 /qk(lo), = (e, RE (o, Lo)er) s, Sk =1,3,...,2N—-1.

(392)
The explicit integral formula for R is given in proposition 41. Let jx be the normalized source from Eq. (383), and
define its Galerkin coordinates

(IN); = (e, T ) ruxs j=1,3,...,2N — 1. (393)

Since |Gn|| < [|Ganl| < 1, the matriz Iy — Gy is invertible, where L denotes the identity matriz in the basis
{61, €3,..., 62N71} OfHN. Deﬁne

RM = J{(In — Gn) V. (394)
Then the N-mode Galerkin realization of the vector datum is

A(N) = Aina + AAUV*)IR(KO) + Alout (770) R;N)' (395)

geom
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Proof. By theorem 14,

Qx.aux(bo)e; = qj(bo)ey, Quux(0)?e; = \/q;(to) ;.
Therefore

<€ja Gshek>ﬁux = <Qx,ﬂux(€0)l/26j7 ;in Qx,ﬂux(€0)1/26k>ﬂ

= \/qj(TO)<ej?R§}alnek>ﬂux qk(€0)

=1/ (fo) B3 Var (o),
which proves Eq. (392).

Let ay € H denote the unique solution of the normalized Galerkin problem

ux

HN<]I - Gsh)HNaN = HNjX

Expanding
o T
N N
anN = Z€£§)62m—1a €N:(§§ )7751(\[ )) )
m=1
in the basis {e1,e3,...,ean_1} gives
(In — Gn)én = Jn,

hence

G =~ Gw) . RO = (I — )
Define the truncated stationary geometric value by
1 ~

Ag))m = Aina + AAyv_ir (b)) — §||Jx(770)||ﬁux<<]x, an ) frux-

Because
(T an)ue = I (Ly — Gn) "My = RO,
one obtains
1
Aéle\i))rrl = Aind + AAUV—>IR(€0) o §||Jx(n0)||i%1uxR§(N)

Finally, using

1
Alouc(10) = =5 11 (70) [
we conclude that
AN = Aina + AAUv SR () + Aot (0) RV,
which is Eq. (395). -

Theorem 15 (Convergence and explicit error bound for the exact Galerkin truncations). Assume in addition that
Jy(no) # 0, so that

2y = j _ JX(UO)

= o) e (396)

is well defined. Set

G = Gsh('ﬂo, fo)
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Assume that G is compact and self-adjoint on HSIY, and that

flux’
pe = G] < 1.
Let Tl be the orthogonal projector onto
Hy = span{ey,es,...,ean—1},

and define the finite-rank compression on the full flux space by
AN = HNGHN.
Its matriz in the basis {e1,es,...,ean—_1} is exactly the Galerkin matriz Gy of Eq. (392). Then

RM — R, AN, — Ageom; N — oo (397)

geom
Moreover, with
en = [[I-In)ullgu, O =[G = An],

one has the explicit error bound

2en + ¢ oN
R _ pM)| < N 398
R = Ryl < 1—pc (1-pc)? (398)
Consequently,
2eN + €3 )
| Ageom — Abfom| < 1A (n0)| | =2 ~ (399)

l—pc  (1—pc)?]
This estimate becomes fully certified once independent upper bounds for ey and on are available.

Proof. Since IIy — I strongly and G is compact, the standard compactness lemma for Galerkin compressions gives
oy = ||G — IINGly|| — 0.
Also,
[AN] = MN G| < |Gl = pe < 1.

Therefore I — A is invertible for every N, and

1
I— AN <
1= A7 < 7=

By the resolvent identity,

Hence
(400)

Set
T=0-G)"  Tn=(0-Ayx)"".

Because Ay = IIyGIIy maps Hy into Hy and vanishes on Hy;, the operator Ty = (I — Ay)~! acts as (I — Gy)~!
on Hy and as the identity on H7;. Hence

R = (Myu, TNTI N0 gux- (401)
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Now set
py = lyu, ey = (I —Tn)u, llen |laux = en-
Then
u=pn+en, PNl =1-eX <1
Using Eq. (401), we write
Ry — RO | = [(u, Tu)au — (pn, TNDN ) s
< [u, Tu)aux — (PN, TPN) x| + [P (T — TN )PN ) flux] -

For the first term,

<U7Tu>ﬂux - <pNanN>ﬂux - <6NanN>ﬂux + <pN,T€N>ﬂux + <eN7T€N>ﬁux-

Therefore
[(u, Tw)ux — (PN, TN ) el < T (2]pw lauxllen laux + len [[fux)
< 2en + 5%,.
- 1-pc

For the second term,

on
(1= pa)*’
using Eq. (400). Combining the last two bounds yields Eq. (398). Since ey — 0 and dy — 0, the convergence

R;N) — R, follows.
Finally, by Eq. (395) and Eq. (385),

(o, (T = T )pw) x| < o[l 17 = Tivll <

A — Ageom = Aot (n0) (RN — Ry ).

geom
This gives Eq. (399) and proves Agé?m — Ageom- O

Theorem 16 (Source-cyclic Jacobi representation of the exact return factor). Assume the hypotheses of theorem 13,
and assume in addition that

G = Ggan(no, bo)

is compact on H33Y. Assume also that Jy(no) # 0, and set

)

_ Jx(no) .
X (o) s

u =

Let
Ky = spanf{u, Gu, G*u, ...} C H3d

be the source-cyclic subspace. Then K reduces G, and the restriction G|i, is unitarily equivalent to a Jacobi operator

Qo b1 0
bl aq b2
chc =

Obg ag

Let ey denote the first standard basis vector in the Jacobi representation space; namely ey = (1,0,0,...)" in the
nonterminating case and ey € R? in the terminating case. Since

[eyell = 1Glx, I < 1G]l < 1,
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the resolvent (I — JCyC)_1 exists. If the Lanczos process does not terminate, then b, > 0 for all n > 1. If it terminates
after d cyclic steps, then Jey. is the finite d x d Jacobi matriz and the continued fraction below terminates after d

levels. In both cases,
Ry = (u,(I - G) 'u)pux = e (I— Jeye) eq.

Equivalently, in the nonterminating case,

R, = b2
1—a0— !

b2
1—a1— 2

1—0,2—.

(402)

(403)

The same formula holds in the terminating case with the continued fraction cut off at the last cyclic level. This Jacobi
representation is an exact representation of the source-cyclic resolvent element under the stated operator hypotheses; it

is mot a modal continuation ansatz.
Let

Mp = <U7Gnu>ﬂuxa n=123,....

Then

— 2 _ 2
ag = mi, bi =mg —m7.

If by > 0, then

ms — 2mims + mzf
ayp = 3
mo —my

If by = 0, then the cyclic subspace is one-dimensional and

1
R, = .
X 1—&0

Proof. First we check that K ; is a reducing subspace for G. It is invariant by construction, because
G(G™u) = G" .
If h L Ky, then for every polynomial p,
(Gh, p(G)u)ux = (h, Gp(G)u)sux = 0,

(404)

(405)

because Gp(G)u € K. Since polynomial vectors p(G)u are dense in K by definition of the cyclic closure, it follows

that Gh L K ;. Hence ICj- is invariant. Therefore Ky reduces G, and G|k, is self-adjoint.

We construct the Jacobi basis directly. Set ¢_1 = 0, by = 0, and qo = u. Once qq, ..., ¢, have been constructed,

define

Qp = <Qn7 GQn>ﬂuX7 Tn4+1 = Gq’l’b - ann—l — GnQn.

A direct induction gives rp4+1 L g, for every 0 < m < n. Indeed, for m < n — 2, self-adjointness gives

<Tn+17 Qm>ﬂux - <qn7 G(Im>ﬂux - 07

because Gq,, € span{¢m—1,Gm,dm+1}. For m = n — 1, the term b, q,—1 subtracts (g, G¢n—1)fiux = bn. For m = n,

the term a,q, subtracts (gn, Ggn)fiux = @n. If 7p41 = 0, the process terminates. Otherwise set

T
bn+1 = Hrn+1”ﬂux > Oa dn+1 = bn+1

n+1

Thus, at every nonterminating step,

GQn = bnGn-1 + GnGn + bn+1Qn+1~
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Since go = u, the scalar resolvent element is the (1,1)-entry of (I — Jeyc) ™!, namely
R, = (u, (I - G)_1U>ﬁux = eg(]l - chc)_leg.

To derive the continued fraction, write the first Schur split in the nonterminating case as

g [ l=ag —bief)T
cye — | (1) R i)) )
bleo H chc

where JS% is the tail Jacobi operator obtained by deleting the first row and the first column, and eél) is the first

standard vector in the tail space. Since ||J£;g\| < |[Jeyell < 1, the tail resolvent exists. The Schur complement of the
lower-right block gives

1
L—ag — 2 (ef!)T(1— JG2)~tel

eg(]l - chc)_leo =

Repeating the same Schur split on each tail gives, for every tail level n,

1 (M T (n)y—1_.(n)
= , F, = (e n—J ey -
[ an— 0 Pt (eg ) ( ) e

cyc

Fy

In the terminating case of cyclic dimension d, the recursion ends with Fy_; = (1 — ad_l)*l. In the nonterminating
case, the continued fraction is obtained as the limit of the finite Schur complements of the principal Jacobi truncations.
Let P, denote the projection onto the first n Jacobi basis vectors. Since P, — I strongly and Jey. is compact,

| Joye — Pndeye Pl — 0.
Together with || Jeye|| < 1, the resolvent identity gives

chc - Pnchan”
(1 = [|eyell)?

1= PadegePa) ™ = (L= Joye) ] <

Hence the finite continued fractions converge to e (I — Jeyc)~*eq, which proves Eq. (403).
It remains to verify the first moment identities. Since gg = u,

a0 = (o, Gqo)fiux = (U, Gu)fux = M.
The first residual is
r1 = Gqo — apqo = Gu — mqu.
Hence
b2 = ||r1 |30 = (Gu — myu, Gu — miu)gux = Mo — m?.

If by = 0, then Gu = myu, so K; = span{u} and R, = (1 —ag) "
If by > 0, then
Gu —myu

q1 = by

Therefore
ap = <CJ1, Gq1>ﬂux
(Gu — miu, G(Gu — m1u) ) fux
b}

mg — 2mimeo + mi{’

mg —m?

This proves Eqgs. (404) and (405). O
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Corollary 7 (No additional vector-side closure remains after exact Galerkin or Jacobi evaluation). Assume the
hypotheses of theorem 13 and assume Jy (1) # 0. Once the exact matriz elements R, the exact admission eigenvalues
q;(bo), and the normalized source coordinates are fized, the exact return factor R, is determined by the Galerkin limit

Ry = lim_ Jh(Iy —Gn) ",

where I denotes the identity matriz on span{ei,es, ..., ean_1}. Equivalently, R, is determined by the source-cyclic
Jacobi data of Ggn(no, Lo).

A later reduced spectral measure, modal continuation rule, or low-rank replacement is theorem-level only when its
spectral points and weights are derived from this exact Galerkin or Jacobi object, or when its tail error is certified, for
example by Eq. (398). Without such a derivation or certification, it is a diagnostic or evaluation proxy and not an
independent definition of R,. Within the stated vector operator framework, no auxziliary mean geometric constant,
modal continuation ansatz, or further vector-side closure is required after the exact Galerkin or source-cyclic evaluation.

Proof. The Galerkin convergence statement is exactly theorem 15, applied to the normalized source u = jx. The
source-cyclic Jacobi representation is exactly theorem 16. Hence both procedures evaluate the same resolvent matrix
element

RX = <jxv (]I - Gsh)_ljx>ﬂux'

Since Ageom depends on the vector-memory sector only through this scalar resolvent element, no further vector-side
closure remains. Any replacement not derived from these objects, and not supplied with a tail estimate, is a reduced
diagnostic rather than an operator-level definition. O

E. Numerical status on the minimal electron branch

This subsection reports the current reduced numerical realization of the vector geometric constant on the minimal
electron branch. The theorem-level ingredients fixed earlier are Ajng, AAuyv_1r (Yo; ,Q%HCO“), the infinite-mode exterior

subtraction AAgy(10), and the exact shell source J, (179). In the numerical realization reported here, the shell-source
norm and AAgyy are evaluated through the stated odd-mode cutoff, whereas the only reduced-model ingredient is the
source-weighted return factor R;eﬂm. This factor does not replace the exact operator definition of R, in Eq. (383).
No scalar-channel target, no measured value of o, no QED coefficient, no electron g-factor benchmark, and no fitted
coefficient enters the calculation. The reported reduced realization value is obtained from the factorized theorem-path
vector realization

AL, = AL = Ajng + AAuv sk (fo; 77M) + AAL (o) RES, (406)
The superscript (th) is a realization label indicating that the local core, the admitted UV load, the Maxwell source
formula, and the exterior subtraction formula are inherited from the theorem-level construction above. It does not
mean that the shell-return factor has been evaluated as the exact operator resolvent. The displayed value nevertheless

remains a reduced cutoff realization. The exterior subtraction is evaluated through the exact partial sum AA([)luotl] (n0),

whereas the return factor is the reduced source-weighted realization R;e"%m. Thus Age}é)m is not the exact operator value
obtained from Eq. (383), and no convergence claim from theorem 15 is invoked here.

Here jo‘fm is the cutoff-101 source-weighted reduced spectral realization defined in definition VII.19. It is distinct

from both the exact Galerkin quantity R&N) of Eq. (394) and the exact operator value R, of Eq. (383). All quantities

reported below are dimensionless. The exterior subtraction AAgy and the shell source J, are defined from the exact
Maxwell shell projection in the energy-dual normalization. The reported numerical values are their stated odd-mode
cutoff realizations. When the notation AALluotl] (no) is used below, it denotes the cutoff value obtained from the resolved
set J101, not the infinite-mode operator value.

The admitted UV load is evaluated from the exact cyclic admission formula

auss N g
AAyv g (bo; 1) = S PO (k). P (b)) = %~ (407)

Here y = r/r. is the dimensionless first-node shell coordinate,

1
DIR:/ y? sin®(my) dy,
0
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and

Ninlto) = | 'y sin () [1 - M] exp [ (l%yﬂ dy.

The reduced source-channel return used in the numerical ledger is introduced once in definition VII.19. It is a
source-weighted reduced spectral realization of the exact operator resolvent, not an independent definition of the exact
return factor R,.

The shell source itself is obtained from the exact Maxwell shell projection in the energy-dual normalization, and the
infinite-mode exterior subtraction is defined by the exact quadratic source norm

1
Alout(10) = =3 [[/x (o) e (408)

For a finite odd-mode ledger cutoff Jy,.x, define the cutoff realization by

1
AN (o) = —5 Z (JJ(X) (110))". (409)
JE€ET Imax
The numerical tables below report the computed value of AALluotu (o). At the theorem level, this object is the finite
partial sum of an absolutely convergent nonnegative series. In the numerical ledger, its displayed value is obtained
from the stated quadrature and odd-mode cutoff. Thus the monotonicity statement below applies to the exact partial
sums, while the printed decimal remains a quadrature realization of that finite sum. By Eq. (355),

1
0< AAGE o) = Aowe(mo) = 5 D (00m0))", AALE(10) L Aoue(m)  (imax — 00).

7 odd
J>Jmax

Thus AA([)luotl] (no) is the theorem-defined finite partial-sum object at Jyax = 101, not a new definition of AAgy;. Its
printed value in the tables is the numerical quadrature realization of that partial sum.

Numerically, the present evaluation uses 100-digit working precision, direct quadrature for the one-dimensional
shell-admission integral, Gauss—Legendre quadrature with 512 nodes for the shell-source projections, and odd-mode
summation through j < 101 for the shell source and the reduced source-channel return. The resulting j7 < 101 ledger
is reported in Tables X—XVIII.

Closed-form constants listed below are rounded evaluations of exact formulas. Quantities involving the cutoff
odd-mode source, the reduced source-channel return, or numerical quadrature are ledger-level numerical realizations of
the stated computation. The algebraic residuals printed in the tables certify only internal consistency of the same
cutoff realization. They do not provide a rigorous truncation bound for the exact operator-level quantities, and they
do not by themselves certify all displayed digits of the cutoff-dependent entries.

Definition VII.19 (Reduced source-weighted vector return used in the numerical ledger). Fix an odd cutoff Jiax
and set

Tr. =11,3,5, ..., Jmax -

The numerical ledger below uses Jyax = 101. The theorem-defined Maxwell source coefficients JJ(X) (no) are computed
for the modes in this cutoff. Whenever

> () >0,

kEijax

the source weights used in the reduced spectral measure are defined by

(x) 2
(Jana) (75 (m0)) (Janae)
w > = s w : = 1.
’ S ()’ JZ
kEJJn)ax

In the tables, the superscript (Jmax) is suppressed and w; denotes w§101).
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For this ledger-level reduced return model, define the reduced return constants

1 sinh ng a
'Vgeom = § Tn; Aret = (111 2)77(%? Bret = %

These constants belong to the reduced spectral realization used in the numerical ledger; they are not additional
operator-level inputs to Gg,. Set

PI(;%) (¢o) AAvv—ir (Lo; @7”0011)

= P (0o) Yecom + 410
ﬁX IR( 0) 'Yg 2(1 +Arct) ( )
For each odd shell mode define
.j —1 1+ %Bretmj red
=2 = P, =—= - R =1 D.. 411
mj 9 ’ J 1 + Aretmj ) J + ﬁX J ( )
Since Ayt > 0, Bret > 0, and m; > 0, one has
Q)j > 0.
In the minimal-branch numerical ledger 3, > 0, and therefore
red
R™ > 1.
Equivalently, introduce the reduced spectral point
1 D,
gl=1-——= i (412)
R 1+ 5,9,
Thus
0<gd<1 S 413
sg;, <l @ = h;. (413)
The reduced source-weighted spectral measure and its return factor are
d’ured ()\)
re Jnlax re: e aJmax
W= X wa0 g, g, - [Pl (i)
J€T Imax
Hence
wy’™) (Jima) ()
red max red max
RXmeax = Z 1 igyed = Z wj Rj =1+ /BXFX7Jmax7 FX;Jmax = Z UJj (Dj. (415)
JET Jmax J FET Imax JET Jmax
In the numerical tables below,
R;Cd = R;:,?Olﬁ FX =F ,101-

This construction is a realization-level reduced spectral representation intended to approximate the source-cyclic return
factor. It is used only in the numerical tables below and does not redefine the exact operator-level return factor R, of
Eq. (383). It is not fitted to a measured value of a, to a QED coefficient, or to a scalar-channel target. No convergence
statement in Jy,ax is asserted for R;ef}max. In particular, R;‘f‘}max is not the exact Galerkin sequence of Eq. (394). A
certified replacement of R, would require either the exact Galerkin limit or an error bound of the type stated in

Eq. (398).

For the numerical ledger, it is convenient to record the physical-shell energy-dual amplitudes rather than the
theorem-normalized shell moments. Accordingly, define

P () = U ash (), (416)
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TABLE X. Fixed minimal-branch geometry, theorem-path local constants, and reduced-return ledger constants entering the
current vector-channel realization. All quantities are dimensionless and none is an external benchmark.

Item Symbol / formula Value
Minimal collar ratio Ebr,0 = 1//T 0.564189583547756286948079451561
Minimal branch ratio no=1/m 0.318309886183790671537767526745
Minimal shell width Lo = ebe,omo = 1/(my/T) 0.179587122125166561689081983628
Euler—Mascheroni constant YE 0.577215664901532860606512090082
Filamentary reference core Aina = In(8y/7) — 2 0.651806484604536015323410040051
Gaussian UV constant C[(j(i',a“ss) = %(an +vE) 0.635181422730739085011872105770
Geometric return prefactor Ygeom = %sinh(ﬂo)/no 0.508486310232226026713244570368
UV return coefficient Aret = (In 2)7761 0.007115836655512877336607052631
IR return coefficient Bret = 773/(871'2) 0.000130020184161981537011229704
Collar norm Neol = \/2/7 0.797884560802865355879892119869

TABLE XI. Closed branch-cyclic normalized y-admission block on the minimal electron branch. The quotient PI(])_%) (o) =
Nir(€o)/Dirr is evaluated from the one-dimensional branch-cyclic Rayleigh law associated with the normalized shell-space
admission operator Qy,sn(%), and the admitted UV load is AAuv_1r (fo; J%HCOH) = Céc\;,auss) PI(;Q (£o). This table reports an
internal vector-admission quantity, not a fitted input.

Item Symbol / formula Value

Admission denominator Dir = fol y?sin?(my) dy 0.141336370756082223805696800864

Admission numerator Nrir(£o) 0.0121237197662881294096075356310

Shell-admission quotient PX)(fy) = Nir(lo)/Dir 0.0857791925845556011097469124949

Admitted UV load Ahuvoir (lo; 7") = CH PR (o) 0.0544853495865520906532491466725

where a;h (n) is the exact shell-source coefficient from Eq. (342). Equivalently, in SI-normalized physical variables,
aShPYS () = L (r—*)j+1 /1 By(rs,v;n, 1) T;(v) dv (417)

j ,LLOI Ij R . 9\ Txs Us 1],y J .

The factor r./R = 1! is geometric and dimensionless. The factor r.By/(uol) is dimensionless in SI units, so Eq. (417)
has the same units as Eq. (416), namely none. In terms of these physical-shell amplitudes, the normalized source
amplitudes used in the numerical realization are

~ . i sh,phys
aj(n) =2(j + 1) n?*1/2 a5P (), (418)
which is equivalent to the theorem normalization Eq. (344). The corresponding exact source coefficients remain

o () (419)

0 () —
K ATV eTE)

TABLE XII. High-precision odd-mode cutoff ledger for the Maxwell shell source and exterior subtraction on the minimal electron

branch. The exact infinite-mode identity AAout(n0) = —2|Jx(10)[|fux is represented at finite cutoff by the theorem-defined

partial sum AA([)luotl](no) over j < 101. The displayed decimals are quadrature realizations of that cutoff ledger, not certified tail

bounds for the exact infinite-mode value.

Item Symbol / formula Value
Cutoff source norm I 010) s = e 770, (I10)? 0.0279343161251718605341693629773
Cutoff exterior subtraction AN (1) -0.0139671580625859302670846814886
Cutoff quadratic identity — 11T (1) |12 o -0.0139671580625859302670846814886
Internal check AAEuotl](no) + %HJQO” (10) || E e 1.12 x 107193

Source-weight normalization 1

. w
i€J101
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TABLE XIII. Leading odd physical-shell source amplitudes and normalized source coefficients on the minimal electron branch.
Here a;h’phys =1y G +1)a;‘~h is the physical-shell rescaling of the theorem coefficient Eq. (342). The weights w; are normalized

only on the resolved cutoff set Jio1; they are therefore ledger weights, not the infinite-mode weights of the exact source.

J aShrhys a; JX w;

J J J J
1 0.225035986276 0.161654260600 0.165425122325 0.979636335954
3 —0.345425446938 —0.0502828355856 —0.0238193924124 0.0203106262689
5 0.170500913603 0.00377210398766 0.00116386236000 4.84914535564 x 107°
7 —0.509958673680 —0.00152416126532 —0.000348762860904 4.35434082584 x 1076
9 —0.866308418075 —0.000327928180687 —0.0000596337160832 1.27305070866 x 10~7
11 —5.17840859580 —0.000238332912723 —0.0000359599777037 4.62914499376 x 108

TABLE XIV. Exact unnormalized admission eigenvalues and reduced low-mode source-channel return data. The numbers g;(4o)
are the exact eigenvalues of the unnormalized flux-space shell-admission operator Q. aux(¢o) on the odd flux basis. The modal

reduced return shape is ®; = (1 + 3 Bretm;)/(1 + Arerm;), with m; = (j — 1)/2.

Mode j q;(Lo) m; D, R =1+ B, ®; w; YT
1 0.781768746053826182396 0  1.00000000000000000000 1.04593788859456687671 1.02463876081841962961
3 0.723673573719823330668 1 0.992998991469693625866 1.04561627704465205011 0.0212371214236845937708
5 0.667097270671369973321 2 0.986096220914864547172 1.04529917833991045530 0.0000506880765590558643912
7 0.626703288563007265019 3 0.979289635032263742585 1.04498649815592618788 0.00000455022737137521277154
9 0.600072203619720163839 4 0.972577237345054419302 1.04467814477876873763 1.32992825253 x 10~7
11 0.582512972724815998944 5 0.965957086250438531300 1.04437402901530507301 4.83455880803 x 1078

TABLE XV. Reduced source-weighted resolvent on the minimal electron branch. The return factor is evaluated as the resolvent

of the reduced spectral measure du;"f}m. It is a ledger-level reduced realization of the return factor, not the exact operator value
Ry.

Item Symbol / formula Value

By = PO (€o)eeom + P (£0) AAuvr (o3 /) /[2(1 + Arer)]  0.0459378885945668767059351471824
Fe=3 e i 0.999857034848837013544434076182
R =14 B Fy 1.04593132107737984602098907405
104 (o) RE4 -0.0146086880840970792604994790889

out

Source-channel coupling
Weighted return average
Return factor

Exterior-memory contribution AA

TABLE XVI. Source-cyclic Jacobi audit of the reduced vector-memory factor. Here g§ed =1-1/ R;ed. The rank-two Jacobi

continued fraction reproduces R;fd to the displayed precision for the reduced cutoff spectral measure. This is an audit of that
reduced spectral measure, not a proof that the exact operator R, has rank two and not a certified truncation estimate for the

exact source-cyclic Jacobi tail.

Quantity Formula Value
First moment my = Ejejml w]-g;fed 0.0439142783548438317181313792328
Second moment ma =3 p o wi(g5)? 0.00192846558397150040289752466655
Third moment M3 =2 o Wi (g§°d)3 0.0000846873268238501265557698534838

First Jacobi diagonal ap = m 0.0439142783548438317181313792328
First Jacobi coupling b? = my —m? 1.74054479493167290170 x 10~°
First Jacobi off-diagonal bi = /b3 0.0000417198369475681544363744364556

Second Jacobi diagonal
Rank-two return
Return residual
Geometric impact

ar = (ms — 2mima +m3)/(ma — m3)
Rg?] = (1 — ag — b%/(l — a1))_1

R — R

AN (o) (B — RY)

out

0.0436281908997979873706949825675
1.04593132107737984236690002815
3.65408904590 x 1018
—5.10372392788 x 10~2°

The source-side concentration

can be checked internally within the same

cutoff ledger, independently of the final
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FIG. 9. Diagnostic view of source concentration and source-cyclic Jacobi saturation. Panel (a) shows the normalized resolved
odd-sector source weights w; = (JJ(X))2/ Zkgjml (J,EX))Z, with the unresolved tail grouped as j > 13. The first odd toroidal
mode carries nearly all of the resolved source norm. Panel (b) shows the scalar return residual after one and two source-cyclic
Jacobi levels for the reduced spectral measure. The two-level continued fraction reproduces R;ed at the displayed precision. The
figure is diagnostic only; it illustrates the reduced numerical realization and does not replace the exact Galerkin or source-cyclic
operator formulation.

scalar—vector lock calculation. On the cutoff Jy01, the weights

(J(X 770 )
w,; = 55 w; =1,
’ Z (J(X) (77 )) jg%:m ’
k€J101

show how the theorem-defined Maxwell shell source is distributed over the resolved cutoff odd toroidal sector. The
same cutoff-normalized weights define the moments used in the source-cyclic audit of the reduced numerical return law,

1
d\n 1
ma= 3w (g g =1
J€J101 J

Figure 9 displays both diagnostics. The first odd mode carries almost the entire resolved cutoff source norm, and the
two-level Jacobi continued fraction reproduces the reported Rgfd at the displayed precision. This figure is diagnostic
only; the exact definition of R, remains the operator resolvent in Eq. (383).

TABLE XVII. Top-level contribution breakdown for the current reduced cutoff realization of Ageom on the minimal electron
branch. The percentage column reports the signed share of each contribution relative to the final reduced realization value.

Contribution Formula / factor Value Share of Age?m
Intrinsic core Aind 0.651806484604536015323410040051  94.234837%
UV-to-IR shell transfer AAvvor(lo; @) = CY PIY) (fo)  0.0544853495865520006532491466725  7.877212%
Exterior-memory contribution AAoluOtll( o) R -0.0146086880840970792604994790889 -2.112049%
Total reduced geometric constant Al = ALSL0Y 0.6916831461069910267161597  100.000000%

TABLE XVIII. Internal decomposmon of the reduced exterior-memory contribution. The cutoff identity used here is
Adgi (10) B = AN (10) + AAG (o) (B — 1),

out out out

Contribution inside AAoluotl](no)Rfd Formula / factor Value Share of AAoluotI]( no) RE4
Cutoff bare exterior subtraction AN (o) -0.0139671580625859302670846814886 95.608572%
Memory correction above cutoff exterior  AAIN (o) (RIS — 1) -0.000641530021511148993414797600296 4.391428%

Total reduced exterior-memory contribution AAoluotl](no)R;ed -0.0146086880840970792604994790889 100.000000%
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Remark (Reduced realization and low-mode structure). The reported branch value Age}é)m = g‘z%;E 01] is obtained

from the reduced vector-channel realization Eq. (406). The admitted weight Pl(ﬁ) (¢y) is evaluated from the exact

one-dimensional branch-cyclic Rayleigh law, whereas R;Cd is evaluated as the resolvent of the reduced source-weighted

spectral measure du;ef{m. The low-mode dominance seen in tables XIII and XIV follows from the Maxwell shell

projection and the cutoff source normalization on the resolved odd sector. The Jacobi audit in table XVI shows that
this reduced spectral measure is reproduced at the displayed precision by its rank-two Jacobi approximant. This
statement concerns only the reduced spectral realization, not the exact operator R,. A full operator-level numerical
evaluation would replace R;(ed by the Galerkin limit of Gg}, from theorem 15, together with a certified tail bound. No
measured value of a, no QED coefficient, and no scalar-channel target is used to tune the displayed vector data.
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Part IV
Emergent Alpha

VIII. THE SHELL LOGARITHMIC COEFFICIENT (g

Within the shell construction, Ci,; denotes the coefficient of the canonical single-log response generated by the
internal dilatation

P sp, s> 1,

on the internal C-plane. The symbol r is reserved for the radial coordinate of the pinned shell in R3. In Path I this
coefficient is read through the infrared reporter

_9—2
Qyep = ?a

understood only as the dimensionless coefficient of the Pauli slot in the infrared magnetic sector. This reporter is
not assigned a measured value, and no perturbative QED coefficient is inserted into it. Its only role is to provide a
gauge-invariant scalar readout for the canonical single-log shell response, because it vanishes in the Dirac limit and its
leading local magnetic deviation occupies the Pauli slot identified in the infrared theory. After this reporter convention
has been fixed, we write a for a,., whenever no confusion can arise.

We use the logarithmic dilatation variable

7 =1Ins.

The precise single-log projection used in Path I is stated below in definition VIII.1. Path I uses the retained shell vector
polarization and the tangential-transverse shell feed into the scalar block to produce, under the stated Path-I closure

assumptions, a remainder-controlled representative for the dependence of the canonical coefficient on the baseline
(1)

log 18 @ representative

scalar block D¢, the branch-fixed vector input Ageom, and the geometric shell constants. Thus C
with an explicit remainder, not an independent exact definition of Cigg.
Path IT computes the same canonical single-log coefficient from shell geometry alone. Within the stated single-

polarization shell averaging class it gives

1

Cl(; gf ) _ 3

without using the vector-chain return or the scalar evaluator. The shell lock is the compatibility condition that

identifies these two quantities as two readings of the same canonical coefficient. The vector input entering that lock is

the already computed operator-level value Ageom, Or a specified reduced realization of it when the numerical lock is
evaluated; it is not an averaged or fitted vector input.

The dependency order in this section is as follows. The scalar overlap coefficient K, » is computed from the

reduced pinned line. The vector input enters Path I only through the already fixed shell-geometric datum Ageom,

via ¢ = KupAgeom/ (272). The metric toroidal weight Cy is fixed by the minimal-branch phase-pinning convention.

Path I then gives a representative Cl(olg) (D¢, ¢) with a controlled remainder. Path IT independently gives Cl(OIgI ) =1 /3
within the single-polarization shell average. The baseline Alpha Lock Point is obtained only after imposing the
zeroth-discrepancy closure, namely after omitting e; from the primary algebraic lock equation while retaining it as a

separate representative-remainder budget.

Remark (Why a = (g —2)/2 is a sufficient Path-I reporter). At infrared scales, within the local dimension-five magnetic
sector specified in Eq. (138), the leading magnetic deviation from the minimally coupled Dirac branch enters through
the Pauli slot. Hence the single dimensionless scalar
_9—2
a = -

2

records the leading infrared magnetic deviation used in Path I. This use of a is only a reporter convention for extracting
the shell logarithm; it is not an external QED input and does not define Ci,, independently of the shell response.
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A. Path I from shell vector polarization

Path I isolates, within the retained shell-geometric representative, the coefficient of the single logarithm generated
when the minimal branch is probed by a slow geometric dilatation on the internal C-plane,

p > sp.

Here p denotes the radial coordinate in the internal generator plane, not the cylindrical radius used in the Maxwell shell
formulas. The pinned shell in R? is not reselected during this probe, and the vector datum Ageom is not recomputed
along the dilatation. The question is how much toroidal tangential-transverse population is admitted by the shell
under the internal dilatation and how that admitted population is read by the Coulombic slowdown block D¢. Since
the radial half-line is counted with the scale-invariant measure dp/p, the canonical first-order finite-dilatation count is
proportional to Ins. The dimensionless reporter a is used only to read off the corresponding shell logarithm when the
canonical single-log projection of definition VIII.1 exists. No measured anomalous moment, QED anomaly coefficient,
measured value of «, or fitted benchmark enters this extraction.

Definition VIII.1 (Canonical long piece). Let s > 1 denote the geometric stretch p — sp on the internal C-plane,
and let a(s) denote the value of the dimensionless infrared reporter on the corresponding dilated pinned branch. The
reporter is a formal shell-response slot in this subsection; it is not a measured electron anomaly. Let

D' (s)
denote the scalar slowdown response of the already fixed pinned branch under the internal dilatation probe, and let
De =D 1) >0

denote the scalar slowdown block of the unscaled pinned branch. This baseline scalar block is held fixed in the
normalization of the canonical single-log coefficient.
We say that the reporter admits a canonical single-log expansion if, for s sufficiently close to 1,

a(s) — a(1) = D2 Clog Ins + Ripg(s), lim Flos(8) _ (420)

s—1t Ins

The canonical long piece is the term linear in In s,

Adiog(s) = DE Clog In 5. (421)
Equivalently, whenever the limit exists,
50 _ g als) —a(l)
e Crog = slﬁl»r% Ins (422)

In particular, every contribution proportional to (Ins)? with ¢ > 2 is absorbed into Riog(s), since
(Ins)? = o(ln s) as s— 1T,

Terms proportional to In s with higher powers of another small parameter, such as ¢31n s, are not removed by this
projection; they contribute to the exact single-log coefficient unless they are included in a controlled representative
remainder. Hence Aajog(s) is the unique first-order logarithmic part of the dilatational response, whenever the limit in
Eq. (422) exists.

Remark. The reference value
Dc =DE'(1)

is fixed before the dilatation is applied. This removes any ambiguity between the baseline scalar block and the dilated
response D&il(s) that enters the Path-I scale-flow formulas. The function Dd!(s) is not the scalar coupling branch
Dc(a).

Definition VIII.2 (Reduced pinned line and overlap integrals). On the reduced pinned line, written in the cavity
coordinate

y= I e (0,1), r the radial coordinate in R?, (423)
T'x
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let
dn(y) = V2sin(nry),  neN, (424)

so that {¢, }n>1 is the Dirichlet eigenbasis of 77r’28§ with eigenvalues n?. Let ¢; be the minimal pinned mode and
define

1
. . 1
= [ sinmy) sin(nmy) dy = 5 (676120100 (425)
0

Remark (Why the internal dilatation is read on the reduced line). The geometric dilatation is imposed on the internal
generator sector C, whereas the scalar slowdown block D¢ is defined on the pinned shell in R3. The reduced line
y = r/r, is the scalar carrier through which that internal shell feed is read on the pinned branch. Path I therefore
does not introduce a second scalar problem. It probes how the dilatational shell feed excites the already fixed pinned
scalar line above its ground mode.

Proposition 42 (Quadratic reduced-line source in Path I). In the scalar mother construction associated with the
pinned shell in R3, the reduced bulk load is

Viik(y) =3 — %, (426)

After the uniform part 3 has been separated into the already fixed Coulombic baseline, the first nonuniform shell profile
is y2, and the leading Path-I coupling from the pinned ground line to the excited Dirichlet ladder is

(Dn> Y2 01) 12(0,15ay) = 2In, n>2. (427)
If
Pru=u— (¢1,u)2(0,1;ay) D1

denotes the orthogonal projection onto the excited Dirichlet sector, then the associated second-order admitted suscepti-

bility, normalized by the reduced cavity operator Ko = —71'_285, is
2 _
KALP = ? <y2¢17 PL(KO - HC&V)Llply2¢1>L2(O’1;dy)
2 L) (428)
T r2 Z n2—-1"
n=2
Here

(KO - ]Icav)ll
denotes the bounded inverse of Ko — lcay restricted to the excited sector H, = {d)l}L.

Proof. Equation (426) is the reduced bulk load derived in the scalar mother construction. Splitting
Viik(y) =3 —¢°

into uniform and nonuniform parts, the constant term has no excited-sector matrix element. Indeed, for every n > 2,

(bn, 3¢1>L2(0,1) = 3/0 (V2sin(nmy)) (V2sin(ry)) dy = 36,1 = 0.

Thus the uniform part contributes only to the ground-line Coulombic baseline and does not drive any excited Dirichlet
transition. The first nonuniform excited-sector source is therefore

PLVES 1 = —PL(y1).

Since the susceptibility below is quadratic in the transition amplitudes, the sign of this source drops out.
The reduced cavity operator satisfies

Kopn = 120, n> 1.
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On the excited sector
Ho={e} C L0, 1;dy),
the spectral gap is
n?—1>3, n>2.

Hence Ky — I,y is boundedly invertible on H , with

1
1
(KO_Hcav)L ¢n: n2_1¢na n > 2,
and
1 1
_]_ _ _
(Ko = Tean) 1[5, 30, = ilg n2_1 3

Since multiplication by y? is bounded on L?(0, 1), the source P, (y%¢;) belongs to H_ , and its exact Dirichlet expansion
is
oo

P (y%¢1) = Z<¢my2¢1>L2(o,1;dy) On

n=2
with convergence in L?(0,1). Using the definition of I,

<¢n7y2¢1>L2(0,1;dy) = 2In7 n > 2.

Therefore
(1261, PL(EKo — L) " PLy?01) 10 1.0y
Z [ (Pn,y? ¢>1 L2(o,1,dy)| i (21,)
= n?—1
Multiplying by the normalization factor 2/m? gives exactly Eq. (428). O

Remark. The role of K, is precise. It is not borrowed from the later scalar lock and it is not fitted. It is the exact
quadratic susceptibility of the minimal pinned ground line under the first nonuniform shell load that remains after the
uniform Coulombic part has been separated.

Lemma 26 (Closed form for I,,). Forn € N\ {1},
s 2 L (429)

Proof. Using 2sin Asin B = cos(A — B) — cos(A + B), one obtains

1

I, = 5/0 e [cos((n — Dmy) — cos((n + 1)7wy) | dy.

For m € N, set

1
I = / y? cos(mmy) dy.
0

Then

2 o 1 1
2
T = [y sm(mﬂ'y)} — —/ ysin(mmy) dy
0 0

mm mm

2 ~ oot
== { {_y cos(mﬂ'y)} + —/ cos(mmy) dy} .
mm mm o mm Jy
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The first boundary term in J,, vanishes because sin(mn) = 0, and the remaining cosine integral vanishes because

/01 cos(mmy) dy = [Sm(mﬁy)}; =0.

mm

Therefore

(mm)? (mm)?
Substituting m =n — 1 and m =n + 1 gives
1
In - g(Jnfl - Jn+1)
- (_1)71—1 (_1)n+1
m2(n—1)2  w2(n+41)%
Since (—1)""1 = (—=1)"*! = —(=1)",
I (=" 1 7 1
" 2 |[(n—=1)2 (n+1)2
_ (=) (n+1)?— (n—1)?
o2 (n?2—1)2
___AEY™
- w2(n2 —-1)2
This proves Eq. (429). O

Proposition 43 (Closed form and numerical value of K,.p). The series Eq. (428) converges absolutely and

128~ n?  150x% —8x* —315
76 (n2 —1)5 18076

(430)

Numerically,
Karer = 0.002231538916531970186408794052.. . .,

where the displayed decimal is the rounded evaluation of the exact closed form Eq. (430).
Proof. From Eq. (429),

64n?
21,,)?
(21) ™ (n? — 1)
Thus
2 = (2,2 128 X n?
Kap = — =
AP g2 ;::2 n?—1 70 £ (n?—1)°
For n > 2,
2 2
0 n < 1

so the series converges absolutely by comparison with Y o, (n —1)7%.
The summand has the partial-fraction decomposition

n? 5 (1 1 L5 L
(n2—-1)5 256 \n+1 n-—1 256 \ (n+1)2  (n—1)2

+1§8<<n+11>3‘<n—11)3>

—614<<n+11)4+ <n—11>4> +3lz<<n—11>5 ) <n+11>5)'
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This identity is verified by multiplying both sides by (n? — 1)® and comparing the resulting polynomial in n.
Let (g denote the Riemann zeta function. The telescoping and zeta sums are

i bt y_ 3
n+l1 n-—-1) 2

n=2

[e%e] 1 1 1 7(_2 5
Z((n+1)2+(n_1)2> =Ar(@2)-1-7=5 7

n=2

i<<n+11)3 - <n—11>3> -l

n=2

] 1 1 1 7T4 17
;((n+1)4+(n—1)4) =2r(4) ~1- 2= =~ 1o

and

Combining these five identities gives

S _ 1 e
(n2—1)5 512 768 2880°

n=2
Multiplication by 128 /7 yields

15072 — 87* — 315

Koe = 1807

The decimal value follows by direct evaluation. O
Corollary 8 (Exact spectral-overlap coefficient). Define

Top = Z;‘TL;. (431)
Then

T, = 0.0001130510821834796055715523055740641226464 . . .,

where the displayed decimal is the rounded evaluation of the exact quotient Yy = Kapp/(27%).
Proof. This is an immediate consequence of Eq. (430). O

Definition VIII.3 (Vector input and overlap strength). The vector-channel computation supplies the branch-fixed
geometric constant Ageom already determined in the vector section. At the exact operator level this is the vector-side
geometric input to the lock. In a finite-rank or theorem-level reduced numerical realization, the same formula is
evaluated with the explicitly specified replacement Ageom — Aéﬁ@m or Ageom — Aggé)m. No averaged A, measured «, or
QED coefficient enters this input.

With Y, fixed by Eq. (431), define the exact overlap strength by

K/ "
(= Cgeom = TspAgeom = ﬁAgeom- (432)

The scalar ¢ is the dimensionless tangential-transverse-to-scalar overlap strength carried by the shell vector channel of
the minimal branch in R3. It is fixed before the Path-I dilatation is applied. Its reduced numerical descendants are
obtained only by the explicit replacements of the vector input stated above.
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Definition VIII.4 (Minimal toroidal shell weight). Let ©(¢) denote the unwrapped metric phase-length coordinate
associated with the one-loop carrier along the pinned shell azimuth ¢. This coordinate is not the compact generator
phase 6y, and it is not required to close after an integer multiple of 2 when ¢ runs once around the shell. The minimal
toroidal shell weight is the metric phase-Jacobian integral

2w d@
Cy = /0 3 4 (433)

This quantity measures the metric phase weight exported to the toroidal shell channel. It is a geometric weight, not a
topological winding number.

Proposition 44 (Pinned value of C,). Adopt the minimal-branch metric phase-pinning convention
RdO = r, do¢. (434)

This convention identifies the internal phase arc length on the carrier with the corresponding pinned shell azimuthal
arc length. Then, since 1o = TR,

de r,

Fr i C, =272 (435)
This is the minimal metric toroidal weight of the baseline branch.
Proof. From Eq. (434),

de r,

d¢ R
Using the minimal-branch relation r, = 7R from Eq. (139), one obtains

e _
dé

.

Inserting this into Eq. (433) gives

2
C :/ ndo = 2r%.

0
This proves Eq. (435). O

Remark. The role of C, is purely geometric. It supplies the metric toroidal phase weight retained by the minimal shell
pinning. Any angular corrugation of the swirl changes this weight only through higher projector contractions and
therefore begins beyond the baseline linear TT response.

Definition VIII.5 (Signed admitted toroidal response under dilatation). For a geometric stretch p — sp on the
internal C-plane, with s > 1, the branch-fixed overlap strength ( is held fixed. Equivalently, the dilatation probe
counts the admitted logarithmic population on the already fixed vector-shell datum, rather than recomputing Ageom
along the probe. Here p and py are internal generator-plane radii. Fix any reference radius py > 0 and define the
signed admitted toroidal response by

spo dp 21 d("')
NrSZC/ —/ — do. 436
to: ( ) oo p 0 d¢ ( )
Since the radial measure is scale-invariant,
spo d
/ 2 —Ins, (437)
Po P

S0 Nior(s) is independent of pg. On the minimal branch, Eq. (435) gives

Nior(s) = Cy ( Ins. (438)
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Remark. The logarithm is not inserted by hand. It is the unique finite count generated by the scale-invariant radial
measure dp/p under a finite dilatation on C.

Remark. The use of 9, In D¢, rather than 0D, follows from the role assigned to D¢ in this retained shell response
model. The scalar block is a positive dimensionless slowdown factor, not an extensive energy. Successive dilatations
are represented multiplicatively, so the natural first-order scale-flow law is written for In D. This is a Path-I closure
convention, not a general identity for all scalar-channel realizations.

Definition VIIIL.6 (Single-log extraction operator). For a function F'(s) defined for s > 1 sufficiently close to 1, with
F(s) =0(lns) as s — 1T, we write

Li[F](s) =ci1lns
whenever the limit

F(o)

o—1+ Ino

CcC1 =

exists. Equivalently,
F(s) = L1[F](s) + o(ln s) (s —17).
Thus Ly keeps only the canonical term linear in In s and removes powers (In s)? with ¢ > 2.
Condition VIII.1 (Retained Path-I multiplicative scale-flow closure). Write
T=Ins.
Let
D (e")

denote the scalar slowdown response of the already fixed pinned branch under the internal dilatation probe, with
baseline value

DI (1) = D > 0.

This response variable is distinct from the scalar coupling branch D¢ («). In the retained Path-I representative, the
signed admitted toroidal response enters the scalar block through the multiplicative shell closure

d ; d
(D) = - Nrle) + Ro(7,0), [Ro(r,0)] < Colcl, (439)

uniformly for bounded |7|. We also assume that the averaged remainder has a right single-log coefficient,

T—0+t T

N
rp'(¢) = lim ~ / Ro(r.Q)dr',  |rp ()] < Col¢l.
0
The absence of an independent O(¢?) term in this retained scale-flow law is part of the stated Path-I representative
closure. It is not imported from QED, not fitted to a measured anomaly, and not used in Path II.

Proposition 45 (Single-log consequence of the retained Path-I scale flow). Define the finite dilatational scalar-response
increment by

Adi]DC(S) = 'Déﬂ(s) - Dc.
Under Condition VIIL.1, and for s = e™ > 1 with |7| in a fized bounded interval on which Eq. (439) holds, one has

11 (P& (5)) = Cx (+ Rp(ns, (), [Rp(ns, )] < Cplcf, (440)

Moreover, the canonical single-log part of the finite increment is
Li[AanDcl(s) = De(Cr ¢ +75 () s, [rp)(Q)] < Colcl. (441)
FEquivalently,
IL1[AqnDc](s) — Do Cy ¢ Ins| < Cp De [¢? | In ).
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Proof. From Eq. (438),
Ntor(eT) = CX C’T.

Hence

ENtor(eT) = CX C

Substituting this into Eq. (439) gives

d )
(D& () = Cy ¢+ Ro(7.0),  [Rp(7.0)] < Cpl¢f*.

Integrating from 0 to 7 = In s yields

Ddil Ins
c () _ Cy¢lns+ Rp(r',¢)dr'.
D¢ 0

By the definition of rg)(g) in Condition VIIIL.1,

ﬁ Olns Rp(r',¢)dr" = ’“g)(C) +o(1) (s > 1%).
Therefore
= D;S) = (Cy C+75(Q) s+ o(In s).
Set
L(s) = (Cx ¢ +75(¢)) ns + oIn s).
Then

DE!(s) = Doe™™,  AqDa(s) = Do 1),
Since L(s) = O(Ilns) as s — 1T, one has
el —1=L(s) + O(L(s)?),
and therefore
AanDc(s) = De L(s) + O(Dc L(s)?).
Because L(s)? = o(In s), the quadratic term has zero canonical single-log projection. Hence
Li[AqnDc](s) = Do (Cy ¢ +75(¢)) Ins.
The bound
[rp)(©)] < Colcf?
is part of Condition VIIIL.1, so the displayed estimate for the difference from D¢ C, ¢ In s follows immediately. O
Remark. Equation (440) is the shell analogue of a leading logarithmic response law. For intuition only, one may
compare this with the way single-log terms arise from polarization weights in standard QED. Here the coeflicient is

not diagrammatic, no QED coefficient is imported, and no measured anomaly is used. It is purely shell-geometric
within the retained Path-I representative.
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Condition VIII.2 (Retained minimal toroidal synchronization linearization). On the axisymmetric minimal one-loop
branch, let Hi,, denote the leading admitted toroidal TT shell line, equipped with its shell Hilbert inner product
(,YH,.,- In the retained Path-I linearization, higher toroidal lines are represented by the explicit controlled remainder
below. Let ¥ior € Hior be normalized by

H’l/)tOI‘HHtor = 17

and define the rank-one orthogonal projector

Htoru = <wtora U) Hior ’(/}tor- (442)

The linearized synchronization kernel is

Krr = ]IHmr + CHtor + 5tor(<)» ”‘S‘tor(é-)”HtorﬁHtor < Ctor|<|2- (443)

The dressed reporter slope is

da 1
(327@ ) dressed - 5 <'(/)t0r7 KTth0r>Htm-~ (444)

Proposition 46 (Dressed slope on the minimal toroidal branch). Under the retained synchronization model of
FEq. (443), one has

da 1

This is a retained Path-1 reporter slope, not a QED anomaly coefficient and not a measured magnetic-moment input.

Proof. Since I, is the orthogonal projector onto the one-dimensional span of iy,

Htorwtor = %m .

Using ||Ytor||H,., = 1, we obtain

<’(/}tor7 KTthor>Hmr = <wtor7 (]IHtur + CHtor + gtor(C))wt0r>Hmr
=1+ C + <wtor7 gtOr(C)wt0r>Htor'

The operator bound in Eq. (443) gives
‘ <7v[}tora gtor(§)¢tor>Hmr

< ||€tor(O||Hmr—>Hmr 7/’tor||%lmr < CtorK‘Q'

Hence

<wtor7 KTTq/jtor>Hmr =1+ C + O(C2)
Inserting this into Eq. (444) gives

da 1
- (1 .
(aDC ) dressed 2 ( - C) " O(C )
This proves Eq. (445). O

Remark. The one-dimensional projector Il is not fitted. It selects the leading axisymmetric toroidal TT line of the
minimal branch. In the retained Path-I synchronization model, higher toroidal sectors are accounted for by the explicit
operator-norm remainder in Eq. (443).

Theorem 17 (Remainder-controlled Path-I formula). Assume the hypotheses of propositions 45 and 46. Assume
moreover that, in the Path-I regime and for s > 1 sufficiently close to 1, the canonical single-log increment of the
reporter, Aaiog(s) from Eq. (421), admits the first-order dressed scalar linearization

9] .
Bouelo) = (53 ) LlBwPelE) 4 ra(s) (o) < Co el sl (446
dressed

If |{| < Co < 1, then there exists a constant Ct > 0, depending only on (o, |Cy|, Cq, Cior, and the constants appearing
in Condition VIII. 1, such that
1

‘Aabg(s) B

(14+¢)Dc (Cy ¢ Ins)| < CrDc|¢]? | Ins| (447)

for all s > 1 sufficiently close to 1 within that regime.
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Proof. By Eq. (441),

Li[ADC](s) = Do (Cy ¢+ 5 () Ins,  [P2(Q)] < Cpl¢P.

By Eq. (445), there exists ry such that

Ja 1 9
S < )
(8D0>dressed 2(1 +¢) + 1o, 2| < Ca(]|

Using Eq. (446), we obtain

Aalog(s) = (;(1 +¢) + T2> D¢ (Cx ¢+ TS)(C)) In s+ rq(s).

Subtracting the leading representative term gives

Aaiog(5) —~ 5(1+ Q) Do (G Ins) = (140 Do) (¢) Ins
+72DcCy( Ins+ry D rg)(C) Ins+ rq(s).

Since |¢] < (p <1, one has |1 + (| < 2. Therefore

1
5(1+0Derp)(¢) Ins| < CpDe [P ns,

Iro D Cy ¢ Ins| < Co|Cy | De |¢P|In s,

Ira D5 (¢) Ins| < CoCp Do [¢P | In s| < CoCp De [¢)?| In 8],
and
[7a(s)| < Ca D || 1ns|.
Summing these four bounds yields Eq. (447). O

Corollary 9 (Remainder-controlled Path-I representative). Assume the hypotheses of theorem 17, with Dg > 0. Define
the retained Path-I representative of the canonical logarithmic coefficient by

€l (De,¢) = 52 C(1+ ). (148)

Then there exists a constant C| > 0, depending only on the constants in theorem 17, such that

D) , I¢?
s — (D, )| < € S (149)
c
In particular, on the minimal pinned-shell baseline where Cy = 27, one obtains
2
(1) _ T . KarrAgeom
Cly(Pe.Q = - C1+0) [ [Path1] (= =tpmen, (450)

This is the baseline Path-I representative. In a reduced vector realization, this displayed formula is evaluated only after
the explicit replacement

Ageom — Alpgh,  or AUR)

has been stated. Such a replacement changes only the vector input used in (; it does not redefine the Path-I coefficient
formula and it does not introduce a measured value of «.
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Proof. By Eq. (421),
Aaog(s) = D%Clog Ins.

Combining this exact identity with Eq. (447) gives

1
‘D%Clog Ins— 5(1 +¢)Dc (Cy(lns)| < CrDe |¢)* ] Ins|.

For s > 1 sufficiently close to 1, one has Ins > 0. Dividing by D% In s, and using D¢ > 0, yields

Cx <l
X < L
Clog 2DC C(]- + C)‘ = C1I DC
This proves Eq. (449), with C] = C}. Equation (450) follows from Eq. (435). O

Remark. The quantities Kp, Tsp, ¢, and C are geometric inputs of Path I within the stated shell construction.
The hypotheses used in Conditions VIII.1 and VIII.2 and theorem 17 are retained Path-I assumptions. Accordingly,
Cl(olg) (Dc, €) is a controlled representative of the canonical logarithmic coefficient, with reporter-level remainder bounded
by Eq. (449); it is not an independent exact value of Ciog. The vector input remains Ageom at the exact operator
level, with reduced numerical descendants obtained only by explicit replacement of that input. No measured «, QED

anomaly coefficient, or fitted reporter datum enters Path 1.

B. Path II from shell geometry

Path II is the shell-geometric route that computes the canonical logarithmic coefficient within a specified single-
polarization shell averaging class. It does not use Ageom, Dc, the scalar evaluator, the vector-memory inversion, a
measured value of «, or any QED coefficient. Its purpose is to compute the single-log shell average produced by one
instantaneous tangential polarization on the matching sphere, integrated against the scale-invariant radial measure
dp/p. Within the stated averaging class, the result is exact and yields the geometric value 1/3. Its later identification
with the Path-I representative is a consistency statement, not an input to the present calculation.

Condition VIII.3 (Path-II single-polarization shell averaging class). The Path-II computation uses the following
geometric averaging class. The shell normal # is averaged uniformly over S?; the local in-plane polarization phase is
averaged uniformly over [0, 27); and the radial dilatation count is taken with the scale-invariant measure dp/p. Exactly
one instantaneous rank-one tangential polarization is counted at each shell point. With the notation defined below in
definitions VIIL.7 and VIIL.8, and with the phase average evaluated in proposition 47, this convention is represented by

1 2

(FROT), = gPr), (X =o- [ X(e)de
0

The factor 1/2 is therefore the result of averaging one instantaneous rank-one tangent direction over its in-plane phase,
not an externally supplied degeneracy factor. This is the defining Path-II averaging class. It is not imported from
QED and it is not a fitted polarization multiplicity.

Definition VIIL.7 (Local tangent projector). At a point of the matching shell let 72 € S? be the outward unit normal.
The orthogonal projector from R? onto the tangent plane T;S? is

Pr(n) =15 —an'. (451)

Definition VIII.8 (Instantaneous in-plane polarization direction). Choose any orthonormal basis {71, 72} of the
tangent plane T;S?. For ¢ € [0, 27), define the unit in-plane polarization direction

7(p) = cosp 71 + sin p To. (452)

Its associated rank-one projector is

A

) (o)

The angle ¢ is a local polarization phase. It is distinct from the shell azimuth, from the compact generator phase 6y,
and from any electromagnetic gauge phase used elsewhere in the paper.



172

Proposition 47 (Uniform in-plane average). Under the uniform phase average on the tangent plane,

(X)= o [ X(e)de,
0
one has
(He)(@)T), = 5 Pr(d). (153)

In particular, the phase average is intrinsic and does not depend on the chosen orthonormal tangent basis.
Proof. Expanding 7#()7(p) " gives
()7 ()" = cos? 17, +sin? ity

. A AT ~A AT
+51n<pcos<p(n7'2 + ToTy )

Using
27 27 27
1 1 1 1
o | coszgodgazi, o | sin2<pdg0:§, 7 | sin p cos p dp = 0,
one finds
Al A [ N
<T(90)T(<P)T>¢, = §(TlTlT +T272T)~

Since {1, 72} is an orthonormal basis of T,S?, the sum in parentheses is exactly Pr(7). This proves Eq. (453). O

Definition VIIL.9 (Local overlap amplitude and logarithmic density). Fix a unit test vector & € R?, independent of
the shell normal 7. The vector 4 is used only to probe the rotational average. It is not a preferred branch direction and
not an empirical polarization axis. For the instantaneous in-plane polarization 7(y), define the local overlap amplitude

A(t, 0, 0) =0 - 7(p). (454)

The local shell overlap density with respect to the logarithmic radial count dp/p is the phase-averaged squared overlap

2m 9
W(ﬁ,ﬁ)z—/o (A(a, 7, 0))? de. (455)

Proposition 48 (Closed form of the local overlap density). For every fized unit vector 4 and shell normal i,

W(a,n)=a" <1PT(ﬁ)) o= 1(1 —(a- ﬁ)Q). (456)

2

Proof. Using Eq. (455), one has

R 1 2 N N 2
Wi = - [ (070)" e
1 27
=3 ), o' #(p)7(p) i de
(1 o T
a7 (5 [ 7 ar)
™ Jo
By Eq. (453),
1 27 T
— ()7 dy = = Pr(f
o7 J, P)F(p) de r ()
Therefore



Using Eq. (451),

since 4 is a unit vector. This proves Eq. (456).
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O

Lemma 27 (Spherical average of the normal dyad and tangent projector). For any integrable field F(7) on S?, define

1
(F)gz = — F(n)dS.
47 2
Then
A 1
<nmj>gz = 56”
Consequently,

Proof. Define

1
Mi' = — ’fllﬁ] dQ.
T Js2

For any R € SO(3), rotational invariance of the normalized spherical measure gives
M 1 / fin; A
o Ao
k 47 S2 v

1
_471' S2

1
= RixRjo— | g dQ
k Je4ﬂ'/§2nkn£

= R RjoMp,.

(RA)i(Rn); dQ

Hence
M = RMR"  for every R € SO(3).

Take the three half-turn rotations

10 0 -10 0
R.=|(0-1 0], RBR=|l010]|, R=|[0
00 -1 00 -1 0

The identities

M =R,MR], M = R,MR,, M =R.MR]

force every off-diagonal entry of M to vanish. Thus
M = diag(My1, Maz, M33).

Next take the quarter-turn rotation about the z-axis,

Rz,ﬂ/Q =

o~ o
o O
_= O O

-1 0 0

(457)

(458)
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The identity M = RzﬂT/QMRLT/2 gives
My = Mas.

Similarly, the quarter-turn rotation about the z-axis,

10 0
Rer/Q = 0 0 -1 s
01 0
gives
Mg = M3z3.
Hence
M = C]Ig
for some scalar c.
Taking the trace yields
1 A 1 .12 1
3c=trM = — f;n; dQ = — [2|*dQ = — 1dQ =1.
4’/T s2 4’/T s2 47T s2

Therefore ¢ = 1/3, which proves Eq. (457). Equation (458) then follows from Eq. (451):

N R 1 9
<PT(n)>S2 = <]I3 — TmT>S2 = ]13 — §H3 — §H3'

O

Theorem 18 (Path IT single-polarization shell-geometric value). Assume the Path-II averaging class of Condition VIIIL. 3,
and let W (@i, 7) be the local overlap density from definition VIIL9, where 4 € R® is any fized unit test vector. Fix
s > 1 and a reference scale pg > 0. The variable p in this theorem is the positive scale coordinate used in the radial
dilatation count. It is not the cylindrical Mazwell radius and it is not the physical shell radius. Define the Path-II
geometric annulus response, and hence its single-log coefficient, by

II 1 0 dp L
cilns = v /S (/p p) W (4, 7) dS. (459)

0

Then the result is independent of pg and of the direction of the fized unit vector 4. Moreover,

1
(W (@, 1)) = 3 (460)
so that
1
el = 3 [ Path II ] (461)

This is the exact Path-II value within the stated single-polarization averaging class.

Proof. By Eq. (459),

spo
cibms = ([ L) avia ..
P

T

The radial integral gives the dimensionless scale count

/SPO@:/SQZIHS qzﬁ
Po p 1 9 ’ Po
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Hence

so the coefficient is independent of py.
Using Eq. (456),

Averaging over the sphere gives

Now, with repeated Cartesian indices summed,

((@-0)*) g = ((uifti) (ujng)) g

R 1. 1
= wiw; (i) = wiy 3055 = 3 [A]” = 3.
Thus the average depends only on the norm of @, and since |G| = 1, it is independent of the chosen direction of 4.
Therefore

1 1 1
W (a,n ==-l1-=) ==
ovaie =5 (1-3) =3
This proves Eq. (460), and substituting it back into the definition of Cl(olgl ) yields Eq. (461). O
Remark. The value 1/3 factorizes as
11 2
323

The factor 1/2 comes from the phase average of a single rank-one tangential polarization. The factor 2/3 comes from
the spherical average of the tangent projector. Replacing the rank-one phase average by the full tangent projector
would give 2/3 instead of 1/3. This would describe two independent tangential polarizations rather than the single
instantaneous in-plane polarization tracked in Path II. The distinction belongs to the Path-II averaging class and does
not import a QED polarization count.

C. Compatibility of the two paths and the shell lock

We now compare the two routes. Path I gives a remainder-controlled representative of the canonical logarithmic
coefficient. Path II gives the exact value of that coefficient within the stated single-polarization shell averaging class.
The shell lock is the compatibility statement that both routes refer to the same canonical single-log response, with the
only retained discrepancy carried by the explicit Path-I representative remainder.

Condition VIII.4 (Single-log compatibility condition for the two paths). The shell lock compares Path I and Path II
only after both have been projected onto the same canonical single-log response under the same internal dilatation
variable

7 =1Ins.

The comparison uses the same scale-invariant radial count dp/p and the same single-polarization convention of
Condition VIIL.3. Under this compatibility condition, the exact coefficient used in the shell lock is taken from Path II,

m 1
Clog = Cl(og) = g’

whereas Path I supplies the retained representative Cl((fé (De, ¢) with the explicit bound of Eq. (449). This condition
compares the two single-log extractions and is not a numerical fit.
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Theorem 19 (Shell lock with controlled representative remainder). Assume the hypotheses of corollary 9 and theorem 18,
with Do > 0, and impose the single-log equality condition of Condition VIII.4. Define the Path-I representative
discrepancy, not as an independent parameter but as the difference between the retained Path-I representative and the

Path-II coefficient, by

er = C)(De, ¢) — ClaD. (462)
Then
Cy 1 , I< |3
— 2 = — <
5Dc ¢(1+¢) 3 T let] (463)

Proof. By Eq. (449),

3
D (p 19
Clog Clog( Cy C) II DC .
By theorem 18,
an 1
Clog =3
By the same-coefficient identification assumed in the shell lock,
(I1)
Clog = Clog -
Therefore
‘ c (H)‘ c 1<
log log | — .
D¢

Using Eq. (448) and Cl(olgj =1 /3, this is precisely

3
(+<-)_’<C/|C

Defining the representative discrepancy e1 by Eq. (462) gives Eq. (463). O

Remark. The shell lock is not an exact equality between the Path-I representative and the Path-II value unless 1 = 0.
It is an equality modulo the explicitly bounded representative remainder ;. The baseline algebraic lock used below is
obtained by omitting this remainder from the primary algebraic equation while retaining it as a separate remainder
budget. No parameter is adjusted in this step.

Definition VIII.10 (Baseline shell-lock closure). In the baseline pinned-shell closure used for the primary algebraic
extraction, the representative discrepancy e1 in Eq. (463) is omitted from the primary lock equation. Equivalently,
the baseline closure retains the zeroth-discrepancy part of the controlled representative expansion. This is a closure
convention, not a theorem asserting that e; vanishes identically, and it does not adjust Ageom, Dc, Kare, Cy, or any
measured benchmark. The baseline lock is the Zeroth—discrepancy equation

1

5 Dc (464)

The omitted term ¢y is retained only as a separate remainder budget.

Proposition 49 (Remainder-deformed shell lock and relative correction). Under the hypotheses of theorem 19, the
remainder-deformed lock is

Cy

5De (1+¢) = 1+61 (465)

If |3e1]| < 1, then 1+ 3e1 > 0, and define the corresponding positive deformed locked scalar value by

Brca+o

'Dlé)Ck(EI) 14 3¢

(466)
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DF* = =X ((1+()
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(467)

be the baseline scalar target generated by the zeroth-discrepancy lock. Assume D'éase # 0, equivalently ((1+ () # 0.

Then
DE™(e) — D™ 3er
Dgase 1+ 3¢r’
and therefore
lock __ Tybase 2
D¢ (512 D¢ 43| < L
Dppse 1—3e]

In particular,

lock base
DE™(e1) — D¢
base
DC

= —3e1 + O(ed) (e1 — 0).

Proof. The identity Eq. (465) is exactly Eq. (463). Rewriting it as

CX 1+ 361
1 = —
e 1+ =+
and multiplying by 2D¢ gives
2
CrC(+0) = 2 (14320 Do
Solving for D¢ yields
3C
TX C(1+¢)
De=—=2——
1+ 351
This is precisely Eq. (466), namely
lock e
DE° = .
¢ (en) 1+ 3e1
Hence
Digk(ey) —Dbe 1  3g
Dpase 143 1+43eq]
which proves Eq. (468). Moreover,
DE™ (e1) — Dese 3er
Jer = — 3
Dlase T T T
o
14 3er’
If |3e1| < 1, then
|1+ 3er] > 1 — 3leq],
SO
lock __ T)base 2
DC (81}3' DC 4 361 < 951 '
Derse 1 — 3leg]

This proves Eq. (469). The final O(e?) statement is the Taylor expansion of (1 + 3e1)~! at g1 = 0.

(468)

(469)
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Proposition 50 (Asymptotic vanishing of the representative remainder). Assume the hypotheses of theorem 19, and
assume ¢ > 0, as in the minimal positive-Ageom branch realization. For a signed branch with ( < 0, the corresponding
bootstrap statement must be written with the sign of ((1 4 () controlled separately. This is an asymptotic statement
about the retained Path-I representative remainder. It is not a finite-C certification unless the constant C{ has been
bounded. Define

B = ;gi fjc. (470)
If B(C) < 1/3, then
ler| < l_ﬁ;i;(o (471)
In particular,
er=0(¢*)  (¢—0"), (472)
and therefore
er—0  (C—07). (473)

Proof. From Eq. (463),

c, 1 1+ 3y
ap, (T =3+a 3

Solving for D¢ gives

3C

—X¢(1+¢)
Do= -2~
1+3EI

Since D¢ > 0, ¢ > 0, and C,, > 0, this identity implies 1 4+ 3e; > 0. Substituting this identity into the remainder
bound from Eq. (463) yields
3 QC/ 2
el <Cf 5= 20 ¢
Do 3C, 1+¢

|1+ 3ex].

Using Eq. (470) and the estimate
[14 3¢ <1+ 3leq],
we obtain
el < BO) (1 + 3lexl).
Hence
(1 =3B(C)) lex] < B(O)-
If 5(¢) < 1/3, this gives

B(C)
ler| < TB(C)’

which is Eq. (471).

Since

-0 (¢ —0M),
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there exists (, > 0 such that

and because 5(¢) = O(¢?) as ¢ — 0T, it follows that
er=0(*  (¢C—0M).
Therefore
e1—=0  ((—07).
O

Theorem 20 (Baseline Alpha Lock Point). Within the zeroth-discrepancy baseline shell-lock closure Eq. (464), using
Cy =2n? from Eq. (435) and

_ KaLp

C - W Ageom

from Eq. (432), the baseline lock with the exact operator-level vector input fizes the canonical scalar-lock target as

3 K arrAgeom
D, = Dioek (Ageom) = 3 Karr Ageom (1 + AL;F;;QO) [ ALP-ALPHA LOCK POINT ] (474)

Here ©, is the scalar target obtained from the exact operator-level vector input Ageom, under the baseline zeroth-
discrepancy lock. It is not a new scalar branch and not a measured slowdown value; the scalar branch still supplies the
function Dc(«), which is then constrained by Dao(a) = D. The scalar slowdown branch supplied by the scalar-sector
construction is constrained by the admissible-coupling equation

Dc(a) =D, (475)

An admissible coupling is a root of this equation in the admissible interval specified later.
In a reduced numerical realization, the same target map is evaluated only after replacing Ageom by the specified
reduced vector input, for example

©>(kth) = Qlock(A(th) )

geom

Proof. Starting from the zeroth-discrepancy baseline lock Eq. (464),

C
2pg S+ 0)

:5’

where the controlled representative discrepancy €1 has been omitted according to definition VIII.10, we multiply both
sides by 2D¢ and obtain

Cy1+¢) = 3Pc.

Hence

Dc = 30 C(1+¢).

2
Using C, = 272, one obtains

Do = 3% ¢(1 + ).
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Now substitute the geometric vector input

_ KALI—’
C - 272 geom -

This yields

KapA KawpA
Do =3 2 ALP+lgeom 1 ALP4lgeom
C U (271_2 + o2

3 KarrAgeom
= 5 Kare Agcom (1 + AL;ﬂj) .

By the canonical scalar-lock notation, the right-hand side is

3 K A eom
D = Dioac(Ageom) = 5 Kuur Ageom <1 + A%S) :

The scalar sector supplies the branch function D¢ (). Therefore the admissible coupling is selected by the one-variable
root equation

Dc(a) = :D*,

once the admissible interval has been specified. No measured value of o, no QED coefficient, and no benchmark value
has entered this derivation. O

Remark. Path II fixes the geometric value 1/3 exactly within the stated single-polarization shell average. Path I
converts that benchmark into a relation between the scalar shell block and the independently computed vector input
Ageom, with the controlled representative discrepancy er described above. At the baseline closure, this discrepancy is
omitted from the primary algebraic equation, so the zeroth-discrepancy Path-I representative is matched to the exact
Path-II value,

e _oun _ 1

log 3 .

This is a baseline closure convention, not a theorem that ¢; vanishes identically. Any later comparison with QED is
diagnostic only.

IX. GEOMETRIC LOCK AND THE EMERGENT FINE-STRUCTURE ROOT

This section closes the scalar—vector construction at the level of the admissible fine-structure root within the stated
shell postulates and baseline lock closure. The scalar sector supplies the shell slowdown branch D¢ (a) through
the mother cavity—shell pencil of section VI, where « is the symbolic compact-charge coupling variable and not a
measured input. The vector sector supplies an independently computed shell-geometric input. Under the exact

operator hypotheses of the vector section this input is Ageom. At finite Galerkin rank it is represented by Ag&)m. In

the current reduced numerical realization it is represented by Age}(],)m Once either the exact vector-shell input or a
specified reduced representative has been fixed, it enters the scalar lock only as a fixed geometric datum.

Within the baseline shell-lock closure of Eq. (464), once the geometric vector constant has been computed inde-
pendently, the shell lock is no longer a coupled fixed-point problem. The Alpha Lock Point of Eq. (474) defines the
derived baseline scalar target map, written below as Djock(A) in definition IX.2. Thus any positive vector-shell input
or specified representative A in the admissible range determines a scalar target Dok (A), while the scalar mother law
converts any admissible « into the corresponding scalar shell slowdown D ().

When the exact vector input and a chosen exact scalar evaluator are both used, the exact baseline geometric-lock
root is obtained, subject to the admissibility conditions below, from the one-variable lock condition

Dc (Oé) = glock(Ageom)- (476)

The closed inversion formula proved below applies to scalar evaluators whose retained admissible branch has a D-only
radicand. If the retained exact scalar law has an explicit z-dependent radicand, the same lock condition remains the
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defining equation, while the closed algebraic inversion is replaced by the corresponding two-variable scalar equation.
In a reduced realization, the same lock equation is evaluated after the explicit replacement

(N)
geom

(th)
geom*

Ageom — A or Ageom — A

Thus the vector geometry fixes the target scalar slowdown, and the scalar mother law supplies the admissible inverse
reading of that target.
Throughout this section the minimal electron branch is fixed. Hence
1 1
= = —, f = E = —,
n="mno p 0= N

and these two geometric ratios are suppressed from the notation whenever no ambiguity can arise.

(477)

A. Geometric lock value and scalar inversion

We first collect the scalar and vector objects that enter the baseline lock. The dependency order is fixed as follows.
The vector construction supplies either the exact input Ageom or an explicitly specified reduced representative. The
baseline ALP map then produces the scalar target D)ock(A). Ounly after this target has been fixed is the scalar evaluator
inverted through its admissible radicand branch. Thus A, Djock(A), D, and a.. have different logical status. Here A is
a vector input or representative, Djock(A) is the derived target map, D, is the fixed target obtained after the exact
vector input has been chosen, and «, is the admissible root of the chosen scalar evaluator at that fixed target.

Definition IX.1 (Vector-shell inputs entering the lock). Throughout this definition,
AAuyoir(lo) = Aduy g (fo; ")

denotes the admitted Gaussian UV load evaluated on the fixed minimal-branch shell representative. Under the exact
vector-operator hypotheses, the geometric vector-shell constant is

Ageom = Aind + AAUV—>IR(£O) + AAout (770) Rx- (478)
with finite-rank Galerkin descendants
AR = Aind + AAUvSIR (L) + AAous (110) R, (479)
The current reduced vector evaluator used in the numerical ledger is
A = Ajna + AAuyor (bo) + AL (o) RM. (480)

The symbol RS ") s only an alias for the current reduced ledger value Rgg‘lim; it is not an additional theorem-level

return factor. Here R, is the exact shell-memory resolvent factor, R&N) is its finite-rank Galerkin descendant, and
RS ") is the current reduced source-weighted resolvent realization used in the numerical ledger. In the notation of the
vector ledger,

th) — pred
R™ = Rred,

The superscript [101] records the odd-mode cutoff used in the present vector ledger for the source norm and exterior
subtraction. It is not part of the exact operator-level definition.

Remark (Current reduced vector input and numerical status). The current reduced vector input used in the reported
realization is

ACR) = 0.6916831461069910267161597076345744739664. (481)

geom

It is not the exact operator-limit value Ageom. It is the current reduced evaluator based on the theorem-defined shell

source, the cutoff exterior subtraction AAc[)luotl] (no), and the current source-weighted vector-memory realization.

The displayed decimal is the working-precision value of the present reduced evaluator. It does not imply that all
shown digits are stable digits of the exact operator-limit quantity. Numerical significance beyond the realization-level
status stated here requires the separate precision audit. The realization-level uncertainty of this input is controlled
by the unresolved vector Galerkin tail, the reduced source-weighted memory replacement, and the finite odd-mode
cutoff used in the vector numerics. The number is not tuned to a measured value of «, to a QED coefficient, or to a
scalar-channel target.
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Definition IX.2 (Baseline scalar target induced by a vector-shell input). Within the baseline shell-lock closure
Eq. (464), for any positive vector-shell input or specified representative A lying in the range where the scalar evaluator
is later admissible, define the derived scalar target map

3 KapA
:Dlock(A) = 5 KALP A (1 + 27‘(’2 . (482)
When the exact vector input is used, we write
Q* = glock(Ageom)~ (483)
When the current reduced numerical evaluator is used, the corresponding realization-level target value is denoted by
D = Do (AL ). (484)

Definition IX.3 (Scalar mother radicand and admissible scalar domain). Let the chosen scalar evaluator, after its
stated operator reduction or finite-rank realization has been fixed, be represented on its admissible branch by a D-only

radicand of the form
D= 2\/Rmom(D),  x=—, (485)

™
with
Rumotn (D) = 1 — O1,e5D + D? Payn (D). (486)
The admissible scalar domain of this evaluator is
Ascal = {D > 0; ®qyn(D) is finite and real, Rpoen(D) > 0}. (487)

On Ay, the square root in Eq. (485) is the principal positive square root. Here

61,eff = @1,c0re + Bﬁval)7 (488)

and ®qyn(D) denotes the dynamic response retained by the chosen scalar evaluator. In the current article realization
this is the visible dynamic block; in a refined scalar realization it is the corresponding realization-level dynamic block.

This definition covers the scalar evaluators used in the present lock calculation, including the current visible dynamic
realization and the refined realization-level dynamic block, whenever their retained branch has been reduced to the
displayed D-only radicand. A scalar Schur law whose radicand retains an explicit z-dependence must instead be
written as Rypotn (D, z). In that case the closed algebraic inversion in proposition 51 is replaced by the corresponding
two-variable scalar equation.

Remark. The symbol Bﬁval) denotes the effective static shell load of the chosen scalar evaluator. In the current
article scalar realization one uses B{S™) = BEI" In the refined no-free-parameter scalar realization one instead uses
B(eval) — B(&P)’

11 11
Remark. Equation (485) is the scalar mother law rewritten as an inverse reading of the scalar slowdown target on the
chosen admissible branch. The scalar sector enters through the gauge-invariant shell slowdown D, while the vector
sector enters through the fixed scalar target ®jocx(A). This separation is the reason why the baseline root extraction

reduces to a one-variable admissible-root problem once the vector input or specified reduced representative has been
fixed.

Proposition 51 (Algebraic inversion of the scalar mother law). Assume that D > 0 and Rmotn (D) > 0. Then the
scalar mother law Eq. (485) implies

D2
2 2

o =" ———. 489
ERmoth(D) ( )

The associated squared equation has the two algebraic branches

D
ar(D) =7 ———. (490)
mmoth(D)

Since the mother law Eq. (485) uses the principal positive square root, and since D > 0, the branch compatible with the
original scalar mother law and with positive coupling is
D
Qphys(D) = T ———. (491)
P SRmoth (-D)
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Proof. Squaring Eq. (485) gives

2 D?
D Rn(D) = ()=
. otk ( ) ™ mmoth(D) ’

which is Eq. (489). The corresponding squared equation has the two algebraic branches Eq. (490). Since \/PRmotn(D) > 0
and D > 0, the right-hand side of Eq. (485) has the same sign as = a/m. Hence the original mother law admits only
the positive branch apnys(D), which is Eq. (491). O

Theorem 21 (Existence and uniqueness of the admissible baseline lock root). Let a positive vector-shell input or
specified representative A > 0 be fixed, and let

Qlock(A)

be given by Eq. (482). The exact vector-input case is obtained by taking A = Ageom, whereas a reduced numerical
realization is obtained by taking the corresponding reduced representative. Assume that

Qlock(A)
\/mmoth (Qlock (A))

Then, for the chosen scalar evaluator on the admissible D-only radicand branch of definition I1X.3, the one-variable
lock equation

Dioekc(A) € Aseat,  0< 7 <1 (492)

Dc(a) = Dioex(A)
has ezxactly one admissible root in the interval 0 < o < 1, namely

o - Qlock(A)
*(A) \/%moth(glock(A)) .

(493)

In particular,
oy = i (Ageom)
in the exact vector-input case, and
Do) = D
when the exact target notation O, = CDlOCk(Ageom) s used.

Proof. Since Djoek(A) € Ascal, the quantity

\/mmoth (Qlock (A)>

is finite, real, and strictly positive. At the fixed target value D = D)ok (A), the original scalar mother law on the
chosen admissible branch is

«

Dioai(A) = (;) Runoth (Diock (A)).

Since the factor multiplying «/ is strictly positive, this is a linear equation in o with exactly one real solution, namely

_ Dlock(A)
a=T .
\/mmoth(glock(A))

The squared equation has the two formal branches

Qlock(A)
\/mmoth (:Dlock (A))

while only the positive branch solves the original principal-root equation, because Djoek(A) > 0. The admissibility
condition Eq. (492) places this positive branch inside the admissible interval 0 < a < 1.

ay ==E7m

)
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Conversely, substituting

o - glock(A)
: (A) \/mmoth (CDlock (A))

into the mother law Eq. (485) at D = D)ok (A) gives

glock(A) = (OK*,ISA)) \/mmoth(glock(A» = <\/m Q:EZkD(IA)k(A))) \/mmoth(zglock(A)) = '/Dlock(A)-

Hence the displayed branch is indeed a solution of the one-variable lock equation. Uniqueness within the retained
D-only branch has already been proved from the fixed-target linear equation above. Therefore the admissible baseline
lock root is exactly Eq. (493). O
Proposition 52 (Sensitivity of the geometric-lock root). Let Ay, > 0 and set

Din = ©lock(Ain)~

Assume that Dy € Agcal, that @y is differentiable on an open neighborhood of Diy, and that Rmetn (D) > 0 on that
neighborhood. Then

moth (D) = =1t + 2D Payu(D) + D? (D). (494)
Let
a(D) = 7D R (D) 2. (495)
Then
| DRyu(D)
T
Moreover, along the scalar target curve D = Djoer(A),
%glock(A) = g Karp (1 + K’;TL2PA> , (497)
and, wherever the admissible root function
. (A) = a(Diock(A))
is defined on a neighborhood of Ay, one has
do, do d
dA A=Ain B E D=D0ck(Ain) aSlOCk(A) A=Ain ' (498)

The exact vector input corresponds to Ay = Ageom, whereas the current reduced numerical realization corresponds to
(th)
Ain = Ageom-

Proof. Differentiating Eq. (486) gives

d

D (1 =01,aD + D*Pgyn(D)) = —O1 e + 2DPayn (D) + D@1, (D),

dyn
which proves Eq. (494). Next, differentiating Eq. (495) directly yields

da
dD

wD

=T 9‘{moth(D)_l/Q - 7 mmoth(D)_3/2 f')%/rnoth(D)'



185

Factoring out mRmetn (D)~ /? gives
DR . (D)

moth

1—
da 2 mmoth (D)

— =
dD £Hmoth (D)
which is Eq. (496). Differentiating Eq. (482) gives

9

d 3 3 KarA 3 K. A
diADIOCk(A) = §KALP + §KALP % = iKALP (]_ + ‘;I_“; > )

which is Eq. (497).
By the admissibility assumption at Ajy,, together with the local differentiability of ®q4,, and the local positivity of
Rmoth, the composed root function

. (A) = a(Doa(A))

is well defined and differentiable on a neighborhood of A;,. Applying the ordinary chain rule at A = A;, gives
Eq. (498). O

B. Operational meaning of the geometric lock

The baseline geometric lock has the following operational reading. For every positive vector-shell input or specified
representative A, the baseline shell closure defines the scalar target map

KapA
o2 )7

3
:Dlock(A) = 5 KALP A (1 +

This algebraic target is defined for every A > 0. The scalar admissibility requirement enters only when one asks whether
this target is attained on the retained scalar branch. For scalar evaluators covered by definition I1X.3, theorem 21
applies whenever

z)lock(A)
\/mmoth (:Dlock(A))
Under these conditions the admissible lock root is unique and is given by
Diock (A
a (A =7 tock (A) .
\/%moth(glock(A))
In particular, in the exact vector-input case one may write
Q* = Qlock(Ageom)7 Oy = Olx (Ageom)'

If the same admissibility conditions hold at A = Age}é,)m, then the corresponding reduced numerical realization is

©>(kth) = Qlock(A(th) )7 O[,(kth) = a*(A(th) )

geom geom

<1.

91OCk(A) € Ascala O<m

Remark. For scalar evaluators covered by definition IX.3, the baseline lock is the one-variable equation
Dg(a) = Diock(A),
supplemented by the admissibility conditions
Diock(A)
VRmoth(Drock (A))
The exact vector-input case is obtained by setting A = Ageom, equivalently

Dc(a) =9.,, D, = glock(Ageom)-

QIOCk(A) S Ascal, O<m < 1.

The current reduced numerical realization is obtained by setting A = Agelé)m, equivalently

Dc(a) = @ith), @Skth) = Qlock(A(th) )

geom

The distinction is essential. The first equation uses the exact vector input, whereas the second uses the current reduced
numerical representative. Neither equation uses a measured value of «, a QED coefficient, or a fitted benchmark target.
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X. NUMERICAL REALIZATION AND EXTERNAL DIAGNOSTIC COMPARISONS

This section records the numerical output of the baseline geometric lock in the current article realization and
compares it with external benchmark values only after the internal computation has been completed. The numerical
flow is split into the reduced geometric vector input, the derived scalar target, intermediate shell quantities, the
resulting lock root, and reference-only diagnostics. Throughout this section, the word “current” refers to the specified
reduced vector ledger and the rank-5 scalar evaluator used in this realization; it does not refer to an exact operator-limit
value.

The quantity reported here is not presented as the final exact value of the physical fine-structure constant. It is the
baseline-lock output obtained by combining the reduced vector representative Age}é)m with the current rank-5 scalar
evaluator for D¢ (). Benchmark values of «, QED coefficients, and measured magnetic-moment data enter only after
the internal lock has been computed, as external diagnostics. Future operator-level refinements of the vector or scalar
shell sectors may shift the realized number. The purpose of the present section is numerical accounting of this specified
realization and of the internal shell quantities that control it.

The dependency order in this section is fixed. First, the reduced vector input Agé)m is taken from the vector
numerical ledger. Second, the baseline ALP map produces the reduced scalar target

kath) = glock(A(th) )

geom

Third, the rank-5 scalar evaluator is inverted on its admissible branch at the target i)ith) to obtain ozith). External

benchmark values are introduced only after these three internal steps have been completed and are used only in the
diagnostic comparison table.

Remark (Numerical protocol and displayed precision). The numerical values in this section are central values of the
current reduced realization. The audit computation uses high-precision arithmetic, the odd vector-source cutoff 7 < 101,
Gauss—Legendre shell quadrature, and a scalar-root tolerance far below the displayed digits. In the reproducibility
ledger used for the present tables, the working precision is 100 decimal digits, the shell-source quadrature uses 512
nodes, and the scalar root tolerance is 107%°. The displayed residuals therefore certify the arithmetic solution of the
stated reduced equations. They do not certify the unresolved operator-level tail of the exact scalar or vector problem.
Derived table rows, such as inverse values, differences, relative deviations, and sigma counts, are evaluated from the
full-precision internal ledger before rounding. Consequently, exact cross-row reconstruction from the truncated printed
entries is not guaranteed at the last displayed digits.

Remark (External benchmark used only for the diagnostic comparison). For the diagnostic comparison table only, we
use the CODATA 2022 inverse-form benchmark

Qo = 137.035999177, u(ofl) =21x1078. (499)
This is an external benchmark value. It is not used in Aéﬁ,}é)m, @ith), the scalar inversion, or the selection of a,. The
corresponding direct-alpha value and propagated one-sigma uncertainty are
d
& X

1
Qref = ) u(a) =
ref

u(a_l) _ u(a™)

> (0‘;3%)2 .

(500)

r=«

This benchmark is an external diagnostic datum and is not used in the lock computation, in the construction of Dgh),

or in the evaluation of Agé)m The uncertainty u(«) propagated in Eq. (500) is only the quoted external benchmark
uncertainty; it does not include any realization-level uncertainty of the present shell computation.

A. Inputs, intermediate quantities, and current article lock output

Proposition 53 (Lock output in the current reduced realization). Using the current reduced vector representative

AQZ%LI together with the current rank-5 glued-shell scalar evaluator for Do(a), define

geom) 5 geom 272

Koane AL
@ith) - Dlock(A(th) ) _3 Kapp Alth) (1 4 —ALpTiecom (501)

The current numerical lock equation is

De(a) =25, (502)
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This equation is imposed on the chosen rank-5 scalar evaluator on its retained admissible branch. For this numerical
input, the admissibility conditions of Eq. (492) are satisfied, and the audit bracket

102 <a<2x1072

contains the unique admissible reduced root aith). The current reduced root value and its inverse are reported in
table XIX. The external diagnostic comparison is reported separately in table XX.

Proof. Substituting the current reduced vector input Eq. (481) into Eq. (501) gives

(th)
(thy _ 3 th KarpAgeom
D = 5 K Ao (1 + 277)

= 0.002315457831961859388055 . .. > 0.

For the chosen rank-5 scalar evaluator, the retained dynamic term @dyn(inkth)) is finite and real at this point. Direct
evaluation of the retained mother radicand gives

9{mothcogkth)) =1- el,ef‘fggkth) + (@Skth))2(bdyn(©>(kth))
= 0.993671512496182520379 ... > 0.

Hence

©>(kth) S Ascal .

On this D-only admissible branch, the scalar mother equation at the fixed target D = ’D,(kth) is

21— (2) Yo @),

i
Since D™ > 0 and v/ D‘imoth(@ﬁth)) > 0, the original principal-root equation has exactly one positive solution,

(o) _ - o™

\/ ERmoth (© Srth) )

Substitution of the current numerical values gives

agth) = 0.00729735256505060033338 . . . .
Therefore

(th)

103 <ay™ <2x1072 < 1,

so the stated audit bracket contains the admissible positive-branch root. The inverse value

(al™) 7! = 137.035999163494704022 ...
is the direct reciprocal of the same reduced root. No external benchmark enters any step of this computation. O

Definition X.1 (Diagnostic operational bridge used in the numerical audit). For audit purposes only, after the current
reduced target

Dith) = glock(A(th) )

geom

and the associated overlap strength

C* = KALP A(th)

~ 9p2 “geom
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Item Symbol Value
Current reduced lock output ol 0.00729735256505060033338
Inverse reduced lock output (al™) " 137.035999163494704022
Current reduced vector representative Aggn 0.6916831461069910267161597076345744739664
Vector overlap strength " 7.8195528195469174163 x 1075
Current reduced scalar target () 0.00231545783196185938806
Current scalar radicand %moth(i@gh)) 0.993671512496182520379
Scalar block at the reduced lock output De(al™) 0.00231545783196185938806
Baseline ALP check 72C(1+ G ) /D 0.333333333333333333333
Diagnostic bridge value Dt (al™) 0.00231527620142896854289
Numerical scalar lock residual D¢ (aﬁtm) — @ith) —92.3887201124972 x 106

TABLE XIX. Internal values for the current reduced baseline-lock realization. These values are outputs of the present rank-5

scalar evaluator with the reduced vector representative Aég’))m They are not fitted inputs, and no external benchmark is used in
producing them.

have been fixed, define

Disii (@) =20 —ale) 6+ = S, ale) = (503)

This bridge value is not used to select a,. The root is selected solely by

De(a) =DM,

The quantity Df(‘;gjf(a*) is reported only to audit the operational slowdown map used later in reference-only comparisons.

Proposition 54 (Associated shell quantities at the current reduced lock output). At the current reduced lock output
(th)
ag 7, let

®>(kth) = Qlock(A(th) )

Then the associated shell quantities are o
Go= A (504)
Do (al™) = 2™, (505)
and
Dt (ol™) = DM — w.( + gﬁi) T = aih). (506)

Their current numerical values are reported in table XIX.

Proof. Equation (504) is Eq. (432) evaluated at the current reduced vector input Ag:f))m, with the central ALP coefficient
written as K,p. Equation (505) is the lock identity Eq. (502). Equation (506) is the diagnostic bridge Eq. (503)
(th) ]

evaluated at o = as

Remark (Current numerical status). The present numerical output is determined by two ingredients; the reduced

vector representative Agé)m and the current rank-5 scalar evaluator for D¢ («). It should therefore be read as the
reduced lock output of this article realization, namely agﬁh). Reference-only QED-induced scalar branches and external
benchmark values are useful diagnostics, yet they do not enter the primary lock. Future operator-level refinements of
the vector input or of the scalar evaluator may shift the realized number. The main point of the present section is
to make the internal lock accounting explicit, including the distinction between arithmetic residuals and unresolved

realization-level uncertainty.
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Item Symbol Value
Adopted benchmark in inverse form a;e} 137.035999177
Quoted one-sigma uncertainty u(a™t) 2.1x1078
Derived benchmark in direct form Qlref 0.00729735256433142503025
Propagated one-sigma uncertainty u(a) 1.11827844341124 x 10~ 12
Difference in inverse form Ala™) = (™) — ot —1.3505295978180 x 10~
Difference in direct form Aa =™ — a 7.1917530313216 x 1013
Relative difference in parts per trillion 102 Acr/ et 98.55290625
Deviation in sigma units zo () = Aa/u(a) 0.6431093324

TABLE XX. Diagnostic external comparison of the current reduced baseline-lock realization against the adopted benchmark.
This table is included for orientation only. It does not promote a< M o a final physical value, and it does not feed back into
the lock computation. The digits shown beyond the benchmark uncertainty are arithmetic guard digits used to make the
comparison reproducible. The displayed sigma count uses only the quoted external benchmark uncertainty and does not include
a realization-level uncertainty of the shell computation.

B. Local sensitivities

The differential dependence of the baseline lock root on the vector-shell input variable has already been derived in
proposition 52. Here we record only its local evaluation at the reduced vector input used in the current realization.
This is a realization-level sensitivity. It is not an operator-level uncertainty certificate and not an external benchmark
comparison.

Proposition 55 (Local sensitivity at the current reduced vector input). Assume the hypotheses of proposition 52 at
Ay = Aéi‘l,)m Assume moreover that there exists an open interval In C (0,00) containing Aéi%{n such that

ock (A
Qlock(A) € Ascal, O<m i k( ) <1 fOT all A € 1.
\/mmoth (Dlock(A))
Define
(th)
DM = Do (ALD)), o™ = a Al ) =g 2
iHmoth(g(th))

Then the admissible positive branch

. Qlock(A)
\/mmoth (Di1ock(A))

ax(A) =

is differentiable at A = Ageom Evaluating Eq. (498) at the current reduced vector input Agi‘gln, one obtains

da, (A)
dA

= 0.0105843988474707163121, (507)

A= A(th)

geom

and the corresponding logarithmic sensitivity

dln o, Age}(lj)m da,
= —=— — = 1.00324744202 23.
FITvN A, aS}h) aA |, AA), 00324744202885998923 (508)

Proof. Let
ngh) = D OCk(Agteom)

By Eq. (494), the radicand derivative at this point is

Lon(D) = =01 e + 20 @4,(D) + (D) @l (D).
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Therefore, by Eq. (496),

DL Ry (D)
da a2 @)
D[ p—pgw Runorn(DL™)
Also, by Eq. (497),
d 3 KarAfeom
7©100k(A) = - Kup (1 + 5 .
dA A:Ag:e](]))m 2 m
Hence the chain rule gives
dov, do d
= — — Dok (A .
dA A=A, dD|p_gem dA tock(A) A=AGR)

Substituting the current reduced numerical data for Agelé)nl, @&th), S)f{moth(@ith)), and %;noth(ﬁgh)) gives

d
— Dok (A) = 0.00334783186389075616683 . . .,
dA A=ALn
and
da
— = 3.16156822618021958822.. . ..
dD |p_gpem
Therefore
do, da d
e - T~ 7©lock(A)
dA A:A(gtel:))m dD D:@ffh) dA A:Ageké)m
= 0.0105843988474707163121.
The logarithmic sensitivity is then
d1n a. B Aggm da
dlnA [y_yem o™ dA [y
and direct evaluation gives
dln o,
= 1.00324744202885998923.
dInAjy_pgm,
No external benchmark value is used in this evaluation. O

Remark. The logarithmic sensitivity is close to unity. For perturbations JA such that Aéi‘;ln + §A remains in the same

admissible local branch interval, one has

(Al + A) — o™ JA oA JA
oA e O 00324744202885098923 0| | 20 (509)
Qs Ageom Ageom Ageom

Thus any future certified small error bound on the reduced vector input transfers to the reported reduced root through
this local factor. Scalar-evaluator uncertainties and nonlocal operator-tail uncertainties must still be accounted for
separately. In this one-parameter vector-input direction, the realized root is locally close to proportional to the input.



191

Year External diagnostic method Ref. Qref Uref A« Zo
2006 Rb recoil (Bloch) [21] 0.007297352585472213 4.84587 x 10~ 11 —2.04216 x 10~ 1T —0.42
2008 Rb recoil + Ramsey-Bordé [22] 0.007297352549793805 3.30158 x 101! +1.52568 x 1071t +0.46
2011 Rb recoil [4] 0.007297352571786615 4.84587 x 10712 —6.73601 x 10712 —1.39
2018 Cs recoil [5] 0.007297352571307352 1.43779 x 10712 —6.25675 x 10712 —4.35
2020 Rb recoil [6] 0.007297352562787136 5.85765 x 10713 +2.26346 x 10712 +3.86
2022 CODATA 2022 adjustment 8] 0.007297352564331425 1.11828 x 10~ %2 +7.19175 x 10~ 13 +0.64
2023 e~ moment with QED-derived o [7] 0.007297352564917190 7.98770 x 1012 +1.33410 x 10712 +0.17
TABLE XXI. External benchmark values of o compared with the current reduced lock output aitm. The rows mix recoil

determinations, the CODATA adjustment, and a QED-mediated electron-moment benchmark; they are shown together only for
external orientation. For each row, the central direct-form value ayer is obtained exactly from the quoted inverse-form datum,
whereas the listed direct-form uncertainty urer = u(arer) is the corresponding first-order propagated one-standard-deviation
uncertainty. Here Aa = aith) — awet and zo = Aar/urer. The table is purely diagnostic. The displayed digits in are, Uref, and
Aq include arithmetic guard digits for reproducible comparison. They do not imply benchmark precision beyond the quoted
external uncertainty. The value z, uses only the quoted external uncertainty; no realization-level shell uncertainty is included,
and no external reference value enters the primary geometric lock.

C. Reference-only comparison with external benchmarks

This subsection records post hoc external diagnostics of the current reduced lock output. These comparisons do not
enter the internal geometric lock or its numerical realization.
Remark (Conventions for the comparison table). For the reference-only diagnostic rows based on atomic recoil,
electron-moment determinations, and CODATA adjustments, the source data are treated in inverse form as a~!. For
each row, the direct benchmark value is obtained exactly by inversion,
1

Qref = ——7»
ref

whereas the quoted direct-form one-standard-deviation uncertainty is propagated at first order as

u(a™t)
Uref = u(aref) - T T1\9o
(aref)
in accordance with Eq. (500). The comparison quantities are
A«
Aa = anh) — Qiyef, Zg = —.
Uref

This convention keeps the direct-form benchmark values, the propagated uncertainties, and the reported z, entries
numerically self-consistent.
The displayed z, values use only the quoted external uncertainty. They do not include a realization-level uncertainty

for the present shell computation, so they should not be read as a statistical global-fit or tension claim. The rows are

external diagnostics introduced only after the internal lock output has been obtained. They do not enter Aggz}é)m, @ith)
the scalar inversion, or the selection of a,(fh).

)

D. Graphical diagnostics of the geometric lock

To complement the numerical tables, we display graphical diagnostics of the baseline geometric lock for the reduced
realization used in this article. The figures in this subsection are diagnostic only. They introduce no new lock equation,
scalar evaluator, or vector input. They visualize the same one-variable baseline lock already defined in the preceding
sections.

Recall the baseline target map

3 KapA
:Dlock(A) = 5 KALPA (1 + 5;:2 ) 5 (510)

which is the same algebraic map as in Eq. (482), now viewed as a function of a scanned positive geometric input A.
The scan is diagnostic only and is not a refit of A. In the current reduced realization, the plotted vector input is

AR

geom)
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and the corresponding fixed scalar target is

DI = D ALR),).

geom

For diagnostic purposes, and using the same scalar evaluator as in the current numerical lock, define the scalar
residual on the admissible real branch by

A.(a: A) = Dola) — Droas (A). (511)
Fix A> 0. If
- Diock(A)
VRmoth(Drock (L))

then theorem 21 gives exactly one admissible zero of A, (a;A) in the interval 0 < aw < 1. On this admissible scan set,
the induced lock map is therefore defined by

De(aw(A)) = Dioek(A), 0<a.(A) <1, (513)

Qlock(A) S Ascala 0< ]-7 (512)

with a, (A) the unique admissible solution.
The cumulative geometric stages marked in the current reduced plot are

A1 = Aina, Ao = Ajng + AAuvor (bo), (514)

A3 = Aina + AAuvoir(bo) + AA([)LOJ] (m0),

Ag = AU = Aina + AAuvor (fo) + AALS (o) RV, (515)
R™M = Rred,

Thus Az shows the local vector load together with the cutoff bare exterior subtraction before the current source-weighted
memory factor is applied, whereas A4 is the current reduced geometric vector representative used in the numerical lock.

Figures 10 and 11 summarize these diagnostics. Figure 10a shows Dok (A) over the scanned geometric interval and
marks the current reduced input Age% Figure 10b shows the corresponding residual A, (a; Age},},)m) on the admissible
real branch. Its unique admissible zero in the displayed scan interval gives the current reduced lock output aith), in
accordance with theorem 21.

XI. REFERENCE-ONLY QED-INDUCED SCALAR BRANCH AND INVERSE-a DIAGNOSTIC

This section performs a one-way external diagnostic based only on a retained universal pure-photonic benchmark
series. QED does not define the primary scalar branch, the geometric vector input, or the Alpha Lock Point. Leptonic
mass-ratio, hadronic, and electroweak contributions are excluded from the present diagnostic. The retained coefficients
are treated only as external dimensionless coefficients of a reference pure-photonic series.

We consider only the inverse diagnostic problem. A reference scalar branch is reconstructed from the retained
pure-photonic benchmark series and then evaluated against the same current reduced scalar target used in section X.
This determines the fine-structure coupling associated with that reference branch. No coefficient reconstructed in this
section is fed back into the primary geometric-lock output.

The dependency order is one-way. First, the current reduced scalar target @&th) has already been fixed by the
no-QED geometric lock. Second, the retained external QED benchmark coefficients are mapped through the operational
bridge to a formal reference scalar branch Dqgp (). Third, the truncated reference branch is inverted against the

already fixed target @th). None of these reference coefficients modifies the primary scalar evaluator D(«r), the vector

representative Aggé)m, the target C‘Dith), or the reported reduced lock output a,(kth).

A. Recovering a reference scalar series from a retained QED benchmark

Let
QED
gSQED(z) = 9-" () =1+ aQFP(2), aQFP (1) = Z aQEP g, z=2 (516)

2
n>1
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Geometric image of the one-loop branch Scalar residual at fixed Ageom
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: - A, =0
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0.0024 i 0.002 ]
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* 0.0023 1 < 0.001f 4
g g
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a
(a) Baseline target map Djocx(A) over the scanned geometric

interval. The dashed vertical line marks the current reduced vector (b) Scalar residual at the current reduced vector input. The solid

. . h .
input Agzom, and the filled point marks the corresponding fixed curve is the admissible real branch of A, (a; Ageo)m). Its unique
scalar target o (th) admissible zero, under the admissibility conditions stated in
. .
theorem 21, gives the current reduced lock output aith). If an

off-branch continuation is shown, it is plotted as the modulus of an
analytic continuation and is used only for visual continuity.

FIG. 10. Two complementary graphical diagnostics of the geometric lock. Panel (a) shows the target map Diock(A) and identifies
the fixed scalar target associated with the current reduced vector input. Panel (b) shows the corresponding residual A, («; Aéte}cl,)m),
whose zero on the admissible real branch yields the current reduced lock output o™ in the displayed scan range. Neither panel

introduces a new equation or an external calibration.

In this section gSQE D denotes the retained external universal pure-photonic benchmark series used only for reference, and
ge,2 denotes g./2, so that a. = ge,2 — 1. The coefficients a%ED are dimensionless retained benchmark coefficients. They
are not the full measured electron anomaly and are not used to define the primary scalar evaluator. The operational

Relator bridge used in the numerical audit is
1

Ge2(7) = m (517)

Hence the retained-QED-induced total slowdown series is

DR (2) =1~ (4% () 7. (518)

total

On the Relator side, the diagnostic inversion uses the same operational bridge map as in the numerical audit,

332 D 2
Dypstge(. D) = D — 2(D) + 500 (519)
where ((D) is the branch analytic at D = 0 of the algebraic relation
D =37%C(1+0),
and is characterized by
=0, (0=
o T 32
For real D > 0, this is the nonnegative real branch. Explicitly,
1 4D
¢(D) == 1+4-—-1]. (520)

2 3r2
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Current a . versus cumulative geometric constant
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FIG. 11. Induced admissible-root map as a function of the cumulative geometric input, using the same scalar evaluator
throughout the scan. The solid curve is the admissible-branch map «.(A) on the scanned subset for which the admissibility

conditions of theorem 21 hold. The vertical markers identify the cumulative geometric stages A1, A2, As, and Ay = Aézlz))m, as

defined in Egs. (514) and (515). The marked point at A4 corresponds to the current reduced output o™ The dotted horizontal
line marks the external benchmark a;.f for orientation only and is not used in constructing the curve.

The apparent singularity of Dyriqge(2, D) at D = 0 is understood by formal power-series continuation, since (D) =
D h(D) with h analytic at the origin. We define the reference QED-induced scalar branch Dqgp(z), used only in this
external diagnostic, as the formal solution of

ED
Dtiar (#) = Doriage(w, Daen (7). (521)
This branch is not the primary scalar shell branch D¢(«), and it is not used in the construction of 2™ Write
Dqep(z) =) c@Pan DIV (x) = dFPa, (522)
n>1 n>1
Lemma 28 (Formal solvability of the reference QED-induced scalar branch). Let the retained benchmark series satisfy
ag®™P(z) € zR[[z]].
Then there exists a unique formal power series
Dqep(z) = Z cQEDn
n>1

satisfying Eq. (521) in the ring R[[z]]. This is a reference branch determined by the retained benchmark series and the
bridge map, not a defining scalar-shell evaluator. If, in addition,

1
QED
a = -,
! 2

then
QED — 1, (523)
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Proof. Since a@FP(z) = O(x), the formal inverse (1 + a?ED(ﬂc))f2 exists in R[[z]], and

DN (@) = 1= (1+a2"(2)) " = 202" — 3(a2)? + 4(a@"P)* — 5(a"P)! + - (524)

Therefore

DD () = > d¥Pa" € xR][a]].

n>1

ED - Lo
Because a? = 1/2, its linear coefficient is

AP = 243" = 1.
The function ¢(D) is analytic at D = 0. Its Taylor expansion is

D D? 2D® 5D* 14D5
D)= —— - — - o(D"%). 525
(D) 3n2  9rd + 2776 81x8 + 243710 +0(D) (525)

Hence
m 1
(D)= zxD™ € DR[D]], 2= T3

m>1

Since ((D) € DR[[D]], there is a unique h(D) € R[[D]] such that
1
¢(D) = D (D), h(0) = 3.2
Hence
D 2

C(D) = D h(D)* € DR[[D]].

Define the formal bridge by its removable continuation
2
Diridge(7, D) = D — 2.{(D) + — D h(D)>. (526)

4

This element belongs to R[[z, D]], has zero constant term, and agrees with

D—xC(D)+%

whenever D # 0.
Now seek a formal solution in the form

Dqep(z) = Z cQED g,
n>1

Substitute this series into Dpyriqge(®, D). For each n > 1, the coefficient of 2" in Dyyidge(z, Dqrp(x)) has the form

CSED + Fn(C?ED, ... CQED),

»n—1

where F), is a polynomial expression determined by the already known coefficients z,,. Indeed, Dqgp(z) contributes
cQED directly; the term x ((Dqgp(z)) contributes the coefficient of 2”1 in ((Dqgrp(z)), which depends only on

C?ED, cey cgﬁ? because ((D) has no constant term; and the term
,28(Daep(2))?
4DQED (iL’)
contributes the coefficient of 2”2 in ¢(Dqep(x))?/Dqep(z), which depends only on ¢ ... P because

¢(D)?/D € DR[[D]].
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Equating coefficients in

D () = Dhyiage(z, Dqep (7))
therefore gives the recursion

QED — gQED _ p ((3FD L cQED) n>1

Thus the coefficients cSFP are determined successively and uniquely. This proves existence and uniqueness of the
formal series Dqgp ().
At order z, the terms z ((Dqrp (x)) and 22 Dqrp (z)h(Dqgp())?/4 start at orders 2% and 2®, respectively. Therefore

the coefficient of x in the bridge is only C?ED. Hence
C?ED _ d?ED _ 2a(lQED.
Under the retained benchmark normalization aQED = 1/2, this gives
C?ED =1
This proves Eq. (523). O

Proposition 56 (First reference scalar coeflicients induced by the retained QED set). Using the retained external
pure-photonic benchmark central coefficient set

1
aFP = 5 aFFP = —0.328478965579193, o = 1.181241456587, (527)

and
a0 = —1.9122457649264455741526471531265,  ad™" = 5.891. (528)

The fifth retained coefficient is the central value of the selected tenth-order pure-photonic benchmark set used in this
diagnostic. It is not used as a fitted scalar-shell input, and choosing a different published tenth-order benchmark set
would define a different external reference diagnostic branch. the corresponding reference scalar coefficients, evaluated
from the retained decimal input set Eqs. (527) and (528), are

SED — 0 (§FP — 1 .37318420327760674285204017893, (529)
cQEP — 3.80011642943119028449823236410, 2P = —8.85788340821917003245588123519), (530)

and
¢2EP — 94.7351814505064725983251743377. (531)

These displayed decimals are deterministic algebraic outputs of the retained input set. Their benchmark-precision status
1s discussed in the remark immediately following the proof.

Proof. First expand

ED n
Dt () =1 = (1+a2®P(2)) " = > d2*Pa
n>1

Since
1—(1+a)"?=2a—3a® + 4a® — 5a* + 6a° + O(a®),
the first five coefficients are
AP = 2a3%P dFPP = 248" — 3(aPPP)?, (532)

)

dQEP = 24P — 64 QPP QPP 4 4(qRFP)3, (533)



197

d?ED _ 2a4QED _ GQ?EDG?(;QED _ 3(a2QED)2 + 12(G?ED)2a(2QED _ 5<G?ED)4’ (534)
and
d5QED _ 2a5QED . GG?EDagED 6aQED QED n 12( )Qa?(?ED (535)
+12a2FP (aFFP)? — 20(a?ED)3a§ED + 6(aEPY,
Next set

Dagp(x) = 2+ P22 + P23 + QPP 1 4 (FP5 1 O(29).

Using the Taylor expansion of (D) from Eq. (525), direct composition gives

1
Dbridge(xv DQED (.Z‘)) =T+ (C(QQED B 37T2) v

32 44 5476
QED  QED (C;QED)Q 7C(2QED 95 ) .

R T S o Ry

<c — | af
QED QED
c c 5
SO I
0]
Equating this series with

Dt%gl)( )= d?EDx + d;‘QEDxQ + d3QEDx3 + dffEDx‘L + dSQEDxS + O(ac6)

yields
1
(QED _ 4QED _ 1 (QED _ QED 4 — (536)
QED dQED g P 5 JQED dgED 1 537
- T T30 B T 32 36a0 (337)
ED ED ED ED
(QED _ JQED e _ o5 i 5 JED d _ 5dy (538)
4 4 32 drt 54n 4 32 36mt
and
(QED _ JQED | G (F)? + Tes"” 25
- 37r2 4t 94 2778 324x8 (539)
ED ED ED ED
— JUED d4Q . 5d3Q _ (d(zg )2 d;g + 5
5 32 3674 974 1876~ 129678

Substituting Eqs. (527) and (528) into Eqgs. (532) to (535), and then substituting the resulting values of d2FP into
Eqgs. (536) to (539), gives the coefficients in Eqgs. (529) to (531). The calculation is purely algebraic in the retained
decimal input set; no value of ayef, a(*th), or @ith) enters these coefficients. O]
Remark (Precision status of the retained-QED-induced coefficients). The coefficients {c2FP} above are exact algebraic
outputs of the retained benchmark coefficient set written in Egs. (527) and (528). In particular, the displayed digits
of cgED inherit the retained central value and retained precision of QSQED. They should therefore be read as the
numerical output of the rounded retained input, not as an independent uncertainty statement for the full pure-photonic
benchmark coefficient. The same caution applies to any quantity propagated algebraically from this retained set,
including the later diagnostic value a[Q‘L"lED _,p- None of these propagated reference quantities is fed back into the
primary scalar branch or the geometric lock.
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B. Inverse-a diagnostic at fixed reduced scalar target

Definition XI.1 (Truncated reference QED-induced diagnostic branch). For any truncation order M > 1 for which

. . ED ED :
the retained reference coeflicients c? - ,cg\g/[ have been specified, define

M
D([%]D (x) = Z cQED g, (540)
n=1

This truncated series is a reference diagnostic branch. It is not the primary scalar evaluator D¢ («).

Proposition 57 (Retained-QED inverse-a diagnostic at fixed reduced scalar target). Let

D) = Dy (AL,

geom
denote the same current reduced scalar target used in section X. This is the value defined in Eq. (501) from the fized

reduced geometric input Age}é)m The retained-QED inverse-a diagnostic is defined by the reference root condition

M) (& h
Dl () =24 a1)

This equation is not the primary lock equation. It is a one-way diagnostic obtained by replacing the article scalar
evaluator with the retained QED-induced reference branch after the target has already been fived. Using the retained
central coefficients Eqs. (529) to (531) through M =5, the resulting quintic polynomial

Fy(z) = Dy () — DI
has exactly one diagnostic root in the audit bracket
I, =[0.00232281, 0.00232282].

This is a local uniqueness statement for the retained quintic on I, only. No global root count outside I, is claimed, and

no statement is made about the untruncated reference series without a separate truncation audit. Denote the unique

root of the retained M =5 polynomial on this bracket by :z:glEDﬁD, and set

ol — 1l
QED—D QED—D"

Its numerical value is reported in table XXII.

Proof. Define

Fy() = Dfp(@) -0, 2=

Using Egs. (540) and (541), this is a quintic polynomial in . On the audit bracket
I, =[0.00232281, 0.00232282],
direct high-precision evaluation of the retained quintic gives
F5(0.00232281) = —9.40444687761024564638 x 1072 < 0,
and
F5(0.00232282) = 5.32370762942082549273 x 1070 > 0.

Thus at least one retained-QED diagnostic zero lies in I,.
Moreover,

5
d
Fi(2) = — Dgpp(@) = Y_ ne¥™Pam .
n=1



199

Diagnostic row Qrow Arerar Zo
Current reduced article lock output 0.00729735256505060033338 7.1917530313 x 103 0.643109
Retained-QED diagnostic 0.00729735256448495394237 1.5352891212 x 10713 0.137290

TABLE XXII. Comparison of the current article baseline lock output and the retained-QED inverse-a diagnostic against the
same adopted external benchmark ayer from Egs. (499) and (500). For each row, Ajefd = Qrow — Qref, Where Qrow denotes
the value listed in that row, and zo = Ayert/Urer, With tret = u(awer) the propagated benchmark uncertainty. The displayed
zo values use only the external benchmark uncertainty and do not include a realization-level uncertainty for either row. The
retained-QED row is a central-value dl&%ﬂOSth built from the retained central benchmark coefficients; its last digits should be
read with the retained uncertainty of a; and the truncation order M = 5 in mind. The retained-QED row is not used as
an input to the primary lock, and the current article row is shown here only as the already-computed primary output being
compared.

Let
a = 0.00232281, b = 0.00232282.

On I, = [a, b], the retained coefficients have signs
QED>O QED<0 QED>0 QED<0 QED>O

Since x — a™ is increasing on [a, b] for every integer m > 1, these sign facts imply, for every x € I,
202QEDI > 2c<2QEDb7 3 QED 25 3, QED 2

4QED3>4QEDb3 5QED4>5QED4
Therefore, for every = € I,
Fli(z) > 14 2¢3%Pb + 3¢5P a2 + 4¢P + 5252,
Evaluating the right-hand side gives
1+ 2¢35Pb + 3¢%Pa? + 4c37Pb? 4 5c2%Pat = 0.99368175005568340322 . .. > 0.

Hence Fi(x) > 0 on I, so Fj is strictly increasing there. Together with the endpoint sign change, the intermediate
value theorem yields exactly one zero in I,. Denote this zero by xg’]ED _,p- The corresponding retained-QED diagnostic
coupling is

! — 1zl
QED—D QED—D-"

The numerical root reported in table XXII is obtained by interval bisection on the bracket I, with the residual checked

against the same fixed target @ith). This proves existence and uniqueness of the retained diagnostic root on the stated
audit bracket. No uniqueness statement outside I,,, no claim about the untruncated reference series, and no uncertainty
statement beyond the retained benchmark-coefficient precision and the truncation order M = 5, is made here. O

Remark. The retained-QED branch is diagnostic only. It is reconstructed from the retained benchmark coefficients

(th)

and then inverted against the already fixed reduced target . ’. It does not replace the primary scalar evaluator

De(a), and it does not modify the current reduced primary lock output ot
The difference between the two central values in table XXII is
o™ —allL ) = 5.6564639101 x 10712 (542)

Correspondingly,

(th) _[5]

s —Q
102 (tﬁED*D = 77.51391837. (543)
(o7

Both numbers are computed from the same central row values shown in table XXII. If a higher-precision internal
ledger is used, the subtraction and the relative spread must be recomputed from that ledger before additional digits
are displayed. These quantities measure the current central diagnostic spread between the article scalar evaluator and
the retained-QED reference branch at the same fixed reduced target. They are not uncertainty estimates and they are
not used to adjust either branch.
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Part V
Running Alpha
XII. HEAVY-SHELL DECOUPLING ON THE ELECTRON BRANCH AT FIXED GEOMETRIC DATUM

Throughout this part the vector-shell input entering the lock is held fixed before any family deformation is applied.
At the exact operator level this input is Ageom; in a finite Galerkin realization it may be replaced by Aéé\g)m; and in the

current numerical realization it may be replaced by Agé)m. When no distinction is needed, we write Agy for the chosen
fixed input. No equation in this part recomputes, renormalizes, or benchmark-calibrates that quantity.

In this part, the phrase “running of «” is used only in a fixed-geometry internal sense. It does not denote an
independent renormalization-group flow, a QED vacuum-polarization running law, or an experimentally fitted running
coupling. It denotes the re-extracted solution of the same fixed geometric lock after the universal scalar branch has
been replaced, for the electron diagnostic, by a retained family-resolved effective branch.

We write the scalar branch as a function of

o
r=—
T

by the convention

Dc(z) = De(a)|

a=7z’

All derivatives of D¢ (x) appearing in the fixed-geometry running discussion are derivatives with respect to x, not with
respect to a.

The status of the results in this part is the following. The heavy-shell correction on the electron branch is theorem-
level only within the retained single-excursion inter-shell channel and under the hypotheses stated below and in the
inter-shell appendix. The fixed-geometry shift of the electron root is a local perturbative consequence of that retained
channel. Muon and tau running branches are not asserted here. Contributions from lighter-shell resonance on the
muon and tau branches would require a closed family-level scalar—vector mother operator, which is not constructed in
the present paper.

The dependency order in this section is therefore

run
e

Aﬁx — Qlock,ﬁx = glock(Aﬁx) — Ty — AD?("E) — xl(;unv «
Here z, denotes the baseline root associated with the same fixed vector input,

DC(.%‘*) = ©100k7ﬁxa Qy = L.

If the current reduced realization is used, this means Agy, = Ag;}é)m and x, = a:ith). The baseline extraction Diock fix > T«
uses the universal scalar branch D¢ (), whereas the family-resolved extraction to 22" uses the effective branch D (z).

In both cases the vector input remains fixed at Agy.

Proposition 58 (Compton-baseline rest scale and heavy-shell ratio). For a charged-lepton branch i labelled by a
rest-mass parameter m;, in the Compton-baseline free rest normalization, the rest scale is
I3 ,
Ri=—, 19 =xR,. (544)

m;c

The mass parameters m; are branch labels in this theorem. Their numerical values, if inserted later, are external family
data and are not derived by the present shell-lock construction. The family labels are ordered by increasing rest mass;
thus j > i means m; > m;, equivalently R; < R; in the Compton-baseline normalization.

For a heavier virtual shell j > i, define the dimensionless Compton-baseline rest-scale ratio and the retained
heavy-shell decoupling factor by

R, my 2 mi\ >
Hence, for a genuinely heavier shell,
0< o <1, 0<hll<1. (546)

The symbol h% is a geometric decoupling factor. It is not a frequency, not a running coupling, and not an independently
fitted strength.
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Proof. This is the species-resolved Compton-baseline form of the rest-branch argument used in proposition 28. Replacing
the inertial parameter m in that baseline normalization by the lepton branch label m; gives

h

mic

R, =
The first-node pinning relation on the same branch then yields

T‘Sf) = 7TRZ'.

Therefore, for a heavier shell j > i,

Since m; > m; > 0, one has

and therefore

Squaring the ratio gives

and hence
H
0<h; <1l
This proves Egs. (545) and (546). O

Theorem 22 (Conditional exact reduced law for the retained heavy-shell channel). Let i be an external shell and
let 7 > i, meaning m; > m;, be a heavier virtual shell. Assume the retained single-excursion inter-shell variational
channel of appendix D, including the Hilbert-space, domain, positivity, bounded-gluing, and source-injection hypotheses
stated there. Let x > 0 lie in the domain of the fized reference scalar branch, and write

DY(z) = x k) (), K9 (x) > 0.

The branch D? is an input to this conditional family extension. It is not determined by the inter-shell variational
elimination.

Within the retained single-excursion channel i — j — i, the heavy-shell correction to the reference scalar branch
DY(z) has the exact reduced form

AD(H—J')(x) = nox(Qx) K:ZH]-(D?(Z‘)), (547)

where the physical heavy-shell kernel in shell-i units satisfies
H H \(H
Ki;(D) = b Mi;(D), D > 0. (548)

The normalized memory function ML is non-negative and completely monotone on [0,00). It is strictly positive
whenever the injected inter-shell ground-line datum is nonzero, namely whenever

Tij¢i ?é 0

The leading numerical value of its zeroth moment is not fixed by this theorem; it is supplied only after the retained
quadrupolar normalization is imposed.
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Proof. The retained inter-shell variational channel is constructed in appendix D. In that appendix, the virtual inter-shell
field is eliminated exactly in lemma 30. After this elimination, the reduced single-excursion law on the pinned ground
line is theorem 25. Applying that theorem to the fixed reference branch

DY(z) = xri(z),  Kl(z) >0,

gives

2
L. _ €T H 0
AD(M—J)(;L') =00 ICZ.j(Di (:U)),
which is exactly Eq. (547).
The kernel factorization in shell-i units is the one obtained from the exact shell-rescaling of the inter-shell resolvent

in proposition 75 and from the definition of the normalized heavy-shell memory in definition D.5. Namely, for every
D >0,

Ki(D) = bj; Mi(D).

This proves Eq. (548).
Finally, the Stieltjes representation and complete monotonicity of Mg are proved in proposition 76 and corollary 12.
In particular, there exists a positive finite Borel measure I/g such that

< dufl(s)
B D :/ ] D > 0.
MZ]( ) 0 ]_—’—SD’ -

Under the bounded inter-shell operator hypotheses of the appendix, there exists S;; < co such that
supp 1/2-}]1- C [0, Sij).
Since (1 + sD)™1 >0 for D > 0 and s > 0, this gives
M5(D) >0, D >0.
Moreover, for each n > 1 and each fixed D > 0,

STL

0< —m——— <8 for s € supp

H
= (14 sD)ynt1t = i Vi

i)

and the right-hand side is Vi}jlv-integrable. Dominated convergence therefore justifies differentiation under the integral
sign and yields

o g dull(s)
-1)" (D) =n! — > D >0.
(0 M) =t [ S s 0 D2

Together with the case n = 0, this gives complete monotonicity. If 7;;¢; # 0, then

@; = (Iﬁi?t)‘l/%dn # 0,

" 1 . . . qV . . V . . . oV .
because L} is strictly positive and hence its inverse square root is injective. Therefore

2
>0, D >0.

ij

ME(D) = ||+ b DSE) 2

This proves the stated positivity, strict positivity, and complete monotonicity. O

Corollary 10 (Conditional leading heavy-shell kernel). Assume the hypotheses of theorem 22 and, in addition, the
retained leading quadrupolar normalization condition of Condition E.1. Then, for each fixed ordered pair (i,j) with
m; > my, there exist pair-dependent constants D%‘j’-c > 0 and C;; < oo such that, for 0 < D < D%‘;C,

2
K5(D) = bjj <45 + 65(1))) ., |ElD) < CyD. (549)

This is a retained shell-kernel expansion and is not imported from a QED vacuum-polarization coefficient.
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Proof. By theorem 22, the physical heavy-shell kernel factorizes as
H H j 4H
Ki5(D) = b M;;(D), D >0.

loc

Under the retained leading quadrupolar normalization, corollary 14 gives constants D;?

5}} such that

> 0, Cj; < 0o, and a remainder

2 ocC
M?j(D):EﬁL&?(D), |EX(D)| < Cy;D, 0<D< DS
Multiplying this identity by E yields Eq. (549). O

Theorem 23 (Heavy-shell decoupling on the electron branch). Assume positive ordered family mass labels

0<me <my, <m;,.

e () - (22 (2}

This symbol is a bookkeeping scale for the retained heavy-shell expansion on the electron branch; it is not a new coupling,
not a frequency, and not a running parameter. Let x = a/m, and let Dc(x) denote the universal electron scalar branch
expressed as a function of T under the convention stated at the beginning of this section. Assume that this reference
branch satisfies

Let

Deo(x) =2+ 0(x?)  (x]0). (551)

Assume, in addition, the hypotheses of theorem 22 for the two ordered pairs (i,7) = (e, u) and (i,7) = (e,7), and assume
the retained leading quadrupolar normalization of Condition E.1. Within the retained single-excursion heavy-shell
channel, set

ADH(z) = Z ADE) ().

J=up,T
Define the family-resolved effective electron branch by
Dt () := Do (x) + ADH(x). (552)

Then, as x | 0 with m., m,, m, fized,

2
D (x) = Dola) + —

2 2

(me> n (me) .1?2 + O(hrenaxx?)) i (553)
my m,

The O(bglaxx?’) remainder is taken in the limit x | 0, with me, m,, m, fized. Its implicit constant is independent of x

and depends only on the fixred mass labels, on the pair-dependent local kernel constants from corollary 10 for the pairs

(e, ) and (e,7), and on a local small-x bound for the reference branch Do(x). This remainder is local to the retained

single-excursion heavy-shell channel. It does not include repeated inter-shell excursions, lighter-shell resonances, or a
complete family-level scalar—vector closure.

Proof. For each j € {u, 7}, apply Eq. (547) to the electron reference branch D(z) = D¢(z). Then

22
re()

Since Dg(r) = z + O(2?) as x | 0, there exist 2; > 0 and Cyof < 0o such that

ADED () =

Kei(Delx)),  re(x) =

(554)

|Dc(z) — 2| < Chrep 2° for0 <z <.
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Therefore, for 0 < z < z1,

Choose 5 € (0,21] such that Cresze < % Then, for 0 < z < x4,

1 1 (@) .
’42(1")257 /18(1:)1' T+ ()] < 2C et .
Hence
(K0x) ' =1+40(@)  (x10). (555)

For each j € {u, 7}, corollary 10 gives constants Dle‘;c > 0, C¢j < 00, and a remainder 55- such that
Ke;(D) = bej ( +&5(D )> . |E8(D) <C;D,  0<D< DS
Since D¢(z) — 0 as x | 0, and since the previous bound gives k%(x) > 1/2 for 0 < z < z3, choose x3 € (0, 23] so small
that
De(z) < min{Dg;f, Dloe for 0 < o < 3.

Then, for the same range of x,

Do(z) = o k2(x) > g >0,
and hence
0 < De(zx) < min{Dle“l’f, Dloc for 0 <z < z3.

Therefore, for 0 < z < x3,
KE(Pe(o) = (2 + E8(Pe(a) )
with
|EX(De(x))| < Cej Del(x) =O(x)  (x10).
Combining this with Eq. (554) and Eq. (555), we obtain, for 0 < z < zo := min{z,, 23},
ADE ) (z) = 2? (k2(x)) "B, (425 + Sg(DC(x))>
50l [ ()™ = 1) + (k2(0) " (Pe(o)
For 0 < x < 0, the bounds above give
(@) " = 1] < 26w, (@) <2,
and, for a constant C?; < oo,
|£8(De(@))] < Cly

Therefore the bracket satisfies

% ((Kg(x))*l - 1) + (ng(x))lgg(pc(x))‘ < (4%* + 20;) x.
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Hence

. 2
AD(e(—])(x) - e hg$2 +O( ?jx?’) (z10).

Summing over the two retained heavier charged leptons j = u, 7 gives
2 me\ > me \ 2
ADM(z) = | ( e =) [2f+ ) o).
) = Km,) +(m7> a® + (hez”)

J=p,T
Since there are only two fixed heavy species and hgj < prex for j = p, 7, the sum of the two remainder terms is
O(hmaxg3). Therefore
2 me \ > me \ >
ADHM(z) = — . .
o= () + (i

Dgf(z) = De(z) + ADg (x),

z® + O (h**a®) (x ] 0).

Using

this is exactly Eq. (553). O

Remark (Scope of the retained family channel). The theorem above concerns only the retained heavy-shell single-
excursion channel. Repeated heavy excursions and higher inter-shell contractions are not used in the present paper.
In the bookkeeping adopted here, such terms are assigned beyond the retained leading electron deformation. They
are therefore not part of the load-bearing universal electron-a extraction, and no complete estimate of the full family
correction is claimed here. The correction AD! is used only for the fixed-geometry family diagnostic developed in the
following section.

Remark (Why only the electron branch is theorem-level here). The electron branch is the only one for which the
retained family channel contains exclusively heavier virtual shells. No lower-shell resonance exists below the electron.
A muon- or tau-branch extension would require a common family-level scalar—vector mother operator, a rule for
lighter-shell resonance admission, and control of repeated inter-shell excursions. Without those ingredients, inserting
i = p or i = 7 into the present heavy-shell formulas yields only partial diagnostics rather than complete running
branches or predicted muon/tau fine-structure roots.

XIII. FIXED-GEOMETRY ELECTRON o SHIFT

The meaning of the fixed-geometry electron a-shift used in this section is as follows. The vector-shell input entering
the geometric target is held fixed before any family deformation is applied. At the exact operator level this input is
Ageom; in a finite Galerkin realization it may be replaced by Ag@m; and in the current reduced numerical realization it
may be replaced by Agclé)m We write Agy for whichever one of these fixed vector-shell inputs has been chosen. No
equation in this section recomputes, renormalizes, or benchmark-calibrates Agy.

For the electron family diagnostic, the universal scalar branch is compared with the retained family-resolved effective
branch, and the same fixed geometric target is solved again using that effective branch. The resulting local root
displacement is the fixed-geometry electron a-shift studied here. It is not an independent renormalization-group flow
law and it does not replace the primary baseline root.

In this section we write

Dc(x) = De(a)| r=—,

a=nz’ T
and all derivatives such as D¢ (x,) are derivatives with respect to the variable , not with respect to a.
Definition XIII.1 (Baseline and re-extracted roots at fixed geometric datum). Let
Dilock, fix = Dlock (Afix)

denote the fixed scalar target determined by the baseline geometric lock. Let x, be the baseline electron root defined
by

DC(I'*) = 33lock,ﬁx, Ay = TTTx. (556)
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With the retained effective electron branch D¢ () defined in Eq. (552), the fixed-geometry re-extracted root =" is
defined by

DEF(22") = Dok fix- (557)
The corresponding fixed-geometry re-extracted coupling is
att = rat. (558)

Theorem 24 (Linearized electron shift at fixed geometric datum). Assume that Dc € C?(1,.) on an open interval
I, > xz,, with

De(+) = Diock,fixs Dg(z4) # 0.
Assume also that ADY € CY(1,), and that there is a small bookkeeping parameter g > 0 such that
Sup (IADE ()| + [(ADE) (2)]) < Cudu, (559)
with Cy independent of du. Then there exists a closed interval J,. C I, centered at x., such that for sufficiently small
du the Eq. (557) has a unique root xi™ € J.. Writing
dze = o' — x4, dae = )™ — a,

one has, as oy | 0 with J., x., and the reference branch D¢ fized,

ADH (z,)

_ AD!(z.)
D ()

+ O10c(08), o = —7
oc(01) Dy ()

+ Oloc(81) | (560)

0T, =

Proof. Define
Fo(z) = Dc(x) — Dockfix;  Pe(®) = Fo(x) + ADH ().
Since
Fo(w) =0, Fj(a.) = Do(a) £0,
continuity of D¢ yields 7 > 0 and ¢y > 0 such that
Jo = [z —ryze + 7] C L, |De(z)] > 2¢o  for every x € J..

Since D¢ is continuous and does not vanish on J,, its sign is constant on J,.. Hence Fjj = D has a fixed sign on J,,
and Fj is strictly monotone there. Moreover,

Fo(z, —7)=— - D (u) du, Fo(ze +7) = /I*+T D (u) du.
Since D¢ has a fixed nonzero sign on J,, these two endpoint values have opposite signs. Therefore
Fo(xe —7) Fo(zs + 1) < 0.
Set
mo = min{ |Fy(z. — )|, |[Fo(z. +7)|} > 0.
If 4y is so small that
Cudu < my, Cudn < co,

then

|ADH ()| < |AD||co(r,) < Cudu < |Fo(x)|
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at the two endpoints z = z, —r and & = x, +r. Therefore ®.(z, —r) and ®.(x, +r) have the same signs as Fy(z. —1)
and Fy(x. + ), respectively. In particular,

O (2 — 1) Pe(xi +1) <O,

By the intermediate value theorem, ®. has at least one zero in J,.
Next, for every x € J,,

|90(2)] = Do(2) + (ADE) (2)] = |Dg(x)] = [(ADE) (2)] = 2¢0 — Cudn > co.

Hence @/ never vanishes on J,. Since @/ is continuous, its sign is constant on J,.. Therefore @, is strictly monotone
on J,, and the zero obtained by the intermediate value theorem is unique. Denote it by aI"".

Since @, (z1"™) = 0, the mean-value theorem applied to ®. on the interval with endpoints z, and =
& between them such that

run

S gives a point

P (z:) = P (&) (2" — 2.
Since Fy(z.) = 0, one has

®,(z,) = ADH(z,).

Therefore
gn,| = [2ele)] _ ADE)| _ Cu g
|97 (e ) o €0
SO
0xe = Oloc(0n)-
Now write
™ =z, + 0.
Since 2" is a root of P,

0= ®,(z, + 6x.) = Dc (x4 + 02.) — Do () + ADY (2, + 62.) — ADY () + ADH(z,).

Taylor’s theorem with remainder for D¢ € C?(1,) gives, for some ép. between . and x, + 0z,
1
De(zy + 0ze) — De(4) = Di(x4) 0 + 3 Dé(épe,) a2

The mean-value theorem for ADY € C(I,) gives, for some &y between x, and z, + dz.,
ADY(z, + 6x.) — ADY(z,) = (ADYY (&n) 0.

Substituting these two identities into the previous equation yields

1
0= ADg! () + D () ¢ + 5 Dé(épc) 027 + (AD) (én) bz

Because J, is compact and D¢, is continuous, D¢ is bounded on J,. Because
IAD lcr 1.y < Cubn,
one has
((ADZ (én)] < Cudn.

Together with dz. = Ojoc(dn), this gives

)
3 DE(Ene) 4% = Owcldh),  (ADHY (&) o = Orac(5).
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Therefore
0 = ADM(x.) + DG (24) 620 + Oroc(65),
and hence
AD (z.) 2
(Sl'e = 7% -+ OIOC(5H)'
Multiplying by 7 and using da, = wdz. gives
ADH(z,)
Sov, = — ——e \"7* 52,
Qe T AES + Oioc(07)
This proves Eq. (560). O

Corollary 11 (Leading fixed-geometry electron shift from heavy shells). Under the hypotheses of theorems 23 and 24,
and assuming that the expansion of AD(x) and the corresponding first-derivative expansion are both valid uniformly
on the local interval J, of theorem 24, define

Then one has

on S
15 D (z.)

+ Oloc(bglaxxi) + Oloc((bglax)2xi) . (561)

oo, =

If, in addition, the bookkeeping regime is such that

(52222 < Coac b8, equivalently B < Chya.,

*)

for some fixed constant Cyy > 0, then the previous estimate reduces to the optional simplified form

e () ()]

15 DL ()

Sae = + Otoc (h2*¥23) . (562)

This last display is a conditional bookkeeping simplification and is not used unless the domination condition is verified
for the chosen numerical regime.

Remark. The sign of the fixed-geometry shift is determined by the sign of D (z,) together with the sign of AD(z,).
Under the retained heavy-shell hypotheses of theorem 23, AD(z,) > 0. Therefore, if the chosen scalar evaluator is
locally increasing at x, namely if D¢ (z,) > 0, the leading fixed-geometry electron shift is negative. No sign statement
is made without this local monotonicity condition.

Proof. Since z,. > 0 and J, is a closed interval centered at z., after possibly shrinking J, one may assume

for every = € J,.

m 2 m 2
Se = ( e ) + < 6) .
my, my

By theorem 23, and by the assumed uniform validity of the small-z expansion on .J,, one has

Define

e

2 )
ADE(x) = S.x? + Oloc(bmaxaj‘j) uniformly for x € J,.
Evaluating at x = x, gives

2 ,
ADH @) = 1= Sea? + Ouoc(h7a2)
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By the assumed uniform validity of the differentiated expansion,

4
(AD{Y (x) = 5 Se x4 Ooc (h2**2?) uniformly for z € J,.

€
Since S, < 2p2** and x < z, on J,, this implies

sup [(ADZ)'(2)] = Oroc (b7 2)

€
e J,
and likewise

sup |AD?($)| = Oloc (f)m"“‘xi) .

e
€,

After shrinking J, if necessary so that < 1 on J,, the bound for the C° part is dominated by the bound for the
derivative part. Therefore there exists a local constant C, < oo, independent of x on J,, such that

sup (JADg (z)] + [(ADZ) (2)]) < CubhF™ ..
T€J,

Thus the hypothesis of theorem 24 applies on J, with the local bookkeeping scale
6%§)c _ hmaxaj*.
Applying Eq. (560) with this local scale yields

o AD?(.%*) max 2
5043 = —T W + OlOC((he SC*) ) .

Equivalently,
O ((6772.)°) = O (62).

Using the explicit value of AD(z,) computed above, one obtains

de = 5 m + Oloc (he Ii’) + Oloc((he )21'3) .

Replacing S, by its definition gives Eq. (561).
If, in addition,

(622 = Oue(5722),
then the quadratic-root remainder is absorbed into the Ojoc(hM*x3) term, and Eq. (562) follows. O

Remark (What is and is not claimed here). The fixed-geometry shift dc. is the precise mathematical content of the
fixed-geometry electron a-shift considered here. It is a family-resolved re-extraction of the same fixed ALP target after
the scalar branch is deformed by the retained heavy-shell channel. It is not a new renormalization-group law, not
a scale-dependent flow of Ageom, and not a replacement for the primary universal extraction of a. quoted earlier in
the paper. The primary lock output remains the baseline universal value; the present shift is a fixed-geometry family
diagnostic.

Remark (Optional fixed-o reading). The same scalar correction can also be read at fixed x as a reflected shift of the
auxiliary ALP image Aapp. That algebraic reflection, together with the downstream lift to Diota; and to the go-proxy,
is recorded in appendix F. Those formulas are optional diagnostics only. They are not load-bearing for the extraction
of a,, they do not define a running law, and Aapp is only the inverse image of a scalar value under the diagnostic
ALP map. It should not be identified with the fixed vector-shell datum Ageom-
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Part VI
Validation and physical consequences

XIV. SCOPE, INFRARED COMPATIBILITY, AND FALSIFIABLE CONSEQUENCES

This section records the scope of the result as explicitly as possible. Its purpose is twofold; first, to separate the
assumptions of the construction from the statements derived within those assumptions, and second, to identify the
sharpest conditional falsifiability tests of the present shell realization. The emphasis remains on the conditional
geometric selection of the admissible coupling a,. Nothing in this section changes the derivation; it clarifies the logical
status of the result and its testable content. Detailed audits of sensitivity, truncation, and numerical robustness are
deferred to appendix C.

A. What is derived and what remains postulated

The logical value of the construction depends as much on what it does not claim as on what it does claim. We
therefore separate the standing inputs from the outputs derived from them.

Proposition 59 (Logical layers of the construction). The present paper contains three logically distinct layers.
1. Standing postulates

(a) the split arena C © R3;

(b) the RELATOR lock Rw = ¢;

(c) the shell admissibility, analyticity, exterior-regularity, and gauge-reqularity assumptions stated in the opening
postulate and notation sections.

2. Branch selections and shell constructions below the lock

(a) the mazimum-entropy Gaussian generator sheet at fixed second moment, together with the branch width fized
after the minimal one-loop calibration,

(b) the minimal branch geometry and matching shell obtained after the minimal winding choice and the first-node
shell selection,

ry = TR, 77:;, €:ﬁ§

(c) the quantized charge slot after canonical quantization of the compact phase sector, the infrared Dirac limit
under the minimal spinorial completion, and the tree-level value g = 2 under the calibrated effective spin
normalization;

(d) the scalar shell block Dc(«), defined by the cavity—shell mother pencil, together with finite-rank or reduced
scalar evaluators stated separately when numerical values are quoted;

(e) the vector shell-memory return factor R,, defined under the shell-memory hypotheses stated in section VII,
and the associated geometric vector constant Ageom, with finite-rank and reduced numerical representatives
stated separately;

(f) the shell-geometric logarithmic coefficient in the single-polarization Path-II shell average,

m 1
Cl(og) = g’

together with the Path-1/Path-II same-coefficient compatibility statement and the explicit Path-I representative
remainder budget.

3. Baseline lock relation, realized roots, and downstream secondary outputs
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(a) the geometric target map

3 KapA
33lock(A> = 5 KALPA (1 + ;;:; ) 5

(b) the admissible lock equation, after a vector-shell input or specified representative has been fized,
DC (Oé) == glock(A);

(c) for a specified scalar evaluator and a fized vector-shell input, the realized admissible root o, with ezract,
finite-rank, or reduced status inherited from those inputs;

(d) in a later construction, provided the stated analytic hypotheses of the downstream coefficient map hold, the
scalar branch can be lifted through the diagnostic ALP image map and the operational orbital slowdown map
to produce a secondary realization-level mass-independent electron—photon coefficient sequence A\gzn)' This
sequence is conditional on that evaluator and is not used to define or select the primary lock root.

Proof. Ttem 1 is exactly the standing postulate set assumptions 1 to 4.

In item 2, the Gaussian generator sheet and the width relation oc = R/\/7 are established in theorem 3 and propo-
sition 12; the minimal branch geometry (r.,n,¢) is fixed in proposition 17 and corollary 2; the quantized charge slot,
the infrared Dirac limit, and the tree-level value g = 2 are established in theorems 4 to 6 and corollary 3; the scalar
shell block is fixed by the mother-pencil construction in definition VI.13 and theorem 7; the exact vector return
factor and geometric constant are fixed, under the stated shell-memory hypotheses, by Eqgs. (383) and (385); and the
shell-geometric logarithmic coefficient together with the baseline shell lock are fixed in theorems 18 and 20.

In item 3, the baseline shell lock is fixed in theorem 20, the target map is definition IX.2, the admissible lock root is
given by theorem 21, and the current realization-level root is reported in proposition 53. The last item is a forward
summary of the later construction in section XV; it is not used elsewhere in the present section. O

Remark. The most important point in proposition 59 is that the reported value a, is not postulated. The symbol «
appears earlier as the symbolic coupling variable of the scalar branch, while the selected value appears only after the
shell geometry, the scalar block, the vector geometry, and the logarithmic lock have all been fixed. In a numerical
realization, the status of the reported digits is inherited from the chosen scalar evaluator and vector-shell representative.

The paper also does not claim more than it proves. It does not derive the full Standard Model. It does not reproduce
the full perturbative apparatus of QED. It does not claim a complete family-level or scale-complete running law.
The claim is narrower. Within the stated shell postulates, the baseline lock closure, and a specified scalar—vector
realization, the admissible coupling is selected — whenever the admissibility and uniqueness hypotheses of the chosen
scalar evaluator hold — as the shell equilibrium of the fixed geometric closure on the minimal electron branch. If the
same scalar evaluator also satisfies the analytic hypotheses of the downstream diagnostic lift, it then yields a definite
mass-independent electron—photon coefficient sequence as a secondary realization-level consequence.

Remark (Dependency order). The dependency order is

(1)

standing postulates — branch selection — D¢, Ageom, Clog

— shell lock — D in = Diock(Ain) — 4.
Reduced numerical representatives, external benchmark values, retained QED coefficient data, and reference-only
QED-induced branches enter only after this chain has been fixed. They do not define the postulates, the primary
scalar branch, the vector input, the scalar target map, or the Alpha Lock Point.

B. Relation to standard infrared physics

The present construction is not presented as a replacement for standard infrared physics. Rather, within the stated
shell postulates and branch selections, it supplies an upstream shell-geometric account of the infrared charged-particle
structures recovered in the paper and used, where needed, in the lock construction.

Proposition 60 (Infrared compatibility). On the minimal charged branch, and within the gauge, sign, compact-phase,
spinorial-completion, and retained infrared operator conventions fixed in the paper, the shell construction is compatible
with the following standard low-energy charged-particle structures, together with the restricted Pauli-slot statement used
in the reporter sector.
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1. the worldline gauge coupling
St = ~Q [ Audor

2. the quantized charge slot obtained after canonical quantization of the compact phase sector,

Q = kqo, ke Z;

3. the minimally coupled Dirac infrared equation obtained under the minimal spinorial infrared completion,
(v, — me)¥ = 0;
4. the tree-level magnetic normalization with

g=2,

under the calibrated effective spin normalization and, independently, by the Pauli reduction of the minimally
coupled Dirac equation, with the two derivations agreeing at the coefficient level;

5. in the retained parity-even magnetic sector classified as mass dimension five in the natural-unit counting convention
of definition V.9, and under the restriction that no derivatives act on W or on F,,, the Pauli bilinear

U o F, U

is the unique retained local Lorentz- and gauge-invariant slot through which o leading magnetic deviation may
enter.

Proof. Ttem 1 is the worldline interaction derived in proposition 20. Item 2 is the compact-phase charge spectrum
of theorem 4. Item 3 is the infrared Dirac limit of theorem 5. Item 4 is the coefficient-level agreement between the
geometric normalization of corollary 3 and the Pauli reduction of theorem 6. Item 5 is the restricted parity-even
no-derivative Pauli-slot uniqueness statement of proposition 27. These references establish the listed infrared structures,
and the stated restricted operator classification, under the hypotheses fixed earlier in the paper. O

Remark. The relation to accepted infrared physics is straightforward. Standard local relativistic gauge theory appears
here as the infrared description of the shell branch. The present construction adds an upstream geometric statement
that perturbative QED does not by itself supply, namely a conditional shell closure that selects an admissible value
of a dimensionless coupling variable within the specified shell realization. QED remains the accepted perturbative
framework for high-accuracy infrared radiative calculations. The present construction does not replace that framework.
Within the specified shell realization, it supplies a shell invariant that selects an admissible value of the dimensionless
coupling variable used by the infrared theory and, secondarily, generates a definite pure-photonic coefficient sequence
through the specified scalar evaluator.

Remark (Why g—2 is only a reporter). The use of

as an infrared reporter does not make the construction g—2-centric. It is legitimate because, within the local infrared
operator class singled out in definition V.9, namely the retained parity-even mass-dimension-five magnetic sector with
no derivatives acting on ¥ or F),,, the leading magnetic deviation from the Dirac value enters through the Pauli term
and is therefore encoded by a single gauge-invariant dimensionless scalar. The shell coefficient Cyq is primary; a is
only one convenient infrared reporter of it. No measured value of a, no QED anomaly coefficient, and no benchmark
g—2 datum is used in the primary shell lock.

C. Primary lock output and falsifiable consequences

The present paper separates the internal lock output from the sharpest realization-level falsifiability tests. The
currently reported value of a, in the article realization is a no-QED output of the specified scalar—vector realization
of the geometric lock. It is not presented here as an operator-complete final numerical prediction of the physical
fine-structure constant. At the present stage, the sharpest conditional falsifiability tests lie in the higher pure-photonic
coefficients, in the electron-anomaly normalization, generated from the same specified scalar-shell evaluator by the
later lift described below.
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Proposition 61 (Internal lock output and realization-level pure-photonic continuation). Assume that the admissibility
hypotheses of theorem 21 hold for the chosen scalar evaluator and the fized vector-shell input described below. For a
specified scalar evaluator and a fized geometric vector-shell input, computed independently of QED benchmarks, the
primary internal output of that realization is the admissible lock root av,.. Let Ay, denote that fized vector-shell input.
At exact vector-operator level,

Ain = Ageom~

In a finite-rank or reduced realization, Ay, is the specified fized representative used in that realization. For this fized
input define

D in = Dlock (Ain)-
Then the lock root is determined by

Do) = D (563)
FEquivalently, for the same fized vector-shell input Ay, define
KapAin
o= tyn
Then the same baseline target obeys the algebraic identity
2 1
Do G(L+¢) = 3 (564)

For the current article realization, the corresponding reduced numerical value is a,(kth), as reported in proposition 53.

At the present stage, the sharpest realization-level falsifiability test lies in the mass-independent electron—photon
Ay sector. If the same specified scalar evaluator satisfies the analytic hypotheses of the later coefficient map, then its
diagnostic lift through the ALP image map and the operational orbital slowdown map gives the secondary realization-level
coefficient sequence

g (@) =14 DAV, =

n>1

(0%
™

(565)

The higher entries of this sequence, from f/l\(lm) onward, are conditional forward outputs of the specified no-free-parameter
scalar-shell realization; see section XV. The intended falsifiable comparison, once independent benchmark calculations
are available in the same Ay normalization, is with the corresponding mass-independent pure-photonic QED coefficients.
Agreement or disagreement must be assessed against the stated realization, truncation, and independent-calculation
error budgets.

Proof. By theorem 21, once the chosen scalar evaluator and the fixed vector-shell input A;, satisfy the admissibility
hypotheses, there exists exactly one admissible lock root a., and it satisfies Eq. (563).
Next, by Eq. (482),

3 KALPAin
Disjin = ) Kare Ain (1 + Tor2 )¢
With
o KarpAin
C* - 27{'2 )

this becomes
g*,in = 372 C*(]- + §*)
Dividing both sides by 3D, i, gives

2

C*(l JFC*) = %;

*,in

which is Eq. (564).

The current numerical realization is the one reported in proposition 53, together with the associated shell data of
proposition 54. The final paragraph is a conditional forward summary of the later construction in section XV; it is not
used in the derivation of o, in the present section. O
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Remark (Error budget and present status of the « value). The currently reported value a(*th) is a primary no-QED

output of the current scalar—vector realization of the geometric lock. It is not an operator-complete exact value of
the physical fine-structure constant. Its remaining realization-level uncertainty enters at least through two channels.
The first is the vector-geometric input used in the realization: Ageom at exact operator level, or the specified fixed
representative Aj, in a finite-rank or reduced realization. Future independent evaluations of the shell-matrix resolvent,
higher-mode tail, and exterior-memory functional can sharpen that input. The second is the scalar evaluator D¢(a); its
operator-level completion can be tested by rank stability, by independent scalar-shell calculations, and by reference-only
comparison with the universal pure-photonic g — 2 coefficients.

If universal QED coefficients are used to tune or replace the scalar evaluator, the resulting number should be reported
as a reference-assisted realization, not as the primary no-QED extraction. In the present paper, the quoted «, remains
independent of QED benchmarks. For this reason it is best read as the current internal lock output rather than as
the final operator-complete prediction of the physical fine-structure constant. A future operator-complete scalar and
vector realization, with certified scalar and vector error budgets, would be the appropriate setting in which to report
the same mechanism as a direct numerical prediction of a.

Remark (Falsifiable content at the present stage). The cleanest present falsifiability test is not the last printed
digit of oa(kth). It is the higher mass-independent electron—photon A; coefficient sequence generated by the specified

no-free-parameter scalar-shell realization. The coefficients A\?") with n > 6, corresponding to Agu) and higher in
standard QED notation, are not used as inputs and are not obtained from perturbative QED. Agreement of future
independent high-order pure-photonic QED calculations with these values within the combined realization, truncation,
and independent-calculation error budgets would provide nontrivial support for this specified realization. Disagreement
beyond those combined budgets would falsify the specified realization, not every possible operator completion of the
broader framework.

The computational scale of this test is substantial. The independent evaluation of the five-loop universal coefficient

Aglo) already required large-scale multi-loop numerical work [23]. The next coefficients, beginning with A§12)7 therefore
constitute demanding future comparisons rather than routine checks.

Scale-dependent shells, non-electronic lepton branches, and precision atomic windows are natural next extensions of
the framework, yet they are not needed for the present claim. At the current stage, the article is most sharply falsifiable
through the higher mass-independent A; universal coefficients, while the no-QED value anh) records the internal
numerical state of the present geometric-lock realization together with its unresolved scalar—vector realization-level

error budget.
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Part VII
Cross-checks and higher-order universal
predictions

XV. MASS-INDEPENDENT A; ELECTRON ANOMALY; DIAGNOSTIC COMPARISON AND
CONDITIONAL HIGHER-ORDER OUTPUTS

Throughout this section we restrict attention to the mass-independent universal electron coefficient sequence,

customarily denoted by A?") in QED. This is the one-lepton universal sector used as an external benchmark. It
excludes mass-dependent insertions carrying the scales m,, and m,, as well as hadronic and electroweak contributions.
Closed electron subgraphs that belong to the universal one-lepton coefficient are therefore part of the benchmark
convention used here.

To avoid terminology ambiguity, the shorthand “pure-photonic” in this section means the mass-independent one-
lepton electron—photon benchmark sector just described, in the A; convention. It does not mean the narrower
no-closed-lepton-loop subset unless that restriction is stated explicitly.

The primary aim of the present paper is the construction of the scalar slowdown block D¢ () and its lock to the
matching-shell geometry within the stated shell postulates. The electron anomalous magnetic moment is therefore not
the primary target of the paper. Once a scalar evaluator has been fixed, however, the RELATOR framework yields a
secondary consequence; it produces an a-dependent operational slowdown and hence a realization-level coeflicient
sequence for the mass-independent electron quantity

9ge(7)
2

ge(T) — 2
2 )

=1+ ae(x), ae(x)

ge2(x) = x (566)

Il
3[Q

Here g. denotes the positive gyromagnetic-ratio magnitude used in the anomaly expansion. The sign of the electron
charge has already been fixed in the branch current convention and is not reintroduced in this diagnostic ratio. This
section records that consequence as a numerical diagnostic comparison for the scalar-shell construction and as a source
of conditional higher-order outputs for the universal A; coefficients.

This restriction is conceptual, not merely numerical. The scalar-shell realization used in this section contains only
electron-branch geometric and dynamical data. The additional mass scales associated with p and 7 are therefore
not absorbed into the present scalar-shell analysis. They belong to a separate family extension. Accordingly, the
external benchmark used below is the mass-independent QED sequence customarily denoted by Agzn) in the standard
electron-anomaly literature [23, 24].

In standard notation the mass-independent QED expansion of the electron anomaly is

aéAl)(-T) — Z A(12n)$n’ gigl)@g) =1+ Z Aan)xn. (567)

n>1 n>1

The Relator coefficient extraction below is independent of perturbative QED. QED enters only at the comparison stage.
Operationally, the specified scalar evaluator together with the diagnostic ALP image map and the orbital slowdown
map acts as a low-dimensional nonlinear generator for a coefficient sequence that can be compared with the retained
mass-independent A; benchmark sequence.
Throughout this section we write

De(x) = Dc(a”a:m.
The scalar channel determines this function. In order to obtain the operational anomaly map used in the comparison,
one must also reconstruct an auxiliary a-dependent overlap image. For this purpose we use only the diagnostic
algebraic ALP image associated with Eq. (474), not the fixed-geometric lock equation itself. The diagnostic image
relation is

De = 372¢(1+¢). (568)
On the nonnegative branch, this yields
4D,
Vit o1
(Do) = +—"—. (569)

2
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The corresponding auxiliary ALP image is then reconstructed by

272

KALP

AALP(l') C('Dc(.ﬁ)) (570)
This auxiliary image is recorded only as a downstream diagnostic of the scalar branch. It does not enter Diotar(z) as
an independent input. The operational map Diota(z) depends directly on Do () and on the same algebraic overlap
image ((Dc(z)), not on a separately supplied vector-shell datum. The label “ALP” refers only to the algebraic
Alpha-Lock-Point inversion used in this diagnostic map. The quantity Aarp(x) is not a vector-shell datum, not a new
geometric input, and not a pion or hadronic quantity.

Remark (Diagnostic status of Aarp(z)). The auxiliary image Aarp(z) of Eq. (570) is not the fixed vector-shell datum
Ageom used in the primary extraction of a. The primary lock uses

Ageom — Qlock(Ageom) — Oy,

with Ageom fixed before the scalar inversion. By contrast, the diagnostic map in this section first takes the already
chosen scalar evaluator, computes D¢ (x), and then reconstructs Aapp(z) from the algebraic ALP image. Thus Aarp(x)
is downstream of D¢ (x), whereas Ageom is upstream of the primary lock. No value of Aarp(x), no QED coefficient,
and no electron anomaly datum is fed back into the primary Alpha Lock Point.

For the present realization-level comparison we use the operational orbital slowdown map

22((Do(x))

Diotar () = Da() — 2 {(Do(x)) + 4Dc ()

for Da(z) > 0. (571)

At 2 = 0, and more generally at any point where the displayed quotient is written with Dc(z) = 0, the last term is
defined by analytic continuation. Indeed,

1 D 2D?  5D3

D)=Di(D), h(D) =y — o 2
¢(D) (D), (D) 3r2 9t 27x6  81wd

+ O(D*), (572)

so that

2’¢(Do(x))® _ #*Do(x) h(Do())?
4Dc (SL‘) 4 ’

(573)

which is analytic wherever D¢ () is analytic. The corresponding realization-level Relator map for the electron ratio
ge/2 is

1
Rel Rel Rel
r) = —F/—7—, a xTr) = z)—1 574
ge,2 ( ) 1 Dtotal(x) e ( ) ge,2 ( ) ( )

The square root is the principal positive branch. As a formal coefficient map, this equation is read on the analytic branch
near x = 0, where Diota1(0) = 0. For numerical evaluation at a physical point, it is used only where 1 — Diotar(z) > 0.
Thus the diagnostic cross-check relations are

De(x) — ((De(x)), {(Dc(z)) — Aarp(z), (Dc(2),{(Dc(x))) — Diotar(®) — g5 (2), ag (z).

At the external reference point, used only for physical-point comparison and not for constructing the scalar evaluator
or selecting a rank,

agh = 137.035999177,  aper = (agl) ', Trer = O‘;Cf. (575)

ref

For a retained benchmark truncation order M, write
M
A, [M 2n) n
G ) <1 4 3 A
n=1

In the numerical tables below M = 5. We define the retained physical-point discrepancy by

Agg]g (xref) = g&gl(mref) - 9221»[5]) (-Tref)- (576)
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TABLE XXIII. Mass-independent A; rank summary for the current article evaluator and the refined no-free-parameter mother
truncation, evaluated at the external reference point x,ef. The refined rows use the diagnostic g — 2 dynamic-kernel convention
of Eq. (578). The quantity Agf]2 (2rer) is defined relative to the retained five-term mass-independent A; benchmark truncation

igl’[s])(xref), not to an all-orders QED value. The coefficient max norm is formed from the retained central coefficient

discrepancies through n = 5, whenever those benchmark coefficients are specified. Both diagnostics are post-computation

comparisons and are not fitting criteria.

Model Dc(xrer)

9531 (xref)

Agl) (wrer)

max; <n<s [AAP"|

2.3154578363279683401 x 10~ °
2.3154578364863156687 x 102
2.3154578318351729839 x 102
2.3154578320016569938 x 102

Current rank-5  2.3154578317343851564 x 102

Refined rank-5  2.3154578319065179530 x 1072
Current rank-100 2.3154578317316878604 x 10~3
Refined rank-100 2.3154578319042056856 x 103

Current rank-1
Refined rank-1
Current rank-3
Refined rank-3

1.0011596521781891656
1.0011596521782686088
1.0011596521759351206
1.0011596521760186460
1.0011596521758845551
1.0011596521759709145
1.0011596521758832019
1.0011596521759697544

2.21797065495 x 10~ 12
2.29741384877 x 10712
—3.60743961731 x 10~
4.74509881361 x 10~
—8.66398650485 x 10~ **
—2.80472391650 x 10716
—8.79931042139 x 10~
—1.44054186275 x 10~1°

2.31712269445 x 10~ °
2.31715274729 x 1073
4.21146202143 x 10™*
4.18472779052 x 10™*
4.73632414272 x 107°
5.19137462830 x 107°
7.47379106462 x 107°
7.94163636274 x 107°

Whenever an external benchmark coefficient AgQ”) has been specified, define the coefficient discrepancy by

AA(127L) = ASQTL) B AEQTL)' (577)

The rank parameter entering the glued-shell scalar evaluator is a truncation index of the excited shell tower, not a
loop order. Two no-free-parameter diagnostic families are relevant below.

First, the current article-consistent evaluator is retained as a baseline. Within that family, rank N =5 is the scalar
evaluator fixed by the article construction before the g — 2 comparison is made. Its coefficient-space discrepancies
relative to the first five retained benchmark orders are reported only after this evaluator has been fixed. They are not
used to select N =5 and are not a fitting criterion.

Second, the refined no-free-parameter mother truncation supplements the same scalar branch by the three-channel
static completion and the no-free-parameter visible dynamic renormalization. For the g — 2 diagnostic tables only, we
use the explicitly stated realized diagnostic convention

(I)(reﬁned,QQ) (D) _ (ASLN)>2(I)((;§Eible7N) (D) (578)

dyn

This convention is not used in the primary extraction of a,. It is also distinct from the scalar-reporting convention in

which one power of /\ELN) is used. Therefore every numerical value in the refined g — 2 tables is conditional on the
diagnostic convention Eq. (578). This convention is specified before the comparison with the 4; benchmark table and
is not a fit to the retained coefficients. Within the realized g — 2 convention, the central physical-point discrepancy
and the first two nontrivial universal coefficient discrepancies are reduced relative to the current rank-5 baseline. Rank
N =100 is used as the highest-rank finite-rank representative reported in the current numerical ledger.

For that reason table XXIII reports both families explicitly. In the detailed benchmark table below, the current
rank-5 branch is kept as the article baseline already fixed in table XXIII, while the refined rank-100 branch is used for
the quoted higher-order conditional outputs.

The quantity maxi<p<s |AA§2n)| is reported only as an external diagnostic; it is not used as a fitting criterion.
In particular, the refined rank-100 branch is not selected by minimizing this five-order central max norm, and the
displayed central values show that it is not the minimizer of that diagnostic. This is not a defect of the refined branch
as a diagnostic representative, because the fifth mass-independent benchmark is much less sharply known than the
first four. The refined branch nevertheless reduces the central physical-point discrepancy and the first two nontrivial
universal coefficient discrepancies relative to the current rank-5 baseline.

At this same reference point, the refined rank-100 branch, used here as the highest-rank finite-rank no-free-parameter
representative reported in the current numerical ledger, gives the values listed in table XXIV. These numbers are
obtained directly from the specified scalar shell evaluator and the algebraic diagnostic maps Eqgs. (568) to (571)
and (574).

The numerical ledger was evaluated with high-precision arithmetic. The displayed digits are central arithmetic
digits of the specified finite-rank evaluator. They certify only the numerical solution of the stated finite-rank algebraic
realization at the reported working precision. They do not constitute a certified operator-level tail bound, a realized
uncertainty interval, or a rank-to-infinity error estimate for the refined rank-100 realization. Accordingly, digits beyond
the cross-rank agreement visible in table XXIII should be read as finite-rank ledger digits rather than as certified
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TABLE XXIV. Physical-point values entering the pure-photonic Relator diagnostic for the electron anomalous magnetic moment,
evaluated on the refined rank-100 branch.

Quantity Value

Dc (Trer) 2.3154578319042056856 x 10 °
C(Dc(xretr)) 7.8195528193522298180 x 10~°
AarLp (Tret) 0.69168314608976982065
Drotal (Tref) 2.3152762013713372625 x 10~3
988 (Tret) 1.0011596521759697544
an® (@ rer) 1.1596521759697544408 x 103

operator-level digits. Benchmark uncertainties, when present, are external and are not included in the displayed
Relator-side digits.

Remark. The numerical proximity between Aapp(@rer) and Ag;}é)m in table XXIV is a downstream consequence of
evaluating the diagnostic ALP image near the already locked physical point. It is not an identity, it is not imposed as
a constraint, and it is not used in the construction of Dyotar(x) or gig!(z).

Proposition 62 (Coefficient map from the scalar branch to the anomaly sequence). Assume that the chosen scalar
evaluator is analytic in a neighborhood of x = 0, with

De(x) = Z cnx™, cp = 1. (579)
Define
Z(x) =((Dc(z)) = Z Znx”, D(z) = Dcx(ac) = Z Cnp12", (580)
n>1 n>0

)2
U(z) = Z(z) = Zunx" (581)

Since D(0) = ¢1 = 1, the quotient defining U(z) is analytic near x = 0. Then the coefficients d,, of
Dtotal(x) = Z dpx™
n>1
are

1
dp =cp — 2p—1+ Z Un—1, n>1, (582)

where zg = 0. The Relator anomaly coefficients are then obtained from

e —1/2 ~2n) n
I @) = (1~ Diogar(z) 2 =14 3 AP am, (583)
n>1
Equivalently,
qen _ N~ (5)
k=1 mi+--+mp=n

meg>1



In particular,

-~ 1
A§2) == §d17
~ 1 3
AW = g2+ gdf,
o _1, .3 S
Ay = 2d3+ 4d1d2+ 16d1’
3 15 35

~ 1 3
A = Zdy + Sdyds + =
1 5 4+ i 3+ 3
2 4
Proof. Since ¢; = 1, the scalar branch satisfies

Dc(x)

and therefore

By Eq. (569), the nonnegative ALP image

is analytic at D = 0, with

Hence

ds 4+ —d3dy + ——djf,

16

=2+ O(z?)

Z(x) = ((Do(x)) = O(x)

Since D(0) = 1 # 0, the reciprocal D(x)~! is analytic in a neighborhood of 2 = 0. Therefore

Using

De(z) = xD(x),

128
o) 1, 3 3 15 15 35
Ag ) = fd5 + d1d4 + Zd2d3 + Ed%d3 + Edldg + Edﬁc& +

(z —0),

(x — 0).

the quotient term in the orbital slowdown map has the analytic form

2?Z(x)?  2?Z(x)?

Z(x)®

4Dc(x)

4xD(z) 4 D(x) 4

Hence the analytically continued orbital slowdown map is

Diotat () = Do () — aZ(x) + “U

Hence Diotal(x) is analytic near = 0, and

Dtotal(o) =0.

4

().

63
%dl.
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(585)
(586)
(587)
(588)

(589)
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TABLE XXV. Comparison of the first five nontrivial coefficients of the pure-photonic electron anomaly. The current rank-5
branch is retained as the article baseline reported in table XXIII, while the refined rank-100 branch is the highest-rank finite-rank
no-free-parameter representative reported in the current numerical ledger. For n = 5, the displayed AAgm) values subtract the
central benchmark value 5.891; the comparison should be read at the uncertainty scale stated in Eq. (590).

n AP (pure QED) AP (current rank-5) A" (refined rank-100) AAP™ (current rank-5) AAP™ (refined rank-100)
1 0.5 0.5 0.5 0 0

2 —0.328478965579193 —0.3284789802289695381 —0.3284789655084229695 —1.46497765381 x 107°  7.07700304874 x 10~ **
3 1.181241456587 1.1812409955772212510  1.1812414773240741611 —4.61009778749 x 10~7 2.07370741611 x 10~8
4
5

—1.9122457649264456 —1.9122320381250895959 —1.9122411411271610819  1.37268013560 x 10~° 4.62379928449 x 107°
5.891(61) 5.8910473632414271894  5.8910794163636274299  4.73632414272 x 1077 7.94163636274 x 10~°

Expanding

De(x) = Z cn”, Z(x) = Z 2™, U(z) = Z Upx™,

n>1 n>1 n>0

and comparing the coefficient of ™ gives

1
dn :cn_zn—l'i_zun—lv n=>1,
with zp = 0. This proves Eq. (582).
Because Diota1(0) = 0, the principal branch

(1_ )—1/2_1+Z (Qkk) k
y) P = Y
k>1

is analytic at y = 0, and substitution y = Diota) () is valid in a neighborhood of = 0. Thus

k

2k
gf,gl(x) = (1 - Dtotal(z))71/2 =1 =+ Z (4%) Z dmzm

k>1 m>1

Extracting the coefficient of z™ yields Eq. (584). The displayed formulas Eqgs. (585) to (589) are the cases n =
1,...,5. O

The following benchmark coeflicients are external retained comparison data. They are not used in constructing
Dc(x), Ageoms D, o, the rank choice, or the diagnostic kernel convention. For n = 1,...,4 we use the standard
mass-independent A; values summarized in the electron anomaly review of Aoyama, Kinoshita, and Nio [24]. For

n = 5, corresponding to the tenth-order coefficient Aglo), we use the retained central benchmark

AP = 5.891(61), (590)

from Volkov [23]. In the coefficient tables below, the central value 5.891 is used only for displaying central discrepancies.

The n = 5 comparison, corresponding to the tenth-order benchmark Aglo), must therefore be read at the quoted
6.1 x 10~2 coefficient uncertainty scale. It should not be used as a sharp discriminator between nearby finite-rank
Relator realizations.

In the notation of this table, the row n = 6 corresponds to the twelfth-order mass-independent coefficient Agm),

not to the standard sixth-order coefficient A§6), which is the n = 3 row. No independent benchmark for Agu) or for
the higher A; coefficients listed below is used in this article. This is a substantial computational gap rather than
a matter of notation; even the five-loop coefficient Aglo) required large-scale numerical work and has served as a
high-precision benchmark problem. Consequently, the entries with n > 6 in table XXVTI are conditional forward
outputs of the specified Relator realization. Agreement of future independent high-order calculations of the universal
A; sequence with these values within the combined realization, truncation, and independent-calculation error budgets
would provide nontrivial support for this specified realization. Disagreement outside those combined budgets would
falsify the specified realization, not every possible operator completion of the broader shell framework.
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TABLE XXVI. First ten nontrivial coefficients of the refined rank-100 Relator output for the mass-independent electron—photon
series. The first five entries are compared with the retained universal benchmark coefficients Ag%), with the fifth entry read at
the uncertainty stated in Eq. (590). The last five entries are conditional outputs of the present no-free-parameter scalar-shell
realization under the diagnostic g — 2 convention of Eq. (578). The printed digits are central finite-rank ledger digits of the
specified rank-100 realization. No operator-level tail bound is claimed for the rows n > 6.

n AP (Relator) AP (pure QED) Status

1 0.5 0.5 benchmarked

2 —0.3284789655084229695 —0.328478965579193 benchmarked

3 1.1812414773240741611 1.181241456587 benchmarked

4 —1.9122411411271610819 —1.9122457649264456 benchmarked

5 5.8910794163636274299 5.891(61) benchmarked

6 —14.2482848504641364623 — conditional prediction
7 43.3967102259713990944 — conditional prediction
8 —126.0356609136404213802 — conditional prediction
9 396.2530199554764995308 — conditional prediction
10 —1248.0206243076369262343 — conditional prediction

In particular, the refined rank-100 realization changes AA(14) from —1.46497765381 x 1078 to  7.07700304874 x 10~ 11,

and AA(16) from —4.61009778749 x 10~7 to  2.07370741611 x 10~8. The first two nontrivial universal coefficient
discrepancies are therefore reduced by roughly two orders of magnitude and one order of magnitude, respectively,
relative to the current rank-5 baseline.

At the same physical point, the central retained benchmark value used here, obtained from the pure-photonic QED
coefficients through n =5, is

gl (2er) = 1.00115965217597119498265100041,  al ) (z,4¢) = 1.1506521759711949826510094063 x 102
(591)
The corresponding central retained physical-point discrepancy of the refined rank-100 realization, relative to the
five-term benchmark truncation and not to an all-orders QED value, is

NG (2rer) = 985 (wrer) — g1 PV (rer) = —1.44054186275 x 10715, (592)

The retained uncertainty in the fifth benchmark coefficient alone gives
u (A-BD) — 0,061 27, = 4.12484010134 x 10715 593
A(110) ge,z = U. Lpof = 4. X . ( )

Thus the central discrepancy in Eq. (592) should be read at least on the uncertainty scale of Eq. (593), before any
realization-level uncertainty of the Relator scalar evaluator is considered. This comparison is a diagnostic cross-check
only. It is not an input to the primary Alpha Lock Point.

The refined rank-100 branch, taken here as the highest-rank finite-rank no-free-parameter representative reported in
the current numerical ledger, yields a definite realization-level continuation of the pure-photonic coefficient sequence
beyond the benchmarked orders used in this article. We therefore write the Taylor expansion of the specified realization
through tenth order as

gRs (@) =1+ > APz + O, (594)

and list the first ten coefficients in table XXVI. The first five rows are comparisons with the retained pure-photonic
QED benchmarks. The last five rows are conditional Relator outputs in the mass-independent electron—photon A;
sector.

Proposition 63 (Higher-order universal coefficients as conditional falsifiable outputs). Assume that the specified
refined rank-100 diagnostic realization, together with the g — 2 dynamic-kernel convention of Eq. (578), satisfies the
analyticity hypotheses of proposition 62. Equivalently, assume that its scalar branch Dc(x) is analytic near x = 0 with
Dc(x) = o+ O(2?), and that the diagnostic maps Eqs. (569), (571) and (574) are read on their analytic branches near
x = 0. Then the coefficients A§2") with n > 6 are uniquely determined algebraic outputs of that finite-rank realization

in the mass-independent Ay sector. Since no benchmark values for these coefficients are used in this article, the values
listed in table XX VI for n =6,...,10 are not benchmarked inputs.
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These entries are conditional falsifiable outputs of the specified finite-rank realization, not theorem-level values of
an operator-complete shell theory. A future operator-level scalar completion or a different stated diagnostic kernel
convention may shift them. A certified finite-rank tail estimate would not by itself redefine the displayed finite-rank
central values; it would instead quantify the gap between those values and the corresponding operator-level values of the
same stated convention.

Proof. Under the stated analyticity hypotheses, proposition 62 applies to the refined rank-100 realization. Hence the
Taylor series

) =1+ 3 A

n>1

exists and its coefficients are uniquely determined by the Taylor coefficients of the specified finite-rank scalar branch
D¢ (x) through the algebraic maps

De(z) — ((De(x)) — Diotar(x) —> gggl(z).

The first five coefficients are compared with retained external benchmarks only after the sequence has been generated.
The coefficients with n > 6 are not benchmark inputs in this article and therefore provide conditional falsifiable outputs
of the specified finite-rank realization. O

Remark (Firewall between the primary lock and the g — 2 diagnostic). The interpretation of this section is intentionally

narrow. The primary extraction of «, is completed before any benchmark value of Agzn)7 any measured electron
anomaly, or any QED perturbative coefficient is introduced. The QED coefficient tables enter only after the scalar
evaluator has been fixed and only as external comparison data.

Thus this section does not tune the scalar evaluator, does not redefine Ageom, does not modify the fixed scalar target
9., and does not feed back into the Alpha Lock Point. It records a secondary realization-level consequence; after
Dc(x) has been fixed, the algebraic ALP image and the orbital slowdown map generate a coefficient sequence ESQ").
The agreement or disagreement of this sequence with external A; benchmarks tests the specified scalar-shell realization
and the stated diagnostic map used in this section. It is not an input to the primary geometric derivation.
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XVI. CONCLUSION

Within the stated Relator shell postulates, we have constructed a shell-geometric closure in which the fine-structure
coupling is not inserted as a primitive numerical input. The construction begins from the split arena C @ R? and
the Relator lock Rw = ¢, fixes the minimal pinned electron branch, derives the matching-shell geometry, builds the
scalar cavity—shell slowdown block D¢(a), constructs the vector shell datum Ageom, and computes, within the Path-II
single-polarization shell averaging class, the logarithmic coefficient

an _ 1
The same-coefficient compatibility condition is imposed only afterward, when this Path-II value is compared with the
Path-I representative in the baseline shell lock. The baseline shell closure is the Alpha Lock Point. Under this baseline
closure convention, the theorem path defines the target map

3 KapA
:Dlock(A) = 5 Kap A (1 + 2/\”) ) 5

T2

while the vector construction supplies the branch-fixed input A. When the admissibility hypotheses of theorem 21 hold
for the exact vector input Ageom and for the chosen scalar evaluator, the admissible coupling is then selected by the
one-variable lock equation

Dc (Oé*) = Dlock (Ageom)~

In a finite-rank or reduced realization, the same lock equation is read only after the explicit replacement

(N)
geom

(th)
geom*

Ageom — A or Ageom — A

Thus, within the stated shell postulates, a specified scalar evaluator, and an independently computed vector-shell
input, the coupling appears as the compatibility value at which the scalar slowdown law and the shell geometry close
on the same minimal branch. It is not borrowed from experiment and it is not inferred from QED coefficients.

The logical status of the construction is intentionally narrow and explicit. The paper does not claim to derive the
full Standard Model, the full perturbative machinery of QED, or a complete renormalization-group flow across all
scales. It also does not claim that the current finite-rank realization is already the last possible operator completion of
the scalar or vector shell sectors. What has been established is more specific and more structural. Once the standing
shell assumptions, the minimal branch, the matching-shell geometry, the scalar evaluator, the fixed vector-shell input,
and the baseline logarithmic lock are fixed, the closure contains an internal scalar target and hence an internally
selected dimensionless coupling. In this sense, within the present shell construction, the fine-structure constant is no
longer a bare insertion. It is the value at which the scalar and vector shell sectors close on the same pinned branch.

The current numerical realization illustrates the construction without defining it. The primary computation of
Agek(l))m @ith), and aith) is separated from all reference data; no measured value of «, no QED anomaly coefficient, and
no fitted coefficient enters the primary lock. External values enter only afterward, as diagnostic comparisons. With
the current rank-5 scalar evaluator and the current reduced vector representative, the lock output gives the reduced
central value reported in the numerical section. Its displayed digits are realization-level ledger digits of that finite-rank
computation and do not, by themselves, constitute a certified operator-level uncertainty interval. Independently,
the refined no-free-parameter scalar realization, read under the stated diagnostic g — 2 kernel convention, provides
a secondary mass-independent A; electron-anomaly diagnostic whose first retained benchmark rows are compared
with the universal QED sequence in the coefficient tables, with the displayed central discrepancies read at their stated
benchmark- and realization-level status. These two facts should be kept distinct. The first concerns the primary lock
output of the current realization. The second concerns the quality of a stronger realization-level continuation of the
same shell framework.

The sharpest present conditional falsifiability test lies in the mass-independent one-lepton A; sector. Once a scalar
evaluator is fixed, the ALP map and the operational slowdown map generate a definite series

g8l (x) =1+ Z A\gzn)m", c=2
n>1

For the refined no-free-parameter rank-100 realization, read with the diagnostic g — 2 kernel convention fixed earlier,
the first retained benchmark coefficients agree with the universal pure-photonic QED values at the levels displayed

in table XXV, and the higher coefficients beginning with Agu) become conditional forward outputs of that specified
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realization; see table XXVI. In particular, under the stated refined rank-100 diagnostic convention, the finite-rank
realization yields a definite higher-order continuation of the universal mass-independent A; sequence, beginning with
the ledger value

A1) = _14.2482848504641364623,

and continuing through the higher coefficients listed in table XXVI. These numbers are not QED inputs and are not
benchmark-fitted outputs. They are realization-level Taylor coefficients of the specified Relator map once the scalar
evaluator, the diagnostic kernel convention, and the operational lift have been fixed.

This yields a demanding falsifiability test. The independent pure-photonic five-loop coeflicient A§1°) already required
large-scale multi-loop numerical work and remains a precision benchmark problem [23, 24]. The next coefficients,

beginning with Agm)’ are therefore substantial future targets. Agreement of independent high-order calculations of the
same mass-independent A; QED sequence with the Relator values, within the combined realization-level, truncation,
and independent-calculation error budgets, would provide nontrivial support for the specified scalar-shell realization.
Disagreement outside those combined budgets would falsify that specified realization. The framework therefore exposes
the present finite-rank evaluator to a concrete computational test.

The mass-dependent discussion has the same restricted meaning. The primary result of the paper is the universal
electron lock on the minimal one-loop branch at a fixed vector-shell datum; namely Ageom at exact operator level, or
the explicitly specified reduced representative in a realization. Heavy-shell effects from p and 7 enter only through the
retained single-excursion heavy-shell channel as a family-resolved deformation of the electron scalar branch. Their role
here is diagnostic; they are not load-bearing for the quoted one-loop extraction of c,. The analysis shows, within that
retained channel, how such corrections decouple through squared mass ratios and how, at fixed geometric datum, they
would shift a re-extracted coupling. It does not replace the full scale-dependent running structure of QED.

The conceptual outcome is direct. Within the present framework, the origin problem for « is reformulated as a
shell-consistency problem rather than a numerical insertion. Within the stated shell postulates, the baseline shell-lock
closure, the chosen scalar evaluator, and the chosen vector-shell input, and whenever the admissibility conditions
of the selected scalar branch hold, the coupling is selected by the compatibility of a scalar slowdown law, a vector
shell geometry, and the Path-II logarithmic coefficient used in the same-coefficient lock. The empirical future of
the construction is also clear; improved operator realizations can sharpen the lock, and independent high-order
pure-photonic calculations can test the predicted continuation. Either outcome is informative. Agreement within
the combined realization, truncation, and independent-calculation budgets would provide nontrivial support for the
specified realization. Disagreement outside those budgets would identify where that realization fails. In both cases,
within this construction the fine-structure constant is no longer treated as an unexplained numerical input. It becomes
a shell-matching and branch-compatibility problem governed by geometry, scalar slowdown, and infrared consistency.
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Appendices

Appendix A: Decoupled two-pole approximation of the scalar mother law

This appendix records a deliberately simplified approximation of the scalar mother law. It is not an additional
scalar evaluator and it is not used in the primary geometric lock. Its only purpose is to show how the familiar two-pole
formula is obtained from the same mother-law structure after explicit simplifying assumptions are imposed.

The active scalar mother branch has the form

D=u\/1- 6D+ D?®B4yu(D), =", (A1)

™

with the principal positive square root on the admissible branch. In the current finite-rank realization, the dynamic
block is the visible glued two-mode block

_ VAL
o)D) = ul (Io+ DSy) uy,  un = Sy = (S XN) : (A2)

dyn \/@ ’ XN Sir

Here Al(lj\\,[) > 0 and Al(fv ) > 0, and the displayed expression is read on the domain where Iy + DSy is invertible.
Equivalently, whenever

AN(D) = (1 + suyD)(1 + s D) — X?\ID2 #0,

one has

™D AR (1 + 5 D) + AN (1 + 540 D) — 2xn Dy AR ALY
(D) = (1 + suwD)(1 + si, D) — x3,D? ’

dyn
The decoupled two-pole approximation is obtained by imposing the following explicit simplifications on the active
mother-law data:

(A3)

Bﬁval) _ B%iuc s choll) + 6(1103;)7 el,eff — @cliec, (A4)
with
AN s Ay, AN Asis,0, xn — 0. (A5)

Thus the static collar-log Schur contraction is replaced by the uncoupled collar-plus-log first-moment sum, the UV
and IR visible amplitudes are replaced by a common baseline amplitude, and the dynamic cross-correlation between
the two visible poles is neglected. The common visible baseline is

Aviso = 72011 (o) + %ﬂ (A6)
The two pole scales are
1
w =1n2, = —. A7
=2 = (A7)

The corresponding approximate effective first-moment coefficient is

0% = O ore + O 4 008, (A8)

Definition A.1 (Decoupled two-pole scalar approximation). The decoupled two-pole dynamic approximation is

1 1
PP (D) = Ay : A9
deC ( ) 70 1 + SuvD + 1 + Ser ( )
The associated approximate scalar branch is the analytic branch near x = 0 with Dé?c))(O) = 0, defined by
2 ec (2 2 2 (2 2

DE () = /1~ 04D () + (D) () @ Z (D) (2). (A10)

As a formal series, this equation is read on the branch determined in proposition 64. For real numerical evaluation, it is
used only where the displayed radicand is positive and the principal positive square root is real. It is an approximation
obtained from Eq. (A1l); it is not the active scalar evaluator used for the article lock.
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Proposition 64 (Local analytic branch of the decoupled approximation). The decoupled two-pole scalar law Eq. (A10)
has a unique analytic solution near x = 0 satisfying

2 d 2
Dc(ielz) (0) = 07 @Dc(ielc)) (0) =1L

In particular,

Proof. Define the decoupled radicand

Raee(D) = 1 — 08D + D20 (D).

dec

Since

2 1 1
(b((iez)(D) = Avis,0 (1 5D + 1 +3irD) ;

(2p)

and since both denominators equal 1 at D =0, ® .

near D = 0, with

is analytic in a neighborhood of D = 0. Hence Rye. is analytic

Raec(0) = 1.

The principal square root is therefore analytic near D = 0, and

Raec(0) = 1.
Set
F(D,z) = D — 2/Raec(D).
Then
FO,00=0, 2E0)=1—yRaed) _1
oD 2 RdeC(D) (D,z)=(0,0)

The analytic implicit-function theorem gives a unique analytic function Déig) (x) near = 0 such that F(D((fei’) (x),z) =0

and D) (0) = 0. Differentiating
DGR () = w1y Race (D22 ()

dec

and setting x = 0 gives

d
— D)(0) = \/Raec(0) = 1.

de dec
Therefore
DY) (2) = 2+ O(a?),
which proves the claim. O

Proposition 65 (Reduction of the active visible block to the two-pole form). Under the approzimation map Eqs. (A4)
and (AB), the active visible dynamic quotient Eq. (A3) reduces exactly to Fq. (A9). Consequently, the mother law
Eq. (A1) reduces to the approzimate scalar law Eq. (A10).

Proof. Under the approximation map,

1 w O
UN > 4/ Avis,O <1> ) SN — (SO S: ) :
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Hence

1+ sywD 0
]I2—|—DSNI—)( 0 1+SirD>’

and therefore

1 1+ sywD -1 0
(Io+ DSy) ~ — (( 30 ) 1+ SirD)l) ,

on the domain where the two displayed denominators are nonzero. Substitution into the matrix form of the active
block gives the full chain

a0 (5 0 ()

4 1 n 1
s g +suwD  1+s,D)°

This is Eq. (A9).
The same conclusion follows from the quotient form. Indeed, after inserting

AN = AP = Aveo xw =0,
the numerator of Eq. (A3) becomes
Aviso(1 4 s D) + Avis,0(1 + suvD),
while the denominator becomes
(14 suwD)(1 + 83 D).

Thus

1+ s D n 1+ suvD
(I+suwD)1+s:D) (14 suwD)(14 siD)

dyn

(p(N) (D) — Avis,O |:

A1+ swD 1+ s, D
Finally, the static replacement
O e — OF°°
changes the active radicand

1- 014D+ D) (D)

dyn
into
ec 2
1-0%D+ DY (D).
Substituting D = Dézelz) (2) in the mother law gives exactly Eq. (A10). O

Remark (Status of the approximation). The approximation in this appendix does not remove the static first-moment
sector. It replaces the glued static Schur load Bﬂue by the uncoupled collar-plus-log sum

coll lo,
o1 + .

It also suppresses the finite-rank hidden-mode corrections entering Al(lj‘y) and AI(I{V ), sets the dynamic cross-correlation

xnN to zero, and omits any operator-level tail of the full scalar bath. The current numerical lock reported in the paper
(2p) (5)

(oP). Tt uses the current rank-5 scalar evaluator with B, AR, AP

is not computed from D and x5, together with

the fixed reduced vector input Aggé)m The two-pole formula above is therefore only a compact analytic limiting case of
the same mother-law architecture.
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Appendix B: Explicit glued-shell overlap formulas and finite-rank Schur evaluation

This appendix records the implementation-level formulas used in the finite-rank evaluation of the glued-shell scalar
block of section VI. It introduces no new physical input and no independent scalar law. Its role is to make explicit
the retained rank-one overlap, trace matrices, and Schur-complement formulas that underlie the glued-shell dynamic
evaluation used in the scalar sector.

In logical-status terms, the overlap data Ycon ¢, Yiog, D, gee(D), and Ge¢(D) are evaluation-level definitions. The closed
form of g.¢(D), the block-resolvent identities, and the finite Schur formulas are derived implementation statements. The
finite correction 5Q§}Y’N is a diagnostic Schur term. It is not a postulate, it does not introduce an external benchmark,
and it does not define a second scalar evaluator.

1. Rank-one gluing of the collar and the logarithmic line

Definition B.1 (Retained rank-one gluing data). Fix ¢ > 0Oand D > 0. In this appendix, D denotes the scalar
evaluation parameter. To avoid a notation clash, we write H, 3;1{7 ; for the Dirichlet collar operator denoted elsewhere by

H gn' The superscript Dir records the boundary condition and is unrelated to the scalar parameter D. The half-line

coordinate £ used here is a dummy collar variable and is unrelated to the generator radius p on C.
The underlying half-line Hilbert spaces are

Heon = L* (R4, dE), Hiog = L* (R, dt).
The two diagonal bath operators are
Heio=02(=0¢ + &%),
with
Dom(HDir ) = {u € HI(Ry) ; —u’ +€ue LQ(R+)}.
Equivalently,
Dom(HDl () = {u e HARy) N HI(Ry) ; €20 e LA(R,)}.

The logarithmic half-line operator is

1

Llog = _8752 + 1

Dom(Liog) = H2(R+) N H(Ry).

In the minimal electron-branch evaluation one sets ¢ = ¢y, although the overlap formula is written for general ¢ > 0.
Define

(B1)

The retained normalized collar and logarithmic directions are

9 1/2 52
Yeote(§) = (W) exp<2€2> , LeRy,

and
Vrog.p(t) = \/2r(D) e Pt t e Ry,
These satisfy

Yol L2(ry ae) = 1, Y10, 0| 2 (R, a8y = 1.

The retained scalar gluing amplitude is

D) = [“ew|= (5)] e as (B2)
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The scalar coefficient g.¢(D) is built from the unnormalized raw collar and logarithmic profiles. The normalized channel
vectors enter separately through the rank-one operator

GCK(D) = ch(D) |/(/)coll,£> <wlog,D‘~ (B3)

Thus Gee(D) maps Hiog to Heon, and its adjoint maps Heon to Hiog. This is a D-parametrized retained gluing operator
used in the finite-rank evaluation. It is not the D-independent abstract glued-bath operator of the mother scalar law.
The same evaluation parameter D enters both the retained gluing operator G.¢(D) and the shifted resolvent

(L& (D) + DI) .

Remark. The vectors ¥con,¢ and ¢ioe, p are retained channel directions rather than exact eigenfunctions of the full glued
bath. The scalar amplitude g.¢(D) is built from the raw Gaussian collar profile and the raw decaying logarithmic profile.

It is not a Hilbert inner product of the two unit vectors, since those vectors live on different half-lines. Accordingly,
Gee(D) is an evaluation-level rank-one gluing model and not a new microscopic shell postulate.

Lemma 29 (Closed form of the gluing amplitude). For every £ > 0 and D > 0,

ger(D) = @ GXP[Z2 (D + i)} erfc(g D+ i) . (B4)

Proof. Set

Then

Complete the square in the exponent:

Hence

Introduce

1 K02
u—g(s—i-?), dS—EdU

When s = 0, one has u = k¢/2, and when s — oo, one has u — oo. Therefore
2(2 o'e)

gete(D) :gexp<“ )/ e’ du.
4 Kkl)2

2 OC 2
erfe(z) = — e " du,
ﬁ/z

( K202 ) ( &Z)
exp 1 erfc 5 )

Since k? = D + 1, this is exactly Eq. (B4). O

Using

we obtain

ch(D) = \/2%6
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Definition B.2 (Retained rank-one glued shell bath). For a fixed bandwidth ratio £ > 0 and fixed evaluation parameter
D > 0, the retained rank-one implementation-level glued shell operator is

el _ ( Hiie Ge(D)
Lsh}Z(D) - <GCZ(D)* Llog ) (B5)

with domain
Dom(LE, ,(D)) = Dom(HE} ;) & Dom(Liog). (B6)
On the minimal branch, the shorthand
LE,.(D) = L, 1, (D)

is used. This shorthand is local to this implementation appendix and denotes the retained D-parametrized evaluation
operator, not the abstract glued bath of the main scalar mother law.

Proposition 66 (Basic operator properties of the retained glued bath). For each fixzed D > 0, the operator G.¢(D) is
bounded and rank one. Consequently, ]Lflll (D) is self-adjoint on

Dom(Lfﬂl,e (D>) ‘

No positivity or invertibility of Lf}ll (D) is asserted by this statement alone.

Proof. Let

HDE, 0
Ldiag,é = ( OH’Z Llog> .

By the self-adjointness of the two diagonal summands on their stated domains, Lqiag ¢ is self-adjoint on

Dom(HC[)ilie) @ Dom(Liog).

{0)

Since Yeol,¢ and i, p are unit vectors,
1Gee(D) = [gee(D)I-
By Eq. (B4), one has
lgee(D)| < 00 for every £ >0, D > 0.
Hence G.¢(D) is bounded and rank one, with
1Gee(D) = [gee(D)I-

The off-diagonal perturbation

is therefore bounded and symmetric. Since
1
LE, /(D) = Laiag.e +B(D),

the bounded-perturbation theorem yields self-adjointness of Li ,(D) on the stated domain. This argument uses only
boundedness and symmetry of the rank-one off-diagonal perturbation. It does not by itself give a coercive lower bound
for the glued operator. O

Proposition 67 (Block-resolvent formulas). Assume D > 0 and assume that

]I‘Elg,e(D) + DI
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is boundedly invertible on Heon @ Hiog. Set
A=HRN,+ Dleon,  B=Gu(D),  E = Ligg+ Dligg.
Then
AZ (@4 D, B (D 1) T

so A and E are boundedly invertible. The Schur complements

S.(D)=A—- BE 'B*, Dom(S.(D)) = Dom(A),
and

S¢(D)=F - B*A™'B, Dom(S¢(D)) = Dom(E),

are boundedly invertible as closed operators from their domains onto the corresponding Hilbert spaces. Moreover,

g 8l
R7(0) = 00+ o) = (F4D) RO o
satisfies
RE(D) = S.(D), (%)
R%(D) = Sy(D)~ Y, (59)
and

RE,(D) = —S.(D) 'BE™' = —A™'B S,(D)",

gl —1 % -1 —1p*x 4—1 (BlO)
RE(D) = —~E~'B*S.(D)"' = —S(D)"'B*A~1,

Proof. The lower bounds for the two diagonal half-line operators follow directly from their Dirichlet quadratic forms.
For v € Dom(Lyg), integration by parts gives

> 1 1
(0Lt} = [ (10OP + G100 )t = {1olEage,
Hence

1
Llog > iﬂlogy

For the collar operator, first take u € C2°(0,00). Then
/ ' (€) + Eu(€)]* dE = / (I (O + 2[u(€)]?)de +/ € Oelu(€)]? d¢
0 0 0
= [T @P + P - [ u@Pa
0 0
The boundary term vanishes because v is compactly supported in (0, 00). Therefore
|+ etuora - [
0 0

By closure of the Dirichlet oscillator form, the same bound holds on the form domain of H, g‘ﬁ ;- Hence

o0

[ (€) + Eu(€)? dé + / (&) 2 € > [[ull2z, -

HDir’f Z E_Q]Icoll-

coll
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Consequently,
9 1
A Z (E + D)Hcolh E 2 D + Z ]Iloga

and both A and E are boundedly invertible.
Let f € Heon and g € Hiog. Write

Then (u,v) € Dom(A) & Dom(FE) solves
Au+ Bv = f, B*u+ Ev =g. (B11)
Since F is invertible, the second equation gives
v=FE"Y(g— B*u).
Substituting into the first equation yields
(A-BE'B*)u=f - BE g,
namely
S.(D)yu= f— BE™y.
We now prove that S.(D) is boundedly invertible. If S.(D)u = 0, set
v=—E"'B*u.

Then (u,v) solves Eq. (B11) with f = g = 0. Since ]Lftll,e(D) + DI is invertible, one gets u = 0 and v = 0. Thus S¢(D)
is injective. For surjectivity, let h € Hcon. Solve

(L& ,(D) + DI) (Z) = (8)

Eliminating v as above gives S.(D)u = h. Hence S.(D) is surjective. Since S.(D) is closed and bijective, its inverse is
bounded by the closed graph theorem. Therefore

w=S.(D)"}(f - BE"'g) = S.(D)"'f — S.(D)'BE"'4.
This proves
RE(D)=5.(D)™",  R&(D)=—5.(D) 'BE™".
Next eliminate u. Since A is invertible, the first equation in Eq. (B11) gives
u=A"'(f - Bv).
Substituting into the second equation yields
(E—B*A™'B)ju=g—B*A"'f,
namely
Sy(Dyv=g— B*A7'f.
The same injectivity, surjectivity, and closed-graph argument shows that Sy(D) is boundedly invertible. Hence

v=2S8¢D) Y (g—B*A7f) = =Sy(D)"'B*A7'f + S,(D) " 'y.
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Therefore
R§(D) = S¢(D)™",  RE(D)=—S/(D)"'B*A™".
Finally, substituting the formula for u into v = E~!(g — B*u) gives
v=—E"'B*S.(D)"'f+ (E~' + E"'B*S.(D)"'BE!)g.

Comparing the coefficient of f gives

RE (D)= -E~'B*S.(D)™"
Likewise, substituting the formula for v into u = A=(f — Bv) gives

RE/(D) = —A"'BS,(D)™t.
This proves Egs. (B8) to (B10). O

2. Glued trace matrix and finite-rank Schur data

Definition B.3 (Collar and logarithmic derivative traces). For the reduced Dirichlet basis
$n(y) = V2sin(nry),
define the boundary derivative
Todn = ¢, (17) = V2nm(-1)". (B12)

On the minimal branch we now set ¢ = £y. From this point on, unless a general ¢ is displayed explicitly, we use the
local shorthand

1 1 1
L5(D) =L§, (D), R¥(D)=Rj (D).

This shorthand is confined to the present appendix. It denotes the D-parametrized finite-rank evaluation operator and
its resolvent, whereas the main text uses Lflll for the abstract D-independent mother bath.
The collar and logarithmic trace sources are the shell-bath functions

1 52
coll _
Tn (5) = ;exp |: 26(2):| T3¢n7 5 € R—O—, (Bl?))
and
/ 1
Tt D) =m0 Togn e VOTV e Ry, o ==, (B14)
™

The D-dependence of 7.°¢ is part of the finite-rank dynamic evaluation. It is unrelated to the Dirichlet label Dir in
Di

Hcolﬁ,ﬁ'

Remark. The source enters only through the boundary derivative Ty¢,,. The value trace vanishes on the pinned

Dirichlet basis, since

¢n(1) = V2sin(nm) = 0.
The glued shell therefore couples to the cavity line through a derivative trace rather than through a value trace.

Definition B.4 (Glued trace matrix). For all m,n > 1 and for every evaluation parameter D > 0 for which R8!(D)
exists, define

coll 7_(:011

Cln(D) = <[T#§;T;D)] D) L}{’g?-;D)} >ku@mog. (P13

Equivalently,
~gl _ coll pgl coll coll pgl log /(.
Con(D) = (75" READ)TM) g, ey + (o RE(DIT: (’D)>L2(R+,ds>

+(EG D)L RED)TEY) L (7Re( D), RE(D)mes( D (B16)

)>L2(R+7dt) ’
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Proposition 68 (Well-definedness and symmetry of the glued trace matrix). Assume D > 0 and that

Le

sh

(D) + DI
is boundedly invertible. Then, for all m,n > 1, the quantity éﬂn(D) is finite. Moreover,

C5(D) = Cim (D). (B17)
If the retained directions and the trace sources are real-valued, then G%H(D) € R and the matrixz is symmetric.
Proof. By Eq. (B13),

Todnl® [ _e2j
7 e a9 = = [ /e

71-2
|T8¢n|2 \/EZO

w2 2

< o0
By Eq. (B14),

1795 (5 D)2 s ary = 7 Tobnl? / 2Vt gy

n8|Ta¢n|2

BENGESTZ

Hence

coll
Tm 2 2
ngg(_; )} € L*(Ry,dé) ® L2(Ry, dt)

for every m > 1. Since R8!(D) is bounded, the pairing in Eq. (B15) is finite for every m,n > 1.
Because Lflll(D) is self-adjoint and the shifted operator LE}II(D) + DI is assumed boundedly invertible, the shifted
inverse R&!(D) is self-adjoint. Therefore

This proves Eq. (B17). If the retained directions and the trace sources are real-valued, complex conjugation drops out
and the matrix is real symmetric. O

Definition B.5 (Finite-rank Schur data). Fix an integer N > 2. Let

A, =n?—1, n>2.
Define
vi(D) = 5&@ V(D) = (v8(D),..., 05 (D)), (B18)
and
[M%5(D)], = %, m,n=2,...,N. (B19)
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Proposition 69 (Finite-rank glued Schur correction). Assume that T+ M%IE(D) is invertible on CN=1. Define the
finite-dimensional block matriz

g _ 0 (Vgl(D)) '
Ky (D) = <v%<D> H+§H%E<D>> (B20)

on C @ CN=L. Then the Schur complement of the excited block is
Schur p(K§ (D)) = —(vi(D))" (I + MEg(D)) ' VE(D). (B21)

With the fized implementation normalization yg /7%, define the finite-rank glued-shell dynamic Schur correction as the
negative normalized Schur complement:

6GEN (D) = 25 Sehurp(K§ (D)) = 25 (vR(D))" I+ ME (D))~ vE(D). (B22)

If, in addition, T+ MgEIE(D) is Hermitian positive definite, then
5G&N(D) > 0. (B23)

This quantity is the excited-sector dynamic correction extracted from the finite-rank glued higher-mode block with the
stated normalization. It is an implementation-level diagnostic Schur term. It should be kept distinct from the reduced
visible two-mode evaluator gg#N(D) of Egs. (233) and (235), which is the scalar evaluator used in the main text.

Proof. Let a,b € C and &, € CV~=1. Consider the block system
b
K&(D (a> - < ) B24
~(D) ¢ . (B24)

(V&(D))e=b,  v&(D)a+ (I+M%,(D))E = 1.

This is

Since I + M%), (D) is invertible, the second equation gives

-1
&= (I+MEL(D) ™ (n—vE(D)a).
Substituting this into the first equation yields

-1

b= (v4(D)) (I+M55(D) 'n— (v4(D) (L+M55(D)) vi(D)a.

Therefore the scalar Schur complement of the excited block is exactly
* —1
—(VE(D) (I +MER(D) ™ vE(D),

which proves Eq. (B21). Multiplying by the fixed positive normalization vg /7% gives Eq. (B22).
IfI+ M% (D) is Hermitian positive definite, then its inverse is Hermitian positive definite. Hence

* —1
(vH(D)" (L+ME(D) V(D) = 0.
Since yg /72 > 0, this yields
562N (D) > 0,

which proves Eq. (B23). No further identification is made here. In particular, the present Schur correction is not a
second definition of the main-text quantity G&-~ (D). O

Remark (Derived diagnostics). Quantities such as AAanQ, 6A(()N), XN, AAéﬁ;, and 5A(()]f\f]) should be regarded as
diagnostics extracted from the exact finite inverse

(I+ME (D)),
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not as primitive defining inputs. If, for a given D,
1
IMER(D)II <1, (B25)

then the inverse also admits the convergent Neumann expansion

o0

(I+MEL(D) " = (-ME(D)" (B26)
k=0

in operator norm on the finite excited block. The diagonal and off-diagonal excited-line corrections therefore arise
from the single inverse in Eq. (B22). Any Neumann-series interpretation is valid only under the convergence condition
Eq. (B25).

3. Numerical orientation and link to the main scalar ledger

Remark. The numerical values of £y, 1o, gee(0), and Bﬂue are already recorded in the main scalar numerical ledger; see
in particular table IV. This appendix adds no independent numerical datum. Its role is purely implementation-level.
It makes explicit the retained overlap, trace-matrix, and Schur-complement formulas that underlie the glued-shell
evaluation.

Appendix C: Sensitivity and numerical precision of the geometric lock

This appendix audits the realized geometric-lock evaluation at the levels of local sensitivity, truncation status, and
arithmetic precision. The main text shows that, for the frozen D-only scalar-radicand realization used in the present
audit, once a vector-shell representative and a scalar evaluator have been fixed, the realized lock output is obtained by
algebraic inversion of the scalar shell law. No coupled fixed-point solve remains in this frozen D-only realization. The
audit therefore separates exact closed-form ingredients from finite-rank or representative inputs and then quantifies
the local response of o, to each class of data.

The realized error budget has two sources. The first is the vector-shell representative used for Ageom; it can
be sharpened by improved evaluations of the shell-matrix resolvent, the large-mode tail, and the exterior-memory
functional. The second is the scalar evaluator D¢(a); its realization accuracy can be improved by operator-level
completion of the scalar branch and can be assessed externally, without entering the primary lock, by comparison with
the universal pure-photonic g — 2 coefficients. The value of «a, audited here is computed without QED coefficients and
without the measured fine-structure constant.

1. Closed-form ingredients and truncation map

Throughout this appendix, let A, denote the vector-shell input actually used in the audit. In the current article
realization,
Ain = A(th)

geom)

while at the exact operator level one would set Ai, = Ageom. This local notation prevents the exact vector-shell object
Ageom from being conflated with the reduced representative used in the numerical lock. All formulas in this appendix
use Aj, unless the exact operator-limit object is named explicitly. The first point that must be kept explicit is the
distinction between quantities evaluated by closed formulas and quantities entering through finite-rank representatives
or external truncations.

Proposition 70 (Closed-form and representative quantities in the realized lock audit). In the realized geometric-lock
evaluation, the following quantities are exact closed-form ingredients and require no numerical root search.

1 1 15072 — 8% — 315
S by = —— Kip= 1
o= 07 v AL 18076 ’ (C1)
On the minimal branch, where ¢ = £y, the collar—log overlap is
VT o 2 1 o 1
0= a0 k(4o ), :
gee(D) 5 eXP|, +4 erfe| < +4 (C2)
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:Dlock(A) = 5 KALPA (1 + 2‘;_; ) P (CS)

1 4D
¢(D) = 3 < 1+ 32 1) . (C4)
Within a chosen static completion, the coefficients B%iue and Bﬁ’p) are closed realization-level quantities once the raw
static traces and the corresponding finite static block have been fized. More precisely, they are obtained from explicit
special-function expressions and finite-dimensional matriz algebra inside the chosen static completion. This does not
make either coefficient an operator-exact invariant of the full scalar shell theory.

After the realized scalar evaluator has been frozen, the following are closed algebraic evaluation maps within that
fized evaluator on every interval I C (0,00) where Ryotn (D) > 0.

___ D wpy_aD _ D
a(D) - SRmoth(-D)’ (D) B ™ B mmoth(D)’ (CS)
z(D)*¢(D)?

Diotar(D) = D — z(D)((D) + D> 0. (C6)

4D ’
If one wishes to include D = 0, the last term is understood by removable singularity. Indeed, in the realized scalar
evaluator Rmeth (0) = 1, s0 (D) = D/+v/PRmoth (D) extends smoothly to D = 0 on any neighborhood where the radicand
remains positive. Since ((D) = D h(D) with h analytic at D = 0, one has
D)?¢(D)? D)? D h(D)?
#(DY*G(D)* _ a(D)* DA(D)* )
4D 4
which has a smooth extension to D = 0. By contrast, the following quantities are representative, finite-rank, or
reference-only quantities rather than operator-exact closed forms of the full shell theory:

uv ir

N 5 5
Ain, AN ANy, DEQ]ED(QTL aEQ]EDHD' (C8)

Here Ay, is the vector-shell input used in the audit. In the current numerical realization it is the reduced geometry-only
representative Aéz}g,)m, not the exact operator-limit vector constant. The triple (ASJ\Y),ASV),XN) belongs to the current
finite-rank scalar evaluator. The quantities ng and ag]ED%D belong to the reference-only layer and contain an

explicit external QED truncation at order M = 5.

Proof. The identities in Eq. (C1) are direct consequences of the pinned minimal-shell geometry and of the closed
expression for K, p. The overlap formula Eq. (C2) is exactly the closed complementary-error-function form of the
retained collar-log overlap evaluated on the minimal branch. Its value at D = 0 gives the static overlap used in the
static ledger. Equation (C3) is the Alpha Lock Point written as a function of the vector-shell constant. Equation (C5)
is the algebraic inversion of the scalar mother law.

On every interval I C (0,00) where Rpotn (D) > 0, the functions a(D) and (D) are real-valued algebraic evaluation
maps. The bridge quantity (D) is also algebraic, and the last term in Eq. (C6) has only a removable singularity at
D = 0. Indeed, since

¢(D) = D h(D),
with h(D) analytic at D = 0, one has
x(D)*¢(D)* _ a(D)* D h(D)?
4D B 4 ’
which extends continuously to D = 0. Hence ((D) and Diotal(D) are explicit closed evaluations within the fixed
realized scalar evaluator. Therefore no numerical root-finding enters this algebraic evaluation stage.

The quantities B%iue and Bﬁ’p ) are closed special-function or finite-dimensional matrix expressions in the chosen
static shell data, so they are closed within that chosen static completion. The objects listed in Eq. (C8) are of a
different nature. In the current audit, A;, is the reduced geometry-only numerical representative Agcké)m, rather than a
full operator-level closed form. The visible dynamic block (Ag]\\,]), Al(rN ), Xn) is explicitly finite-rank. The QED-induced
quantities are not part of the primary lock at all; they are explicitly truncated at order M = 5 and belong to the
reference-only diagnostic layer. This proves the claimed distinction. O
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Ingredient Status Comment
10, 2o, Karp exact closed no truncation
gee(D) with £ = £y exact closed complementary-error-function formula
glluc closed in visible static block visible 2-channel realization
Bﬁ’p) closed in chosen completion canonical 3-channel static lift
Diock (A) closed target map realization status inherited from A; no root search
a(D) closed within fixed evaluator once Rmotn is fixed

C(D)’ Diotal (D)
Ain

closed within fixed evaluator
current representative

algebraic Relator bridge
AL in the present audit

geom

(Al(ljx\,f) ) A-(FN) , XN) finite-rank visible dynamic block
piBl B

QED’ “QED-D external truncated reference-only QED cross-check

TABLE XXVII. Status of the quantities used in the realized geometric-lock audit. Only the shell quantities enter the primary
lock; the QED-induced quantities are reference-only diagnostics.

2. Closed sensitivity identities within the frozen lock realization

Let

©>k,in = glock(Ain)v m* = mmoth(g*,in)v Qy = T

(C9)

Here A;, is the vector-shell input used in the audit. In the current realization A;, = Aéﬁ%@; at exact operator level one
would instead set Ain = Ageom, provided the exact vector hypotheses are satisfied. For the fixed scalar evaluator used
in this audit, the realized scalar radicand is

Rmoth(D) =1 — 01 eg D + D?*® gy, (D), (C10)
with
N(D)
Q(D)’

For the current article scalar evaluator, kqyn = 1. In a different fixed scalar realization, xqyn is the kernel scale
specified by that realization. It is not varied as an additional fit parameter in the present audit. The numerator and
denominator are

(pdyn(D) = Iidyn (Cl].)

N(D) = AN (1 + D) + ALV (1 + s D) — 2xn Dy AR ALY, (C12)
Q(D) = (1 + suwD)(1 + s, D) — x4 D% (C13)

It is useful to define
N (C14)

Pdyn =
vV SuvSir

Proposition 71 (Regularity of the realized dynamic denominator). Assume
xN € R, |payn| < 1, Suy > 0, sip > 0. (C15)
Then, for every D > 0,
Q(D) > 0. (C16)
If, in addition,
AM >0, AN >0, kgm€eR,  Oyg€R,
then N (D), ®ayn(D), and Rmotn (D) are real-valued wherever the quotient is defined. Consequently,
Qyyn € C([0,00); R). (C17)
Hence the realized radicand
Rimoth (D) =1 — O1, gD + D*@yyn (D) (C18)

is a real-valued C* function on [0,00).
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Proof. Expanding Eq. (C13) gives
QD) =14 (suy +su)D + (suvsir - X%,)Dz.
From Eq. (C14), and using xny € R, one has
SuvSic — Xa = SuvSir (1 = Piygn)-

Under Eq. (C15), this coefficient is strictly positive. Since sy, > 0, si; > 0, and D > 0, the linear and quadratic
coefficients of Q(D) are nonnegative and the constant term is 1. Therefore

Q(D)>1>0, D >0.

This proves Eq. (C16).
Since N (D) and Q(D) are real polynomials in D, and Q(D) > 0 on [0, 00), the quotient

N(D)
Dayn (D) = Kdyn ==
dy ( ) Kay Q(D)
is real-valued and C'*° on [0, 00). Therefore
Rmotn (D) =1 — O1.eD + D*®qyn (D)

is also real-valued and C'* on [0, 00). This proves the final claim. O

Proposition 72 (Closed differential identities at the lock point). Assume that the scalar evaluator is fized. Let
Ay >0, set

Diin = Diock (Ain),
and assume that
D, in € 1 C (0,00),
where I is an interval on which
Q(D) >0, Rmoth (D) > 0, Kdyn € R. (C19)

For the target map Diock(A), with Kypp and A treated as independent variables for differentiation, one has

dglock 3 KALPA
dA = 5 Kacr (1 + 2 ) ) (020)
Do 3 KarpA
=—_A(1 21
dK, . p 2 ( + 2 )7 (C21)
and the scalar inversion satisfies
D E)%{'noth(D)
do T2 Ren(D)
R moth , (C22)
dD 9{moth(-D)
where
moth(D) = =O1 e +2DPayn (D) + D* @}, (D), (C23)
with
N'(D)Q(D) — N(D)Q'(D)
Ziyn (D) = I{dyn Q(D)2 ) (024)
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N'(D) = AN s + AN s — 2yn/ AR AN (C25)

Q'(D) = suy + sir + 2D(Suvsir — Xo)5 (C26)

Consequently, holding the scalar evaluator and K, p fized,

dav, da dDiock
= — c27
dAin dp D=9, in dA A=Ain ’ ( )
and, holding the scalar evaluator and A;, fized,
da* da dglock
= — . C28
dKip dD D=9, in dKarp A=Ain ( !

Proof. All differentiations below are taken on the interval I, where Q(D) > 0 and Rpyotn(D) > 0, so every displayed
quotient and square root is well defined.
Differentiating

3 KawpA
Duod) = 3 K (145257

with respect to A gives Eq. (C20). Differentiating the same expression with respect to K,.», while holding A fixed,
gives Eq. (C21).
For the scalar inversion, write

(D) = 7D Ruern (D)~

Then

da _ mD _
15 = " Rmorn(D) 2 5 Rmotn(D) 2R o (D),
which is exactly Eq. (C22).

Equation (C23) follows by differentiating Eq. (C10). Since

N(D)
Q(D)’

with K4yn independent of D, the quotient rule yields Eq. (C24). The derivatives Eqgs. (C25) and (C26) follow by direct
differentiation of Egs. (C12) and (C13).
Finally, Egs. (C27) and (C28) are immediate chain-rule evaluations at the lock point

(I)dyn(D) = Rdyn

(Da A) = (:D*,iny Ain)-

Proposition 73 (Fixed-lock scalar-parameter response). Assume
R = Rioth (D in) > 0. (C29)

Let q be any differentiable scalar-evaluator parameter that enters only through Rumotn (D) and not through D, in. Then,
at fized target value D, in, one has

80[* o Oy 8mmoth(D)
dqg 2R, dq D=D. .. (C30)

In particular, if ©1 g > 0, then

80[* a*g*,in aln iy Q*,in

9010 2R, ' 0O, Toam

(C31)
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If
el,eff = el,core + B%e;val% (032)
and Bﬁval) does not enter ®ayn (D), and if
B(eval)
1 >0, (C33)
then
Oln o, (eval) Diin
——eon = B Pyt (C34)
amBLe™) T 2m,

Proof. At fixed ®, in, the only dependence of o, on ¢ comes through the radicand,
Qs = 7TCD*,in iRmoth(co*,in)_l/Q-

Differentiating with respect to ¢ gives

dav, D -5/2 Pnon(D)
= _ A1 mmo D* in e .
5 5 th(Ds,in) dq D=9, in
Using
oy = ™xin Rs = Rimoth (D in),

VR

this becomes Eq. (C30).
For ¢ = © cs, one has

891,eﬁmm0th(D) = _D7

which yields Eq. (C31).
Under Eq. (C32), the derivative with respect to Bgclval) is the same as the derivative with respect to O; g, provided
B;elval) enters the radicand only through ©1 eg. If moreover Bﬁval) > 0, multiplying by B;elval) /ay gives Eq. (C34). O

Quantity Value
Dy in = Diock (Ain) 0.002315457831961859388055180838225655037164
R = Rimoth (D in) 0.9936715124961825203792602609712460860095
dDiock /dA 0.003347831863890756166833390212679253971757
dDiock/dKare 1.037686978747347760197771044955982368875
da/dD at Dy in 3.161568226180219588210396780642174986292
da /dAin 0.01058439884747071631208203873195519178583
da /dKye 3.280718180728563480414678180833963545929
Oln o /01n Ain 1.003247442028859989232465858598685031103
Oln /0 In Kypp 1.003247442028859989232465858598685031103
00ty 0O ot 8.502161900006311283571535347498921474059 x 10~°
Oln v, /0In O e 0.003199800080873844445610073237844962628056
dln . /01n B 3.383597525937520272758965249350957221989 x 10~

TABLE XXVIII. Closed sensitivities at the geometric lock within the frozen realization. These values are obtained directly
from Egs. (C20) to (C22), (C27), (C28), (C31) and (C34) and contain no numerical root search. For the current article scalar
evaluator, Bﬁval) = Bﬂ“e. The rows involving K, are diagnostic sensitivities of the algebraic target map. They are not
additional realization-level uncertainties in the closed coefficient K,p.
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3. Numerical sensitivities of the realized scalar evaluator
For the finite-rank quantities that belong to the current article scalar evaluator, it is convenient to evaluate logarithmic
sensitivities directly at the lock point by a symmetric multiplicative perturbation.

Definition C.1 (Symmetric logarithmic sensitivity estimator). Let ¢ > 0 be a parameter of the realized scalar
evaluator. Let a(g) denote the lock output obtained after varying only this parameter, while holding the target
D.,.in and all other scalar-evaluator parameters fixed. Assume that «(-) is defined and positive on an open interval
I, C (0,00) containing g. For € € (0,1) such that

q(1—¢) eI, q(1+e¢) € I,
define

Ina(q(l+¢€)) —lna(g(l —¢))
In(14+¢) —In(1l —¢) ’

S = (C35)

Proposition 74 (Limit and local error of the symmetric logarithmic estimator). Assume that o(-) is positive on an

open interval I, C (0,00) containing q, and that o € C3(1,). Then

@=L 2L 002 (=), (C36)

where the implied constant depends on q and on a local C3-bound for o.. In particular,

da
lim s — 49
25070 T ag) g

(9)-
Proof. Set
g(u) == Ina(u).
Since a > 0 and o € C3(1,), one has g € C3(1,). Define
F(t) = g(qe")
for ¢ in a neighborhood of 0. Then f € C? near 0, and

O
1'0) =a9'a) = 55 5. (a)
Next set

a. =1n(1 —¢), be =1In(1+¢),

so that
g — f:) — f(ac)
q be — a.
Write
me = 2% ; be _ %ln(l —€?), he = be ; de _ %(111(1 +¢) —In(1-¢)).

Then

ae = me — hg, be = me + he.
Since

m. = O(e?), he =+ O(£%),

it remains to expand the symmetric difference quotient of f about m..
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Parameter Séwi )
O1 ot 0.00319980008087384433895444
AD —7.71320934913998665044942 x 10~°
AP —7.69070828972777109005450 x 10~°
s 1.47021060626261554821047 x 102
Suv 1.23595014089731614720138 x 10~8
Sir 2.25528122964264145769737 x 10710

TABLE XXIX. Numerical logarithmic sensitivities of the current article scalar evaluator, evaluated by the symmetric estimator
Eq. (C35) at the current geometric lock with the scalar target ©. in held fixed.

By Taylor’s theorem with remainder, there exist & 4 and & _ between m. and m. £ h. such that

h? h3
f(me +he) = f(me) + he f'(me) + Esfl/(ma) + Eefm(fa,ﬂ—)v

2

hZ h3
) — 1 ().

f(me —he) = f(m.) — hf(ms) D)

Subtracting and dividing by 2h. gives
h2
S(gs) — f ( )+ E( /l/(g8 +) + ///(5677)).
Since f" is locally bounded near 0, the second term is O(h2) = O(?). Also, because f’ € C! near 0 and m. = O(g?),

f'(me) = f'(0) + O(me) = f'(0) + O(e?).

Therefore
(&) — p 2y_ 4 Oa 2

which proves Eq. (C36). O

In the numerical audit we use ¢ = 10~%, working precision 120 decimal digits, and evaluate all local scalar-parameter
sensitivities at the current article lock point determined by the realized vector input A, = Age%)m and the rank-5 article
scalar evaluator. The perturbations are chosen small enough to preserve the positivity and admissibility conditions of
the evaluator.

Remark. The hierarchy in table XXIX is diagnostically informative. The realized lock output is much more sensitive to
the geometric target itself than to the detailed finite-rank parameters of the visible dynamic scalar block. In particular,
the response to x5 is numerically negligible at the displayed precision, and the responses to s,y and s; are tiny. This
is one of the numerical reasons why the current article lock is stable under the visible dynamic scalar completion.

The row for ©; g provides an internal consistency check. Its numerical value agrees with the corresponding closed
logarithmic sensitivity reported in table XXVIII up to the O(¢?) truncation error of the symmetric estimator Eq. (C35),
with € = 1078, together with the arithmetic rounding error of the finite-difference evaluation.

4. Precision and rank-stability audit

Once the realized vector input Ay, and the chosen scalar evaluator have been fixed, the lock output is obtained
algebraically from

:D*,in - glock(Ain)7 Qy =T 3 ’ m* - ERmoth(i):k,in)-

Accordingly, the present subsection does not audit an iterative solve. It separates two different numerical issues;
realization resolution, coming from the finite-rank and representative character of the current scalar and vector inputs,
and arithmetic resolution, coming from finite working precision.

Remark. The two stability tables show that the dominant uncertainty in the current realization does not come from
arithmetic precision. The current lock output « is stable at the displayed prefix once the working precision is moderate.
The visible source of approximation is instead the finite-rank and representative nature of the current scalar and vector
inputs, which is why those ingredients were isolated in table XXVTII.
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Rank NV aﬁN) OéiN) — ailoo)
1 0.007297352550527673778111395432000269 —1.4531454240513 x 10~ 1

3 0.007297352564731952740369293989053486 —3.2717527825504 x 10713

5 0.007297352565050600333377958762732712 —8.5276852463781 x 10~ 1°
100 0.007297352565059128018624336814032979 0

TABLE XXX. Rank-stability of the geometric-lock output within the current article scalar family, with the realized vector input
A = A&Séln held fixed. The primary article value quoted in the main text is the rank-5 output. The rank-100 row is included
only as a high-rank finite representative for stability diagnostics within the same current scalar family. It is not used as an
operator-limit value.

Working precision stable displayed prefix of o absolute drift from 300 dps
50 dps 0.007297352565050600333377958762732711688845043386975 —1.4583663120557 x 10~ °°
80 dps 0.007297352565050600333377958762732711688845043386975 3.6058576503830 x 10783
120 dps 0.007297352565050600333377958762732711688845043386975 —2.1241709388290 x 107123
200 dps 0.007297352565050600333377958762732711688845043386975 1.0788773409699 x 107203
300 dps 0.007297352565050600333377958762732711688845043386975 0

TABLE XXXI. Arithmetic-precision audit of the current article geometric-lock output. The middle column reports a stable
displayed prefix shared by all runs listed in the table. It is not a certification that every displayed digit is individually justified
at the smaller working precisions. The shared prefix shown here contains 49 significant digits. The final column reports the
absolute difference between the value returned at the stated working precision and the 300-dps reference run. This table is
therefore an arithmetic-stability diagnostic, not an operator-level error bar.

5. Reproducibility protocol and optional diagnostic plots

The numerical checks reported in tables XX VIII to XXXI were generated by the companion Python audit script used
for this appendix. The same script can also generate two diagnostic plots; the curve a,(A) in a small neighborhood of
the realized geometric input Ay,, and, separately, the reference-only quintic residual

F5(z) = Dip () — Dain

near the QED-induced cross-check root. These plots are not needed for the derivation. The first audits local monotonicity
and conditioning of the primary algebraic lock, whereas the second belongs only to the external QED-induced diagnostic
layer.

Remark. In the frozen D-only scalar-radicand realization audited here, the primary geometric-lock evaluation requires
no iterative solve after the scalar evaluator and the vector input have been fixed. The only root-finding step in the
audit script belongs to the external QED-induced cross-check, where the retained quintic equation is solved on a
validated physical bracket by monotone bisection. This separation keeps the audited primary output algebraic and
confines numerical root-finding to the external consistency test.

Appendix D: Inter-shell variational channel and heavy-shell resolvent

This appendix gives the operator-theoretic variational reduction behind the heavy-shell correction law used in the
main text. Under the inter-shell hypotheses stated below, it derives the retained single-excursion channel ¢ — j — ¢
before any low-energy expansion is taken. The inter-shell operator, the derivative-trace injection, and the single-
excursion reduction are not additional standing postulates of the primary one-loop construction. They are retained
hypotheses used only for the conditional heavy-shell extension.

Definition D.1 (Inter-shell Hilbert space). For a pair of branch labels ¢ < j, ordered by increasing rest mass and

hence by decreasing Compton-baseline radius, let ”Hfj‘?u and /H,i(;-g be complex Hilbert spaces with inner products
conjugate-linear in the first entry. Define the inter-shell Hilbert space by

H = HE @ HOP (D1)

i

with inner product

<(§cv ff)7 (<c7 CZ)>’H1LrJlt = <§ca §C>H§;?ll + <§f7 <Z>7_[Eg~ (D2)



245

Definition D.2 (Shell-j-normalized inter-shell operator hypothesis). On ”r’-l?;t, let

~

Gcf,ij = GcZ,ij~

The shell-j-normalized inter-shell operator is

. HOY G . ~ ~
L = <A:ﬂ %ﬁ;) : Dom(L{%") = Dom(H{™") & Dom(LJ%). (D3)
cl,ij ij

where ﬁfj‘-’“ and Ei(;-g are non-negative self-adjoint operators on their respective Hilbert spaces, and

2l . q4lo 11
GcZ,ij : 'Hijg — ’Hfjo

Goff . 0 Gepij
clig ik 0
cl,ij

is bounded and self-adjoint on H;‘]‘t Hence I[/:fjlt is self-adjoint on the stated domain by the bounded self-adjoint
perturbation theorem. In addition, assume strict positivity; namely, there exists ¢;; > 0 such that

is bounded. The off-diagonal block operator

(€, Linte) > ¢;jllel*  for all € € Dom(Lin). (D4)

Remark. The reduction in this appendix uses only positivity, self-adjointness, and bounded gluing. A more microscopic

model for ﬁff”, Ei(;-g, and G, ;; may later specialize these objects, provided the stated operator hypotheses remain
valid.

Definition D.3 (Derivative trace injection). Let ¢; denote the normalized reduced pinned cavity ground line of the
external shell i. After reduction to the universal cavity coordinate y = r/ ril), this line is the Dirichlet ground mode

$i(y) = ¢1(y) = V2sin(my), il 20,1y = 1.
On the reduced Dirichlet cavity line,
Ko =—n20;, Dom(Ko) = H?(0,1) N H}(0,1),
define the graph-norm continuous derivative trace
Tou =u'(17), u € Dom(Kjp). (D5)

Let J;; : C — ’Hi?t be a bounded injection, fixed as part of the retained inter-shell channel rather than derived from
the self-shell scalar bath. Since the domain is one-dimensional, any bounded linear map is determined by the source

vector ji; = Jij(1) € "Hi‘}t, and the injection condition is equivalent to

Jij # 0.
The inter-shell derivative-trace map is
7i; = JijTs : Dom(Ko) — M. (D6)
Equip Dom(Kjy) with the graph norm
llullgr(xo) = llullL2(0,1) + [[Koul £2(0,1)-

To see the continuity directly, write

oo oo oo
2 41, 12
U= E Up O, Kou = E N Uy O, E nuy,|* < oo.
n=1 n=1

n=1
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Since
T(?an = \/gnﬁ(_l)n7
the Cauchy—Schwarz inequality gives

|Tou| = ’\/iw —1)"nu,

_\fﬂ'

w2

n=1

V2w NP
™
(Z 4|Un|2> (Z n) =3 [ Koull£2(0,1)-

8

Therefore, for every u € Dom(Kp),

Iijullpme < (il [Tou| < |

2

I 75 Il
Since

Todi = $1(17) = —V2,
the injected ground-line datum is

Tij¢i = — 271'_7” S Hlnt. (D?)
In particular, under the injection condition j;; # 0, one has

Tij¢i # 0.

Remark. The coupling enters through the derivative trace rather than through a value trace because the pinned cavity
line vanishes at the matching shell. This is the same mechanism that generates the self-shell memory in the universal
scalar law.
Definition D.4 (Physical inter-shell operator in shell-i units). Let ]L?;m denote a dimensional representative of the

retained inter-shell operator of the channel i — j — 4, with physical dimension L2, acting on the same inter-shell
Hilbert space. This is a unit convention for comparing shell-j and shell-i normalizations; it is not a second dynamical

input beyond the retained operator ]T_:fj‘t The shell-j-normalized operator and the shell-i-normalized operator are
defined by

Tint _— p2 d1m hys _ p2 1 dim
Lint = g2Ld LPYs = R2Ldim. (D8)

'L_] -

These two dimensionless realizations have the same operator domain,
Dom(ILE!”®) = Dom(L{%). (D9)

Proposition 75 (Exact shell-rescaling of the inter-shell operator). Let i < j be ordered by increasing rest mass, so
that m; > m; and therefore R; < R;. Set

R.
oy = ﬁj 0<oll <1 (D10)

Then, as self-adjoint operators on the common domain Dom(]m?t),
h -2
L5 = (o) "Ly (D11)

In particular,

ij
Consequently, for every dimensionless shell-i spectral parameter D > 0,

-1

(LE + D1~ = (o) (L' + (o))" DY) (D13)
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Proof. By Eq. (D8),
H/\int R2 I dim I phys RQ I dim
ij T Y Mg o ij "= i iy

dim

Eliminating L{;™ on the common operator domain gives

R? . —2 .
hys 4 T in in in
L5 = I Lit¢ = (of;) "LB%, & € Dom(LY).

This proves Eq. (D11). Since E;?t > ¢;;1, one also has
h -2
L™ > (elj) el

which proves Eq. (D12).
Next,
L™+ D1 = (off) " (L' + (o) D1).

The shifted operator in parentheses is boundedly invertible for every D > 0, because it is bounded below by c;;1.
Inverting the previous identity yields Eq. (D13).

Definition D.5 (Normalized heavy-shell memory and physical kernel). Let
2 Tinty— Tint\ —
B=d),  si=@ T P = W) P (D14)

The factor f)g- is therefore the dimensionless heavy-shell decoupling factor forced by shell rescaling. It is not a frequency,
not a running parameter, and not an independently fitted kernel strength.

The inverse square root is bounded because HAJ;IJ“ > ¢;;1 with ¢;; > 0. In particular, (]]:;;t)_l/ 2 is bounded and
injective. For D > 0, define the normalized heavy-shell memory by

H -1y
MI(D) = (8, (1+8l DS TO8) (D15)
The corresponding physical heavy-shell kernel in shell-i units is
H _ pH A H
Ki; (D) = bi; M;;(D). (D16)

Definition D.6 (Inter-shell action). For > 0, k > 0, u; € Dom(K)j), and &;; € Dom(]L%hys), define the real quadratic
functional, viewed on the complex Hilbert space by real variations. The source term is well defined because 7;;u; € ’H?J“-t
and fij S /H;I;t

2

. €T s
,C;;lt [ui, gij; K, :Z?] = ; <<€ij, (]ijhy + $H1)£¢j>Him +2%R <7'z'j’ui, 523>H1151t> . (Dl?)
i

Remark. The prefactor 22 is the lowest order retained for a single virtual excursion i — j — i. The heavy-shell
suppression hg- is not inserted here by hand; it emerges from the operator rescaling in Eq. (D13). This keeps the
retained single-excursion order counting unambiguous.

Lemma 30 (Exact elimination of the virtual inter-shell field). For fizved u; € Dom(Ky), > 0, and x > 0, the map
&ij E?}t [u;,&ij; K, ] is strictly convex on Dom(ijhyS), viewed as a real affine space with its graph topology, and is
uniquely minimized at

= (L 4 esl) (D18)
At this critical point,
int crit I2 phys —1
L5 Tug, 65 Ry ] = -— <7,-ju,-, (]Lij + k1) Tijui>mm' (D19)
ij
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Proof. Set
Ajj(z, k) = ]L%hys + zk1.

By Egs. (D4) and (D11), IL%hyS is strictly positive and self-adjoint. Since x > 0 and s > 0, the shifted operator
A;j(z, k) is strictly positive and self-adjoint. Hence A;;(z, )~ is a bounded operator on ’H;‘;t, with range contained
in Dom(A;;(z, k)). Writing

bij = Tijui,

the action becomes

2
in T
L5 ui, &ijs k@) = — <<§ijaAij€ij>7-[ii;t + 2§R<bij,§ij>y;3t> ,

Complete the square. Since the inner product is conjugate-linear in the first entry and A;; is self-adjoint,
<€z‘j + A big, Aij (&5 + Aj1bij) >Hmt
ij
= (€ij> Aij&is) + (€igi big) + (bigs i) + (i, A big)-
Hence
(&ijr Aij&ij) +2R(bij, &ij) = <€ij + A iy, Ay (&5 + Ai_jlbij)>

— <bij,A;jlbij>Hi£t.

int
Hin

Moreover, by Eq. (D12),

(€ AiiQ) = (o) ey +an] G ¢ € Dom(Ay).

Hence the quadratic part is strictly convex. The first term in the completed square is nonnegative and vanishes if and
only if

&ij = _Ai_jlbija

nt

which is exactly Eq. (D18). Because Ai_jl is bounded and maps "H;j into Dom(A,;), this critical point belongs to the
variational domain. Evaluating the action at this unique minimizer gives Eq. (D19). O

Corollary 12 (Unscaled spectral form, positivity, and complete monotonicity). For every D > 0, the normalized
heavy-shell memory function ME(D) is non-negative. It is strictly positive whenever 7;;¢; # 0. Under the injection
convention of definition D.3, this nonzero condition is automatic, because

Tijhi = —V2T jij, Jij # 0.

More precisely, the spectral measure of S?j associated with zZJ\g defines a canonical positive finite Borel measure uiHj on
[0, [S33]I] such that

duii(0)
ME(D :/ U D20
/(D) o,Ist ) 1+ b Do (020)

This is the unscaled spectral representation. The standard Stieltjes representation with denominator 1+ sD is obtained
in proposition 76 by the push-forward s = hg-o, and that pushed-forward normalization is the one used for the moments
and for the retained quadrupolar normalization in Condition E.1.

Consequently,

n dn
=1)"3pm

H _
MID)>0, D=0, n=01,2,..., (D21)

with derivatives at D = 0 understood by the compactly supported spectral integral. Thus Mg is completely monotone
on [0,00).
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Proof. By Eq. (D14),
H Tinty—1
Sij = (]Lijt) .

Since ]I:;‘j“ is strictly positive and self-adjoint, Sg is bounded, positive, injective, and self-adjoint on ’H;‘;t By the

spectral theorem there exists a projection-valued measure E;; on [0, ||S}|] such that

Si = / odE;;(0).
[0,/ISH I

Define the positive finite Borel measure
ui(B) = (U5, E5(B)d]), B C[0,]S]]] Borel

Then

_ 1
1+pEpsH 1:/ — dE;(s),
(L+650S5) osigy 1+ biDs

and therefore

H
ME(D) = M
“ 1+5pHDs’
[0,[ISE ] ij s

which proves Eq. (D20). Non-negativity follows from the positivity of the measure. Moreover,

_ 2
MY(D) = H (1+blDsH) /g0

| P
Hine

Thus M}}(D) > 0 for every D > 0 whenever 125 # 0. Since (Hii?t)_l/ 2 is bounded and injective by strict positivity,
this holds whenever 7;;¢; # 0.
For every integer n > 0, compact support gives the uniform bound

n

Hn
0< )

s
(1 + h Do)+

which is integrable with respect to the finite measure u% Hence dominated convergence justifies differentiation under
the integral sign, including right derivatives at D = 0, and gives

dn o™ dull(o)
— ME(D) = (=1)"n! {)H.”/ . A A

The integrand is nonnegative for D > 0. Hence
dn I
1" “(D)>0
(=1) anM”( )20,

which proves Eq. (D21). O

Theorem 25 (Conditional exact reduced law for the retained heavy-shell channel). Fiz i < j, ordered by increasing
rest mass. Assume the inter-shell Hilbert space, operator, strict-positivity, shell-rescaling, derivative-trace injection,
normalized-memory, and single-excursion action structure specified in definitions D.1 to D.6. Let x > 0 belong to the
domain of a fized reference scalar branch and write

DY(x) = xk)(x), K9 (z) > 0.

The branch DY (z) is an input to this conditional inter-shell extension. It is not determined by the variational elimination
below and is not recomputed by the virtual shell j. Let ¢; be the normalized external pinned cavity ground line from
definition D.3. Then the eliminated virtual field contributes a non-positive Schur term to the inter-shell action. The
retained single-excursion slowdown convention defines the positive slowdown increment by

ADU) () = — L [gy, €5 kY (2), 2. (D22)
Under this convention, the induced correction is

SC2

ADE(x) = w3 ()

Ki(D?(x)). (D23)
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Proof. Set
u; = ¢, K = K9 (x), DY(x) = xk?(z) = zk.
Since ¢; = ¢1 € Dom(Ky), = > 0, and x9(z) > 0, one has D?(x) > 0. Applying lemma 30 with these values gives
2
in Ti € hys _

‘Ci t[¢u ZCJ t’ Ky (:L‘),LL‘] = _m<Tij¢i’ (L?j Y+ D?(:E)l) 17ij¢i>?-[§i‘;t' (D24)

For
0 _ hys 0
A () = L™ + Dy (o)1,

strict positivity gives

(£ (A% @) ) = | (A5 (@) 72

2
i 20, f =Tijdi.
Thus the Schur-complement term in Eq. (D24) is non-positive. By the retained single-excursion slowdown convention
Eq. (D22),
AD('LFJ)(LE) — _)C;nt[d)“ c]rlt’ z(x) QC] > 0.

Therefore
ADUD) () <Tw¢1, (LM + Dg(z)1)*1nj¢i>m?t. (D25)

It remains to identify the quadratic form in Eq. (D25) with the physical heavy-shell kernel. By Eq. (D13), for every
D >0,

-1

hys in
(LEP® + 1)~ = bl (L + b D1) (D26)
Since Hi;;‘t > ¢;;1 with ¢;; > 0, the operators (]/I:;‘]lt)’l and (]Li‘]?t)’l/2 are bounded. Also
1+b;;DS}5 > 1,
so its inverse is bounded. By the spectral theorem, the scalar identity
(A+BED) T = A7V (14 BEDAT) AT X e [y, 00),

lifts to the operator identity

(Lt 4+ piip1) " = (LY ~1/2(1 + il DS T (L) —1/2, (D27)

Using
vl = (LY 77505,

we obtain the chain
(7ij Pis (L?jhys + Dl)_lTij¢i>'Hiir}t
= bl5(rij0u (LI + 05 D1) 730 )
_ r,g@”, (1+pDsH)” J}j%p}

= b M35 (D) = K}5(D),

where the last two equalities use Egs. (D15) and (D16). This identifies the quadratic form generated by the eliminated
inter-shell field with the physical heavy-shell kernel in shell-i units. Substituting this identity into Eq. (D25) with
D = DY(z) gives

72

H 0
H?($> ’Czj(Dz (I))7

which is Eq. (D23). O

ADUI) (1) =
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Remark (Status of the retained inter-shell channel). The theorem derives the exact reduced law for the retained
single-excursion channel under the operator hypotheses of this appendix. It does not construct a complete family-level
scalar—vector mother operator, does not include repeated inter-shell excursions, and does not fix the leading quadrupolar
normalization of the heavy-shell measure. That normalization is a separate retained input recorded in Condition E.1.
The heavy-shell correction used in the main text is therefore theorem-level only within this retained channel. It should
not be read as a complete running-coupling theory, and it does not feed back into the fixed vector-shell datum or the
primary baseline value of a.

Appendix E: Stieltjes memory and quadrupolar normalization

This appendix records the positivity structure of the normalized heavy-shell memory and states the leading isotropic
quadrupolar normalization retained in the main text as an explicit input. The Stieltjes representation and moment
expansion are derived consequences of the retained inter-shell operator hypotheses. By contrast, the leading quadrupolar
value of the zeroth memory moment is a normalization condition on the retained channel, not a consequence of the
spectral theorem alone.

The logical roles in this appendix are separated as follows. The measure VS- is the pushed-forward spectral measure

of Sg associated with the injected vector {/JZH The moments h;;,m, complete monotonicity, and the moment expansion
are derived from the retained inter-shell operator and injection of appendix D. The value h;j o = 2/45 is not supplied
by those spectral arguments; it is a retained leading quadrupolar normalization condition that fixes the zeroth moment,
equivalently the norm of the injected heavy-shell datum. The higher moments and the detailed spectral distribution
remain unspecified in the present paper.

Proposition 76 (Stieltjes representation of the normalized heavy-shell memory). Let i < j be a retained heavier-shell
pair in the Compton-baseline ordering, so that m; > m; and

NORE

Assume the retained inter-shell operator, injection, and normalized-memory hypotheses of definitions D.2, D.3 and D.5.

Then there exists a unique positive finite Borel measure vit on [0,00) such that the normalized memory has the Stieltjes

ij
form

< duil(s)
H — Yz >
M) = [FEES Do (E1)

This measure is the push-forward, under
s =b;;0,
of the scalar spectral measure of SiHj associated with @j Its support is contained in the compact interval
H H|gH
supp v;; C [07 %HSU”] (E2)
Proof. Because i;?t is strictly positive and self-adjoint, the operator
H Tinty—1
Sij = (]L;?t)
is bounded, positive, injective, and self-adjoint. By the heavier-shell ordering assumed in the statement,
b € (0,1).

Let E;; be the projection-valued spectral measure of SE Since SE is bounded and positive, the spectral theorem
gives

Sg :/ O'dEij(U).
[0,ISH ]
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Define the positive finite Borel measure
_ /0 “H
piy(B) = <wgaEij(B)wij>H;r;m B C [0, ]S ] Borel.

By functional calculus,

(oS = | 1

4B, (o).
o s L+ 05D

Hence the normalized memory defined by Eq. (D15) satisfies

dpij (o)
o st 1+ b5Do

M5(D) =
Push p;; forward under the map
oS5 = hga.

Define v;; by

Z/%(B) = ,ug»({a € [o, HSEH] ; f)%a € B}) , B C [0,00) Borel.
Then 1/5 is positive and finite, with

v1(10,00)) = i ([0, 1) = 19515 < oo
Its support obeys
suppvj; C [0, b33 [ISH ],

which is Eq. (E2). The change of variables gives

< dufl(s)
HD:/‘ I D>0
MED) = [ 725 D20

which proves existence.
It remains to prove uniqueness. Suppose that another positive finite Borel measure v on [0, c0) satisfies

°° du(s) ° dufi(s)
= for all D .
/0 14+ sD /0 14 sD ora >0

Let

_~_ H
A=V—v.

Then A is a finite signed Borel measure on [0, 00). Its Stieltjes transform

7 dA(s)
F(D) '_/0 1+ sD

vanishes for every D > 0. Since A is finite and (1 4+ sD)~! — 1 pointwise as D | 0, dominated convergence gives
o0
= = lim F(D) = 0.
A(0.00) = [ ax(s) = lim F(D) = 0

For each integer n > 0, differentiation under the integral sign is justified at D = 1. Indeed, on every compact interval
D e [1/2,3/2],

n n

o 1
oD™ 1+ sD

S S
=n! <n—
‘ T sD)y T S (T /2y
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With u = s/2, the last factor satisfies

n n

S u
B S > 0.
(1+s/2)n+1 1+t = =

Since || is finite, the constant n!2™ is |A|-integrable. Hence
0=F"(1)=(-1)"n! ———dA =0,1,2,....
Push A forward under the continuous map

S
u =
1+s

€[0,1).
We regard the resulting finite signed Borel measure ) as a measure on [0, 1], with no mass at w = 1. Then
/ W1 —w)diw) =0, n=0,1,2,. ..,
(0,1]

and

A([0,1]) = A([0, 00)) = 0.

We now prove by induction that
/ u™ dX\(u) = 0 for all n > 0.
[0,1]

The case n = 0 is the total-mass identity above. If it holds for some n > 0, then

0= / u™(1 = w) dA(u) = / u™ d(u) — / "t A (u) = —/ w1 AN (u),
[0,1] [0,1] [0,1] [0,1]

so the claim follows for n + 1. Therefore A annihilates every polynomial on [0, 1]. By the Weierstrass approximation
theorem, polynomials are uniformly dense in C([0, 1]). Since A is finite, it annihilates every continuous function on
[0,1]. By the Riesz representation theorem for finite signed regular Borel measures on the compact interval [0, 1], this
implies

A=0.

Since s — s/(1 + s) is injective on [0, 00), the vanishing of the push-forward implies A = 0. Thus v = I/g, and the

representing measure is unique. O

Corollary 13 (Positivity and complete monotonicity). For every retained inter-shell channel satisfying the hypotheses
above,

ME(D)>0  (D>0). (E3)

If 73505 # 0, then this inequality is strict. Under the retained injection convention of definition D.3, this nonzero
condition is automatic whenever j;; = J;;(1) # 0, because

Tij®i = Todi jiz = —V2 jij.
In that case,
M(D)>0  (D>0). (E4)
Moreover, for every integer m > 0,
(—1)md—mMg(D) >0, D>0, (E5)

dDm
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where the case m = 0 is the non-negativity statement above. The one-sided derivatives at D = 0 exist and satisfy

()" S ME (D)

o0
= m!/ s™ dl/g(s) > 0.
D=0+ 0

In the notation introduced later in definition E.1, this is

m dm H
(_1) anL Mij

(D) =m! hij,m~

D=0+

Thus Mg is completely monotone on [0, 00), with complete monotonicity at the endpoint understood in this one-sided
sense.

Proof. From Eq. (E1),

< dyfl(s)
Hep :/ ] D >o0.
M;;(D) . TtsD’ >

Since VE is a positive measure, one has

ML(D) > 0.

—1/2

Because Itf;t is strictly positive, the operator (]/I:;‘J‘t) is bounded and injective. Hence

Tijgbi 75 0 — 12;5 = (f[:?}t)il/QTijd)i 7& 0.
Therefore
vi([0,00)) = [&5]* > 0,

o) z/g is not the zero measure. Since the integrand (1 + sD)~! is strictly positive for D > 0, this implies

ME(D) > 0.

The case m = 0 in Eq. (E5) is exactly M}}(D) > 0. Now fix . > 1. By Eq. (E2), the measure v;; has compact
support, say in [0, sj3**]. For D > 0, and for right derivatives when D = 0,

dam o1
dD™m 1+ sD

S

— <
(1+sD)m+l —

max)m

‘ =ml! m! (i

The right-hand side is Vg—integrable because l/g is finite. Therefore differentiation under the integral sign is justified
by dominated convergence, and

dm H o gm 1 H
—— M (D) = — | ———— | dv;:(s).
dDmMZ]( ) 0 dDm<1+SD> I/ZJ(S)
Using
dam 1 sm
- (1YY
apm 1750 Y Dy
we obtain

d™ g < 5™ dul(s)
—_1m—mu =m) Y > .
(-1 dDmM”(D) m /0 15Dy >0, D>0

Taking the right limit D | 0 inside the integral, again by dominated convergence and compact support of v

;i gives

()" - ME(D)

o0
:m!/ smdyg(s),
D=0+ 0

which is nonnegative. This proves Eq. (E5). O
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Definition E.1 (Heavy-shell moments). Define the heavy-shell moments by

hijm = / s dVg(S), m=20,1,2,.... (E6)
0
In particular,

hijo = vi([0,00)) = [[¥2. (E7)

Proposition 77 (Moment expansion of the normalized heavy-shell memory). Because Sg is bounded, the measure VE

has compact support. Hence all moments {hijm}m>0 are finite. Let

Sij " = supsupp V-j < 00, (E8)

with the convention s7;** =0 if V is the zero measure. If si5** > 0, then for real or complex D satisfying

1

|D| < S (E9)
Sij
the normalized memory admits the absolutely convergent power series
MS(D) = hij,O — hij,lD + hij,gDz — hij)3D3 + - (ElO)
If 537 =0, then 1/}jI is supported at s = 0, possibly as the zero measure, and

In the strictly injected case T;;¢; # 0, the measure is nonzero. Since S?j is injective, this degenerate zero-support case
cannot occur for a nonzero injected datum.

Proof. By Eq. (E2), the measure v
finiteness of the moments Eq. (E6).
If s =0, then 1/5. is supported on {0}, with the zero-measure case included, so

Hep :/ / =
Mz]( ) o 1+SD dyu hl]:

If in addition, 7;¢; # 0, then zZJ\g # 0. Let p;; denote the scalar spectral measure of Si- associated with z/J

; has compact support, hence every polynomial is v; -—1ntegrable This proves

ij» S0 that

”- is the push-forward of p;; under

§ = bg-a.
Since h > 0, support on s = 0 implies that ,ug. is supported on o = 0. Hence

’L] = ZJ({O})

By the spectral theorem,
TH “H
Siijij = /O’dEij(O')’(/Jij =0.

Since SE is injective, this implies 12)\5 = 0, a contradiction. Therefore the degenerate zero-support case cannot occur
for a nonzero injected datum. There is nothing further to prove in the zero-support case.
Assume now that si3** > 0. If [D| < 1/s73**, choose ¢ € (0,1) such that

Dl s <
Then, for every s € supp V”,

|sD| < ¢ < 1.
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Hence the geometric series

converges absolutely and uniformly on supp VH Moreover,

o0 o0
SIS P
m=0 m=0
Since v} is finite, dominated convergence justifies termwise integration, and

< dyfl(s)
H( ) _ ij
ME(D) = /O

1+sD

:/OO (Z(—l)mstm> dl/%(s)
0 m=0

_ - 1 \ympym Oosm I/HS
=3 | smaviis

M

(=1)™hijm D™,
0

3
Il

which is exactly Eq. (E10). O

Lemma 31 (Isotropic fourth moment). Let (-) denote the normalized rotationally invariant average on the unit sphere
S?, so that (1) = 1. Then

T (6ab(scd + 6ac(5bd + 6adébc) . (E12)

Proof. Set

Rotational invariance implies that Typ.q is an isotropic rank-four tensor. Since no Levi—Civita tensor can occur in a
fully symmetric parity-even fourth moment, the most general form is

Tabcd =A 6ab60d +B 6a06bd +C 6ad5bc

for some scalars A, B, C. Because the product fi,7pn.Ng is symmetric under every permutation of the indices, the
coeflicients of the three invariant tensors must agree:

A=B=C.
Therefore
Tabcd =A (6ab5cd + 5ac5bd + 6ad5bc) .

Contracting with §,p0.q gives

~

’ﬁ‘ n > = abcdéabdcd
( ab(sab 5cd5cd + 5ac5bd6ab5cd + 5ad5bc5ab5cd)
(9+3+3) = 15A4.

((
A
A

Hence A = 1/15, which proves Eq. (E12). O

Lemma 32 (Isotropic quadrupolar eigenvalue). Let S.q = Sqc and See = 0. Then

<ﬁaﬁbﬁcﬁd> Scd = T5 Sab~ (El?))
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Proof. Using Eq. (E12),

1
<ﬁaﬁbﬁcﬁd> Scd = B (6abScc + Sab + Sab)

2
:7‘9117
15 7

since S.. = 0. This proves Eq. (E13). O

Condition E.1 (Retained leading quadrupolar normalization). For any specified inter-shell operator and injection,
the measure Vg and its zeroth moment h;; are fixed by the spectral construction above. The condition below is
therefore an explicit normalization of the retained channel, equivalently of the norm of the injected heavy-shell datum.
It is not implied by the spectral theorem alone. The present paper does not construct a closed family-level mother
operator that would fix this normalization from first principles.

In the bookkeeping used here, the monopole sector is already absorbed into the universal scalar law, while the
centered rest branch excludes the dipole sector by parity. The first retained inter-shell channel is retained in the

symmetric traceless | = 2 sector. Its zeroth memory moment is fixed by

2 un 2

_ = -z E14
15 e 457 (B14)

hijo
using the Path-II single-polarization shell-geometric value

eun _ 1

log — 3

Equivalently, after the retained inter-shell source direction has been fixed, this condition fixes its normalization by
requiring

2

2 2
15812 = —

in the leading isotropic quadrupolar channel. Thus the spectral construction determines the measure from the chosen
normalized source, while this condition chooses the retained source normalization used in the heavy-shell channel.

Remark. The factor 2/15 is the isotropic quadrupolar projector eigenvalue from Eq. (E13). The factor 1/3 is the
Path-II single-polarization shell-geometric logarithmic weight derived earlier. Their product fixes only the retained
leading isotropic quadrupolar zeroth moment. It does not specify the spectral distribution of ug, the higher moments
hijm for m > 1, or any full microscopic family-level heavy-shell operator.

Corollary 14 (Leading heavy-shell kernel expansion). Under the retained quadrupolar normalization Eq. (E14), define
51}]1(1)) = MS(D) — hij,O-

Then, for each fized retained pair (i,j),
2
KED) = (5 + D). RO <hoaD, D20 (B15)

The leading coefficient 2/45 is fized by the retained quadrupolar normalization. The correction is controlled by the first
heavy-shell moment h;j 1. The estimate is pairwise in (i, j); no pair-uniform bound over all heavy shells is asserted
unless additional uniform moment bounds are supplied. Equivalently, for the same fized pair,

2
Kij(D) = £ bij + Ri(D), [RGD) < bjjhijaD, D >0, (E16)

This equivalent form makes the remainder explicit in shell-i units.

Proof. From the Stieltjes representation,

H o — _ Heoy — _ . 1
Mij(D) hij.0 /0 (1 oD 1) dz/”(s) D/o 55D dy;; (s).
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Therefore, for D > 0,
H Oo H
| M35(D) = hijo| < D/O sdvjj(s) = hijD.

The retained quadrupolar normalization Eq. (E14) gives

2

hijo= —.
T
Since
E(D) = Mi3(D) = hijo,
the estimate above gives
|ES(D)| < hijaD, D >0.
Using the physical kernel definition Eq. (D16),
H _ pH A H
Kij(D) = b;; M;;(D),

one obtains

2
KBD) =0 (2 +€4D). IEHD)] < hoD.

This proves Eq. (E15).
Equivalently, set

RE(D) = bl EX(D).

Then
2
KS(D) T b% + R?j(D)a
and
IRy (D)| < bijhijaD, D >0.
This is Eq. (E16). O

Appendix F: Downstream diagnostic maps and a conditional family extension

The formulas in this appendix are not used in the derivation of the primary one-loop electron value «,. They
record diagnostic algebraic maps that become available once a family-dependent scalar deformation ADS) () has
been specified. These maps leave the fixed geometric lock unchanged, do not redefine Ageom, and do not provide an
independent running law. Every map below is therefore downstream of a chosen scalar deformation rather than a new
postulate of the primary shell closure.

The index 4 is only a family label in this appendix. To avoid a double-subscript clash with the primary scalar-block
symbol D¢, the family-resolved scalar branches are written in this appendix with superscript family labels as

i),0 i),eff i
pY),  DYM(w),  ADY(x),
with
i),eff i), i
DE"*(2) = DM (2) + ADE ().

These are downstream family-level inputs. They are not new definitions of the primary electron scalar block D¢ (z),
except in the special case where the family label is explicitly specialized to the electron branch.
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Definition F.1 (ALP image map). Recall the downstream ALP target map

3 KapA
Dad) = 3 Kurd (145557 ) . 420 (F1)

together with its inverse-branch parametrization

1 4D 272

¢D) =3 ( 1+37r2—1) . Aap(D) = Ko (D), D=o. (F2)

In this appendix, Dok and Aapp are used as diagnostic coordinate maps. The value Aarp(D¢) reconstructed from a
scalar branch is not, by definition, the fixed vector datum Ageom. The label “ALP” in Aarp is only a mnemonic for
the algebraic Alpha-Lock-Point image used in this inverse map. It has no relation to pion or hadronic physics.

Proposition 78 (Inverse-map identities for the ALP image). Since K p > 0 by proposition 43, the map Dipck :
[0,00) — [0, 00) is a smooth strictly increasing bijection. Its inverse on [0,00) is Aarp. Thus, for all D >0 and A > 0,

Dioek(AarLp(D)) = D, Aarp(Diock(A)) = A. (F3)
Moreover,
3 KarA
o) = 2 Ko (1 g R ) >0, (F1)
and
2 1 1
ANy p(D) = = . F5
ALP( ) 3Karp 4D Qiock(AALP (D)) ( )
A1+ 5=
372
Proof. First,
KALPAALP(D) o
— o2 (D).
Hence
3 272
Dioek(AaLp (D)) = = Kae — ¢(D) (1 +¢(D))
2 Kare
=372 ({(D)(1+¢(D)).
Using

one obtains the first-principles chain

(,/1+§2§ —1> (\/1+‘§2§ +1>
2

312 ({(Dc) (14 ((Dc)) = 3 1

32 4D¢
=T 5E) ]
= De.

This proves the first identity in Eq. (F3).
For the second identity, set

3 KapA
Do = D) = 5 Kus A (145557 ).
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Then
4Dc 4 [3 KapA
e =1tss [2K““’A<1+ 212
L 2Kaeh | K3 A7
- w2 74

Since A > 0 and K,.p > 0, the positive square root gives

/ 4D¢ KapA
1 =1 .
+ 372 + 2

Therefore
o ]. KALPA _ KALPA
Hence
272
Aarp(Dc) = K ¢((Dc) = A.

ALP

Differentiating Eq. (F1) gives

3 KapA
Diock(A) = 5 KALP <]‘ + ‘;]-J; > ’

which is strictly positive for A > 0. Therefore Do is strictly increasing on [0, 00). Also,

:Dlock<0) = 07 lim Qlock(A) = 00,
A— oo

80 Dioex maps [0,00) onto [0,00). Smoothness is immediate from its polynomial form. Thus it is a smooth strictly
increasing bijection.
Differentiating Eq. (F2) gives

2 1

3Kare 4D
A1+ ——
372

A/ALP (DC) =

Using
1+ —KALPAfTEP(DC) —1+42((Dc) = /1+ %,
one obtains
Nyip(Po) = 5
Dloar(Aarp (Do)
This proves Egs. (F4) and (F5). O

Proposition 79 (Fixed-z reflection on the ALP image). Fiz x. Assume that

D) >0,  DYN(x) = DI (x) + ADY (z) > 0, (F6)
and let K; C [0,00) be a compact interval containing the segment joining Dg)’o(x) and Dg)’eﬁ(x), The constants in

the remainder estimates below are allowed to depend on K., but not on AD(Ci)(x) once K, has been fized. Define

S0 () = Ancr(DE (@) — Aner(DE° (@),
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Then, with x fized and with the implicit constants depending only on a compact Dc-interval containing the segment
(2),0 (2),eff
between Dy (x) and D" (x),

3L () = Mypp(DE(@)) ADE () + OIADE (1)), (D
and equivalently
i AD(i)(a:) i
SAD) () = C +0(|AD (@)P?). (F8)

O, o (Aarr (DY (2)))

This is a fized-x coordinate reflection of the scalar deformation. It is not the fized-Ageom T00t Te-extraction used for the
load-bearing electron shift.

Proof. The function Aapp(Dc) is the restriction to [0, 00) of a C° function on the open interval (=372 /4, 00). Therefore
Taylor’s theorem at the point Dg)’o(z) gives

Aarp(DE(2) + ADE (2)) = Aarp(DE " (2)) + Mypp(DE°(2)) ADS ()
1 i), i i 2
+ 3 AKp(DE (@) + 04D () (ADE (@)

for some 6, € [0, 1]. Subtracting AALP(Dg)7o(x)) from both sides gives Eq. (F7), provided Ay p stays bounded on the
o L (#),0 (i),eff
gment joining D" () and D" (z).

Now
7T2 4DC

Aarp(De) = Ko I+ 55 -1],

SO
2 1
N p(De) = ,
aLp(De) Ko e
V 32

and

B 4 4Dc\ /2

ae(Po) = 9K 72 o 32 '

Hence Ax;p is continuous on [0, 00), so it is bounded on every compact interval. This yields the stated O(|AD8)(33)|2)
remainder.
Finally, by Eq. (F5),

1
Dl u(Aarp (DD (2)))
lock\{YALP C

which converts Eq. (F7) into Eq. (F8). O

Zpr(Dg)’O(l’)) =

i

Definition F.2 (Operational total slowdown and anomaly proxy). Given a scalar branch Dg ) (z), define the operational
total slowdown wherever Dg ) () >0 by

O ()= DO () — 2 e(pPa)) 1 L LPE @)
Dtotal( )—DC ( ) C(DC ( )) + 4Dg) (m) . (Fg)

At points where Dg) (z) = 0, this expression is defined by the removable extension. Indeed, writing the scalar argument
as D,

¢(D)=Dh(D), (D)= # +0(D), D -0,
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gives

2?¢(D)?*  x*Dh(D)?
4D 4

—0 (D —0). (F10)

Whenever formal expansions around z = 0 are used below, the last term is understood through this extension.
When Dt(?tal(sc) < 1, define the corresponding real anomaly-like proxy by

1

gfsl(x) =" (F11)

1- Déé)tal (LL')

The superscript Rel marks the downstream RELATOR diagnostic map. It does not insert QED data into the primary
shell lock, and the proxy is not a new definition of the physical anomaly outside the stated downstream map.

Proposition 80 (First-order propagation through the operational lift). Fiz x. Assume
D) >0,  DYN(a) = DI (x) + ADY (z) > 0, (F12)

and assume that \ADg) (x)] is sufficiently small. Set

2 D 2
Fy(Dc) = De — 2((De) + M, D > 0.
4Dc
Define
), ), i),eff i),eff
Dio(@) = Fo(DY(2)), DS (a) = (DY (w)).
Then
7),eff ), ), 7 1
Dot () = Diyi(z) = Jioral(z, DE° (2)) ADY (2) + O(|ADE () ?), (F13)
where, for D > 0,
Froat(, D) = 1~ 2¢/(D) + 22 (D)D) — = (DY (F14)
orali 2D 4D2

The same formula has a removable extension to D = 0, namely

T .132

Jeotal (2,0) = 1 — —— .
totai (2, 0) 372t 3658

If1— Dt(:))tfl(x) > 0, then, after possibly decreasing the smallness threshold on |AD(Ci) (2)|, both proxy values are real.
Define

e i), —-1/2 el,e 1),eff —1/2
g0 = (1—=DO5 @) 7 R (@) = (1 - D (@) T2

total total
Then
957" (@) = 915" (@)
= S (= DOS @) [P )~ DS )] + 018D (@)?). .
Proof. Set

Dy =DY), 6D =ADY(x),  Deg = Do+ 6D.
By Eq. (F12), both Dg and Deg are strictly positive. Hence F, is C*° on a neighborhood of Dgy. Taylor’s theorem gives

F,(Dy + 6D) — F,(Dy) = F;(Do) 6D + O(|6 D).
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By definition,

D (@) = Fo(Denr), Diga(@) = Fu(Do),

total total

so this is exactly Eq. (F13) once F(D¢) is computed.
Direct differentiation gives, for D > 0,

F/(D)=1—-x((D)+ % % (C(g) )
$2 / 2
R L Ly
22 22
=1—-2((Dc) + Do ¢(Dc)¢'(Dc) — @ ((Dc)?,

which proves Eq. (F14).
Now define

If1- Déé)tz?l(x) > 0, then h is C* at u = Déé)taol(x) Therefore
At Gu) — hu) = () u+ O(Sul?),  W/(w) = (1 —u) ™2
Apply this with
u=Dn@),  u=D () - D).

Since F, is C! on a compact neighborhood of Dy, the first part of the proof gives
du = O(4D).

Because 1 — DE;{&(I) > 0, there exists £, > 0 such that

1 i
[ou| < 5(1 - Déo)taol(x)) whenever [0D| < &,.

For such 6D,
i) off i),0 1 i),0
1 - Dgo)tal (.I) =1- Dgo)tal(x) —0u > 5(1 - D‘Eo)tal('r)) > O’
so both proxy values are real. Hence the remainder O(|du|?) is also O(|6D|?). This yields Eq. (F15). O

Figure 12 summarizes two coordinate readings of the same family-dependent scalar deformation. At fixed z, the
deformation is reflected through the inverse ALP image Aarp, as in Eq. (F8). At a fixed geometric datum Agy, which
may be the exact vector input or a specified reduced representative, the same deformation is re-read as a shifted root of

i) eff _
DE"(@) = Dt Dl = Diock(Ain)-
Whenever the undeformed family branch is used in this reading, we denote its corresponding baseline root by x?. Thus
5.0
Dg) ((ﬂ?) = le(i;ka

whenever such a root exists. For the electron branch this is precisely the fixed-geometry running shift discussed in

Eq. (560). The lower box records the optional downstream lift to Dt(?tal and to the proxy 95201. In the present paper,
only the electron fixed-Ageom re-extraction is used in the main argument. The generic family label ¢ is included only as

diagnostic notation, and the downstream proxy does not enter the primary extraction of .
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fixed ALP target
D = Dioe(Asix)

the same family-dependent scalar corfection is read in two coordinate ways

Y

family-deformed scalar branch
D" (2) = DG’ (x) + ADE (2)

‘ hold z = z¢ fixed ’ ‘ hold A = Agy fixed ’

Y Y

D¢ (a0) = DE* (x0) + AD (20) ’ ‘ DY (@}") = Db ’

same scalar backreaction
two diagnostic readings

Y

fixed-z reflected ALP image | _.---"77" 77T~ ~ fixed-Ageom re-extraction
A p(20) = AALP<Dg)’eE($o)) I S a;" = mz™
r fixed == Aavrp reflpcts the family correction Ageom fixed ==« is rejextracted across the family
i IADE) (2,0
ADE;)(JUO) day ~ — ¢ (@)

OALp (x0) ~

- D(i)y())/(mo)
D! D)0 ) C H
lock(x%[f( fe) (:co))) Dg),o ')=D1ﬁoxck
optional downstream diagnostics
1),eff i
DM @) — Aflip(@)

1),eff 7 Rel
(2, D&M (2)) — D) — gi's'(2)

FIG. 12. Two coordinate diagnostic readings of the same family-dependent scalar deformation. The top box shows the fixed
ALP target D, = Dioac(Asx). The center box shows the deformed scalar branch D(C”’Cff(x) = Dg)’o(x) + ADE:”(J:). The left

column shows the fixed-z reflection on the ALP image Aarp. The right column shows the fixed-Ageom re-extraction of z;"" and

a;™™. The lower box records the optional downstream lift to Dé?tal and to the proxy gffgl. The figure is diagnostic only. In
the present paper, only the electron fixed-Ageom re-extraction is used in the main argument, while the generic family label 7 is

retained only as diagnostic notation.

Definition F.3 (Optional coefficient map). Near 2 = 0, and as formal power series unless convergence is stated
separately, write the baseline operational total slowdown in the form

Dgg)tﬁ(x) = di)l.’II + di}2$2 + di)3$3 + O($4), (Flﬁ)
The induced operational contribution is

A'D(i)

total

(z) = DM (z) — DOO ().

total total
The displayed form assumes that the retained deformation begins at order 2, as in the heavy-shell channel used in
the electron diagnostic. Accordingly, we write

ADt(i)tal(:v) = my 02 + my 32% + my4xt + O(2P). (F17)
Define the baseline anomaly-like proxy by

1
0 (@)

_ (2n) n
S i
1-D7" (.23) n>1

total



and define the deformed anomaly-like proxy by

(2

\/1_ total ADtotal( z) nz1

aRel’eH ) = ! —1= Z (Agzn) + ACi(2n))x”.

265

(F19)

The coefficients AEQH) and ACi@") in this optional map are internal proxy coefficients. The family index ¢ is not the

QED universal subscript in Aggn). These coefficients are not external QED benchmark coefficients unless a separate

comparison layer explicitly identifies them with such a benchmark.

Proposition 81 (First optional deformation-dependent coefficient shifts). As formal coefficient identities for the

optional proxzy Eq. (F19), the deformation does not shift the leading coefficient,
ACc® =0
The first nonzero deformation-dependent shifts are

A (4) _ M2
C; 5

3 1
ACZ-(G) = zdi,lmi,2 + -m; 3,

2
and
® _ 3 9 3 L TN
A01 - 8mz,2 + (4dz 2+ 16d ) m; 2 + 4dz,1mz,3 + 2m1,4'
Proof. Set
i),0
Ule) = Digim(a),  M(z) = AD ().
Then

STACPYe = (1-U - M)TV2 - (1-U)TH2

n>1

Since U(z) = O(x) and M (z) = O(x?), the binomial expansion gives

A-U-M)"Y2=14= (U+M) 8(U+M)2

16( 128

and
(1-U)"Y2=1+2 U+ U2+ U3 128U4+O( 5).

Hence
1-U-MYV2_(q-U)2= M+ [(U+M) -U?%

+ 75 [(U +M)? - U]
35

+ - [(U+ M)* = U*] +O(2P).

128
Since U = O(z) and M = O(x?),

(U+M)?-U?*=2UM + M?,

(U+ M)? —U? =3U*M + 3UM? + M?® = 3U>M + O(),

U+ M)? +—(U+M) + O(x°

(F20)

(F21)

(F22)

(F23)
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and
(U+ M)* —U* = 4UM + 6U*M? + AUM? + M* = O(2°).
Therefore
1
(1—U—MT”2—G—UYU2:5M+%@UM+AF%%%@U%@+O@%.
Now insert
U(z) =d;1x + di,ng + di,3x3 +O(z%), M(z) = mi,2$2 + mi73m3 + mi74x4 +0(2°).
Then
1. 1 9 1 3 1 4 5
2M— le’g.’li + 2m1’3x + 2m1$4x + O(x”),
3 3 3 9 4 5
§(2UM) = Zdiﬁlmi’gx + Z(diylmi,g + di’gmi72)$ + O((E ),
gMz = gmfgx‘l + O(x%),
and

5 15
1—6(3U2M) = Ed?’lmi’gx‘l + O(xS).

There is no term of order z, because M (z) = O(z?). Hence

ac® =o.
Collecting the coefficients of x2, 23, and z* gives
ACH _ M2
(3 2 ?

3 1
Aq@ = Zdi,lmi,Q + 5,35

and

3 3 15 3 1
ACZ'(S) = gm?,z + (4di,2 + 16d§’1> mi2 + zdi,lmiﬁ + 5 M-

This proves Egs. (F21) to (F23). O

Remark (Conditional extension to the muon and tau). The present paper does not derive theorem-level reference
branches for the muon or tau. If such branches are constructed later from a closed family-level scalar—vector system,
then, for heavier virtual shells j > 7, the retained heavy-shell kernel IC%- and the same fixed-geometry re-extraction
map apply in the single-excursion channel already derived for heavy shells. What changes is the reference scalar branch
Dg)’o(aj), not the algebraic form of the downstream map. This statement is conditional on the later construction of
those reference branches and on the absence, or separate treatment, of lighter-shell resonance channels. Such resonance
channels require a separate family-level construction and are not supplied by the heavy-shell kernel alone.

Remark (Two coordinate diagnostic readings). Given a scalar deformation AD(Cl ) (z), one may either keep x fixed and
read the effect as a reflected shift of the ALP image Aarp, or keep Ageom fixed and read the effect as a re-extracted shift
of the coupling root. These are two coordinate readings of the same scalar backreaction rather than two independent
dynamical effects. In the present paper, only the fixed-Ageom €lectron re-extraction is used in the main argument. The

fixed-z ALP reflection and the downstream 9551 proxy remain diagnostic.
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Appendix G: Diagnostic visualizations of the theorem-level shell source

This appendix gives a compact visual audit of the theorem-level odd shell source used in the vector-shell ledger. The
figures are diagnostic. They do not introduce a new vector datum, do not modify Ageom, and do not enter the scalar
lock or the extraction of .. Their purpose is to show how the exact Maxwell shell trace, its odd source coefficients,
and the resulting toroidal source field appear on the matching sphere.

Throughout this appendix the minimal electron-branch ratios are fixed,

= by = r
and the plotted finite source cutoff is
Jmax = 101.
The shell variable is
v = cos 1, pr(v) =1 —02

The symbol p (v) is the normalized cylindrical radius on the shell. It is used here to avoid overloading the generator-
space radial coordinate p.
The exact tangential Maxwell shell trace plotted in fig. 13 is

by () = v B, (03 v) — po (V) Bx (105 v), (G1)

where B, and B, are the dimensionless cylindrical and axial Biot—Savart shell components of the circular carrier at
R/r. = ng, as defined in Eqgs. (334) and (335). The common SI factor pol/r, has already been removed in these
dimensionless shell profiles. The odd source coefficients are then computed from

1 2j(j +1)
sh __ 2 _
aj Ij/lbno(v)(lv )PJ,(U)dU, Ij—ﬁ, (G2)
for odd j, followed by
a\ :2(+1) *1/2as‘th J(X) — 2—7'[' 1/2/\. (Gg)
A [ CT R
The finite odd toroidal source field displayed on the matching sphere ¥, is
Ul (0, ) = U (9) &, (G4)
with
1 sin ¥ P}(cos )
Ulmaxl (9) = — JOT (G5)
’ 27T 1§JSZJnlax ’ \/E
7 odd
The plotted figures use the normalized shell r, = 1, while the identities below keep the explicit r,-factor.
Proposition 82 (Divergence and scalar curl of the finite odd source). The field U&J’“a"] is tangential, axisymmetric,
and divergence-free on X,._. More precisely,
1 oukm
divy, Ulmed = —2— =0. G6
Ve Px resingd  Jp (G6)
Its scalar surface curl is
curly, UlJmaxl — L 9 (sinﬁU[‘]‘""‘"] (19)) (G7)
T X ry sind 09 ¢ ’
and equivalently
1 77+ 1)Pj(cos?)
curly, Ullmaxl — JP J . (G8)
: reV2m 1§g;mx ’ Vi

7 odd
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Proof. On a sphere of radius r., the surface divergence of a tangential field Ayéy + A €, is

1 0 1 0A
di A= — (sin ¥ A, =
V3. 7 sin g Y (sm 9) * resind Oy
For U&J‘“‘“‘L one has
Ay=0, A, =UEm(9),
SO
[J ] 1 aU(LJxxlax]
di Ulfmaxl = — =
Ve Vi rysind Oy 0,
because U}PJ‘““"] is independent of ¢.

The scalar surface curl is the radial component of the three-dimensional curl restricted to the sphere. For a tangential
field it is

1 0 ,.
curly, A = m%(smﬁfb) —

1 0Ay
rysind Op

With Ay = 0 and A, = U™ (9), this gives Eq. (G7).
It remains to evaluate the derivative. Set

u = cos V.

For one mode,

J

ViV

sind P(cos?d) (1 —u?)P!(u)

sin
Since
— = —sind —,
u
and the Legendre equation gives

L1 )Pl w)] = —3( + )Py (w),

we obtain the chain

1 d d
— [(1 = wA)Pi(u)] = —— [(1 = u®)Pl(w)] = j(j + 1)P;(u).
sin 9 dv [(1 —w*)Pi(w)] du (1 =) Pj(u)] = j( + 1)P;(u)
Substituting this identity term by term into Eq. (G7) gives Eq. (G8). O

The intensity shown in the figures is the pointwise squared shell amplitude
2
1(9) = |U=I )| (G9)

It is dimensionless in the normalization of Eqgs. (G1) and (G3).

Remark. The figures in this appendix are intended to make the source geometry transparent. They are not used
to define the source, to choose the cutoff, or to fit the vector input. The source sequence and its finite toroidal
reconstruction are defined by Egs. (G1) to (G3) and (G5), while the figures only display that reconstruction. Increasing
Jmax changes the finite diagnostic reconstruction and the finite-cutoff ledger quantities. Replacing the reduced vector
ledger by an operator-limit computation would change the images only through the corresponding change in the
underlying source data.
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Theorem-level shell source; J,.. = 101 odd cutoff

Exact Maxwell shell trace at ny = 1/7 Derived odd toroidal source element
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FIG. 13. Exact shell trace and derived odd toroidal source. The left panel shows the normalized Maxwell shell trace 57,0, the
weighted trace 8, = p1(v)by,, and the two field components B, and B, all as functions of the plotted variable v = v = cos 9.
The right panel shows the finite odd-source reconstruction U‘[p‘]ma"], its intensity, and its scalar surface curl.

Theorem-level odd toroidal source reconstructed from exact J}”, j<101
Unwrapped exact odd-source field Scalar curl of the exact odd-source field
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FIG. 14. Unwrapped view of the theorem-level odd toroidal source on the shell. The horizontal coordinate is ¢, and the
vertical coordinate is 1. The left panel shows the source intensity I, = |U}OJ’“""‘] |>. White arrows show the toroidal direction
ULJmaX] €,, while black arrows show the angular gradient Vg2I, on the normalized shell. The right panel shows the scalar curl

field, with the zero-curl contour and the same equator marker. The plot makes the two separate roles visible; the toroidal source

is divergence-free, while the scalar curl changes sign across the equatorial symmetry line.
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Exact theorem-level odd source on the normalized minimal electron shell; r. =1, ny=1/7, Juax =101

Exact odd-source shell field U}/s=le, Vg I, and curlg Ul

_ Uk’"“‘]% —_— VeI,
—— positive curl
—— negative curl
== carrier ring
north_pole nortthole

P .

= carrier ring R/r. =mn,
— equator
---- meridians

FIG. 15. Three-dimensional shell visualization of the same finite odd-source field. The left panel shows the toroidal field
ULJmaX]éw on the normalized matching sphere r,. = 1, with the carrier ring R/r. = 1o shown in black. The right panel shows the

surface-gradient direction Vg1, together with latitude rings colored by the sign of the scalar curl of UECJ"““‘]. Red rings denote
positive scalar curl and blue rings denote negative scalar curl. The figure is a geometric visualization of the finite odd-mode
source and is not a replacement for the numerical vector ledger.

Energy-dual odd-mode source audit from the exact Maxwell shell trace

Resolved odd source weights Resolved tail after odd cutoff Signed normalized source coefficients
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FIG. 16. Odd-mode source audit for the finite cutoff Jmax = 101. The left panel shows the resolved weights w; = J]Q/ Zk J,f.
The middle panel shows the remaining resolved tail T; = ij wy, inside the same finite cutoff. The right panel shows the
signed normalized coefficients J 00 / Jl(X) on a symmetric logarithmic scale. These diagnostics indicate that the finite source is
dominated by the lowest odd modes and that the high-mode tail is numerically small within the displayed cutoff. The number

displayed for AA([)luotl] (n0) is the finite-cutoff ledger value entering the reduced vector realization.
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Author’s note. The manuscript focuses on the emergent-a. mechanism and on the universal pure-photonic electron
g — 2 coefficients that follow from the specified scalar-shell realization. Possible extensions to charged-particle mass
hierarchies and family spectra are left to separate work.
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